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Abstract

The Cahn-Hilliard equation is one of the most common models to describe phase segregation processes
in binary mixtures. Various dynamic boundary conditions have already been introduced in the literature
to model interactions of the materials with the boundary more precisely. To take long-range interactions
into account, we propose a new model consisting of a nonlocal Cahn—Hilliard equation with a nonlocal
dynamic boundary condition comprising an additional boundary penalization term. We rigorously derive
our model as the gradient flow of a nonlocal free energy with respect to a suitable inner product of order
H! containing both bulk and surface contributions. In the main model, the chemical potentials are coupled
by a Robin type boundary condition depending on a specific relaxation parameter. We prove weak and
strong well-posedness of this system, and we investigate the singular limits attained when this relaxation
parameter tends to zero or infinity.
© 2021 Elsevier Inc. All rights reserved.

MSC: 35A01; 35A02; 35A15; 35K61; 35B40

Keywords: Nonlocal Cahn—Hilliard equation; Dynamic boundary conditions; Gradient flow; Asymptotic analysis;
Reaction rates; Robin boundary conditions

* Corresponding author.
E-mail addresses: patrik.knopf@ur.de (P. Knopf), andrea.signoriO2 @universitadipavia.it (A. Signori).

https://doi.org/10.1016/j.jde.2021.01.012
0022-0396/© 2021 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2021.01.012&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2021.01.012
http://www.elsevier.com/locate/jde
mailto:patrik.knopf@ur.de
mailto:andrea.signori02@universitadipavia.it
https://doi.org/10.1016/j.jde.2021.01.012

P. Knopf and A. Signori Journal of Differential Equations 280 (2021) 236-291

1. Introduction

We consider the system of equations

dp=maoApu inQr:=Qx(0,7), (1.1a)
1=ceagp —el x ¢+ LF, (. ¢) in Qr, (1.1b)
0 =mrArv — Bmqop on'r:=I'x (0,7), (1.1¢)
v=2sary — 8K ® ¥ + §G\ (. ¥) + §B'(,¥) onTr, (1.1d)
Logu=pv—pun onI'r, (1.1e)
@lr=0=¢o in Q, (1.1
Vli=0 = Y0 onT (1.1g)

where ¢,8 > 0 and © C R? with d =2 or d = 3 is a bounded domain with boundary I' = 92
whose unit outer normal vector field is denoted by n. It consists of a nonlocal Cahn—Hilliard
equation in the bulk (1.1a)—(1.1b) subject to a dynamic boundary condition (1.1c)—(1.1d) that
also has a nonlocal Cahn—Hilliard type structure. The functions ¢ and ¥ stand for phase-field
variables describing the difference of two local relative concentrations of materials in the bulk
and on the surface, respectively. In (1.1a) and (1.1c), the mobilities mg and mr are assumed to
be positive constants. Moreover, u denotes the chemical potential in the bulk whereas v denotes
the chemical potential on the surface. The symbols “x” in (1.1b) and “®” in (1.1d) stand for the
convolutions on 2 and I, respectively, i.e.,

(J*xp)(x,t):= / Jx —y)p(y,t)dy for every (x,t) € Qr,
Q

(K ® ). 1) = / K(z— )y (n.0dS(y) forevery (z.1) € T
T

Moreover, the functions ag and ar are defined by

ag(x):=(Jx1)(x) and ar(z):=(K ®1)()

for all x € 2 and z € I'. In this model, the chemical potentials are coupled by the Robin type
boundary condition (1.1e) with parameters L > 0 and g8 # 0. To this end, we will refer to it as
the “Robin model”. In addition, we also investigate the singular limits L — 0 and L — oo of
the system (1.1) which lead to a Dirichlet type boundary condition (|-, = Bv a.e. on I'r) and
a homogeneous Neumann boundary condition (dpt =0 a.e. on I'r), respectively.

In the following subsection, we will explain the motivation behind our model as well as the
occurring quantities. Before discussing the system (1.1) and its singular limits in more detail, we
first present a short review of previous results to provide a better understanding of the origins and
advances of our model.
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1.1. Motivation of our model

The (local) Cahn-Hilliard equation. The Cahn—Hilliard equation was originally introduced
in [10] to model phase separation and de-mixing processes in binary alloys. Meanwhile, it is
frequently used in mathematical models describing phenomena in materials science, life sciences
and also image processing.

The (local) Cahn—Hilliard equation as introduced in [10] reads as follows:

hp=moAn, p=—eAp+1F,(¢) inQr, (1.2a)
®lr=0= o in Q. (1.2b)

Here, the functions ¢ = ¢ (x,t) and u = u(x,t) depend on position x € 2 and time ¢ € [0, T],
where T > ( denotes an arbitrary but fixed final time. To describe a mixture of two materials, the
phase-field variable ¢ stands for the difference of two local relative concentrations. We suppose
that the parameter mgq, which represents the so-called mobility, is a positive constant. This is
indeed a very typical assumption, although non-constant mobilities are used in some situations
(see, e.g., [29]). After a short period, the phase-field ¢ will attain values close to %1 in large
regions of the domain 2. These areas, which correspond to the pure phases of the materials, are
separated by a thin interface whose thickness is proportional to the parameter ¢ > 0 (which is
usually chosen very small). The function u denotes the chemical potential in the bulk (i.e., in
Q). It describes chemical reactions influencing the time evolution of the phase-field and can be
expressed as the Fréchet derivative of the following bulk free energy of Ginzburg—Landau type:

1
Etuiic (@) =/§|V¢|2+ ~Fy(@)dx, (13)
Q

where the function F,, is the bulk potential. If phase separation processes are to be described,
F, is usually supposed to exhibit a double-well structure attaining its global minima at —1 and 1
(as these values correspond to the pure phases) and a local maximum at 0. A physically relevant
choice for Fy, is a singular logarithmic potential (cf. (2.16)). For simplicity of the mathematical
analysis, it is often approximated by a regular polynomial potential, typically the double-well
potential Fy,(s) = Waw(s) = %(s2 — 1)? (see also Remark 2.8). Since the time evolution of the
phase-field and the chemical potential is considered in a bounded domain, it is necessary to
impose suitable boundary conditions. The homogeneous Neumann conditions

¢ =0, Ou=0 onlr (1.4)
are the classical choice. The condition (1.4); implies that the interface intersects the boundary

at a perfect contact angle of ninety degrees, while the no-flux condition (1.4), entails that the
phase-field ¢ satisfies the mass conservation law

f¢(t)dx=/¢(0)dx, tel0,T]. (1.5)
Q Q

Moreover both conditions in (1.4) imply the energy dissipation law
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d

o bulk(q&(r) +mQ/|V,bL(l)| dx=0, tel[0,T]. (1.6)
We point out that the Cahn-Hilliard equation subject to the boundary conditions (1.4) can
be interpreted as a gradient flow of type H~! of the bulk free energy Eb I (cf. [20]). The

Cahn—Hilliard equation (1.2) with homogeneous Neumann conditions (1.4) is already very well
understood and there exists an extensive literature (see, e.g., [2,4,13,29,30,65,67,73]).

The (local) Cahn-Hilliard equation with dynamic boundary conditions. In some situations, it
turned out that homogeneous Neumann boundary conditions are not satisfactory as they neglect
the influence of certain processes on the boundary to the dynamics in the bulk. For instance,
separate chemical reactions on the boundary cannot be taken into account. However, especially
in certain applications (e.g., applications in hydrodynamics and contact line problems), it proved
necessary to describe short-range interactions of the binary mixture with the solid wall of the
container more precisely. To this end, physicists proposed a surface free energy which is again
of Ginzburg-Landau type (cf. [27,28,51]):

E (¢, y) := ES% (¢) + ESL(y¥)  with EGLW):/@W w|2+lc (¥)ds. (1.7)
bulk surf surf ) r s w . .
I

Here, the symbol Vr denotes the surface gradient on I', G is a surface potential, the parame-
ter k > 0 acts as a weight for surface diffusion effects, and § > O denotes a small parameter
corresponding to the thickness of the interface on the surface. In the case x = O this energy is
related to the moving contact line problem (see, e.g., [70]). Recently, various dynamic boundary
conditions corresponding to the energy ECY have been derived and analyzed in the literature,
for instance [11,12,16-19,35,37,38,44,56,61-64,66,71,72]. In particular, Cahn—Hilliard systems
with dynamic boundary conditions exhibiting also a Cahn—Hilliard type structure have become
very popular in recent times. In general, such models can be interpreted as a gradient flow of the
energy EOU with respect to a suitable inner product of order H~!' which contains both a bulk
and a surface contribution (see, e.g., [46,52,53]).

The following model which was proposed and analyzed in [53] can be regarded as the local
analogue of the model (1.1) (with B = 0) we intend to study. It reads as follows:

I =moAu, w=—eAd+1F(¢) in Qr, (1.8a)
WY =mrArv — Bmadnpt, v=—8kAry + 3Gy (¥) +edn¢ onl'r, (1.8b)
dlry =, Logu=pBv—pu onlr, (1.8¢)
®li=0= o in , (1.8d)
Vlr=0 = %0 =¢olr onT, (1.8¢)

where 8 # 0, L > 0. Here, the chemical potentials 1 and v are coupled by a Robin type boundary
condition (1.8c), (which is the same as the condition (1.1e) in our system) to model chemical
reactions between the materials in the bulk and the materials on the surface. In this context, the
constant 1/L is related to the reaction rate. Here, the term “reactions” is to be understood in a
general sense including chemical reactions but also adsorption or desorption processes. By the
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condition (1.8c),, the mass flux —mgqdpu (which describes the motion of the materials towards
and away from the boundary) is directly influenced by differences in the chemical potentials.
Provided that a solution of (1.8) is sufficiently regular, it satisfies the mass conservation law

,8[¢(t)dx+/w(t)dS:,B/qb0dx+/¢odS, te[0, T, (1.9)
Q Q

r r

as well as the energy dissipation law

d oL
P (@), v )

) ) mo ) (1.10)
+mg [ IVu@Pdx+mr [ [Vrv@Pds+ == [ gy - ul® ds=0.
Q r r

for all ¢ € [0, T]. This means that the parameter 8 acts as a weight in the mass conservation
relation (1.9). Moreover, since the total free energy ESL is bounded from below (at least for
reasonable choices of F,, and Gy ), the dissipation law (1.10) implies that the potentials x and v
converge to the chemical equilibrium u|r, = Bv over time. For more details, we refer the reader
to [53].

Furthermore, the singular limits L — 0 and L — oo were analyzed rigorously in [53]. The
limit L — 0 leads to the system

p=malALu, 1w=—eAp+1F)(¢) in Qr, (1.11a)
WY =mrArv — Bmainp, v=—8kAry + 1Giy(¥) +edn¢ onTr, (1.11b)
lrr =, ulry = Bv onTI7r, (1.11¢c)
®lr=0= o in , (1.11d)
Ylr=0 =0 = ¢olr onT, (1.11e)

which was introduced and investigated previously in [50]. The condition (1.11c), means that
the chemical potential in the bulk and the chemical potential on the surface are supposed to
differ only by a multiplicative constant'. This means that, due to the condition (1.11c),, the
potentials ¢ and v are always in chemical equilibrium. As the constant 1/L can be interpreted as
00, this model describes the idealized case of instantaneous relaxation to chemical equilibrium.
Sufficiently regular solutions of the model satisfy the mass conservation law (1.9) and the energy
dissipation law

d
EEGL(¢(t),¢(t))+mQ/|Vu(t)|2dx+mrf|Vrv(t)|2dS:0, (1.12)
Q r

forallt € [0, T].

U n fact, the setting in the referenced paper is even more general as there the factor § is allowed to be a function in
L°°(T) that is uniformly positive a.e. on I'.
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On the other hand, in the limit L — oo we arrive at the system

dd=moApu, 1=—eAp+LF(¢) in Qr, (1.13a)
0y =mrArv — Bmqopu, v=—8kAry + %G;v(lﬂ)+83n¢ onI'r, (1.13b)
olry =¥, Ot =0 onIr, (1.13¢c)
}li=0 = o in , (1.13d)
Vli=0 = ¥0 =¢olr onT. (1.13e)

It was derived in [57] by an energetic variational approach and it was further analyzed in [57] and
[46]. The crucial difference between (1.13) and the models (1.8) and (1.11) is that the chemical
potentials in the bulk and on the boundary are completely decoupled. Accordingly, the constant
1/L (that is related to the reaction rate) can be interpreted as zero. This means that the model
considers only mechanical interactions between the bulk and the surface quantities through the
trace relation for the phase-fields. As a consequence, the bulk and the surface mass are conserved
separately, i.e.,

/¢(t)dx=/¢odx and /w(t)dSszodS, tel0,T]. (1.14)
Q Q r r

Moreover, the dissipation law (1.12) holds true for this model.

Finally, we point out that a variant of the model (1.13), where (1.13c), was replaced by a
Robin type transmission condition K dn¢ = H (/) — ¢ (with K > 0 and a function H € C%(R)
satisfying suitable growth conditions), was studied in [52]. In this case, the quantity i can be
interpreted as the difference in volume fractions of two materials which are restricted to the
boundary.

