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Abstract Developing and improving process‐based models requires identifying the importance and/or
influence of various processes driving system behavior. In our recent studies, important processes are identified
using first‐order process sensitivity index PSK (Dai et al., 2017, https://doi.org/10.1002/2016wr019715), and
non‐influential processes are determined using total‐effect process sensitivity index PSTK (Yang et al., 2022,
https://doi.org/10.1029/2021wr029812), K denoting a given system process. Estimating these indices through
the brute force Monte Carlo (MC) method is computationally intensive and often impractical. This study
extends the quasi‐MC method developed by Dai et al. (2022), https://doi.org/10.1029/2022wr033263 to
concurrently estimate PSK and PSTK with reduced computational cost. The concurrent estimation is based on a
rigorous theoretical framework that we leverage to provide a robust computational implementation of the quasi‐
MC method. The number of model executions required for estimating PSK or PSTK associated with system
process K is reduced from N2 in brute force MC method to 2N in quasi‐MC method, N being the number of
samples generated for uncertain parameters. The total model executions required to concurrently estimate PSK

and PSTK for all processes of an individual system model are N × (Np + 2), Np being the number of system
processes associated with the system model of interest. Convergence, accuracy, and reliability of the quasi‐MC
method are evaluated through an exemplary one‐dimensional groundwater flow example. Results demonstrate
that the quasi‐MC method converges substantially faster and is more reliable than its brute force MC
counterpart. Impacts of process model weights on estimating the two indices and their theoretical and practical
limitations are also discussed.

1. Introduction
Development and improvement of process‐based models require identifying the importance (in a relative sense)
of the processes embedded therein. Processes that are deemed important should be accurately represented, for
example, through exhaustive monitoring and data collection campaigns to sharpen our ability for process char-
acterization (Antonetti et al., 2016; Clark et al., 2015; Razavi & Gupta, 2015). Processes that are identified as non‐
influential to a target model output could be simplified (or even ignored) when resources and/or time are limited
(Mai, 2023; Markstrom et al., 2016; Schäfer Rodrigues Silva et al., 2020). Sensitivity analysis methods have been
developed to assist the identification of important and non‐influential model parameters (e.g., Ceriotti et al., 2018;
Dell'Oca et al., 2017; Devak & Dhanya, 2017; Knabe et al., 2021; Li et al., 2021; Markstrom et al., 2016; Nossent
et al., 2011; Song et al., 2015; Su & Li, 2022). However, relying on these methods (in general) does not enable one
to identify important or non‐influential system processes, except under special circumstances where parameter
importance/influence is equivalent to process importance/influence (Elshall et al., 2020; Wagena et al., 2019;
Yang et al., 2024; Yang & Ye, 2022). Traditional sensitivity analysis methods targeting quantification of un-
certain model parameter importance have then been expanded to enable one to rank the relative importance of
processes embedded in a model for a given model output. For example, Dai et al. (2017) rely on a variance‐based
sensitivity analysis method and develop a first‐order process sensitivity index (hereafter denoted as PSK) to
identify important processes. Yang et al. (2022) extend the concept of total‐effect parameter sensitivity index to
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define a total‐effect process sensitivity index (hereafter denoted as PSTK) to enable identification of non‐
influential processes. The method of Dai et al. (2017) is incorporated into a multi‐assumption architecture and
testbed (Walker et al., 2018). The two process sensitivity indices illustrated above have been used in several
recent works (Dai et al., 2022, 2024; Walker et al., 2021; Xu et al., 2019; Yang & Ye, 2022; Yang et al., 2022,
2024; Yu et al., 2024). In this context, our study is focused on key technical aspects associated with the
computational burden related to the estimation of the two process sensitivity indices. A distinctive objective of
this study is to concurrently estimate the first‐order and total‐effect process sensitivity indices in a sound and
computationally efficient manner.

From the perspective of process‐based modeling, a system can be viewed as an integration of multiple processes
and their interactions. In the absence of model uncertainty, a physical process is represented by a single process
model (or formulation). By integrating the process models of all processes involved, one can construct a unique
model that represents the overall system behavior. In the presence of process model uncertainty, a system process
may be represented by multiple alternative process models (or formulations). The set of process models one can
consider to represent process K is here collected in vector MK (θK) = {MK1(θK1 ),MK2(θK2 ), ...}, where each
process model is associated with its own set of parameters. In this case, process K may be represented by
alternative process models MK1, MK2, … (here MK1 and MK2 are characterized by parameter(s) θK1 and θK2,
respectively). A conceptual framework according to which one can consider diverse process models leads to
multiple possible system models that represent the system,M(θ) = ∪(MK (θK),MS (θS), ...), where ∪ represents
integration of process models of processes K, S, …, into system models. As an example, if the dynamics of a
hydrogeological system are governed by two processes (e.g., recharge and geology) and each process can be
represented by five alternative process models, then there are a total of 25 system models (Ye et al., 2010). When
considering process model uncertainty, the first‐order process sensitivity index, PSK , and the total‐effect process
sensitivity index, PSTK , are defined as (Dai et al., 2017; Yang et al., 2022):

PSK =
VMK (EM∼K(Δ|MK))

V(Δ)
= 1 −

EMK (VM∼K(Δ|MK))

V(Δ)
, (1)

PSTK =
EM∼K (VMK (Δ

⃒
⃒M∼K))

V(Δ)
= 1 −

VM∼K (EMK (Δ
⃒
⃒M∼K))

V(Δ)
, (2)

Here, Δ denotes a scalar model output;MK is a process model included in model setMK that can be employed to
represent process K; andM∼K is a process model in model setM∼K that can be employed to represent all processes
except process K (hereinafter referred to as processes ∼K). The term VMK (EM∼K(Δ|MK)) = V(Δ) −
EMK (VM∼K(Δ|MK)) in Equation 1 measures the average (over all process models associated with process K)
variance reduction conditional to identification of the model of process K. A large variance reduction corresponds
to an important process. The term EM∼K (VMK (Δ|M∼K)) in Equation 2 measures the average (over all process
models associated with processes ∼K, i.e., all processes except process K) variance remained if the process
models of processes ∼K are deterministically known. A small remaining variance denotes a non‐influential
process, i.e., a process that is neither important nor interacting with other processes). The mean and variance
appearing in Equations 1 and 2 are evaluated over the collection of alternative process models and can be esti-
mated by any model averaging methods (e.g., Ye et al., 2004, 2008).

