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REGULARITY OF THE FREE BOUNDARY FOR TWO-PHASE
PROBLEMS GOVERNED BY DIVERGENCE FORM EQUATIONS
AND APPLICATIONS

DANIELA DE SILVA, FAUSTO FERRARI, AND SANDRO SALSA

ABSTRACT. We study a class of two-phase inhomogeneous free boundary prob-
lems governed by elliptic equations in divergence form. In particular we prove
that Lipschitz or flat free boundaries are C1»7. Our results apply to the clas-
sical Prandtl-Bachelor model in fluiddynamics.

1. INTRODUCTION AND STATEMENTS OF THE MAIN THEOREMS

This paper is a further step in the development of the theory for general elliptic
inhomogeneous two-phase free boundary problems, after [DFST], [DFS2], [DFS3].
In particular, in [DFS3], via Perron’s method, we constructed a Lipschitz viscosity
solution to problems governed by elliptic equations in divergence form with Holder
continuous coefficients and we proved weak measure theoretical regularity proper-
ties, such as “flatness” of the free boundary in a neighborhood of each point of its
reduced part. Here, as in [DES1] [DFS2|] we prove that flat or Lipschitz free bound-
aries are locally C'7. It is worthwhile to notice that, in absence of distributed
sources and with Lipschitz coefficients, these regularity results were obtained in
[FST], [FS2], while they are new even in the homogeneous case when the coeffi-
cients are assumed to be merely Holder continuous.

Our setting is the following. Let 2 be a bounded Lipschitz domain in R™ and
let A = {ai;j(x)}1<ij<n be a symmetric matrix with Holder continuous coefficients
in 2, A € C%7(), which is uniformly elliptic, i.e.

AMEPS Y aiy(a)&g <AEP, VzeQ, EeR”
i,j=1
for some 0 < A < A. Denote by
L :=div(A(z)V:).

Let f € L>=(§2). We consider the two-phase inhomogeneous free boundary problem

Lu=f in Q" (u) = {u >0}
(1.1) Lu=f in Q (u) = {u <0}°

|Vaut|? = [Vau=]2=1 on F(u)=0{u>0}NQ,
where |V qul? := (AVu, Vu).

Since our emphasis is on the class of operators, we decided to avoid further
technicalities by considering only a particular, although significant, free boundary
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condition. The extension to a general free boundary condition of the type |Vu™|
= G(|Vu~|,v,x), where v = v(z) denotes the unit normal to F(u) at x pointing
towards Q7 (u), can be achieved without much difficulty as in [DFST], if G(8, z, v) is
strictly increasing in (3, Lipschitz continuous in the first and in the third argument,
Holder continuous in the second argument, G(0) := inf,cq j,j=1 G(0,z,v) > 0, and
moreover VG (n, z,v) is strictly decreasing in 1 uniformly in x, v.

We now recall the notion of viscosity solution. Here we give it in terms of test
functions. In the last section we will use an equivalent notion in terms of asymptotic
developments at one side regular points of the free boundary.

Definition 1.1. Given u,¢ € C(f2), we say that ¢ touches u by below (resp.
above) at zg € Q if u(zg) = ¢(x0), and
u(z) > o(x) (resp. u(x) < ¢(x)) in a neighborhood O of xy.
If this inequality is strict in O \ {z¢}, we say that ¢ touches u strictly by below
(resp. above).
Definition 1.2. Let u be a continuous function in 2. We say that u is a viscosity
solution to (1)) in Q, if the following conditions are satisfied:
(i) Lu= fin QF(u) UQ ™ (u) in the weak sense;
(ii) Let x9 € F(u) and v € CY7(B*(v)) N CYY(B~(v)) (B = Bs(zo)) with
F(v) € C?. If v touches u by below (resp.above) at zo € F(v), then
|VavT (20)]? = |Vav ™ (z0)]> <1 (resp. >).

We also need the definition of comparison subsolution (resp. supersolution).