The nonlocal Cahn-Hilliard equation. Although the derivation of the local Cahn—Hilliard
equation is physically sound, nonlocal contributions to the total free energy are ignored. This
means that only short-range interactions between the particles of the interacting materials are
considered. A rigorous derivation of a phase-field model taking both short and long-range inter-
actions into account was firstly presented in [47] (see also [48,49] for more information). This
leads to the nonlocal Cahn—Hilliard equation

0P =mqoAu, M:eagqﬁ—sJ*qb—i—%F‘;,(qb) in Qr, (1.15a)
onut =0 onlr, (1.15b)
®li=0 =0 in €2, (1.15¢)

where J : R — R is an even interaction kernel, i.e., J (x) = J(—x) for all x € R?. This system
of equations can be interpreted as the gradient flow of the nonlocal Helmholtz free energy

1
Ebulk(qs):Z//J(x—y>|¢<x)—¢(y>|2dydx+;fFW@(x))dx (1.16)
Q Q

Q
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with respect to a suitable inner product of order H~! (see, e.g., [42]). By the substitution
F(x,¢) = Fy(¢) + %ag (x)¢? with ag(x) = (J * 1)(x), the nonlocal Cahn—Hilliard equation
(1.15) as well as the free energy Epyx can be expressed equivalently as

dp=moAu, p=—elxp+iF(,¢) inQr, (1.17a)
Onp =0 onl'7, (1.17b)
@li=0 = ¢o in €, (1.17¢)

and

1
Epa(®) =3 f / J(x = B dxdy + f Fr.g()de.  (LI8)
Q Q

Q

The nonlocal Cahn—Hilliard equation has already been investigated from many different view-
points. We refer the reader to [1,5,6,21,25,31,36,40—-42] for various well-posedness results, to
[14,24,26,32,34] for the investigation of the nonlocal Cahn—Hilliard equation coupled to fluid
equations, and also to [1,33,43,58,59] for results on long-time behavior. The convergence of the
nonlocal Cahn—Hilliard equation to the local Cahn—Hilliard equation, under suitable assumptions
on the convolution kernel J, has been investigated in [8,21-23,60].

The nonlocal Cahn-Hilliard equation with dynamic boundary conditions. As mentioned
above, there are already several works concerning the local Cahn—Hilliard equation with dynamic
boundary conditions. However, the authors were able to find only one contribution dealing with
the nonlocal Cahn—Hilliard equation with dynamic boundary conditions in the literature, see [39].
Therein, the nonlocal Cahn—Hilliard equation subject to fractional dynamic boundary conditions
is studied. The system of equations (in which the mobilities as well as ¢ and § are set to one)
reads as

¢ =Apn, n=(—=A)Yo+ Fy () in Qr, (1.192)
Y = (=AY +CN* 2+ By + G () onTlr, (1.19b)
li=0 =0 in Q, (1.19¢)

with % <s<1,0<l<1and B > 0. Here, (—A)® denotes the regional fractional Laplace
operator, (—Ar)’ denotes the fractional Laplace—Beltrami operator and C; N>~ stands for the
fractional normal derivative. By the formal choice s =1 = 1, this model corresponds to the local
Cahn-Hilliard system subject to a dynamic boundary condition of Allen—Cahn type (as proposed
in [7,27]).

In this paper, however, we pursue a different idea. To describe both short and long-range in-
teraction of the materials on the boundary, we define the nonlocal total free energy (of Helmholtz

type) as

E(®, V) = Ebuik (@) + Esurt(¥) + Epen(V)

1
= 2//J<x—y)|¢<x>—¢<y)|2dxdy+;/Fw<x,¢<x>>dx
Q Q

Q
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k) 1
+ Z//K(z—y)lt/f(x)—w(y)lz dS(z)dS(y)+S/Gw(z,w(z))dS(z)
r r

r

+ é [ B(z, ¥(2))dS(2), (1.20)

r

where Egyr is introduced by analogy to the surface free energy defined in (1.7). As in [52], the
function ¥ can be interpreted as the difference of local relative concentrations of two materials
that are restricted to the boundary. The function K : R — R defines an additional even kernel
modeling both short- and long-range interactions among the materials described by .

For generality, we also allow the potentials Fy, = Fy (x, s) and Gy = Gy(z, 5) to depend also
on the spatial variables x € @ and z € I'. This generalization might make sense especially for
Gy, if the solid wall of the container consists of several materials interacting differently with the
mixture therein. For this reason, we also allow an additional penalty term Ep., in the total free
energy. For instance, we can choose the function

B:TxR—>R, (z,5) b(2)s, (1.21)

where b can be interpreted as a weight function. Then the corresponding penalty term Epey is
expected to describe different regions of the boundary that attract the material associated with
Y = %1 and repel the other material associated with ¢ = 1. For more detail see Remark 2.9.

Now, the system (1.1) can be derived as the gradient flow equation of the energy E with
respect to a suitable inner product of order H ! containing both a bulk and a surface contribution.
We present a rigorous derivation in Section 3. In contrast to the model (1.19) studied in [39], the
dynamic boundary condition in (1.1) is also of nonlocal Cahn—Hilliard type involving the phase
field v and the chemical potential v on the surface.

Since the chemical potentials are coupled by the Robin type boundary condition (1.1e), the
system (1.1) (with B = 0) can be regarded as the nonlocal analogue of the system (1.8) studied in
[53]. As a consequence, sufficiently regular solutions to (1.1) satisfy the same mass conservation
and dissipation properties as system (1.8). To be precise, this means that the mass conservation
law

ﬂ/q)(t)dx+/1ﬁ(t)dS=ﬂ/¢odx+/w0dS (1.22)
Q Q

r r

as well as the energy dissipation law

EE t t
SE(G0.v 1)

. (1.23)
2 2 Q 2
+m9/|w<z)| dx+mr/|vrv<r>| dS+Tf|ﬂv—u| ds =0

Q r I

are satisfied for all ¢ € [0, T]. As the total free energy E is bounded from below (for reasonable
choices of J, K, Fy,, Gy and B), we infer that %E(d: (t), ¥ (¢)) converges to zero as t — 00.
Hence, the potentials © and v converge to the chemical equilibrium u|r, = Bv over the course
of time.
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By the substitutions F(x, ¢) = Fy(x, ¢) + %ag(x)(f)2 with aq(x) = (J * 1)(x), x € Q and

Gz, V) =Gw(z,¥) + %ar(z)w2 with ar(z) = (K ® 1)(z), z € ', the energy E and the system
(1.1) can be expressed equivalently as

1
E(p.y) = —%/(1*¢)¢dx+ ;fF(-,qs)dx
Q

“ (1.24)
) 1 1
+ —5/(K®w)¢ds+§fc(-,1p)ds +3fB(-,W)dS,
r r r
and

op=mqApu, pw=—elxp+1F(, ¢ inQr, (1.25a)
dY =mrArv — Bmodnp, v=—8K ® Y+ 1G'(,y)+1B'(,¢¥) onTy,  (1.25b)
Lopu=pv—pu on X7, (1.25¢)
li=0 = o in Q, (1.25d)
Yli=0 =0 onT. (1.25¢)

In the following, we will switch between these equivalent formulations at our convenience.
1.2. The singular limits L — 0 and L — 00

Similar to the corresponding local model (1.8), the constant 1/L is related to the reaction
rate. As in the local case, we are also interested in the singular limits L — 0 and L — oo of the
system (1.1).

Passing to the limit L — 0 in the system (1.1) we (formally) obtain the boundary condition
Bv = p|r, on I'r. Thus, we can express the limit system as follows:

0 =moAu in Qr, (1.26a)
pw=cagp —el x ¢+ 1F, (- ¢) in Qr, (1.26b)
Y = %mrAr,u—,BmQ On it onT7, (1.26¢)
e, =Bsary — 8K @ ¥ + EGL(.y) + EB'(,y) onTr, (1.26d)
®lr=0=¢o in Q, (1.26¢e)
Yli=0 =0 onT. (1.26f)

It can be interpreted as the nonlocal analogue to the model (1.11). Here, the constant 1/L can
again be interpreted as infinity meaning that this model describes the idealized scenario of in-
stantaneous relaxation to the situation where the potentials p and v = ﬂ_lﬂ|r‘r are in chemical
equilibrium. Sufficiently regular solutions satisfy the mass conservation law (1.22) as well as the
energy dissipation law
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d 2 2
EE(¢(I)7¢(I))+’"Q [Vu@)|“dx +mp | [Vrv()|~dS =0. (1.27)
Q r

In the limit L — oo we (formally) obtain the boundary condition dpt = 0 on I'7. As a con-
sequence, the subsystems for (¢, 1) and for (¥, v) are completely decoupled. To be precise, the
pair (¢, n) satisfies the standard nonlocal Cahn—Hilliard equation with homogeneous Neumann
boundary condition

dp=molAp, p=agp—elx¢+ F (¢ inQr, (1.28a)
Onu =0 onl'r, (1.28b)
®li=0 = o in Q, (1.28¢)

whereas the pair (¢, v) satisfies the following nonlocal Cahn-Hilliard type equation on the sur-
face

;Y =mrArv, v:amﬁ—5K®W+%G(N(~,¢)+%B/(~,¢) onlr, (1.29a)
Vlr=0=vo onT. (1.29b)

For that reason, we refer to ((1.28), (1.29)) as the “decoupled model”. If B = 0, this model can be
interpreted as the nonlocal analogue to the model (1.13). However, in contrast to (1.13) where the
phase fields ¢ and ¢ were coupled by the Dirichlet type condition (1.13c);, the systems (1.28)
and (1.29) are completely independent. This means that the bulk and the surface materials are
assumed to not interact at all. As the mass flux —mgqdy 1t is zero, we obtain separate conservation
of bulk and boundary mass, i.e.,

/qs(z)dx:/qsodx and /w(t)dS:/wodS, te[0,T). (1.30)
Q r

Q r

Moreover, the energy dissipation law (1.27) is satisfied by sufficiently regular solutions.
Since the interfacial thickness parameters ¢ and § as well as the constant mobilities mgq and
mr will not play any role in the analysis, we conveniently set them to one in the rest of the paper.

2. Preliminaries
2.1. Notation

Throughout this paper we use the following notation: For any 1 < p < oo and k > 0, the
standard Lebesgue and Sobolev spaces defined on €2 are denoted as L? () and W57 (), along
with the norms || - || L (@) and || - [l y.p (q)- For the case p = 2, these spaces become Hilbert spaces
and we use the notation H*(Q) := Wk-2(). For any exponent p > 1, we write p’ to denote its
dual Sobolev exponent, i.e., (1/p) + (1/p’) = 1. We point out that H°(2) can be identified
with L2(2). A similar notation is used for Lebesgue and Sobolev spaces on I'. The definition
of tangential gradients on Lipschitz surfaces can be found, e.g., in [9, Def. 3.1]. For any Banach
space X, we denote its topological dual space by X’ and the associated duality pairing by (-, -)x.
If X is a Hilbert space, we denote its inner product by (-, -) x. We define
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) i S Dy ifue HI(Q),
T fpude  ifueL()

as the spatial mean of u, where |Q2| denotes the d-dimensional Lebesgue measure of 2. The
spatial mean for v € H L) and v € LY(I") can be defined analogously and will be denoted by
(v)r. For any real number p € [1, oo] and any integer k > 0, we set

LP:=LP(Q) x LP(), and H':= HYQ) x HD),

and we identify H° with £2. We notice that the space % is a Hilbert space with respect to the
inner product

((¢7 ¥), (¢, S))'Hk = (¢’ C)Hk(Q) + (1//’ g)Hk(l")

1/2

and its induced norm || - [l4 := (-, ')Hk‘

2.2. Assumptions

General assumptions.

(A1) We take Q@ C R? with d € {2, 3} to be a bounded domain with Lipschitz boundary I". For
any ¢t > 0 we write ;1= Q x (0,7) aswell as I'; := T x (0, ¢). Since 2 is bounded, we can
find a positive radius R > 0 such that @ C Bg(0) where Bg(0) denotes the open ball in R4
with radius R and center 0. In general, we assume that T > 0. If not stated otherwise, we
suppose that L > 0 and g # 0. The mobilities mq and mr, and the interface parameters &
and § are positive constants. As their choice does not have any impact on the mathematical
analysis, they will be set to one from now on.

(A2) We assume that the convolution kernels J, K : RY — R are even (i.e., J(x) = J(—x)
and K (x) = K (—x) for almost all x € RY), nonnegative almost everywhere, and satisfy
J e WhE(RY) and K € W2 (R?) with r > 1. Note that the regularity assumption on K is
higher than that on J since the traces K(z — -)|r and Vr K (z — -)|r must exist and belong
to L"(T) for all z € T (see, e.g., Lemma 2.2 and its proof).

In addition, we suppose that

ay = inf/J(x—y)dy>O, ag = inf/K(z—y)dS(y)>0, (2.1a)
xe zel
Q r
a* = sup/ J(x —y)dy < o0, a® = sup/ K(z—y)dS(y) < oo, (2.1b)
xeQ zel

xeQ zel

b* = sup/ IVJ(x — y)|dy < oo, b® = sup/ IVrK(z —y)|dS(y) <oco (2.1¢)
Q r

where inf and sup are to be understood as the essential infimum and the essential supre-
mum, respectively. We further use the notation
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(A3)

(A4)

ag(x) = (J * l)(x) = / J(x —y)dy, for almost all x € 2, (2.2a)
Q

ar(z) = (K ® 1)(Z) = / K(z—y)dS(y), foralmostallzel. (2.2b)
r

We point out that ag € L°°(2) and ar € L°°(T") due to (2.1).

We suppose that the potentials Fy, : 2 x R — R, Gy, : I' x R — R are nonnegative, satisfy
Fy(x,-), Gw(z, ) € CXR) for almost all x € , z € T, and satisfy Fy (-, 5), Gw(:,5) €
L*°(R) for all s € R. The derivatives with respect to the second variable are denoted by
Fl,, F, G, and G,. We assume that there exist constants c,, cg > 0 such that for all
seR,and almostall x e 2,z €T,

Fi(x,s)+as>c, and Giy(z,5)+ap > co. (2.3)

Moreover, we assume that there exist o Fl» QG YF,» YG}, > 0 and § Fl» ‘SG(N > (0 as well as
exponents p, g € R with

p>2and g=>2 ifd=2, p , q
p>3and ¢g>2 if d=3, p—1

such that for all s € R and almostall x € 2,z €T,
apy 1P~ =g < |Fo(x,s)| <y (1+]1s1P7h, (2.52)
agy, |57 =86, < |Gl )| < ya, (L +1s1971). (2.5b)

As a consequence, there exist constants ar,, &G, YF,, ¥G, > 0 and 8, ég,, = 0 such
that

ar, |Is|P =8k, < Fuw(x,s) <yr,(1+|s|P), (2.5¢)
oG, sl =8¢, <Gwl(z,s) <yg,(1+|s|?), (2.5d)

forall s € R and almost all x € 2,z € T.
We define the potentials F and G by

F(x,s):= Fy(x,s) + %ag(x)sz and G(z,5) := Gw(z,s) + %ar(z)sz (2.6)

for all s € R and almost all x € Q and z € I". In view of ag € L*°(2) and ar € L*°(T") we
conclude that for almost every fixed x € Q and z € T', the functions F(x, -) and G(z, -) are
twice continuously differentiable.