Estimating these two process sensitivity indices through a typical brute force Monte Carlo (MC) method is
conceptually straightforward. It is otherwise computationally expensive when addressing both parameter and
model uncertainty. In the presence of parameter uncertainty and relying on the laws of total mean and of total
variance, the term VMK (EM∼K(Δ|MK)) in Equation 1 is expanded as (Dai et al., 2017)

VMK (EM∼K(Δ|MK)) = EMK
EθK |MK (EM∼K

Eθ∼K|M∼K
(Δ|θK ,MK ,θ∼K ,M∼K))

2

− (EMK
EθK |MK

EM∼K
Eθ∼K|M∼K

(Δ|θK ,MK ,θ∼K ,M∼K))
2
. (3)
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Here, subscript θK |MK indicates that the expectation is taken with respect to parameter θK , which is considered a
random variable associated with process model MK; subscript θ∼K

⃒
⃒M∼K indicates that the expectation is taken

with respect to parameter θ∼K associated with process modelM∼K; and notation Δ|θK ,MK ,M∼K ,θ∼K indicates that
Δ is a model output stemming from a system model formulation obtained by integratingMK andM∼K associated
with corresponding parameter realizations θK of θK and θ∼K of θ∼K , respectively. We note that the relationship
between parameter realization θK and random parameter θK corresponds to the relationship between a realization
x and the random variable X from which x is sampled (as typically denoted in standard statistical textbooks). This
also applies to the relationship between parameter realization θ∼K and random parameter θ∼K . Similar to
Equation 3, VM∼K (EMK (Δ|M∼K)) of Equation 2 is expanded as (Yang et al., 2022)

VM∼K (EMK (Δ|M∼K)) = EM∼K
Eθ∼K|M∼K

(EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2

− (EM∼K
Eθ∼K|M∼K

EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2
, (4)

to address both process model and parameter uncertainties.

As illustrated in Dai et al. (2017) and Yang et al. (2022), numerical estimation of Equations 3 and 4 requires four
nested loops. These are performed over: (a) the set of process modelsMK, (b) the set of parameter realizations, θK ,
associated with process model MK in model set MK, (c) the set of process models M∼K, and (d) the set of
parameter realizations, θ∼K , associated with process model M∼K in model set M∼K. Because of the four nested
loops, evaluating Equations 3 or 4 using a brute force MCmethod requires a total of (mK × nK) × (m∼K × n∼K) (or
equivalently, (m∼K × n∼K) × (mK × nK)) model executions. Here, mK and m∼K denote the number of alternative
process models inMK andM∼K, respectively; and nK and n∼K are the number of parameter realizations in θK and
θ∼K , respectively. By way of example, considering nK= n∼K=N leads to a number of brute forceMC simulations
equal to mK × m∼K × N2. The latter can be in the order of magnitude of millions, for example, for N = 1,000. Dai
et al. (2022) reduce the number of MC simulations from mK × m∼K × N2 to mK × m∼K × 2N. They do so by
developing a quasi‐MCmethod (Saltelli et al., 2010) that removes the four nested loops upon relying on three sets
of parameter samples. These authors only tackle estimation of the first‐order process sensitivity index, PSK, of
process K.

This study expands the quasi‐MC method of Dai et al. (2022) to concurrently, rather than separately, estimate
the first‐order and total‐effect process sensitivity indices for a system process, hence aiming at further
reducing computational cost. Such a concurrent estimation is theoretically possible due to the similarities
between Equations 3 and 4. As detailed in Section 2.3, when developing computer codes for concurrently
estimating the two indices, the expressions of the quasi‐MC method developed for these indices are simplified
by using three matrices of parameter samples. The ensuing simplified expressions rest on the computational
method of Saltelli et al. (2010) for concurrently estimating the first‐order and total‐effect parameter sensitivity
indices of a single system model. It should be noted that our method is not a straightforward application of the
method of Saltelli et al. (2010) to multiple system models. Instead, we re‐design the sample matrices to
account for the possibility of employing multiple system models to concurrently estimate PSK and PSTK for all
processes. Estimation of the two process sensitivity indices for each system process requires a total number of
MC simulations equal to (mk × m∼k) × N × (Np + 2), where Np is the number of processes. Derivation of the
associated simplified expressions and their computational implementation constitute a unique contribution of
our study to process sensitivity analysis. The new quasi‐MC method is evaluated by applying it to ground-
water flow modeling for estimating the two process sensitivity indices associated with three groundwater
processes.

2. Methodology
2.1. Use of Three Sets of Parameter Samples for Efficient Estimation of PSTK

Following Dai et al. (2022), we provide the mathematical derivation for the efficient estimation of the total‐effect
process sensitivity index, PSTK, by removing the two nested parameter loops upon relying on three sets of
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parameter samples. The first term EM∼K
Eθ∼K|M∼K

(EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2 in the right‐hand side of

Equation 4 is expanded as:

EM∼K
Eθ∼K|M∼K

(EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2

= EM∼K
Eθ∼K|M∼K

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑

mK

p=1
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼K ,M∼K))
2P(MKp )

2

+ ∑

mK

p=1
∑

mK

r=1
r≠p

⎛

⎜
⎜
⎜
⎝

EθKp |MKp
(Δ|θKp

,MKp
,θ∼K ,M∼K)

×EθKr |MKr
(Δ|θKr

,MKr
,θ∼K ,M∼K)

⎞

⎟
⎟
⎟
⎠

P(MKp )P(MKr )

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= ∑

m∼K

q=1
Eθ∼Kq |M∼Kq

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑

mK

p=1
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2P(MKp )
2

+ ∑

mK

p=1
∑

mK

r=1
r≠p

⎛

⎜
⎜
⎜
⎝

EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq)

×EθKr |MKr
(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

⎞

⎟
⎟
⎟
⎠

P(MKp )P(MKr )

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

P(M∼Kq)

= ∑

m∼K

q=1
∑

mK

p=1
Eθ∼Kq |M∼Kq

(EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq))
2P(MKp )

2P(M∼Kq)

+ ∑

m∼K

q=1
∑

mK

p=1
∑

mK

r=1
r≠p

Eθ∼Kq |M∼Kq

⎛

⎜
⎜
⎝

EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq)

×EθKr |MKr
(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

⎞

⎟
⎟
⎠P(MKp )P(MKr )P(M∼Kq)

, (5)

Here, q= 1, 2,…,m∼K is the index associated with process models for all processes except for processK; p= 1, 2,
…, mK and r = 1, 2, …, mK (r ≠ p) are the indices associated with process models for process K. Subscript
θ∼Kq

⃒
⃒M∼Kq

of Eθ∼Kq |M∼Kq
indicates that the expectation is taken with respect to the qth process modelM∼Kq

, that is,

considered to represent all processes except for processK. Similarly, subscripts θKp
|MKp

of EθKp |MKp
and θKr

|MKr
of

EθKr |MKr
indicate that these expectations are taken with respect to the p‐th and the r‐th process models MKp

and

MKr
, respectively, that represent process K. Quantities P(M∼Kq), P(MKp ), and P(MKr ) denote the weights of

process models M∼Kq
, MKp

, and MKr
, respectively, and are used for model averaging. Expressing the term

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2 appearing on the right‐hand side of Equation 5 into an integral form

yields:

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2

= ∫
θ∼Kq

(EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq))
2p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq

, (6)

where p(θ∼Kq

⃒
⃒M∼Kq) is the probability density function (PDF) of θ∼Kq

associated with process model M∼Kq
.