Definition 1.3. We say that v € C(Q) is a C*7 strict (comparison) subsolution
(resp. supersolution) to () in Q, if v € CLY(Q*(v)) N CH7(Q(v)), F(v) € C?,
and the following conditions are satisfied:

(i) Lv > f (resp. < f) in QT (v) UQ ™ (v) in the weak sense;

(i) If xp € F(v), then

IVt (@) 2 = [Vav~(@o)? > 1 (resp. [Vav*(z0) ? — [V a0~ (z0)? < 1)

We notice that, using the almost monotonicity formula in [MP], one can repro-

duce the proof of Theorem 4.5 in [CJK] to prove that viscosity solutions to (L)
are locally Lipschitz continuous.

Our main Theorem is a “flatness implies regularity” result. Here, a constant
depending (possibly) on n, Lip(u), \, A, [a;j]co.s, || f|| L=, is called universal.

Theorem 1.4 (Flatness implies C'7). Let u be a viscosity solution to (LI)) in By.
There exists a universal constant 5 > 0 such that, if
{z, < =6} C Bin{ut(z) =0} C {z, <5},
with 0 < § < 6, then F(u) is C'7 in By o for some universal v € (0,1).
The strategy to prove Theorem [L4l follows the lines of our work [DFST]. The key
tools are a Harnack type inequality and an improvement of flatness lemma which

allow to linearize the problem into a standard transmission problem.
Next, a “Lipschitz implies regularity” result.

Theorem 1.5 (Lipschitz implies C%7). Let u be a viscosity solution to (L)) in By.
If F(u) is Lipschitz in By, then F(u) is C'7 in By s for some universal v € (0,1).



Theorem follows from our flatness result via a blow-up argument and the
regularity result in for the homogeneous problem when A = I.

Actually, exploiting the variational nature of the free boundary condition, we can
use a Weiss type monotonicity formula [W], which together with the monotonicity
formula in [ACF] provides a new proof of the regularity result for the homogeneous
problem and the Laplace operator. A similar strategy has been used in [DS].

We remark however, that for general free boundary conditions one has to rely
on the result in [CT].

A consequence of our flatness theorem is a regularity result for the minimal
Perron solution u, constructed in [DFS3]. We recall that in [DES3] we prove that u is
Lipschitz continuous with non-degenerate positive part and the free boundary F'(u)
has finite (n — 1) dimensional Haursdorff measure. Moreover, for ¢, ry universal,
r < 1o, we have

H" Y (F(u) N By(x)) < er™ Y, for all z € F(u),
and, denoting by F*(u) the reduced free boundary,
HO (P () 0 By(2) > e, H N () \ () = 0.
From Theorem [.4] we deduce the following result.

Theorem 1.6. Let u be the Perron solution. In a neighborhood of every xo €
F*(u), F(u) is a C* surface.

Important questions remain open as further regularity results, that we will con-
sider in a forthcoming paper, and the analysis of the singular points of F'(u)\ F™*(u).

The paper is organized as follows. In Section 2 we prove a non-degeneracy
property which allows us to reduce Theorem [[.4] to a normalized form. Sections 3
and 4 are devoted to the proof of the Harnack inequality and the improvement of
flatness lemma in the non-degenerate and degenerate case respectively. In Section 5
we exhibit a new proof of the classical result in [CI]. Section 6 deals with Perron’s
solutions and Theorem[I.6l Finally, in Section 7 we apply our results to the Prandtl-
Batchelor classical model in hydrodynamics.

2. NON-DEGENERACY

In this section we prove a non-degeneracy property which together with com-
pactness arguments allows us to reduce our main Theorem [[4] to a normalized
form.

Denote by Ug the one-dimensional function,

Us(t) =at™ —pt=, 20, a=+1+p2
where
tT = max{t,0}, ¢ = —min{¢t,0}.
Then Ug(x) = Ug(zy,) is the so-called two-plane solution to (II)) when A = I and
f=0.
Below, is our non-degeneracy result.
Lemma 2.1. Let u be a solution to (L)) in By with Lip(u) < L and ||f||p~ < L.
If
{zn < g(2’) =6} € {u" =0} C {zn < g(z') + 4},



with g a Lipschitz function, Lip(g) < L,g(0) =0, then
uw(z) > cozy —g(2')), x€{xy, >g(a')+ 25} N B,,,
for some cg, pg > 0 depending on n, L, A\, A as long as § < ¢y.