Moreover, we write

F'(x,s)=F,(x,s) +aqx)s, F"(x,s)=Fy(x,s)+aq(x),
G'(z.5) =Gy(z,8) +ar(@)s, G"(z,5) =Gy(z,5) +ar(z),
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(AS)

for all s € R and almost all x € 2 and z € T" to denote the derivatives of F(x, -) and G(z, -)
with respect to the second variable. It follows from (2.3) that for all s € R and almost all
xeQandzeTl,

F"(x,8) > Fy(x,s)+a.>c. and G"(z,5)>Gu(z,5) +ag > ca 2.7)
meaning that F(x,-) and G(z,-) are uniformly convex for almost all x € Q and z € T.

Since ag € L®°(RQ), ar € L*°(T") and p, g > 2 (according to (2.4)), we infer from (2.5)
that there exist o/, g/, @F, @G, Vr', YG'» YF, Y6 > 0 and 8¢/, 857, 8F, 8g > 0 such that

ap |s|P7h = 8p < |F'(x,9)| <yp(1+[s]P7h, (2.82)
ag sl = 8g <1G (2. 9)| <yer(1+1s|71), (2.8b)
arp|s|? —8p < F(x,s) <yr(1+][s|"), (2.8¢)
aglsl! =86 < G(z.s) <yc(1+1sl9), (2.8d)

for all s € R and almostall x e Q and z € T.

We suppose that B € L*°(I" x R) with B(z,-) € C'(R) for almost all z € " and we write
B’ to denote the derivative with respect to the second variable. Moreover, we assume that
the following holds:

(AS5.1) There exist constants ag, op/, ¥, Yp' > 0 with ap < min{og, o, } such that

|B(z,s)| <agls|!+yg, and |B'(z,9)] <aplsl¥™" +yp 2.9)

for all s € R and almost all z € I where ¢ is the exponent from (2.5).
(A5.2) For any sequence vy — v in L9(I"), it holds that

/B(-,W)dSfl}cminf/B(-,ijfk)dS,

r r

/B’(-, ¥)6dS = lim /B’(-, Yr)0dS,
k—o00
r r
for all test functions 8 € L4(T"). Note that B'(-, ¥) € qu(F) for all ¢ € L4(T") due to
the growth condition on B’ in (A5.1).

(A5.3) We assume that B’ is Lipschitz continuous with respect to its second argument in
the following sense: There exists a constant 0 < Lp < cg such that

|B'(z,r) — B'(z.8)| <Lg|r —s|

forall r,s € R and almost all z e I'.

Additional assumptions for higher regularity.

(A6) We assume that the boundary T is of class C2.
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(A7) We suppose that there exist constants yg», yg» > 0 such that

F'(x,s) <ypr(1+ 151772, G"(z,5)<yer(1+[s]772)

forall s € R and almostall x e Q and z € T.
(A8) We assume that B(z,-) € CZ(R) for almost all z € I and that there exists a constant
0 < yp” < c@ such that

|B"(z.8)| < vpr
for all s € R and almost all z € T". In this case, we can of course choose Lp = yp».
Remark 2.1.

(a) The assumptions on the kernel J in (A2) are very typical in the literature (cf. [23]). Some-
times the apparently weaker requirement J € WIL’CI (Rd ) is prescribed (see, e.g., [42]).
However, any kernel J € WIL’CI (R?) can always be multiplied by a compactly supported
cut-off function p € C'(R?) with p = 1 in Bog(0), where R is the radius from (A1). Then
J = fp e WLI(RY), and since x — y € Bog(0) forall x,y € Q, it holds that J % ¢ = f*qb
a.e. in Q. For that reason, it is not a real restriction to demand J € W (Rd) instead of
J e Wlf)’cl (R%) in (A2). Of course, we can argue analogously for the assumptions on K .

(b) As a direct consequence of (2.1b) and (2.1c), we conclude that for all functions ¢ € L!(S)
and ¥ € L' ("), it holds that J x ¢ € W11(Q) and K ® ¥ € W1 1(I") with

IV bl <a ¢l g, (2.10a)

IK ®¥llziry <a® 1Vl (2.10b)

IV * D)1 = IV xSl <b* 191 (2.10c)
IVE(K ® )1y = IVeK) @ ¥l iy <b® IV L1 - (2.10d)

2.3. Special spaces, products and norms
(P1) Let 8 #0, m € R, and let k denote any integer. We define the spaces
Yk :={4~er(9) : g“lrer(F)} fork =1,

= {8 e 2 BIIC +ITE)r =m] fork=0.
Note that the space V¥, endowed with the inner product

(@, Ok = (D, D k) + (@, D pkr)
and its induced norm is a Hilbert space.
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For any L > 0 and g # 0 we introduce the bilinear form

(1), (£.6)), 4
/V,u-V;dx+/Vrv~Vr$+%(ﬂv—u)(ﬂé—;)dS, if L >0,
r

/V,L,L-Vfdx—i- Vrv - Vréds, if L =0,
Q

forall (u, v), (¢,&) € H' . Itis straightforward to check that (-, -); g defines an inner product
on H}B,o if L > 0and B # 0, and (-, -)g g defines an inner product on 7—[/13,0 if L=0and 8 > 0.

The induced norm is given by || - |l := (-, )2/ é Note that the dual space of H'is given
as

HY =H' (@) x H\(I)'.
We further define the subspace
Hyb={@.&) e ) : BIRIE)o+ I ) =0} (Y.
(P2) For g > 0, we introduce the subspace
D= {(g,g) eH' : Cir = BE ae. onr} cH.
Endowed with the inner product

(@, 9), (Lé))pfl} =@ D@+ WO, (@), (.5 €Dy

1/2

and its induced norm || - ||D}3 =(,) D> the space D}; is a Hilbert space. We further define
B

the bilinear form
(@, ). (¢, g))Dé = (9, 2@ + W )2

for all pairs (¢, V), (¢, &) € L2, By means of the Riesz representation theorem, this product
can be extended to a duality pairing on (D}S)’ X D}S, which will also be denoted by (-, '>DI§ .

This means that for all (¢, ¥) € (H') C (Dé)/ and (¢,€) € D}; cH!,
((¢7¢)7(§7§))’D}3 =, Oui + V. 8w

In particular, the spaces (D/lg, L2 (D}g)/ ) form a Gelfand triplet, and the operator norm on
(Dp)' is given by
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I6llpyy =sup{ |(@.¢)py| : ¢ € Dj with igllpy =1} forall ¢ € (D).
We further point out that the mapping
3! —)D}g, o= (Bp, p)

is an isomorphism.
(P3) Let L > Oand (¢, ¥) € ’HEB be arbitrary. According to [54, Thm. 3.3], there exists a unique

weak solution SE (¢, ¥) := (Sé (o, V), Slé (P, ¥)) e 7-{,/13’0 to the elliptic system

~AS5=-¢ in Q,
—ArSE + oS5 = —v onT,
LonS5=(BSE —S5) onT.

This means that
(S5 @ ¥). €. 8), 5=~ ¥). €. Oy == D) — WOy 21D

for all (¢,&) € H:‘},O‘ As in [54, Thm. 3.3 and Cor. 3.5], we can thus define the solution
operator

StiMgy—Hpoo (@) > SH@. ) = (S56.9). SE@. ¥)

as well as an inner product on the space "HE}) by

(@), €. ), 5, = (S5 @ ), S5, 8), , forall (9, v),(&.§) eHyy,

along with its induced norm

1/2
I lzpos = G s

Because of ’Hg o C ’H/;{), the product (-, )7 g, can also be used as an inner product on

H%,o- Moreover, || - ||1,,+ is also a norm on H%,o but 7—[%’0 is not complete with respect to
this norm.
(P4) Suppose that 8 > 0. We define the space

D;' = { @) e @) : (6. 9). (. D)py =0} < D))"

Proceeding as in [54], we use Lax—Milgram theorem to show that for any (¢, V) € D_l,

there exists a unique weak solution S%(¢, ) = (S3 (¢, ¥), SL(¢, ¥)) € D}g N 7—[/13’0 to the
elliptic problem
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~ASE=—¢ ingQ,
—ArSE + BonSS=—v  onT,
Sg|r = ,BSIQ onl.

This means that S°(¢, ) satisfies the weak formulation

(8%, ¥, €8y 5=~ ¥, (LE))Dé (2.12)

for all test functions (¢, &) € D}g.
Similar to [54, Thm. 3.3 and Cor. 3.5], we can thus define the solution operator

S Dyl > DpNHy . (@) > U@ 9) = (S8, ¥). SP(d. V)

as well as an inner product and its induced norm on the space D};l by

(@), (6,6))g 4., = (S°@. ¥, 8°(. ) -

1/2

(D, V) llo.p.x := (@, %), (. ¥))g' 5.

for all (¢, ¥), (¢, &) € Dy .
Since Hg g C Dgl, the product (-, -)g g, can also be used as an inner product on 7-[8 e

Moreover, | - [lo,s,« is also a norm on ’Hg 8 but 7-[8 8 is not complete with respect to this
norm.
(P5) For any integer k, we define the spaces

Q) :={p e H'(Q) : (9)q =0}, HYT):={p e HY(D) : (p)r =0},
H ' Q) :={pe H'(Q) : (9)q=0}, H'D):={pe H' (@) : (p)r =0}.
Let now ¢ € H! () and ¥ € H! (") be arbitrary. Then the Lax—Milgram theorem guar-

antees the existence of a unique weak solutions N (¢) € i () and Nt (¥) € H! (T") to the
elliptic systems

and — ArNr=-—v onT.

“ANao=—¢ inQ,
N =0 onT

This allows us to define the inner products

(9, g = (VNa(@®), VNa()) 2@, ¢:¢ € H Q)
W Or = (VAT W), VAL ED oy Y6 € HHD)

on H~1(Q) and H~!(I"), respectively. Their induced norms
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. 172 . 1/2
” . ”Q* =(, ')Q’* , ” : ”F,* =(, ‘)1"’*

are equivalent to the standard norms on H -1(Q) and H -1, respectively. Because of
HY(Q) c H1(Q) and H(I") ¢ H~!(T), the products (-, g , and (-, -)r , as well as the
norms || - ||q,« and || - ||r,« can also be used on ﬁO(Q) and I-OIO(F), respectively.

2.4. Important tools

We now present three fundamental lemmata which will be essential for the subsequent ap-
proach. The proofs of these lemmata, which are very technical in some parts, can be found in the
Appendix.
Lemma 2.2. Suppose that (A2) is satisfied. Then the following holds:

(a) Forall ¢ € L>(R), it holds that J x¢ € H' () and there exists a constant C; > 0 depending
only on d and J such that

I/ % pllgiq) < Crlloll2g)- (2.13)

(b) Forall y € L*(), it holds that K ® ¥ € H'(T") and there exists a constant Cx > 0 depend-
ing only on d, r and K such that

IK®Yllgiry <Cx 1VIL2m)- (2.14)

Remark 2.3.1If p,q, p’,q’ € R satisfy (2.4), we have p,q > 2 and thus, p’,q’ < 2. Hence,
Lemma 2.2 particularly implies that J « ¢ € WP (Q), K ® ¢ € W4 (") with

I %@l g <CIJ ol =Clolzg = ClidlLr .
1K ® Wl oy < CIK ® Wl < CH L2y < ClY Loy
for generic positive constants denoted by C that may depend on J, K, d and r.
Lemma 2.4. Suppose that (A2) holds and that p,q, p’,q’ € R satisfy the condition (2.4). Then
for all sequences (¢px)reN C LP(2) and (Yp)reny C LI1(T) satisfying ¢ — ¢ in LP(2) and
Y — ¥ in LY(T") as k — 00, it holds that
() — (Jx¢) inLP(Q) and (K ®yy) — (K ® ) in LY (T)

as k — oo along a non-relabeled subsequence.

Lemma 2.5. Let 8 # 0, L > 0 be arbitrary. Then, there exists a positive constant C that may
depend on B but not on L such that

el 31y 5c(1+ﬁ) l@llz.p. forall @ € Hg o if L >0, (2.15a)

l@l gy < CIS°@llog = Cligllops forall g € D' if L=0. (2.15b)
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2.5. Examples for admissible kernels, potentials and penalty functions

Examples for admissible kernels J and K. Since the assumption (A2) is rather abstract, we
now give concrete examples for admissible singular convolution kernels.

Lemma 2.6.

(a) Let 0 < w < d — 1 be arbitrary and let p € CL([0, 00)) be a positive function decaying
sufficiently fast as s — oo such that

s [p® ()]s e L'((0,00)), ke{0,1),
where p® denotes the derivative of p of order k. Then the kernel J defined by
J(x) = p(x]) |x|7® forall x € R? \ {0}
belongs to WH1(R?) and satisfies the condition (A2) with

ay = (ZR)_“’lrrLing(lxl)-

x|

(b) Suppose thatd =3. Let 0 <y <d —2 =1 be arbitrary and suppose that 1 <r <3/(y +2).
Moreover, let o € C?([0, 00)) be a positive function decaying sufficiently fast as s — 0o such
that

s 1o @) s>77 € L1(0,00)),  k€{0,1,2),
where o ® denotes the derivative of o of order k. Then the kernel K defined by
K(x):=o(x|) |Ix|77 forall x e R\ {0}
belongs to W>" (R3) and satisfies the condition (A2) with
=Q2R)™7 mi .
ag = (2R) R o (|x])
The proof of Lemma 2.6 can be found in the Appendix.

Remark 2.7.