Following Saltelli et al. (2010), we recast (EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq))
2 in Equation 6 into a corresponding

integral form as:
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(EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq))
2

= (EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq)) (EθKp |MKp
(Δ|θKp

,MKp
,θ∼Kq

,M∼Kq))

= ∫∫
θKp,θKp ʹ

⎛

⎜
⎜
⎝

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKp

ʹ ,MKp
,θ∼Kq

,M∼Kq)

× (p(θKp
|MKp) dθKp) (p(θKp

ʹ |MKp) dθKp
ʹ)

⎞

⎟
⎟
⎠

, (7)

where p(θKp
|MKp) and p(θKp

ʹ |MKp) are the PDFs of parameter θKp
and θKp

ʹ , respectively, associated with process
model MKp

. The double integral in Equation 7 is related to parameter sets θKp
and θKp

ʹ . Here, integration is
performed across the support of the PDFs p(θKp

|MKp) = p(θKṕ
|MKp). Substituting Equation 7 into Equation 6

leads to:

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2

= ∫
θ∼Kq

⎛

⎜
⎜
⎝∫∫

θKp,θKp ʹ

⎛

⎜
⎜
⎝

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKp

ʹ ,MKp
,θ∼Kq

,M∼Kq)

× (p(θKp
|MKp) dθKp) (p(θKp

ʹ |MKp) dθKp
ʹ)

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠ p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq

= ∭
θ∼Kq,θKp,θKp ʹ

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKp

ʹ ,MKp
,θ∼Kq

,M∼Kq)

× (p(θKp
|MKp) dθKp) (p(θKp

ʹ |MKp) dθKp
ʹ) (p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq)

, (8)

where the triple integral in Equation 8 is related to the support of parameters θ∼Kq
, θKp

, and θKp
ʹ , respectively

associated with PDFs p(θ∼Kq

⃒
⃒M∼Kq), p(θKp

|MKp), and p(θKp
ʹ |MKp). By virtue of Equation 8, term

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2 becomes:

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2

= Eθ∼Kq,θKp,θKp ʹ ( (Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKp

ʹ ,MKp
,θ∼Kq

,M∼Kq))

. (9)

Applying the same procedure to the second term at the right‐hand side of Equation 5 leads to:

Eθ∼Kq |M∼Kq

⎛

⎜
⎜
⎝

EθKp |MKp(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)

×EθKr |MKr
(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

⎞

⎟
⎟
⎠

= ∫
θ∼Kq

⎛

⎜
⎜
⎜
⎜
⎝

∫
θKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq) p(θKp

|MKp) dθKp

×∫
θKr

(Δ|θKr
,MKr

,θ∼Kq
,M∼Kq) p(θKr

|MKr) dθKr

⎞

⎟
⎟
⎟
⎟
⎠

p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq

= ∫
θ∼Kq

⎛

⎜
⎜
⎝

∫∫
θKp ,θKr

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

× (p(θKp
|MKp) dθKp) (p(θKr

|MKr) dθKr)

⎞

⎟
⎟
⎠ p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq

= ∭ θ∼Kq ,θKp ,θKr

⎛

⎜
⎜
⎝

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

× (p(θKp
|MKp) dθKp) (p(θKr

|MKr) dθKr) (p(θ∼Kq

⃒
⃒M∼Kq) dθ∼Kq)

⎞

⎟
⎟
⎠

= Eθ∼Kq ,θKp ,θKr
( (Δ|θKp

,MKp
,θ∼Kq

,M∼Kq)(Δ|θKr
,MKr

,θ∼Kq
,M∼Kq))

. (10)
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Equations 9 and 10 are the foundation of the quasi‐MCmethod for estimating PSTK. Relying on these enables one
to remove the two nested expectations upon reducing these into a single expectation with respect to
{θ∼Kq

,θKp
,θKp

ʹ} and {θ∼Kq
,θKp

,θKr}. Considering Equation 10 as an example, the nested expectation
Eθ∼Kq |M∼Kq

(EθKp |MKp(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq) × EθKr |MKr

(Δ|θKr
,MKr

,θ∼Kq
,M∼Kq)) is reduced to a single expecta-

tion Eθ∼Kq ,θKp ,θKr
( (Δ|θKp

,MKp
,θ∼Kq

,M∼Kq)(Δ|θKr
,MKr

,θ∼Kq
,M∼Kq)). With reference to the expectations with

respect to the sets of parameter samples {θ∼Kq
,θKp

,θKp
ʹ} and {θ∼Kq

,θKp
,θKr}, we note that the parameter samples

can be generated independently, rather than in the two nested loops, as discussed in the following.

2.2. Quasi‐MC Method for Estimation of PSTK

Following Dai et al. (2022), expectations in Equations 9 and 10 are evaluated through a quasi‐MC method as:

Eθ∼Kq |M∼Kq
(EθKp |MKp

(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq))

2

≈
1
N
∑
N

j=1
(Δ|θ( j)Kp

,MKp
,θ( j)
∼Kq
,M∼Kq)(Δ|θ

( j)
Kp
,́MKp

,θ( j)
∼Kq
,M∼Kq)

, (11)

and

Eθ∼Kq |M∼Kq

⎛

⎜
⎜
⎝

EθKp |MKp(Δ|θKp
,MKp

,θ∼Kq
,M∼Kq)

×EθKr |MKr
(Δ|θKr

,MKr
,θ∼Kq

,M∼Kq)

⎞

⎟
⎟
⎠

≈
1
N
∑
N

j=1
(Δ|θ( j)

Kp
,MKp

,θ( j)∼Kq
,M∼Kq)(Δ|θ

( j)
Kr
,MKr

,θ( j)∼Kq
,M∼Kq)

. (12)

Here, N is the number of randomly generated parameter realizations of {θ∼Kq
,θKp

,θKp
ʹ} and {θ∼Kq

,θKp
,θKr}, j = 1,

2, …, N denoting the jth parameter realization. The symbol “≈” is used because the Monte Carlo (and quasi‐
Monte Carlo) estimators provide finite‐sample approximations to the true mathematical expectations.
Substituting Equations 11 and 12 into Equation 5 yields:

EM∼K
Eθ∼K|M∼K

(EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2

≈ ∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
(Δ|θ( j)

Kp
,MKp

,θ( j)∼Kq
,M∼Kq)(Δ|θ

( j)
Kp
,́MKp

,θ( j)∼Kq
,M∼Kq)P(MKp )

2P(M∼Kq)

+ ∑

m∼K

q=1
∑

mK

p=1
∑

mK

r=1
r≠p

1
N
∑
N

j=1
(Δ|θ( j)Kp

,MKp
,θ( j)∼Kq

,M∼Kq)(Δ|θ
( j)
Kr
,MKr

,θ( j)
∼Kq
,M∼Kq)P(MKr )P(MKp )P(M∼Kq)

. (13)

We note that the second term (EM∼K
Eθ∼K|M∼K

EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2 at the right‐hand side of Equa-

tion 4 corresponds to the square of the total mean, that is, (E(Δ))2 (Yang et al., 2022). It is evaluated via:

(E(Δ))2

= (EM∼K
Eθ∼K|M∼K

EMK
EθK |MK (Δ|θK ,MK ,θ∼K ,M∼K))

2

≈ (∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
(Δ|θ( j)

Kp
,MKp

,θ( j)
∼Kq
,M∼Kq)P(MKp )P(M∼Kq))

2
. (14)

Finally, substituting Equations 13 and 14 into Equation 4 yields:
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VM∼K (EMK (Δ|M∼K))

≈ ∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
(Δ|θ( j)

Kp
,MKp

,θ( j)∼Kq
,M∼Kq)(Δ|θ

( j)
Kp
,́MKp

,θ( j)∼Kq
,M∼Kq)P(MKp )

2P(M∼Kq)

+ ∑

m∼K

q=1
∑

mK

p=1
∑

mK

r=1
r≠p

1
N
∑
N

j=1
(Δ|θ( j)Kp

,MKp
,θ( j)∼Kq

,M∼Kq)(Δ|θ
( j)
Kr
,MKr

,θ( j)
∼Kq
,M∼Kq)P(MKr )P(MKp )P(M∼Kq)

− (∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
(Δ|θ( j)

Kp
,MKp

,θ( j)
∼Kq
,M∼Kq)P(MKp )P(M∼Kq))

2

. (15)

Figure 1 illustrates the pseudo code implemented to evaluate Equation 15. Figure 1 shows that, while the two
nested loops [1] and [2] associated with process models remain, the quasi‐MC method removes the two nested
loops related to model parameters. Only one loop (i.e., loop [3] in Figure 1) is required to generate N samples for

Figure 1. Pseudo code implemented in a quasi‐MC framework to estimate PSTK through Equation 15. For the computation after Loop [3], subscripts r and p of
Δ|θ( j)Kr

,MKr
,θ( j)∼Kq

,M∼Kq
and Δ|θ( j)Kp

,MKp
,θ( j)∼Kq

,M∼Kq
denote different realizations of model MK (of process K) and its model parameters θK.
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each of the following three parameters: θ∼Kq
ofM∼Kq

, θKp
ofMKp

, and θKp
ʹ ofMKp

. To estimate index PSTK related

to a system process, model output Δ|θ( j)
Kp
,MKp

,θ( j)
∼Kq
,M∼Kq

is evaluated upon running the system model (denoted as

MKp ∪ M∼Kq) for N times on the basis of the N samples of θKp
and θ∼Kq

. Model output Δ|θ( j)
Kp
,́MKp

,θ( j)
∼Kq
,M∼Kq

is
evaluated by running the same system model (MKp ∪ M∼Kq) for N times on the basis of the N samples of θKp

ʹ and
θ∼Kq

. In Figure 1, subscripts r and p of Δ|θ( j)Kr
,MKr

,θ( j)
∼Kq
,M∼Kq

and Δ|θ( j)Kp
,MKp

,θ( j)∼Kq
,M∼Kq

denote different re-
alizations of model MK (of process K) and its model parameters θK. For computing
(Δ|θ( j)Kp

,MKp
,θ( j)∼Kq

,M∼Kq) × (Δ|θ( j)Kr
,MKr

,θ( j)
∼Kq
,M∼Kq) after Loop [3], one only needs to take two different re-

alizations of the model output obtained in Loop [3], while there is no need to re‐compute both
Δ|θ( j)Kr

,MKr
,θ( j)
∼Kq
,M∼Kq

and Δ|θ( j)Kp
,MKp

,θ( j)∼Kq
,M∼Kq

. Therefore, the total number of model executions is
(m∼k × mk) × 2N.

2.3. Concurrent Estimation of PSK and PSTK

The approach we consider to concurrently estimating PSK and PSTK is patterned along the method developed by
Saltelli et al. (2010) for the concurrent estimation of the first‐order parameter sensitivity index, Si, and the total‐
effect parameter sensitivity, STi. It essentially relies on the use of three sample matrices, termed A, B, and Ci. In
Saltelli et al. (2010), entries of matrices A and B correspond to independently generated parameter samples. Each
of these matrices is characterized by N rows and v columns, with N and v corresponding to the number of
parameter realizations and number of model parameters, respectively. For the i‐th parameter, matrix Ci is a copy
of matrix A within which the i‐th column is replaced with the corresponding column of matrix B. Using the
parameter samples forming the entries of A, B, and Ci, a system model is executed 3N times, the corresponding
model outputs being denoted as ΔA, ΔB, and ΔCi

, respectively (each of these is a vector with N elements).
Sensitivity indices Si and STi of the i‐th parameter are then evaluated via (Saltelli et al., 2010):

Si =
Vθi(Eθ∼i(Δ|θi))

V(Δ)
≈

1
N ∑

N
j=1 ΔB

( j)ΔCi
( j) − ( 1N ∑

N
j=1 ΔA

( j))

2

V(Δ)
. (16)

STi = 1 −
Vθ∼i(Eθi(Δ|θ∼i))

V(Δ)
≈ 1 −

1
N ∑

N
j=1 ΔA

( j)ΔCi
( j) − ( 1N ∑

N
j=1 ΔA

( j))

2

V(Δ)
. (17)

Here, ΔA( j), ΔB( j), and ΔCi
( j) denote the j‐th entries in ΔA, ΔB, and ΔCi

, respectively. We note that ΔA and ΔB
remain the same when one tackles the estimation of Si and STi related to another parameter. Otherwise, a new
vector ΔCi

is needed. This is obtained by (a) generating a new matrix Ci and (b) running the system model for
additional N times. Hence, concurrent estimation of Si and STi for all model parameters requires a total of
N × (v + 2) model executions, where N × v corresponds toCi (i = 1, 2, …, v) and the remaining N+ N executions
are for A and B, respectively.