(a) Unfortunately, in Lemma 2.6, the “sharp” cases w =d — 1 in (a) and y =d — 2 in (b)
cannot be included as the kernels would not have the desired regularity. Moreover, in the
case d = 2, we cannot allow singular potentials because W2 (R?) is continuously embedded
in L°°(R2) as r > 1. Of course, for both d = 2 and d = 3, non-singular potentials such as
K(x) = o(|x])|x|¥ with y > 0 can be handled without any problem, provided that o (s)

decays sufficiently fast as s — oo.
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(b) In view of Remark 2.1(a), let R > 0 be the radius introduced in (A1) and suppose that the
functions p and o in Lemma 2.6 satisfy

p,0 €C®(0,00)), p=o=1in[0,2R], p=0=0 in [3R, 00).
Then, since x —y € Bog(0) forall x,y € Q, the values of (J * ¢)|o and (K ® ¥)|r do not
depend on the choice of p and o.

This means that, applying this trick, the Riesz potentials

J(x) :=cq |x|*? for x eRI\{0}, de€{2,3}), and 1 <« <d,
K(x):=cq x| for x eR3\ {0}, d=3, and 2 < <3,

where ¢, > 0 stands for a positive constant, can also be handled.

An example for admissible potentials F,, and Gy,.

Remark 2.8. The smooth double well potential

1
Waw(s) = Z(s2 — 12, seR

is one of the standard choices for the Cahn—Hilliard equation to model phase segregation pro-
cesses. Let us fix arbitrary functions f € L°°(2) and g € L°°(T") satisfying

f>0a.e.inQ, g>0a.e.onl, ”f”LOC(Q) < Ay, ”g”LOC(l") <dag.
Then the potentials Fi, and G, defined by
Fy(x,s) = f(x) Waw(s), Gw(z,s):=g(z) Waw(s),
satisfy the assumptions (A3), (A4) and (A7) with
p=q=4, ci:=as—|fllLe@ >0, cg:=ag—IlglLem >0.
In most situations, it should be reasonable to assume that f is constant. However, as already
discussed in the introduction, it might make sense to use a nonconstant factor g to describe the

influence of certain materials on the boundary more precisely.
We also want to point out that singular potentials like the logarithmic potential

0 Ve ,
Wiog(s) = E((l +s)In(1 +s)+ (1 —s)In(1 — s)) - 7s , se(—1,1) (2.16)
(for some 0 < ¥ < ¥,) or the double-obstacle potential

#(1—s?), sel[-1,1],
Wobst(s) = 0o clse (2-17)
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(for some ¥ > 0) are not allowed to be chosen instead of Wy, as they do not satisfy the assump-
tion (A3).

An example for an admissible penalty function B.

Remark 2.9. For any weight function b € L°°(T"), the penalty function B defined (as in (1.21))
by

B(z,5) :=b(z)s foralmostallzeI', andalls e R (2.18)

obviously satisfies the assumptions (A5) and (A8) with yg» = Lp = 0. In particular, the estimate
(2.9) can be verified with ap arbitrarily small by means of Young’s inequality for products. The
corresponding penalty term in the free energy reads as

Epen(¥) = / b)Y (2) dS(2).

r

As the free energy E decreases along solutions of the system (1.1) due to dissipation effects
(cf. (1.23)), the term Epe, is also expected to become small over the course of time. In this
way, the penalization tries to enforce that ¢ attains values close to 1 on the set I'y :={z € I":
b(z) < 0} and that i attains values close to —1 on I'_; :={z €T :b(z) >0}. On 'y :={z €
I' : b(z) = 0}, the penalization behaves neutrally towards . This means that 'y attracts the
material associated with ¢ = £1 and repels the material associated with ¢ = 1. Of course,
since the total free energy becomes small and not only the penalty term, this behavior will also
depend on effects caused by the potentials Fy, and Gy,. In this regard, it might also be reasonable
that at least the surface potential Gy = Gyw(z, s) is allowed to depend on the spatial variable
zel.

3. The gradient flow structure

In this section we show that the Cahn—Hilliard systems (1.1), (1.26) and ((1.28), (1.29)) can
be interpreted as gradient flow equations of type H~! (both in the bulk and on the surface) with
respect to suitable inner products. This structure will be a key ingredient in the well-posedness
proof as it allows us to derive a priori bounds for the time-discrete approximate solution. As
stated in (A1), the constants mgq, mr, £ and § are set to one.
3.1. The gradient flow structure of the Robin model

Suppose that the functions ¢, ¥, 1 and v are sufficiently regular. For convenience, we use the

notation ¢ = (¢, ¥). We claim that the Cahn—Hilliard system (1.1) can be interpreted as the flow
equation

SE
G- M po =5 (@] for all n € Hy N L. 3.1)
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We notice that the only difference to the gradient flow equation of the local analogue (1.8) is that
the local free energy ECL is replaced by the nonlocal free energy E. The inner product, however,
remains the same.

To prove this claim, let § = (£, ) denote an arbitrary test function in £>°. Then, the first
variation of the energy (1.24) at the point ¢ in the direction 7 reads as follows:

—(q))[n //J(x—y)¢<y)c<x)dydx+/F< $)7 dx

¢ (3.2)

- / / Kz = ¥ E@ S dSE) + / G (-, ¥)E + B/, p)EdS.
r r

r

To identify the gradient of E at ¢ with respect to the inner product (-, 1) .+ we look for the ele-

ment VE (@) € ’HO 0 such that (VE(@), )L g« = ((p)[n] for every n € 7—[2 N L%, Denoting
this element by p = VE(¢) and using integration by parts along with (P3), we have

SE
5 O = / VS5(p) - VS5 dx + / VrSE(p) - VrSE () dS
Q T

1
tT / (BSE(p) — S5(0)) (BSE () — S5(m)) dS 33

r

- [ shwicar— [ steas
Q r

for every n = (¢, €) € 7—[%0 N L. We point out that (3.3) actually holds true for every test
function 3 € £ if we shift the integrands in the last line of (3.3) by suitable additive constants.
Indeed, we notice that for any arbitrary 3 = (¢, §) € L, the function 5 := (o, &) defined by

= - . _ BJofdx+ [LEdS
to:=¢+ Bco, &:=&+cy with co:=— 8210 T 34
belongs to 7—[%0 N L£°°. Choosing now the constant
_ BIQUF (@) + ITIG (V)
B2l + T
with
F(p):=(=J %o+ F'(-.¢)a,
(3.5)

GW) = (-K®y+G'(.¥)+B'C.¥)r,

and defining the functions
W= —Sé(p) +Bc inQ, and v:= —SFL(,O) 4+c¢ onT
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we conclude that

i—i((p)[ﬁ]:/u?dx—l—/v?dS for all 7 € L. (3.6)
Q r

In particular, in view of (3.2), we can use the fundamental lemma of calculus of variations to
deduce the relations

w=—Jx¢p+F(,¢) a.e.in Q,
v=—K®Y+G'(,¥)+B(,¥) a.e.onT.

On the other hand, for all € 7—[%’0 N L%, we have

00 ML g = / VSk (@) - VSE(m) dx + / VrSk(@,9) - VrSE () dS

Q r
1
+7 / (BSF (219) — S5 (0:9)) (BSF () — SG()) dS
r
:fsé(atw); dx+/519(8t(p)$d5.
Q r

Hence, the gradient flow equation

SE
@, M ps= —E(fp)[n] =—(VE(@), ML g«

can be expressed as

/sé(a,q;)g dx—i—/Slé(a,(p)édS:—/,u;dx—/védS 3.7

Q r Q r

for all y € H%,o N L. Again, we can show that (3.7) holds true for all test functions 7 € £ if
the integrands on the left hand side are modified by appropriate additive constants. Proceeding
as above, we choose the constant

s Bl {u)g + T (v)p
) B2+ IT|

to conclude that
[ sh@ei+petacs [stapi+ctas=- [utac- [vEas gy
Q r Q r

holds for all test functions 7 = (¢, &) € £*. Recalling (P3), it follows from the fundamental
theorem of calculus of variations that (u, v) satisfies the system
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—Ap=—0:¢ in €2,
—Arv+Bonpu=—-9¢ onl,
Logu=pv—u onl.

Thus, combining (3.6) and (3.8) we conclude (3.1).
3.2. The gradient flow structure of the limit models

Provided that the functions ¢, ¥, u and v are sufficiently regular, we can argue similarly
to derive the gradient flow equation for the Dirichlet model (1.26) and the decoupled model
((1.28), (1.29)).

e The gradient flow equation corresponding to the Dirichlet model (1.26) reads as

SE
@9 o, =3 (@] forall ne Hy 0N LY, (3.9)

where ¢ = (¢, ¥). Here, the only difference to the gradient flow equation of the local ana-
logue (1.11) (see [46]) is that the local free energy EC is replaced by the nonlocal free
energy E, while the inner product remains the same.

e The gradient flow equation corresponding to the system (1.28) reads as

8 Epuik

(%9, o=~ 50

(@)[¢] forall £ € L™ () with (¢)g =0, (3.10)

whereas the gradient flow equation corresponding to the system (1.29) reads as

S(Esurf + Epen) 00 .
(3z1/f,§)r,*=—T(l/f)[€] forall § € L™ (") with (§)r =0. (3.11)

In contrast to the local analogue (1.13), the gradient flow equations in the bulk and on the
surface are fully decoupled. However, if we sum (3.10) and (3.11), we obtain the gradient
flow equation for the corresponding system (1.13) (see, e.g., [46,52]) only with ECT replaced
by E.

4. Weak and strong well-posedness of the Robin model
4.1. Notion of a weak solution to the Robin model

We first introduce the notion of a weak solution to the system (1.1). We point out that, as
stated in (A1), the constants mq, mr, ¢ and § are set to one since they have no impact on the
mathematical analysis.
Definition 4.1 (Definition of a weak solution to the system (1.1)). Let T, L > 0,m € R,  # 0 and
(@0, Yo) € 7—[0 be arbitrary and suppose that the conditions (A1)—(AS5) hold. The quadruplet
(@, ¥, u,v) 1s called a weak solution of the system (1.1) if the following holds:
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(i) The functions (¢, ¥, i, v) have the following regularity

¢ € CO2(0,T]; H'(@)) N H'(0.T; H'(R)N L™, T; L7 (),
Y e COI(0. T H' (D)) NH! (0. 73 H'(T)) N L0, T3 LY(T)),
neL*(0,T; H(Q),

veL*0,T; H'(I))

“.1n

where p and g are the exponents from (A4), and it holds that (¢ (¢), ¥ (¢)) € ’Ho’m for almost
allr €[0,T].
(i1) The weak formulation

(3.0) ;1) = —/w VO dx — f L(Bv —weods, (4.2a)
Q r

(O, 0) g1y = —erv - Vro dS—i—/ 1(Bv — w)po ds, (4.2b)
r r

/de =[—(1*¢)§ + F'(-, ¢)¢ dx, (4.2¢)

Q Q

f vEds = f ~(K ®Y)E+G' ()& + B ¥)EdS (4.24)

r r

is satisfied almost everywhere in [0, T'] for all test functions 8 € HY(Q), 0 € H/(D), IS
L*° () and & € L°°(I"). Moreover, the initial conditions ¢|;—9 = ¢ and ¥|;—¢9 = Yo are
satisfied almost everywhere in €2 and on T', respectively.

(iii) The energy inequality

t
1
E(¢®, v () + 5 / IV 2.q) + IVEVO 2 ) + TIBV() = () 172 ds
0

< E(¢o, Vo) 4.3)
is satisfied for all ¢t € [0, T'].
4.2. Weak well-posedness
The weak well-posedness result reads as follows.

Theorem 4.2 (Weak well-posedness for the system (1.1)). Let T,L >0, m € R and B # 0
be arbitrary and suppose that the conditions (A1)—(AS5) hold. Then, for any initial datum
(¢0, Yo) € Hg’m satisfying F (-, o) € LY (), G(-, ¥0), B(-, Yo) € L' (), there exists a unique
weak solution of the system (1.1) in the sense of Definition 4.1.
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Remark 4.3. Since ¢(t) € L?(2) and ¥ (¢t) € LY(I") for almost all ¢ € [0, T], it holds that
F'(-,¢(1)) € LP () and G'(-, ¢(1)), B'(-, ¢(1)) € L9 (") for almost all 7 € [0, T] due to the
growth conditions in (2.8). Moreover, we have (J x¢ (1)) € L”,(Q) and (K ® (1)) € Lq/(I‘) for
almost all # € [0, T'] according to Remark 2.1. Hence, by a density argument, the weak formula-
tions (4.2¢) and (4.2d) remain valid for all test functions ¢ € L”(Q2) and & € L9(I").

Proof of Theorem 4.2. The proof is divided into seven steps. Throughout this proof, the symbol
C will denote generic positive constants independent of N, n and t that may change their value
from line to line.