Here, we also rely on matrix notations ofA, B, and Ck (note thatCk is used to represent the kth process, instead of
Ci, to distinguish it from the ith parameter) for the concurrent estimation of process sensitivity indices PSK and
PSTK. Otherwise, we would need to re‐design and re‐interpret these matrices in the context of model and
parameter uncertainty. Matrices A and B are still characterized by N rows (for N parameter realizations) and v
columns (for v parameters) for each systemmodel. Note that the number of model parameters (v) can differ across
system models. MatrixCk (k = 1, 2, …, Np) is constructed for the kth process for each system model. Matrix Ck is
still a copy of A, where all columns related to the parameters of the k‐th process are replaced with the corre-
sponding columns of matrix B. An example of constructing the three matrices is provided in Section 3 for a
groundwater‐related example. The three model output vectors generated for system model MKp ∪ M∼Kq using
these three matrices are denoted as ΔA, ΔB, and ΔCk

, respectively.

Equation 15 employed to estimate the total‐effect process sensitivity index, PSTK, can then be recast as:
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VM∼K (EMK (Δ|M∼K)) ≈ ∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
(Δ( j)

A ×Δ( j)Ck
)P(MKp )

2P(M∼Kq)

+ ∑

m∼K

q=1
∑

mK

p=1
∑

mK

r=1
r≠p

1
N
∑
N

j=1
(Δ( j)

A × Δ( j)Ar
)P(MKr )P(MKp )P(M∼Kq)

− (∑

m∼K

q=1
∑

mK

p=1

1
N
∑
N

j=1
Δ( j)
A P(M∼Kq)P(MKp ))

2

, (18)

Here,ΔAr
denotes the vector of model output generated by matrixA of a different systemmodelMKr ∪ M∼Kq; and

Δ( j)
A , Δ

( j)
Ar
, and Δ( j)

Ck
denote the j‐th entries inΔA,ΔAr

, andΔCk
, respectively. Equation 18 is a simplified expression

of Equation 15 which is obtained by replacing Δ|θ( j)
Kp
,MKp

,θ( j)∼Kq
,M∼Kq

, Δ|θ( j)Kr
,MKr

,θ( j)
∼Kq
,M∼Kq

, and

Δ|θ( j)Kp
,́MKp

,θ( j)
∼Kq
,M∼Kq

with Δ( j)A , Δ
( j)
Ar
, and Δ( j)Ck

, respectively. Similarly, the term VMK (EM∼K(Δ|MK)) appearing
in Equation 1 and related to the estimation of the first‐order process sensitivity index, PSK, can be rewritten as:

VMK (EM∼K(Δ|MK)) ≈ ∑

mK

p=1
∑

m∼K

q=1

1
N
∑
N

j=1
(Δ( j)B × Δ( j)

Ck
)P(M∼Kq)

2P(MKp )+

+ ∑

mK

p=1
∑

m∼K

q=1
∑

m∼K

s=1
s≠q

1
N
∑
N

j=1
(Δ( j)B × Δ( j)

Bs
)P(M∼Ks)P(M∼Kq)P(MKp )

− (∑

mK

p=1
∑

m∼K

q=1

1
N
∑
N

j=1
Δ( j)
B P(M∼Kq)P(MKp ))

2

, (19)

Here, ΔBs
denotes the vector of model output generated by matrix B of a different system model system model

MKp ∪ M∼Ks; Δ
( j)
B , Δ

( j)
Bs
, and Δ( j)Ck

denote the j‐th entries in ΔB, ΔBs
, and ΔCk

, respectively.

Equations 18 and 19 demonstrate that indices PSK and PSTK related to system process K can be concurrently
estimated upon relying on sampling matrices A, B, and Ck at the computational cost of (mK × m∼K) × 3N (where
(mK × m∼K) is the number of system models, and N is the number of parameter realizations for each system
model). Estimating these two indices for another system process does not require constructing new matrices A
and B. It otherwise requires generating a new matrix Ck. Therefore, concurrently estimating PSK and PSTK for all
system processes requires a total of (mK × m∼K) × N × (Np + 2) model executions, where Np is the number of
system processes of interest (i.e., corresponding to the number of matrices Ck), and the additional number 2 is for
matrices A and B.

The last term, ( ∑
m∼K

q=1
∑
mK

p=1

1
N ∑

N

j=1
Δ( j)A P(M∼Kq)P(MKp ))

2

, appearing at the right‐hand side of Equation 18 and the last

term, ( ∑
mK

p=1
∑
m∼K

q=1

1
N ∑

N

j=1
Δ( j)
B P(M∼Kq)P(MKp ))

2

, at the right‐hand of Equation 19 serve for evaluating (E(Δ))2. While

these two terms theoretically coincide, their numerical MC counterparts might differ slightly because the former
term uses ΔA and the latter term uses ΔB. The variance term V(Δ) in Equations 1 and 2 is evaluated as:

V(Δ) = E(Δ2) − (E(Δ))2

≈ (∑

mK

p=1
∑

m∼K

q=1

1
N
∑
N

j=1
Δ( j)A

2
P(M∼Kq)P(MKp )) − (∑

mK

p=1
∑

m∼K

q=1

1
N
∑
N

j=1
Δ( j)A P(M∼Kq)P(MKp ))

2 . (20)

Such variance can also be evaluated upon relying on matrixB. Similar to what stated above, while results based on
the use of matrices A or B theoretically coincide, their numerical MC counterparts might differ slightly. Figure 2
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illustrates the pseudo code implemented for the concurrent estimate of PSK and PSTK of process K on the basis of
Equations 18 and 19. The first two loops are related to evaluatingΔA, ΔB, andΔCk

needed for estimating PSK and
PSTK. Loops [3] and [4] are related to estimating PSTK based on Equation 18, loops [5] and [6] being related to
evaluating PSK through Equation 19. In Figure 2, ΔAr

used in Equation 18 and ΔBs
in Equation 19 are vectors of

model output generated by matrices A and B of system models MKr ∪ M∼Kq and MKp ∪ M∼Ks. For computing

(Δ( j)
A
) × (Δ( j)

Ar
) in Loop [4] and (Δ( j)Β ) × (Δ( j)

Bs
) in Loop [6], one only needs to take two different indices of the

model output obtained in Loop [2], and there is no need to re‐compute both Δ( j)
Ar
and Δ( j)Bs

. Therefore, the total
number of model executions is (m∼k × mk) × 3N.

3. Assessment of the Quasi‐MC Method for Concurrent Estimation of PSK and PSTK

3.1. One‐Dimensional Groundwater Flow Scenario

To provide a transparent assessment of our methodological and theoretical approach, we rely on a synthetic
scenario of the one‐dimensional (1‐D) groundwater modeling that has been used in previous studies focusing on
process model uncertainty analysis (Dai & Ye, 2015; Dai et al., 2024; Yang et al., 2022). Figure 3 illustrates the 1‐
D domain of the exemplary groundwater flow setting. We mimic an unconfined aquifer characterized by a length
of L = 10,000 m within which steady state flow takes place. Constant‐head boundary conditions are imposed on
the left and right sides of the aquifer. A constant head of 300 m is set at the left boundary, and the right boundary
corresponding to a river with a constant river stage, that is, determined using a hypothetical rating curve based on
a snowmelt process. In addition to the snowmelt process, the groundwater flow scenario also embeds a geological
process for the aquifer hydraulic conductivity and a recharge process to quantify aquifer recharge from
precipitation.

Each process is represented by two process models, all of which are listed in Table 1. The two recharge models
(denoted as R1 and R2) estimate recharge from precipitation by using two empirical equations. For the two
geological models, the hydraulic conductivity of the aquifer can be either homogenous (denoted as G1) for the
entire aquifer or zonal‐heterogeneous (denoted as G2) with two zones deterministically demarcated at location
x0 = 7,000 m. The two snowmelt models (denoted as S1 and S2) provide estimates of the amount of snowmelt
through two empirical formulations. Equal weights are assumed for alternative process models (e.g., P(R1) = P
(R2) = 0.5), with process model weights being listed in Table 1. Impacts of process model weights on estimation
of PSK and PSTK are discussed in Section 4. In addition to the process models, Table 1 also lists the uncertain
parameters and their associated PDFs considered in our study. The quantity of interest Δ is the groundwater
discharge per unit width at x0 = 7,000 m. Since each process has two alternative process models (Table 1), there
are a total of eight (8 = 2 × 2 × 2) system models. These are hereafter denoted as R1G1S1, R1G1S2, R1G2S1,
R1G2S2, R2G1S1, R2G1S2, R2G2S1, and R2G2S2. Each system model has three to five uncertain parameters (e.g.,
three in R1G1S1 and five in R2G2S2).

3.2. Sampling Matrices for Concurrent Estimation of PSK and PSTK

Here, we illustrate the procedure employed to generate matrices A, B, and Ck within the context of the exemplary
setting described in Section 3.1. For each system model, matrix A can be generated using any sequence of quasi‐
random numbers, Sobol’ sequences being used in this study based on the PDFs p(θKp

|MKp) and p(θ∼Kq

⃒
⃒M∼Kq)

listed in Table 1. Matrix B is independently generated according to the same procedure. Parameters are arranged
in the same order in matricesA andB, which is a requirement for generating matrixCk. Considering systemmodel
R1G2S2 as an example, its random parameters include a for recharge model R1,HK1 andHK2 for geological model
G2, and f2 and r for snowmelt model S2. Matrices A and B associated with the model are:

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a(1) HK1
(1) HK2

(1) f2(
1) r(1)

a(2) HK1
(2) HK2

(1) f2(
1) r(2)

... ... ... ... ...

a(N) HK1
(N) HK2

(N) f2(N) r(N)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (21)
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Figure 2. Pseudo code developed for the concurrent estimation of PSK and PSTK based on Equations 18 and 19.
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B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

aʹ(1) HK1ʹ(1) HK2ʹ(1) f2ʹ(1) rʹ(1)

aʹ(2) HK1ʹ(2) HK2ʹ(1) f2ʹ(1) rʹ(2)
... ... ... ... ...

aʹ(N) HK1ʹ(N) HK2ʹ(N) f2ʹ(N) rʹ(N)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (22)

For each system model, matrix Ck is generated by replacing columns for the parameters of the k‐th process in
matrixA by the corresponding columns of matrix B. Taking R1G2S2 as an example, matrixC3 associated with the
snowmelt process (i.e., the third process) is:

Figure 3. Sketch of the modeling domain considered, including main geometrical features and boundary conditions. The
demarcation of the two regions with differing hydraulic conductivity values considered in one of the representations of the
geological setting is highlighted (vertical red dashed line).

Table 1
Alternative Process Models, Corresponding Model Parameters, and Parameter PDFs of the Recharge, Geology, and
Snowmelt Processes of the 1‐D Groundwater Flow System Depicted in Figure 3

Processes name Process model representation Model weight

Uncertain parameter

Name PDFsa

Recharge R1 : w = a(PCP − 14)0.5 × 0.0254/365 0.5 a N (2.0, 0.42)

R2 : w = b(PCP − 15.7) × 0.0254/365 0.5 b U (0.2, 0.5)

Geology G1 : HK for any x 0.5 HK LN (2.9, 0.52)

G2 : HK = {
HK1 for x < 7000

HK2 for x ≥ 7000

0.5 HK1 LN (2.6, 0.32)

HK2 LN (3.2, 0.32)

Snowmelt S1 : S = f1 (Ta − Tm) 0.5 f1 N (3.5, 0.752)

S2 : S = f2 (Ta − Tm) + rRn 0.5 f2 N (2.5, 0.32)

r N (0.3, 0.052)

Sensitivity indices Recharge Geology Snowmelt

PSK 0.1456 0.0699 0.6411

PSTK 0.1490 0.2133 0.7811

Note. The sensitivity indices of the three processes listed here are reference values that are estimated using a sufficiently large
number (8 billion) of model executions. aN denotes a normal distribution, U a uniform distribution, and LN a (natural)
lognormal distribution. Parameter PCP is the annual precipitation, Ta is the average temperature, Tm is the temperature
threshold when snow melt takes place, and Rn is the surface radiation budget. The values of these parameters are deter-
ministic, and they are PCP = 60 inch/year, Ta = 7°C, Tm = 0°C, and Rn = 80 W/m

2.
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C3 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a(1) HK1
(1) HK2

(1) f2ʹ(1) rʹ(1)

a(2) HK1
(2) HK2

(1) f2ʹ(1) rʹ(2)
... ... ... ... ...

a(N) HK1
(N) HK2

(N) f2ʹ(N) rʹ(N)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (23)

When generating matrices A and B for different system models (i.e., in loops [1] and [2] of Figure 2), it is noted
that, if the two system models are characterized by different numbers of random parameters, then the size of
matrix A varies across these diverse system models. The matrix dimension is N × v, where N is the number of
parameter samples and v is the number of random parameters, corresponding to the number of columns of A. We
further note that v can vary between different system models, each being associated with a given number of
random parameters. If two system models are characterized by some common parameters, parameter samples
need to be the same for the two system models. This requirement is set to ensure that model output Δ is
conditioned on the same parameter samples, as indicated by Equation 15. For instance, systemmodels R1G1S1 and
R1G1S2 share parameters a for process model R1 and HK for process model G1. Hence, the columns of matrix A
for parameters a and HK are the same for these system models. Generally speaking, the number of parameter
samples in matrices A and B cannot be assessed a priori. One needs to carefully examine convergence and ac-
curacy of the quasi‐MC simulations for estimating the process sensitivity indices. This is especially critical in
settings with a large number of model parameters, complex probability distributions of model parameters, and
high model nonlinearity and complex parameter interactions.