Step 1: Implicit time discretization. We devise a particular minimization movements scheme
based on the gradient flow structure discussed in Section 3. To this end, let us fix an arbitrary
N e N and let T := T /N denote our time-step size. We now define a time-discrete approximate
solution @" = (¢", ¥") € H%,m, n=1,..., N by the following recursion: The zeroth iterate is
given by the initial data, i.e., q)o = (¢>0, xpo) := (¢o, Yo). Assuming that the n-th iterate " is
already constructed, we define (p”+1 as a minimizer of the functional

1
Tu(g) = -llo - @" 7 ps+ E@) (4.4)
over the set H%’m, ie.,

@'l cargminZ,(¢) forevery ¢ € Ho’m. 4.5)

The existence of such a minimizer will be addressed in Step 2. The idea behind this construction
is the following: Formally, the minimality of ¢”*! entails that

n

‘pn-i-l -9

SE n+1
. ,n>L’ﬁ’*+ (0"l

81,
0= L (p"t! :(
50 (" inl 50
¢n—Q—l_(on
=<7T

_ n+1 re. an+l
,n>L!ﬁ’*+/ (%™ + F'(, 6" )¢ dx
Q

+ / —(K®y" e + G'(,y" e + B'(,y"THids
r

,,,,,

discrete approximate solution of the gradient flow equation (3.1). However, depending on the
growth conditions on the potentials, it is possible that the functional 7, is not Gateaux differ-
entiable at the point ¢! as 7, might attain the value 4+o0 in every neighborhood of ¢"*!.
However, exploiting the convexity of F and G, we can proceed as in [45] to rigorously show that
the Euler—Lagrange equation
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_ "t —g" n+1 / n+1
0—<f,n>L’ﬂ’*+/—(J*¢ )+ F/( ¢ e dx
@ (4.6)
4 / (K @ y"YE 4 Gy E + By dS

r

holds true for all » = (¢,§&) € Hg,o N L nevertheless. Now, recalling the solution operator
defined in (P3), we set

n+l _ n
('&n-i-l’ Bl’l-i-l) =SL(%> e H/IS,O' 4.7

Then for every n =0, ..., N — 1 and any n € ’H%’O N L%, a straightforward computation reveals
that

\/l&n-i-lé_dx_'_\/\]‘jn-'rléds
Q r
= [~ 4 F g ar 48)
Q

+ / (K@ Y"E + Gy E + By ds.
I

Arguing as in Section 3, we now want to replace ("1, v"*1) by functions (u**!, v**1) such
that (4.8) holds true for all test functions 5 = (¢, &) € H° N L>® = £ (i.e., there is no restriction
to the mean values of ¢ and £ anymore). Setting

Mn—&-l — ﬁn—i—l +,3Cn+l, \)”+1 — Bn-{-l +C"+l, (49)

with

ot BIRIF@"H + DGy
Q| + I

)

where F and G are defined as in (3.5), we conclude that the functions ¢”, ¢"*! and (u"**1, v*t1)
satisfy the equations

¢n+1 _ ¢n
/(7)9dx=—/le,"+l -V@dx—/%(ﬁv"“ — u"eds, (4.10a)

Q ‘ Q r

n+l _ n
/(u)adsz—/vw”l ~VrodS+/%(,3v”+l —u"THBo dS, (4.10b)
r r r
/u”*‘idx =f—(J*¢”+‘)§ + F'(-,¢" Nt dx, (4.10c)
Q Q
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/ ViHEds = / —(K®y"™HE+ G, y"THE + B'(-,y"THeds (4.10d)
I

r

for all test functions § € H'(Q), o € H'(I') and § = (¢, &) € L. This system can be inter-
preted as an implicit time discretization of the weak formulation (4.2) and hence, the quadruplet
(@™, ", ', V™) is a time-discrete approximate solution of the system (1.1). In order to show
that this approximate solution converges to a weak solution of (1.1) in some suitable sense, it
must first be extended onto the whole time interval. To this end, for every n = 1, ..., N, we define
the piecewise constant extension by

(¢)Nv sz UN, VN)(" 1) = (¢7\/’ 1///’3/7 :ur/l\/v vnN)('9t) = (¢n’ wnv an Un)

fort e ((n — D, nr], and the piecewise linear extension by

($N3 WN? ﬁNvgN)(’ t) = a(d);t/s l”]lt/, I‘L}}le VX]) + (1 - a)(¢7V71’ ,(//]7\!/*]’ M?\]717 v]’tlil)
for, every « € [0, 1], and t = ant 4+ (1 — a)(n — 1) 7, respectively.

Step 2: Existence of a minimizer. We now show that, for every n € N, the functional Z, defined
in (4.4) admits a minimizer in the set 7—[%’ - For the proof we apply the direct method of calculus
of variations. It is worth mentioning that the aforementioned discussion concerning the relation
between the energies (1.20) and (1.24) (as well as between F, G and Fy,, Gy,) allows us to switch
between these two frameworks at our convenience. Indeed, we will first make use of the repre-
sentation (1.24) to show that 7, is bounded from below, while the rest of the proof is carried out
using the depiction (1.20).

First, using the representation (1.20), the nonnegativity of Fy, (2.5d) and (A5.1), we deduce
that

In(fﬂ)E/Gw(-,%ﬁ)d5+/3(wlﬁ)d5

r r
ZaGW/WquS—SGWIFI—/IB(-,w)IdS
r r

> (oG, —013)/ [y |?dS —IT1G6, +vB) = —IT'1(c, + ¥B)
r

for any ¢ € ’HO’ - This proves that the functional Z, is bounded from below and thus,

exists. This allows us to choose a minimizing sequence (@;)reN = (P, Vi)keN C H% » Which
satisfies

klim To(o) =TI, and Z,(py) <Z;+1 foreverykeN.
—00

263



P. Knopf and A. Signori Journal of Differential Equations 280 (2021) 236-291

Furthermore, invoking the growth assumption of the potentials F,, and G, pointed out by
(2.5¢)—(2.5d), we infer that

UF, / lpx|? dx — Q218 F,, + (e, —063)/ [Ykl? dS — TG, +vB) < E(pp) < I, +1
Q r

which leads to

OéFW/|¢k|” dx + (g, —OtB)f [Yl? dS < Iy + 1+ (IQU8F, + ITIG6,, +vB))-
Q r

Hence, since ap < ag,,, there exists a non-relabeled subsequence of (¢;)recN and a limit ¢ =
(@, ¥) € LP(RQ) x L4(I") C H° such that

¢ —¢ InLP(RQ), Ypr—1y¥ inLiD),

as k — oo. Due to these convergence properties it is straightforward to check that @ € HY "
It remains to show that ¢ is indeed a minimizer of the functional Z,. To this end, we use the
representation (1.20) of the energy E. Recalling Lemma 2.4, that F' and G are convex and that

/B(~,W)dS§l}(minf/ B(-, ¥y)dS

r r

according to (A5.2), we conclude that
Z,(p) <liminfZ,(¢,) =Z,.
k—o00

By the definition of Z} this proves that ¢ is a minimizer of Z, on the domain HY me

Step 3: Uniform estimates. In order to prove convergence of the piecewise constant extension, we
now aim to establish uniform bounds on the functions (¢, ¥, u¥, vY). We claim that there
exists a positive constant C independent of N, n, T such that

lonllLc,7;r ) + 1¥N L ©,7;L2(T))
@.11)

+llunlip2, 11 @) T VN llL20,7:H1 () = C-
As (0"“ is a minimizer of Z,, over H%M, we infer that
Tu(@") = L llo" — "] 4.+ E(@"H) < T (0") = E(9")
for all n € {0, ..., N — 1}. Moreover, by induction and using (A4), we infer that

ar [

Q

¢n+l

"o —an [ [p] < B@ T+ C =B +C
r
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so that, owing to the boundedness of E ((po), we obtain the uniform bound
1" N7 gy + 1" 10y < C. (4.12)
Next, fixing an arbitrary nontrivial function p € C*°(2) as a test function in (4.10c), we get

/Mn+lpdx=f—(1*¢n+l)p+F/(,¢n+1),0dx
Q Q

Now, using (2.10a), (4.12) and the polynomial growth of the potential F as postulated in (A4),
we obtain

/ ~( %"+ F'(-,¢" ) pdx
Q

-1
= [a" 10" 1@ +ve (121416715, o)) [ 10110 < Clloleo:

Hence, there exists a constant C(p) independent of N such that

/M”“pdx <C(p). (4.13)
Q

Arguing as in [46], we define

M,y:={ve H(Q): fv,odx <Cp) ¢, co;zﬂ,
J | [q vodx]

Note that M, is a nonempty, closed and convex subset of H 1(Q). The definition of Cy entails
that

| Jo§p dx|
Japdx

where xq denotes the characteristic function of the set €2. This allows us to apply the generalized
Poincaré inequality [3, p. 242] which yields

1&] < <Cp forall £ eR suchthat £xg e M,,

”U”LZ(Q) < C(l + ||VU||L2(Q)) forall v e Mp.
In particular, since ,u”+1 € M,, we conclude that
||,u”+1 L2 <CA+ ||V/Ln+1 lL2q) forallne{0,..,N—1}. (4.14)
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It thus remains to establish a uniform bound on V. We first recall from the definition of the
piecewise constant extension that for arbitrary n € {1, ..., N—1},t =nt and forany s € (t — 7, ¢],
it holds that

(N YN v vN)(8) = (DN, YN, en . vv) (1) = (D Uivs iy VY )-

Using the above estimates as well as the definition of 1y and vy we infer that

t
1 1
Elpn®)+ 5 [ IV N )2 gy + IVEON 72y + 71BN () = 1n ()12 ds

t—1

t
1
= Eon )+ 55 / lox () — 9 (s — DI 5 ds

t—t

t
1
— o) + 55 / lon () — ox(t — DI2 ., ds
t—T

1
=E(py (1) + Ellsozv(t) — Nt =D p. < El@y(t—1)).
Arguing by induction we conclude that

t
1 1
Elpy®) + 5 / IVIN )2y + IVEON O 72y + 71BN () = )12, s
J :

< E").

Therefore, choosing t =T = Nt leads to

IVENIT20.7: 120 T IVEVN I T20 7 12y < 2(E@%) +C) < C

and in combination with (4.14) we conclude the uniform bound

||MN||L2(0,T;H1(Q)) <C. (4.16)
Next, testing (4.10d) with £ =1 gives
/ V(1) dS = / —(K @ y" ™) + G' ¢,y @) + B/, y" (1)) dS
I r

for almost all 7 € [0, T]. Hence, using the assumptions postulated in (A4) and (AS5) as well as the
uniform bound (4.12), we infer that
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-1
f v AS| < a® v g +ve I g F sl L) + Tl ver +vB) <€
r

which means that (vy)r is uniformly bounded in L*°(0, T'). Thus, we can use Poincaré’s in-
equality to conclude the uniform bound

||VN||L2((),T;HI(1“)) <C “4.17)

which proves the claim.

Step 4: Holder estimates in time.Using interpolation type arguments, we now show that the piece-
wise linear extension is Holder continuous in time. We claim that for all ¢, s € [0, T],

_ — _ — 1
lon @ — o g1y + 1Y@ = YN Ilgiry =Clt—s]2, (4.182)
— — 1
lon (@) —dn Ol g1y + 1YVNE) =Y Ol g1y <CT2, (4.18b)
||at$N||L2(O,T;H1(Q)’) + ||atWN||L2(0,T;H1(r)/) <C. (4.18¢)

To prove this assertion, we first deduce from (4.10a) and (4.10b) that for all 6 € H' (),
o € H'(I") and almost all ¢ € [0, T'],

0PN (1), 0) 1y = — / V(1) - V6 dx - / L(Bon(®) —un(0)0dS,  (4.19)
Q r

<81$N(t),o>H1(r)=—/vrvN(r).vrods+/%(ﬂuN(t)—MN(t))ﬁods. (4.19b)
r r

Let s, t € [0, T'] be arbitrary and without loss of generality we suppose that s < ¢. Using (4.19a),
along with the Cauchy—Schwarz inequality, we obtain

B3 =BxOlmay = s [@nO=Fn(): 0o
H(@

t

< sup /‘(3z$N(F),9>H1<Q)’dF

llgHHI(Q)Zl S

; (4.20)
< (14 ) [ 190z + Jp1Box ) = i)z

t
1
<C (1 + ﬁ) It —s|2 / IVEN T2 7120y T TIBVN = 1N 1320 7. 121y, 4T
s

Proceeding similarly, we derive the estimate
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Iy (1) — wN(S)”Hl(F)’

1 L , 1 , (4.21)
=< C (1 + ﬁ) |t - S|2 / ”VFUN”LZ(O,T;LZ(F)) + Z”,BUN - MN"LZ(O,T;LZ(F)) dr.
N

In combination with the uniform bound (4.15) this proves (4.18a). Furthermore, for any ¢ € [0, T']
we can findn € {1, ..., N} and «@ € [0, 1] such that t = ant + (1 — a)(n — 1) 7. Hence, it follows
immediately that

16x (1) — SN Dl 1y < ey @) + (1= )@} (1) = ¢ Ol 1y
= (=) 185D — &% Dl 1@y = (1 — @) 1By (n7) = Gy (1 = DOl g1 -

The estimate

1§ (@) = Yn Ol gy < 1 =) ¥y (T) =y (0 = DOl g1y

can be derived analogously. Now, applying (4.18a) with t = nt and s = (n — 1)t verifies (4.18b).
Moreover, proceeding similarly as in (4.20) and (4.21), we obtain

T
f 18:bx (D131 gy + 180 N D131 vy A (4.22)
0

T
<C(1+1) / IVin 12y + IVEVN Ol 2y + TIBVN ) = iy ]2 di-
0

In combination with (4.15), this proves (4.18c) and thus, the claim is established.

Step 5: Convergence results. Now, we intend to use the estimates established in Step 3 and Step 4
to prove convergence of our approximate solutions. We claim that, there exists a quadruplet of
functions (¢, ¥, u, v) satisfying the regularity conditions (4.1) such that for every r € (0, %),
¢n — ¢ weakly-* in L*°(0, T; LP(R2)), a.e. in Qr,
and strongly in L*°(0, T’; HY(Q)), (4.23)

Yn — ¢ weakly-* in L*°(0,T; L1(T")), a.e.on ',
and strongly in L*°(0, T’; HY\(I)), (4.24)

oy — ¢ weaklyin H'(0,T; H (Q)),

and strongly in C%7 ([0, T]; H'(Q)"), (4.25)
Yy — ¥ weaklyin H' (0, T; H'(I')),

and strongly in C%7 ([0, T1; H' (")), (4.26)
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un — o weakly in L2(0, T; H(Q)), 4.27)
vy — v weakly in L2(0, T; H'(I')) (4.28)

along a non-relabeled subsequence.

To prove this assertion we proceed similarly as in [46, s. 4.6] where the approach is carried
out in more detail. Due to (4.18c) and the uniform estimates established in Step 3, there exist
functions (¢, ¥, i, v) such that the first lines of (4.23), (4.24), (4.25) and (4.26), as well as (4.27)
and (4.28) directly follow from the Banach—Alaoglu theorem. Furthermore, arguing as in [46,
s. 4.6] and invoking the compactness of the embeddings L7 () C L?(Q) = L*(Q)' — HY(Q)’
and L9(I") ¢ L*(I") & L3(I") — HY(T"Y, the Arzela—Ascoli theorem for functions with values
in a Banach space (see, e.g., [68, Lem. 1]) implies that
éy — ¢ strongly in CO([0, T]; H'(Q))),

¥y — ¥ strongly in CO([0, T]; H'(I')).