3.3. Convergence and Accuracy

To evaluate convergence of the quasi‐MC method developed here, reference values for PSK and PSTK related to
the three processes considered are obtained upon relying on the brute force MC method implemented through a
large number of parameter samples. The ensuing reference values are listed in Table 1, as a result of a total
number of model executions equal to 8 × 109 = 2 × 1,000 × 2 × 1,000 × 2 × 1,000, corresponding to 2 recharge
process models × 1,000 parameter samples × 2 geology process models × 1,000 parameter samples × 2 snowmelt
process models × 1,000 parameter samples. This is equivalent to (2 × 1,000)× (22 × 10,002) model executions for
estimating PSK and (2

2 × 10,002) × (2 × 1,000) model executions for estimating PSTK using the brute force MC
method. While reliance on 8 billion model executions ensures accurate estimates of PSK and PSTK, doing so is not
strictly necessary in practice, because the estimated PSK and PSTK values are seen to converge after several
million model executions (Figure 4).

Using the reference values (Table 1), absolute relative errors (%) associated with the implementation of our quasi‐
MC method were evaluated. Figure 4 depicts these as a function of the number of model simulations for the two
process sensitivity indices of the three processes. These results reveal that the quasi‐MC method converges
substantially faster than the brute force MC method for PSK and PSTK of all three processes. For example,
Figures 4a and 4d show that, when considering the evaluation of PSK and PSTK of the recharge process through
brute forceMC, the absolute relative errors become less than 1% after 4.4× 108 model simulations. Otherwise, the
corresponding number of simulations are 3.2 × 105 (Figure 4a) and 8.0 × 104 (Figure 4d) for evaluating PSK and
PSTK of the recharge process, respectively, using our quasi‐MC method. Hence, the estimation is about 1,000
times faster. Results of similar quality are found for the other two processes as well. On the other hand, our quasi‐
MC method yields more accurate results than its brute force MC counterparts when associated with the same
number of model executions. Hence, we conclude that the quasi‐MC method converges faster and is more ac-
curate than the brute force MC method.

Evaluation of uncertainty in the estimation of the process sensitivity indices due to reliance on a limited number of
parameter samples is performed through the quantification of bootstrap confidence intervals for the brute force
MC and quasi‐MC methods. We do so by following Nossent et al. (2011). While the bootstrapping procedure for
the brute force MC method is straightforward, the procedure for the quasi‐MC method comprises the steps
described below:

1. Generate Sobol’ sequences ofN (e.g., 10, 1,010, 2,010,…, 500,010, starting with an initial value of 10 with the
increment of 1,000) parameter samples for matrices A, B, and Ck. The maximum number of 500,010 is
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selected on the basis of Figure 4, as it is sufficiently large to ensure convergence of the quasi‐MC method. The
two process sensitivity indices, PSK and PSTK, of the three processes are evaluated for each collection of N
parameter samples (a total of 40N model executions are required for each N), the corresponding results being
depicted in Figure 5.

2. For each collection of N samples, generate N bootstrap replicas for matrices A and B and then generate matrix
Ck. Evaluate PSK and PSTK using these generated matrices. Note that the bootstrap replicas are no longer Sobol'
sequence. However, the overall procedure (and algorithm) is still to be considered within the quasi‐Monte
Carlo framework because it yields a single expectation, as expressed through Equations 9 and 10.

3. For each set of N samples, repeat step (2) 100 times to yield 100 estimates of PSK and PSTK for the three
processes. Then, evaluate the 95% confidence intervals of PSK and PSTK as μ ± 1.96 σ, where μ and σ denote
the mean and standard deviation of the 100 estimates, respectively.

The 95% confidence intervals stemming from the workflow illustrated above are depicted in Figure 5. The
figure shows that the confidence intervals of the quasi‐MC method are substantially narrower than their
counterparts related to the brute force MC method for the two process sensitivity indices of all three processes.
This finding suggests that the quasi‐MC method results are more precise (and reliable) than their brute force
MC counterparts.

Figure 4. Convergence of absolute relative errors (%) for process sensitivity indices of (a–c) PSK and (d–f) PSTK for the recharge, geology, and snowmelt processes
evaluated via brute force (solid blue curves) and quasi‐MC (solid red curves) methods. The absolute relative errors (%) are plotted against the logarithm number of
model simulations. Vertical dotted lines mark the number of simulations at which the errors fall below the 1% threshold for the brute force (blue) and quasi‐MC (red)
methods.
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4. Discussion
4.1. Impacts of Process Model Weights on Estimation of PSK and PSTK

To investigate the impact of process model weights on estimation of PSK and PSTK, we consider a total of 2,000
sets of process model weights. In each set, a random value P(R1) associated with recharge model R1 is drawn from
the uniform distribution U(0, 1). A corresponding value of P(R2) associated with recharge model R2 is evaluated
upon recalling that each process is represented by two process models with model weights that sum up to unity
(i.e., P(R1) + P(R2) = 1.0). This procedure is repeated for the two geological models and the two snowmelt
models. Values of PSK and PSTK are evaluated for each of the 2,000 sets of process model weights. Figure 6
illustrates the variation of PSTK with P(R1), P(G1), and P(S1) for the recharge, geology, and snowmelt processes.
The variation of PSK with process model weights for the three processes is similar to that of PSTK, and the results
for PSK are thus not shown. Figure 6 plots the marginal histograms of P(R1), P(G1), and P(S1) on the top of each
subplot, and the histograms visually follow the uniform distributionU(0, 1). This indicates that the 2,000 samples
are adequate to represent the variation of the process model weights.

Trendlines included in Figure 6 show differing patterns of variability of PSTKwith process model weights. Taking
the recharge process as an example, while PSTK of recharge monotonically decreases with the increase of P(R1)
and P(G1) (Figures 6a and 6b), PSTK of recharge first decreases with P(S1) for P(S1) < 0.5 and then increase for P
(S1) > 0.5 (Figure 6c). In addition, the variation pattern is different from the three processes. For example, the
variation pattern of PSTK for recharge is opposite to its counterpart associated with snowmelt (Figures 6c and 6i).

Figure 5. The 95% bootstrap confidence intervals associated with the evaluation of (a–c) PSK and (d–f) PSTK of the recharge, geology, and snowmelt processes. Solid
blue and dashed red curves are related to the brute force MC and quasi‐MC methods, respectively. Light blue and red areas correspond to 95% confidence intervals for
the brute force MC and quasi‐MC methods, respectively.
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These results suggest that it is necessary to consider the impacts of process model weights on the estimation of
PSK and PSTK.