Passing to the limit in the Holder estimate (4.18a) we even get ¢ € c%12(10, T1; H'(2)') and
¥ e C%12([0, T1; HY(I")). An interpolation argument now verifies the second lines of (4.25)
and (4.26). Eventually, using the estimate (4.18b), we conclude the second lines of (4.23) and
(4.24). Thus, the claim is established.

Step 6: Existence of weak solutions. We now intend to show that the limit quadruplet (¢, ¥, 1, v)
is a weak solution to the system (1.1). According to Step 5, the functions (¢, ¥, 1, v) exhibit the
regularity demanded in (4.1). To show that they fulfill the weak formulation (4.2), we want to pass
to the limit N — oo in the time-discrete scheme. Using both the piecewise constant extension
and the piecewise linear extension, the system (4.10) can be expressed as

/ () dxdt =— / Vuy -Vodxdr — / %(,BUN — uyn)0dSdr, (4.29a)
Qr Qr Ir

fa,EN(t)odetz—/VFUN.vpodeHf Loy —un)Bodsde,  (4.29b)
I'r Tt Ir

/,uNg“dxdt = f —(J xpN)C + F'(x, pn)¢ dx dt, (4.29¢)
Qr Qr

/ vy&dSdr = f —(K ® Yn)E + G'(x, yn)E + B'(x, ¥y)EdSdt (4.29d)

Ir Ir

holding for every 6 € L*(0, T; H'(Q)), o € L>(0, T; H'(I")) and n = (¢, ) € L*(0, T; £L>).
Recalling the convergence properties (4.25)—-(4.28), it is straightforward to pass to the limit in
(4.29a) and (4.29b). Using (4.23) and (4.24), the terms depending on J and K in the equations
(4.29¢) and (4.29d) can be handled by Lemma 2.4. Moreover, the convergence of the terms de-
pending on F’ and G’ follows from (4.23) and (4.24), the growth conditions (2.8) and Lebesgue’s
general convergence theorem (see [3, p. 60]). Eventually, the convergence of the term depending
on B’ follows directly from the assumption in (A5). This allows us to pass to the limit also in
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(4.29c¢) and (4.29d). Hence, the quadruplet (¢, ¥, u, v) satisfies the weak formulation (4.2). To
verify the energy inequality (4.3) we first observe that

E(¢ (1), I/f(t)) < lzivm inf E(¢N ), YN (t)) for almost all ¢ € [0, T']

follows by similar arguments as in Step 2 by means of Lemma 2.4, the assumption (A5), and the
convexity of F and G. Hence, taking the limes inferior in (4.15) and recalling the convergence
properties (4.27) and (4.28), we conclude (4.3). This proves that (¢, ¥, u, v) is indeed a weak
solution of the system (1.1).

Step 7: Uniqueness. To prove uniqueness, we consider two solutions (¢;, ¥, 1i, vi)i, i = 1,2 to
the system (1.1) as given by Theorem 4.2. For convenience, we write

(@, ¥, w,v) :==(¢1, Y1, 1, v1) — (¢2, Y2, 2, V2).
Letnow fo € [0, T'], n € L2(0, T; H'(R)) and p € L*>(0, T; H'(I")) be arbitrary. Testing the dif-

ference of the weak formulations (4.2a)—(4.2d) written for (¢1, ¥1, w1, v1) and (¢2, V2, 12, v2),
respectively, with the test functions

o Opds ifr <t q [pds  ifr<t
= , and o:= ) ,
0 ift > 19 0 ift > 19

and integrating in time from O to ¢y, we obtain the relations

! t
1
/qﬁndxdt:—/V /,uds ~Vndxdt—Z/ /(ﬂv—u)ds ndSdr,

, Q 0 Iy, \O

1 1
/gﬁpdet:—/Vr /vds -Vrpdel—i—%/ /(ﬁv—u)ds BpdSdr,
T Ty 0 Iy, \0

by means of Fubini’s theorem. Recall that SSL2 (¢) and Slé (¥) can be represented by

t t

Sé(¢)=—/,uds+ct,3, Slé(w)z—/vds—i—ct

0 0

for some constant ¢ € R. Hence, choosing n = p and p = v, a straightforward computation leads
to

1
5||(¢,w><ro>||%,,g,*=—/¢udxdt—fwvder.

Q0 Ty

We now recall Remark 4.3 which allows to test (4.2c) and (4.2d) with functions ¢ € L?(2) and
& € L9(T"). We are thus allowed to choose the test functions
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{=dx0.00, &=V X0.00)
where (0,7, stands for the characteristic function of the interval [0, fp]. Plugging ¢ and & into

(4.2¢) and (4.2d) now gives

/q&udxdt—i—fwvdet

o Try
/(J*¢)¢dxdr f<K®¢>wdet+/(B< U1) — B/ )y dSdi
O () FtO

+/(F'(~,¢1)—F'(~,¢2))¢dxdt+/(G’(-J/fl)—G’(-,Iﬂz))lﬂdet

Qi Tsy

Invoking (2.7), which implies uniform monotonicity of ¥’ and G’ with respect to their second
argument, we obtain the estimate

/(F( ¢ — F'C, ¢z))¢dxdt+/(G( Y1) — G’ y))yr dS dr

’0 r )}

c*/|¢|2dxdt+c®/|1p|2d5dt

Qi Try

where c, and cg are the constants from (2.3). Furthermore, using the assumption (A5.3),
Lemma 2.2, Lemma 2.5, and Young’s inequality, we infer that for any § > 0,

—/(J*¢)¢dxdt— /(K@lﬁ)l//det+f(B’(~,1/n)—B’(-,lﬂz))Iﬂdet

Qi Iy Ty

/|(¢ ¥, (J x ¢, K@I//))H1|dt+L3/|¢| ds dr

Iy

|(Jx¢, K@1p)|}H1dt+LB/|w| dsdr
Ty

/ (@, ¥l 341y

172
/||(q> WL g (10 %8120y + 1K @ V12 ) dt+LB/|w|2det

Ty

<5 [1oPavar+ 6L [ prasa+ S /||(¢ WOIR 4. dr.

Q0 T
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Combining the above estimates, we infer that

1
5||<¢,w)<to>||i,ﬁ,*+<c*—6)/|¢|2dxdz+<C®—LB—6>f|w|2der

Q’O F’O
0]
C
< 3/||<¢,w)<r)||%,ﬁ,*dt-
0

Recalling that Lp < cg, we fix § = % min{c,, ce — Lp}, and thus, Gronwall’s lemma yields

IS“@, v)DlL.p =1, ¥)@)lL.px=0 foralmostallz € [0, T].

By the definition of the solution operator S* in (P3) we conclude that ¢ =0 a.e. in Q7 and
¥ =0 a.e. on I'r. Finally, the identities u =0 a.e. in Q7 and v =0 a.e. on I'r follow from
(4.2c) and (4.2d) by a standard comparison argument. Hence, the proof of Theorem 4.2 is com-
plete. O

4.3. Higher regularity and strong well-posedness

Under the additional assumptions (A6)—(AS8), we can even establish strong well-posedness of
the system (1.1).

Theorem 4.4 (Strong well-posedness of the system (1.1)). Let T,L >0, m € R and  # 0 be
arbitrary and suppose that the conditions (A1)—(A8) hold. For any initial datum (¢o, ¥o) € szm
let (¢, Y, 1, v) denote the unique weak solution to (1.1) as given by Theorem 4.2. Then the
solution (¢, ¥, i, v) enjoys the following additional regularity:

(@, ¥) e H' (0, T; L%, (u,v) € L¥0O, T;: HHNL*>0,T;H?), dan e L*(0, T; L*T)).

This means that (¢, ¥, L, v) is a strong solution to system (1.1) as all equations are satisfied a.e.
in Qr and 2, and a.e. on U't and T, respectively.

Remark 4.5. We point out that F (-, ¢9) € L' (Q) and B(-, ¥9), G(-, ¥o) € L1(I') are satisfied as
a consequence of (¢, V¥o) € 7—[}23, > assumption (A7), and the continuous embedding H2 s L0,

Proof of Theorem 4.4. The formal idea behind this proof is to test (4.2a) with —d,u, (4.2b)
with —0,v, the time derivative of (4.2c) with d;¢ and the time derivative of (4.2d) with 9;1. This
strategy can be made rigorous by following the line of argument in [53, s. 3.2] (which was in turn
greatly inspired by the approach in [15, s. 4.4]). To this end, we use once more the time-discrete
approximate solution (¢", ¥", u", v"),=1,... .y constructed in Step 1 of the proof of Theorem 4.2.
We recall that the discretized weak formulation (4.10) is satisfied and we define the backward
difference quotients

@™, 9y Dot ") = %[(rﬁ"“, P — gyt o .
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For brevity, we will also use the notation

! [H'C,y"th — H'(.y™)] for H € {G, B}.

T

1
[F'(,¢"™) —F(, "], 8.H:

0 F' = —
T

In the following, the letter C will denote generic positive constants independent of n, N, T
and L which may change their value from line to line. For any arbitrary n € {0, ..., N — 1}, we
test (4.10a) with @ = —9, "t € H'(Q) and (4.10b) with 0 = —3,v" ! € H(I'). Adding the
resulting equations, we conclude that

—/a,¢"+‘a,un+‘dx—/a,w"“a,v"“ ds
Q r
1
= (190 2y = IV 120 + I1VH ! = Vi g )

1 (4.30)
5 (1900 sy = 190V 12y + IV = V00" 1)

11
+1 +12 2
R UG Tl S T

F B =) = (@ — s ).

Next, we take the difference of (4.10c) and (4.10d) written at the step n 4+ 1 and at the
step n, respectively, and we add the resulting equations. Using ¢ = %8,(/)"“ € LP(2) and

&= %8, Y"1 e L4(T) as test functions, we obtain

/a,u"“arw“dx+/arv"+la,¢"+1ds
Q r

- / —(J % 3:¢" 0" + 8, F' 3,¢" ! dx
Q

+ [ & @00 oy 0.6y s @D
r

+/arB’arw”+1 ds.
r

From the uniform convexity of the potentials (see (2.7)), we infer that
/ 0r F'9:¢"+! dx + / 0:G'9: Y"1 dS = cll8:¢" 172 ) + colld V" 17a -
Q r

Using (A5.3), Lemma 2.2 and Young’s inequality, we deduce the estimate
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/ —(J % 3:¢0"THo, ¢ dx + / (— (K ®d,y"t) +9,B)a.y" T ds
Q r

C
< 810:6" 12y + G+ L)Y T2y + S 1000" T 4

for any § > 0, where "' = (¢" 1, y"*1). According to (4.7) and (4.9), the functions x" ! and
"1 can be expressed as

an+l — Sé(ar(pn-i-l) 4 ,8Cn+l, vn+1 — Srl:(arfﬂn+l) 4 Cn+l .
Consequently, a straightforward computation gives
190" 17 px = IV N a g + IVEV' I ) + 218V = 12 -
Hence, adding (4.30) and (4.31), and using the above estimates, we obtain
IV 122 ) = IV 1320y + 1VEV" 12 = VPV 172y

1 1,2 2
+ (18" = oy = 1BV = 1 72 py)

+(ex = 9:¢" 172 + (€ — L = O3y 175 py
< C(IVH" N a g + IVEV" s + 218V = 1T ).

We now fix § = % min{cy, ce —Lp} and sum from n = 0 to an arbitrary index j < N — 1 to infer
that

IV 320y + VeV o ) + 1BV = w1

JT | JjT
Cx = 2 = 2
+ 5 [ 108 R0y + 50w = L) [ 10T I ey
0 0

(4.32)
< IVIN O35 + IVEVN O 17y + 21BN (O) = 1 O35
T
+C [ (100 g+ IVEww gy + H1BON — e ) .

0

where ¢, ¥y denote the piecewise linear extension introduced in Step 1 of the proof of Theo-
rem 4.2. By the fundamental theorem of calculus of variations we deduce that y(0) = © and
vy (0) = v0 satisfy the equations

1 = —(J % ¢o) + F' (-, o) a.e.inQ, (4.33a)
V0= —(K ® ¥0) + G'(-,¥0) + B'(-,¥9) a.e.onT. (4.33b)
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Since ¢ € 7—[/23 > We use Lemma 2.2, the assumptions (A7), (A8) and the continuous embedding

H2 < £ to deduce that the right-hand side of (4.33a) belongs to H!($2) whereas the right-
hand side of (4.33b) belongs to H'(I"). By comparison, we infer that 1y (0) = w® e H() and
vy (0) =v0 e H(I). Invoking the uniform bound (4.11), we conclude from (4.32) that

IV 30 + IVeV oy + 218V = 100

P 1 e , (4.34)
0 0

for all j € {0, ..., N — 1}. This directly implies the uniform bound

I10:dn Il 20,7222 + 10 Wl 207222 ()

(4.35)
+lunllzoo, 751 @) + VNl Lo, 7: 1)) = C-
Now, invoking the Banach—Alaoglu theorem, we conclude that
@.¥) e H'(0.T; L%, (u,v) € L®0.T;H")
due to the uniqueness of the weak limit. In particular, we obtain the bound
1@, Y o,7:22) + 1 V)| Lo, 7141y < C- (4.36)

Recall that, according to (4.2a) and (4.2b), the elliptic problems

Ap = 0;¢ in €, p
Arv=20y + 7 (Bv—p) onT,

dnpu=1(Bv—pn) onT,

are satisfied in the weak sense. Employing elliptic regularity theory (see, e.g., [69, s. 5, Prop. 7.7]
for the Poisson—Neumann problem in the bulk and [69, s. 5, Thm. 1.3] for Poisson’s equation on
the boundary), we obtain that p(¢) € H?(Q) and v(t) € H*(T") for almost all 7 € [0, T'] with

1
@32 < C (nu(t)n%,l(m 19D O F2q) + 73 18O = M(t)lli,l/zm)

(4.37)

1 2 2 132 2

1
WO 3 <€ (nv(t)ni,l(r) 1Y Ol g2y + 7 18VO = u(r)ﬂizm) . (438)

Integrating the above estimates in time from O to 7, we conclude that (i, v) € LZ(O, T; 7—[2)
and 9y € L2(0, T; L3(I")). In combination with (4.1), this proves the regularity assertion. It
directly follows that (¢, ¥, i, v) is even a strong solution to the system (1.1) and thus, the proof
of Theorem 4.2 is complete. O
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5. Singular limits of the Robin model

This section is devoted to investigating the asymptotic limits of the system (1.1) as L tends to
zero or to infinity. To this end, we prove that the sequence of solutions (¢, ¥, u, vl) to the
Robin model (1.1) converges in a suitable topology such that the limit is a weak solution to the
corresponding limiting system. Therefore, let us first introduce the notions of weak solutions for
these systems.

5.1. Notion of weak solutions to the limit models

We now present the definitions of weak solutions to the systems (1.26), (1.28) and (1.29).
Definition 5.1 (Definition of a weak solution to (1.26)).Let T > 0, m € R, 8 > 0 and
(0, Yo) € Hg,m be arbitrary and suppose that the conditions (A1)—(A5) hold. The triplet
(¢, ¥, ) is called a weak solution of the system (1.26) if the following holds:

(i) The functions (¢, ¥, ) have the following regularity

¢ € L0, T; LP(Q)),
Y € L0, T; LU(T)),

0,4 1y 1 1/ (5’1)
(¢, 9) e C2([0,T]; (Dp)) NH (0, T; (Dg)),
ue L2(O, T; Vl),
and it holds that (¢ (¢), ¥ (1)) € H},, for almost all 7 € [0, T].
(ii) The weak formulation
((8@,8,1//),(9,0))@}3 =—/V,M-V9dx— %/vw-vpads, (5.2a)
Q r
/Mndx =/—(J x @)+ F'(-, p)ndx, (5.2b)
Q Q
/;w ds = / —B(K ® )0 + BG' (-, ¥)0 + BB’ (-, ¥)0 dS (5.2¢)
r r

is satisfied almost everywhere in [0, T'] for all test functions (0, 0) € D}g, n € L>®(2) and
0 € L°°(T"). Moreover, the initial conditions ¢|;—g = ¢9 and ¥ |;—o = Y are satisfied a.e. in
€2 and on I, respectively.

(iii) The energy inequality

1
1
E(¢@,v(0) + 5 / IV )72 + IVEVO) 72y ds < Eo. ¥0)  (5.3)
0

is satisfied for all ¢ € [0, T'].
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Definition 5.2 (Definition of weak solutions to (1.28) and (1.29)). Let T > 0, and (¢, o) € L£>
be arbitrary, and suppose that the conditions (A1)-(AS) hold. The pairs (¢, ;) and (¥, v) are
called weak solutions of the systems (1.28) and (1.29) if the following holds:

(1) The functions (¢, 1) and (v, v) have the following regularity

e HYO,T; H'(Q))NL®O,T; L?(Q)), pnel*0,T;H (Q), 54
v e HY O, T; H'(T')) N L>®(0, T; LY(I")), veL*(0,T; H'(I)) '
and it holds that (¢ (#))q = (¢o)o and (¥ (¢))r = (Yo) for almost all ¢ € [0, T'].
(ii) The weak formulations
(at¢,9),,1(9)=—/w-vedx, (5.52)
Q
fu(dx=f—(1*¢)§+F/(-,¢)§dx, (5.5b)
Q Q
and
(8;1/f,(7)H1(1—) :—[VFU‘VFUdS, (563)
r
/ vEdS = / —(K® V) +G'(,¥)§+ B'(-,¥)&dS (5.6b)
r r

are satisfied almost everywhere in [0, 7] for all test functions 6 € H 1(Q), ¢ € L®() and
o € HY(I'), & € L>®(I"). Moreover, the initial conditions ¢|;,—o = ¢o and ¥ |;—o = VYo are
satisfied a.e. in 2 and on I, respectively.

(iii) The energy inequalities

t
1
Evui (¢ (1)) + 5/ IIVM(S)IIiz(Q) ds < Epuik(¢0), (5.72)
0

t
1
Esurt(¥ (1)) + Epen (¥ (1) + 5/ ||VFU(S)IIiz(r) ds < Esurt(¥0) + Epen(¥0) (5.7b)
0

are satisfied for all ¢ € [0, T].

Remark 5.3. We are convinced that weak well-posedness of the Dirichlet model (1.26) and the
decoupled model ((1.28), (1.29)) can be proved in a similar fashion to the proof of Theorem 4.2
by exploiting the gradient flow equations (3.9), (3.10) and (3.11). However, as we want to inves-
tigate the singular limits L — 0 and L — oo of the Robin model anyway, we proceed differently
and construct the weak solutions as the singular limits of solutions to the system (1.1).
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The weak and strong well-posedness of the Dirichlet model will be established in Theo-
rem 5.4, whereas the weak and strong well-posedness of the decoupled model will be presented
in Theorem 5.5.

5.2. Uniform bounds

To investigate the singular limits, we first derive uniform bounds on solutions of the Robin
model.

Uniform bounds on weak solutions. Suppose that 7 > 0, 8 # 0, m € R and that (A1)—(A5)
hold. Let @, = (¢o, ¥o) € HG , with F(-,¢) € L' () and G(-, ¥o), B(-, %) € L' (') be ar-
bitrary. For L > 0, let (¢%, %, u’, v¥) denote the corresponding weak solution to the system
(1.1) in the sense of Definition 4.1. In the following, the letter C will denote a generic posi-
tive constant that does not depend on the parameter L. From the energy inequality (4.3) and the
growth conditions in (2.8) we infer that

,m

" | Lo o.7:Lr (@) + W  Le.1:L0(r) < C, (5.8)
1
IVEE T2y +IVEVE N2y + 1BV = b1y, < €. (5.9)

On the basis of these estimates, we can now follow the line of argument in Step 3 of the proof of
Theorem 4.2 to deduce the uniform bound

”ML”LZ(QT;HI(Q)) + HVL”LZ(O,T;HI(F)) <C. (5.10)

Moreover, proceeding as in Step 4 of the proof of Theorem 4.2, we derive the estimate

1
180" | 2207 111y + 18 20,71 ryy < C (1 + —) . (5.11)

VL

In the case 8 > 0, we choose an arbitrary pair of test functions (9, 0) € D},. We now test (4.2a)
with 6 and (4.2b) with o. Adding the resulting equations we observe that a cancellation occurs
due to the relation 0|1, = Bo a.e. on I'7. Recalling that @0, 0yt e (HY (D,ls)/ a.e. on
[0, T'], we obtain

(@™, 09", 0. O)py = (00", 0) 1oy + (0v". o) i)

=—/V;LL-V9dx—/VrvL~VrodS
Q r

a.e. on [0, T]. Invoking the uniform bound (5.9), we conclude that

18", 3V 20 7. ppy) <€ iFF >0, (5.12)

Additional uniform bounds on strong solutions. Let now § # 0 be arbitrary again and in
addition, we suppose that the conditions (A6)—(A8) hold and that ¢ € H%’m. Then, according to
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Theorem 4.4, the quadruplet (¢*, ¥, u’, vL) is the unique strong solution of the system (1.1).
We already know from (4.36) that

1@, ¥l a1 o,7;c2) + 1 VI oo o, 7571y = C- (5.13)

Integrating (4.37) and (4.38) in time from O to 7', we can use (5.9) and (5.10) to infer that

1 1
' <cl14+2 d . <Cll+—). 5.14
Il 20,7 H2(2y) < < + L) and vl 20,7 m2(ry) < ( + ﬁ) (5.14)

We can now use these estimates to investigate the singular limits L — 0 and L — oo of the
Robin model (1.1).

5.3. The singular limit L — 0 and well-posedness of the Dirichlet model

Theorem 5.4 (The limit L — 0 and well-posedness of (1.26)). Let T,L > 0, m € R and
B > 0 be arbitrary and suppose that the assumptions (A1)—(AS) hold. For any initial
damm (o, Vo) € MYy, satisfying F(-,¢o) € L'(Q) and G(-,v0), B(-vo) € L'(I), let
(@, L, ul, vl) denote the corresponding unique weak solution to the system (1.1) in the
sense of Definition 4. 1. Then the following holds:

(a) There exist functions (¢«, Vs, Ux, Vi) satisfying

¢« € L0, T; LP(R2)), Y € L0, T L)),

(s, ¥s) € H' (0, T; (D)), (5.15)
e € L*(0,T; H' (), v € L*(0,T; H'(I)),
and
@), ¥ () €H},, foralmostallte[0,T] (5.16)
such that
ot — b, weakly-* in L*°(0, T; LP(R2)), and a.e. in Q,
vt >y, weakly-* in L*°(0, T; L1(T")), and a.e. on 'y,
@5 Y™ = (s, ¥)  weakly in H' (0, T3 (Dp)), .,
ul S weakly in L2(0, T; H'(RQ)), '
vl =, weakly in L*(0, T; H'(I)),
,BVL — /,LL -0 strongly in L*(T'7),

as L — 0. This means that i« = Bvy a.e. on T.
Moreover, the triplet (¢y, Wy, y) IS the unique weak solution of the system (1.26) in the

sense of Definition 5.1. In particular, this comprises that (¢«, V) € CO’% (o, 17; (D/lg)/).
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(b) Let us additionally assume that (A6)—(A8) hold and that (¢, Vo) € ’Hém. Then the quadru-

plet (L, L, ul, vl) is a strong solution of the system (1.1), and it holds in addition to
(5.17) that

(0", ¥ = (@i, ¥u)  weakly in H'(0, T; L?),

L L ko 0 .yl (5.18)
(m=,v") = (s, Vy) weakly-* in L*°0,T; H")

as L — 0. Moreover, it holds that (ju4, vy) € L2(0, T; 7—[2) and thus, recalling that .y = By,
the triplet (¢x, Vx, 4+ is the unique strong solution to the system (1.26).

Proof. Proof of assertion (a). Let (Li)ren C (0, 1] denote an arbitrary sequence satisfying
Ly — 0 as k — oo. For any k € N, let (¢%, ¥, uk, 0%) = (¢, ylx, ulx 9L+ denote the
unique weak solution to the system (1.1) corresponding to the parameter Li. Due to the uni-
form bounds (5.8)—(5.10) and (5.12), the Banach—Alaoglu theorem directly implies the existence
of limit functions (¢x, ¥4, [x, V) satisfying the regularity condition (5.15) such that the conver-
gence properties (5.17) hold with L replaced by Ly as k — oo along a non-relabeled subsequence
of (Li)reN- This directly implies the relation p, = v, a.e. on I't.

For (0,0) € D}S arbitrary, testing (4.2a) with 6 and (4.2b) with o, and adding the resulting
equations yields

(319, 8. 0.0))p1 = (0", 0) i1 + (O™, o) gy

:—/V,uk-Vde —/Vrvk~VradS.
Q r
After passing to the limit kK — oco, we obtain
((8,45, ay), (6, 0))1)}3 =— / Vi - VOdx — f Vrvs - Vro dS, (5.19)
Q r

which verifies (5.2a). Let now s, ¢ € [0, T'] be arbitrary. Without loss of generality we assume
that s < ¢. Integrating (5.19) in time from s to ¢ gives

((@x(0) = Du(s) , Yut) — Yu(s)), (6, o))pé
= (s (1) — P (5), 0) g1 (@) + (Vs (1) — Y (8), ) 1 (1)

t r
=—//V/L*-V@dxdr—//vrv*-vroder
s Q s T

T

<Cle=sI"21©,)lpy / IV (M) 32 g + VPV ey dr
0
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This proves that (¢, ¥y) € C 0’%([0, Tl; (Dé)/ ) and hence, the triplet (¢, V¥4, (4) satisfies the
regularity condition (5.1). Proceeding as in Step 6 of the proof of Theorem 4.2, we conclude that
(¢«, ¥, Lx) also satisfies the weak formulations (5.2b) and (5.2c), the mass conservation law
(5.16) and the energy inequality (5.3). This means that (¢, ¥, («) is a weak solution to the
system (1.26).

We next show that (¢x, ¥, [4+) is the only weak solution to 4.2. To this end, we assume that
there exists another weak solution (@, Vs, ) to the system 4.2 and we write

(@, ¥, 1) = (Ps, Yy s) — (Drser Vs M)

to denote their difference. Plugging an arbitrary pair of test functions (0, o) € D;j into (5.19) and
integrating in time from O to ¢ yields

t

t t
/((qﬁ,tﬁ),(@,a))pé dt:—/V /uds -V@dx—i—/vr /vds - Vro dS. (5.20)

0 Q 0 r 0
By the definition of 8% in (P3), we obtain the relations

t

t
Shod)=n+cp. Sy =vre, 4@ = [nds+per. Sk = [vasa
0 0

for all € [0, T'] and some constant ¢ € R. Recall that the assumption 8 > 0 ensures that || - ||(2) B

actually defines a norm on the space Dgl (see (P4)). A straightforward computation now reveals
that, for any arbitrary 7 € [0, T],

1
S16 @I 5 = f $udxdr — f yvdsdr.

Qi Iy

As the weak formulations (5.2b) and (5.2¢) (with u|r, replaced by Bv) are identical to (4.2c)
and (4.2d), we can proceed exactly as in the proof of Theorem 4.2 to conclude that

1S°(¢, ¥)@llo.p = (¢, ¥I@)llo,p.« =0 for almost all £ € [0, T].

It follows that ¢ =0 a.e. in Q7 and ¥ =0 a.e. on I'r. Now, the identities . =0 a.e. in Qr
and v =0 a.e. on I't follow from (5.2b) and (5.2c¢) by a standard comparison argument.

The uniqueness of the limit (¢, ¥, 1) finally implies that the convergences established
above do not depend on the extraction of the subsequence. Hence, the convergence results hold
true for the whole sequence (L)icN- This means that (5.17) is established.