The marginal histograms of PSTK depicted in Figure 6 suggest that, even considering the above‐mentioned
variation of PSTK, one can clearly conclude that the snowmelt process is the most influential process. This is
related to the observation that values of PSTK for the snowmelt process are in general larger than their counterparts
associated with the other two processes. Yang et al. (2022) ascribed the high influence of the snowmelt process to
high importance of the process (measured through PSK shown in Figure 5) and the interaction between the
snowmelt and the geology processes (see Figure 5 of Yang et al., 2022). The marginal histograms of PSTK shown
in Figure 6 indicate that the geology process is the least influential, values of PSTK for such process being smaller
overall than those related to the other two processes. This result is different from what one could infer from
Figure 5, which shows that the value of PSTK associated with the geological process is larger than that related to
the recharge process. The difference should not be surprising, as the results embedded in Figure 5 are based on the
equal weights (i.e., 0.5) for the two geological process models. The analysis of Figure 6 suggests that, given the
impact of process model weights on the estimation of PSK and PSTK, one would need to determine the weights
upon relying on all available information (e.g., expert elicitation).

Figure 6. Variation of PSTK with process model weights P(R1), P(G1), and P(S1) for (a–c) the recharge process, (d–f) the geology process, and (g–i) the snowmelt
process. Dashed black curves correspond to trendlines of the PSTK variation based on mean PSTK values evaluated upon discretizing the horizontal axis through 20 bins.
Solid black curves correspond to marginal histograms of P(R1), P(G1), P(S1), and PSTK.
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4.2. Limitations and Future Studies

The process sensitivity indices and the quasi‐MC method presented here are subject to some theoretical,
computational, and practical limitations. Providing a rigorous theoretical assessment of these limitations is
beyond the scope of this study, and is otherwise the subject of future studies. The theoretical limitation is that the
process sensitivity indices cannot quantify conceptual errors (e.g., missing an important process) related to
developing the system models. In this study we do not investigate how system model errors affect the identifi-
cation of important and/or influential processes. Here, we assume that all important system processes are
considered in the system models, which might require an extensive data collection campaign for system states
(e.g., hydraulic heads and solute concentrations) and comparison against corresponding model simulations. While
the occurrence of substantial discrepancies between data and corresponding model simulations may indicate
system model errors, the issue of errors cannot be addressed upon relying on process sensitivity indices. These
limitations reflect the epistemic nature of model uncertainty and subjective decisions inherently involved in
model formulation and evaluation. These should be made explicit, traceable, and reproducible (Page et al., 2023).

The work here presented is subject to two computational limitations. One limitation is that the estimation of the
process sensitivity indices does not explicitly address the complexity of the process models. For example,
snowmelt model S2 is characterized by two parameters and thus is more complex than snowmelt model S1 that has
only one parameter. Hence, one might consider assigning different weights depending on model complexity. We
recall that, while process model weights can be determined in various ways (e.g., expert elicitation), they must be
determined before estimating the process sensitivity indices. As an additional computational limitation, we note
that our study does not provide a general guideline on the selection of the number of parameter samples required
for convergence of the quasi‐MC method presented here. This limitation is typical of a variety of studies relying
on numerical Monte Carlo simulations, as such a number of parameter samples depends on multiple factors,
including the number of model parameters, probability distributions of the parameters, and the degree of model
nonlinearity and parameter interactions. One must carefully examine convergence and accuracy of the quasi‐MC
method case by case.

The practical limitation is that the process sensitivity indices and the quasi‐MC method have not yet been applied
to complex, multi‐dimensional systems or large‐scale scenarios where system dynamics could be described
through models that are often high‐dimensional, involving numerous interconnected processes that vary signif-
icantly across space and time, with intricate feedback mechanisms. Our study (as well as the works of Dai
et al. (2017, 2024) and Yang et al. (2022)) is focused on the development of theoretical methodologies and
computational algorithms. Hence, we rely on simple settings for our tests. We further note that, even as process
sensitivity indices and the quasi‐MC method have been used for various ecological and hydrological modeling
scenarios (Dai et al., 2019, 2024; Ju et al., 2021; Liu et al., 2020; Walker et al., 2018, 2021), none of these ap-
plications involve complex and multi‐dimensional systems. Developing system models for such scenarios can be
significantly more complex than constructing the simplified groundwater models upon which we rely for the
purpose of our analyses, to the point that it might constitute a research topic in its own right. Furthermore, running
numerical simulations of these models can be equally demanding, particularly when existing codes (such as, e.g.,
MODFLOW andMT3D‐MS) must be adapted to accommodate alternative process representations. Although this
issue may be mitigated upon resting on other simulation tools (e.g., PFLOTRAN (Hammond et al., 2014) for
reactive transport modeling), applying process sensitivity indices to complex real‐world systems still requires
some compromises, critical assumptions, and simplifications to ensure that the indices can be computed with
available codes and computational resources. Nevertheless, our studies clarify that relying on quantitative ana-
lyses embedding process sensitivity indices offers a novel approach for addressing process model uncertainty by
identifying key and influential processes, and that quasi‐Monte Carlo algorithms provide a computationally
efficient means of simultaneously estimating both indices.

5. Conclusions
Our study is keyed to twomajor technical contributions to enhance computational aspects related to the evaluation
of process sensitivity analysis in hydrological and Earth system scenarios. One contribution entails the devel-
opment of the quasi‐MC method to estimate the total‐effect process sensitivity index, PSTK. The method is
patterned after the work of Dai et al. (2022), who considered estimation of the first‐order process sensitivity index,
PSK, in that the two methods use three sets of parameter samples to remove two nested parameter samplings
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required by the brute force MC method. This enables one to reduce the number of model executions from N2 (for
the brute force MC method) to N (for the quasi‐MC method). Another significant computational contribution,
which is unique to our study, is that the quasi‐MC method is employed to concurrently estimate PSK and PSTK.
Such a concurrent estimation is in the spirit of the work of Saltelli et al. (2010) aimed at estimating first‐order and
total‐effect parameter sensitivity indies, but we extend their work to encompass first‐order and total‐effect process
sensitivity indices while considering process model uncertainty. We obtain the simplified expressions of the
quasi‐MC method by using three sampling matricesA, B, and Ck for the concurrent estimation of the two process
indices. The number of model execution required for the concurrent estimation of the two indices for all system
processes is (mK × m∼K) × N × (Np + 2), where (mK × m∼K) is the number of system models, N is the number of
parameter samples for each system model, and Np is the number of system processes of interest. Convergence,
accuracy, and reliability with respect to sampling uncertainty of our quasi‐MC method are evaluated upon
relying on an exemplary one‐dimensional scenario involving groundwater flow. Our results demonstrate that
the quasi‐MC method converges substantially faster and is substantially more reliable than its brute force MC
counterpart. Hence, our study sets the basis for future applications of the quasi‐MC method for concurrently
estimating the two process sensitivity indices to a wide range of process sensitivity analyses associated with
process‐based modeling scenarios. It should be noted that PSK and PSTK values are substantially affected by
the process model weights, and it is necessary to determine appropriate weights by using available information
through various means such as expert elicitation.
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