Proof of assertion (b). Due to the uniform bound (5.13) and the uniqueness of the limit
(¢, ¥«, 1Lx), the convergence property (5.18) follows directly by means of the Banach—Alaoglu
theorem. Proceeding similarly as in the proof of Theorem 4.4, we can use elliptic regularity the-
ory to conclude a posteriori that (f1y, v4) € L%(0, T; H?). Consequently, the triplet (¢x, Vs, ()
is a strong solution of the system (1.26). Thus, the proof is complete. O
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5.4. The singular limit L — oo and well-posedness of the decoupled model

Theorem 5.5 (The limit L — oo and well-posedness of (1.28) and (1.29)). Let T,L > 0,
m € R and B # 0 be arbitrary and suppose that the conditions (A1)—(AS5) hold. For any ini-
tial datum (¢, ¥o) € ’Hg,m satisfying F(-,¢0) € L' (Q) and G(-, o), B(-, %) € L'(I), let

(%, v, ul, vl) denote the corresponding unique weak solution to the system (1.1) in the sense
of Theorem 4.2. Then the following holds:

(a) There exist functions (¢*, ™, u*, v*) satisfying

¢* e H'(0,T; H'(Q))NL®(, T; L?(Q)),
v*e H'(0,T; H'(I))NL>®(0, T; LY(I)), (5.21)
w e L*0,T; H(Q)), v eL*0,T; H ()

and

((b*(t))Q = {¢p0)q and (1//*(t))r = (Yo)r foralmostallt [0, T] (5.22)
such that

ot — ¢*  weakly-* in L®(0, T; LP(R)),

weakly in H' (0, T; H'(Q)'), and a.e. in Qr,
vt > y*  weakly-* in L0, T; L1(I)),

weakly in H'(0, T; H'(I')), and a.e. on Ty, (5.23)
wt — p weakly in L*(0, T; H (RQ)),

vl = p* weakly in L*>(0, T; H'(I')),

%(,BVL —uH =0 strongly in L*(T'r)
as L — oo. In addition, it holds that
¢* € CO2 ([0, T H\(Q)), *eC®2([0,T1; H'(I)) (5.24)

and the pair (¢*, u*) is the unique weak solution of the system (1.28) whereas the pair
(Y™, v*) is the unique weak solution of the system (1.29) in the sense of Definition 5.2.
(b) Let us additionally assume that (A6)—(A8) hold and that (¢, Vo) € 7—[% - Then the quadru-

plet (oL, L, ul vl is a strong solution of the system (1.1), and it holds in addition to
(5.23) that

@". ") — (@*.¥*)  weakly in H'(0, T; L),
(wE, vE) = (u*,v") weakly-* in L0, T; H) N L%(0, T: H?), (5.25)
anuL -0 strongly in LZ(FT).
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as L — oo. Moreover, it follows that dyu* = 0 a.e. on U'r and thus, the pairs (¢*, u*) and
(Y™, v*) are the unique strong solutions to the systems (1.28) and (1.29), respectively.

Proof. Proof of assertion (a). Let (Lix)reN C [1,00) denote an arbitrary sequence satisfying
Li — 00 as k — oo. For any k € N, let (¢F, vk, uk, v&) = (¢L*, &, s, vlk) denote the
unique weak solution to the system (1.1) corresponding to the parameter Ly. Since Ly > 1,
the bounds (5.8)—(5.11) can be made uniform in k. Hence, we can apply the Banach—Alaoglu
theorem to infer the existence of functions (¢*, ¥*, u*, v*) satisfying (5.21) such that the first
four convergence properties in (5.23) (with L replaced by L) hold up to subsequence extraction.
We further notice that the last convergence of (5.23) directly follows from (5.9) since, as k — oo,
we have

C
k
|-t = 2||ﬂu Vi < 70

LZ(F)

The property (5.24) can be established in the same fashion as the corresponding result in Theo-
rem 5.4. As F’/, G’ and B’ are continuous in their second argument, we infer that, as k — oo,

F'(, 5 — F'(-,¢) a.e.inQr,
G'(.v*)—> G'(.¥), B'(.v*)—> B'(.¥) ae.only.

Along with Lemma 2.4, this is enough to pass to the limit as k — oo in the weak formulation
(4.2) written for (¢X, ¥*, u¥, v*) from which we conclude that the weak formulations (5.5) and
(5.6) are satisfied. This implies that (¢*, ™, u*, v*) also satisfies the mass conservation laws
(5.22). Moreover, proceeding as in Step 6 of the proof of Theorem 4.2 the energy inequalities
(5.7) can be verified. Hence, the pairs (¢, ) and (i, v) are weak solutions to the systems (1.28)
and (1.29), respectively, in the sense of Definition 5.2.

It remains to prove uniqueness of these weak solutions. To this end, we assume that (¢**, u
and (Y **, v**) are also weak solutions of (1.28) and (1.29), respectively. We set

**)

(¢7 I'L) = (¢*a /'L*) - ((p**s /J“**)v (W» V) = (1//*7 U*) - (W**, U**).
Recalling (P5), we deduce from (1.28a) that

t

NaG)=p— (o and No(@) =/uds i We

0

For any arbitrary #y € [0, T'], a straightforward computation gives

1
S0, = / b dx dr

Qy

=/(]*¢)¢dxdt—/(F/(-,¢*)—F/(-,qb**))qbdxdt.

Qi Q
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Proceeding similarly as in Step 7 of the proof of Theorem 4.2, we can use the monotonicity of
F’ and a Gronwall argument to conclude that

” VNQ (¢ (IO)) ”LZ(Q) = ||¢(t0) ”Q,* = 07

which, due to the arbitrariness of ¢y, directly implies that ¢ = 0 a.e. in Q7. Finally, the identity
u =0 a.e. in Q7 follows by comparison. This proves the uniqueness of the solution (¢*, u*).
Moreover, the uniqueness of the solution (¥*, v*) can be established in a similar manner.

In particular, this implies that the limit (¢*, ¥*, u*, v*) is unique and consequently, the
convergences established above do not depend on the subsequence extraction. Hence, the con-
vergence properties remain true for the whole sequence (Li)reN C [1, 00).

Proof of assertion (b). Arguing as above, it suffices to realize that the estimates (5.13)—(5.14),
which can now be established due to the enhanced regularity of the initial data, can be made
uniform in k as well. Moreover, by substituting the identity Lidpu* = v* — uX a.e. on I'z into
(5.9), we get

1 1 C
180 172y = —5 I Lkdntt 72y = =5 1B = Vil 2y < 7= =0
L2(T) Ll% L2(IN) Li L>(T) Ly
as k — oo. This directly implies that dyu™ = 0 a.e. on I'r. Hence, invoking once more the
Banach—Alaoglu theorem, we infer the functions (¢*, ¥*, u*, v*) satisfy (5.25). Then, in light
of these stronger convergences and Lemma 2.4, it is possible to pass to the limit as k — oo in
the strong formulation (1.1) written for (¢X, u*, ¥*, v*) to conclude that (¢*, ¥*, u*, v*) is the
strong solution. Thus, the proof is complete. O
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Appendix A
Proof of Lemma 2.2. Let ¢ € L>(2) and ¢ € L*(T") be arbitrary.

Proof of (a). We define the trivial extension of ¢ on R by

— ..ol ifxeq,
o) = {0 ifx ¢ ,

where ¢ is to be interpreted as an arbitrary but fixed representative of its equivalence class. Let
now o € Ng be an arbitrary multi-index with |o| < 1 and let 3*J denote the corresponding

derivative. Applying Young’s inequality for convolutions (see, e.g., [55, Thm. 4.2]), we obtain
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19 % Il 2 () < 10T % Bl 2Ray < CIJ Iyt ey 191 2y = CllT i way 1011120

for a constant C > 0 depending only on d. This proves (a).

Proof of (b). To prove (b) we proceed as in [55, Proof of Thm. 4.2]. Let r > 1 be the exponent
from (A2) and let £ € L?(I") be arbitrary. We now set

= < i.
r+1 s s r

Next, we define the functions f, g,h: T x ' - R by

F3, ) =91 @7 K@z — ",
2,2 =K@z -y e (),
h(y, z) =¥y 2 &L ()"

where 1, K and £ are to be interpreted as arbitrary but fixed representative of their equivalence
class and v and & denote the positive parts of these functions. Using the continuous embed-
ding W' () < L’ (I") and a change of variables, we obtain

1Kz =) < 1K@ =) lwirg < 1K@ =) llwirrey = 1K lwirway
for almost all z € I'. Hence, applying Holder’s inequality, we get

1

57

Il s (rery = /1//+(Z)SfK(Z—y)rdS(y)dS(Z)
r

r
1

v
s/s’

< / Y@ UK Wy ey 4S@ | < IV ISR KIS o
r

A

For g and / we derive the analogous estimates

s/s’ r/s' s/r s/r’

”g”Lf/(l—Xl’) = “g::”LJ([‘) ”K”Wl.r(]Rd)’ ”h”L’/(l—Xl’) = ”w”Ls(r‘) ”E”LS(F)'

Now, using Holder’s inequality along with the above estimates, we infer that

f/f(y,z)g(y,z)h(y,z)dS(y)dS(z)=//w+(z)l<(z—y)5+(y)dS(y)dS(z)
rr rr

= ||1/f||LS(F)||K||W1,r(Rd)||$||L°‘(F) = ||1/f||L2(r)||K||Wl»r(]Rd)||f||L2(r)~
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Proceeding analogously with the negative parts {_ and £&_ and combining the estimates, we
conclude that

/ / VK — »E) AS() dSE) < C ¥l 2 1K e 1] 120
I

As & € L*(T") was arbitrary, this implies that the mapping

L’ M) >&> /(K ®Y)(2)E(z)dS(z) eR
r

defines a bounded linear functional on L2(I"). In particular, since L%(I") & (L3(IN))/, it holds that
K ® ¢ € L*(T") with

1K ®Yl2qy < CIK lwir@ayll¥llL2my)-

Proceeding analogously with the components of VK instead of K, we finally conclude
(VrK) ® ¢ € L>(T"), and

IK®Yllgry < ClIKIw2r a1V L2,

which proves (b).
Thus, the proof is complete. O

Proof of Lemrpa 2.4. We first deduce from Remark 2.1(b) that there exist functions J €
Wl1(Q) and K € WII(T") such that

(Jxp)—J inWh(Q) and (K@) — K inwh(D)

after extraction of a subsequence. Since p and ¢ satisfy (2.4), the embeddings W1(Q) —
LP(Q) and Wh1(I") < L9 (T) are compact. Hence, it holds that

(Jxdx)— J inL”(Q) and (K ®yy) — K in LI (D) (A1)

after another subsequence extraction. For arbitrary test functions ¢ € L”(€2) and & € L9(I") we
now consider the following linear functionals:

T LP(Q) >R, ¢— f(] * @) dx,
Q
Ke:LIT)—>R, Y- /(K ®Y)EdS.
r
Using Holder’s inequality, the continuous embeddings wWhi(Q) — LP/(Q) and W1(I') —

Lq/(F) and the estimates from Remark 2.1, it is straightforward to check that both functionals

286



P. Knopf and A. Signori Journal of Differential Equations 280 (2021) 236-291

are continuous. Hence, on the one hand, the weak convergence of (¢x)ren in LP(€2) and the
weak convergence of (Y)ren in L9(I") imply that

Te (Pr) = T () = /(J @) dx and  Ke(Yn) = Ke(Y) = /(K ®@Y)§dS (A2)
Q r
as k — 00. On the other hand, it follows from (A.1) that

j¢(¢k)—>/f§dx and Kg(wk)%/lzédS (A.3)
Q r

as k — o0o. Combining (A.2) and (A.3), invoking the uniqueness of the limit, and recalling that
the test functions ¢ € L?(2) and & € L9(I") were arb1trary, we conclude from the fundamental
lemma of calculus of variations that J = J x¢ a.e. in Q and K = K ® ¥ a.e. on I". This completes
the proof. O

Proof of Lemma 2.5. Inthecase L > 0,letg = (¢, V) € ng}) and n = (¢, &) € H! be arbitrary.
Defining

:ﬂIQI<E>Q+IFI<§>r
BZIQ| + T

to:=¢—cB, &:=&—c, with

we see that 5 := (o, &) € H}},O' We notice that (¢, (Bc,c))y1 =0dueto ¢ € ’HE’B and thus,

1
0113 5 = 192122, + IVrE ]2 ) + IIﬂE oy < <1+ )nmw

Recalling that S%(¢) satisfies the weak formulation (2.11), we can use the Cauchy—Schwarz
inequality to infer that

(.m0 | = (@ m0hrr| = | (5™ @) m0) s | < 1S @lL.s Imoll.s

1
<C (1 + ﬁ) IS™ (@)l pllnll3-

Hence, by invoking the definition of the operator norm on ’HEB, we get

Iolgay = sup [(@.map|=C (1422 ) IS“@lL.p
1] 'lel

and since ||SL(¢)||L,/3 = |l@llL,p,« this proves (2.15a). The estimate (2.15b) can be proved com-
pletely analogously and thus, the proof is complete. O
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Proof of Lemma 2.6. As most of the assertions can be verified straightforwardly, we only sketch
the most important steps. First of all, it holds in all cases that J € C LRI\ {0}), K € CZ(R?\ {0})
with

J(x)>Q2R)™ min p(ly])>0 and K(x)>2R)™” min o(]y|) >0
|y|<2R [¥I<2R

forall x € Bog(0) \ {0}. Since x —y € By (0) forall x, y € , this implies that (2.1a) is satisfied.
For K (x) = o (|x]) |x|~Y, we first compute the partial derivatives ijK and 0Oy, Oy jK for all

indices 7, j € {1, 2,3} on R3\ {0}. Then, by transformation into spherical coordinates (the radius
being denoted by s), a straightforward computation leads to the estimates

o0

1K1 gy < C / o (s)' s> ds.
0

00
”aij”rLr(IRd) = C/U(S)rsz—r(l/-i-l) + |U/(s)|rs2—ry ds.
0

o
”aXi aXJK||2r<Rd) < C/U(s)rsz—r(y—i-Z) + |O'/(S)|r s2—r(y+1) + ‘o.//(s)|r S2—ry ds
0

for all i, j € {1, 2, 3}. Due to the decay conditions on o the above integrals exist if and only if
d — 1 —r(y +2) > —1 which is true since < 3/(y + 2). This implies that K € W>" (R?) and
it is now easy to check that K satisfies all relevant conditions in (A2). All remaining assertions
can be proved by similar arguments. O
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