Proof. All constants in this proof will depend on n, L, \, A.

It suffices to show that our statement holds for {z,, > g(z’) + Cé} for a pos-
sibly large constant C'. Then one can apply Harnack inequality to obtain the full
statement.

We prove the statement above at = de,, (recall that g(0) = 0). Precisely, we
want to show that

u(den) > cod, d > C6.
After rescaling, we reduce to proving that
u(en) > co
as long as § < 1/C, and || f|| is sufficiently small. For ¢ > 0, set
Qt = (B2 \ Bl)(—ten)

Solve,

Lw; =—1 in 4,

wy =0 on B1(—tey),

wy =1 on OBa(—te,).
Extend w; = 0 in By (—te,). By C17 estimates and L™ estimates (see [GT]),

[Vawe| < C(n, A\ A).
Hence, set
hi i = —wy,

2C
we have that

IVahf|? = |Vahy | = |Vah|? <1, on F(h).

In this way w; is a supersolution of our free boundary problem, as long as || f||c is
small enough.

From our flatness assumption for ¢ = C(L) > 0 sufficiently large (depending on
the Lipschitz constant of g), h; is strictly above u. We decrease t and let ¢ be the first
t such that h; touches u by above in Q7. Since hz is a strict supersolution in €27 the
touching point z can occur only on the level set n = % in the positive phase of u.
Otherwise, as usual we would get a contradiction with the free boundary condition
by the Hopf maximum principle and the strong maximum principle. In addition
|z| < C" = C'(L), since u is Lipschitz continuous, 0 < u(z) = n < Ld(z, F(u)), that
is a full ball around z of radius n/L is contained in the positive phase of u. Thus,
for 6 small depending on 7, L we have that B, /21 (z) C {zn, > g(z’) 4+ 26}. Since
x, = g(2') 4 26 is Lipschitz we can connect e, and z with a chain of intersecting
balls included in the positive side of u with radii comparable to 1/2L. The number

of balls depends on L . Then we can apply Harnack inequality and obtain
u(en) > cu(z) = ¢,

as desired.



Following the argument in Section 2 [DFST], Theorem[[4reduces to the following
theorem (via a compactness argument.)

Theorem 2.2. Let u be a solution to (L)) in By with Lip(u) < L. There exists a
universal constant € > 0 such that, if
(2.1) lu—Ugllpe(p,) <& for some0 <3 <L,
and

{x, < =&} C By N {ut(x) =0} C {z, <&},
and

laijlcor ) <& fllL=s) <&

then F(u) is CY7 in By s.

The proof of Theorem 22 follows verbatim the proof of Theorem 2.8 in [DFST],
once we have established the three key tools: the Harnack inequality, the improve-
ment of flatness lemma, and the dichotomy lemma. Below we provide the proof of
the dichotomy lemma, which differs from the case A = I only slightly. The Harnack

inequality and the improvement of flatness lemma are presented in the next two
sections.

Lemma 2.3. Let u solve [ITl) in By with
[A—=Tlloos < €% |Ifllze(m) < €*
and satisfy
(2.2) Uo(zn, —€) <ut(x) < Up(zn +€) in B1, 0€ F(u),
||U_UL°°(32) <0< u|lpemy > €%
for a universal constant C. If € < g9 universal, then the rescaling
ue(x) = e~V 2u(e'/?x)
satisfies in By
Upr(zn — C'eY?) < ue(z) < Upi(m, + C'e'/?)
with B’ ~ &2 and C' > 0 depending on C.
Proof. For notational simplicity we set
J— U7

v = 5_2

From our assumptions we can deduce that

F(v) c {-e <zp <e},

(2.3) v>0 inByN{x, <—¢}, v=0 in BaN{x, >e}.
Also,
|Lv| <€ in Byn{z, < —¢},
and
(2.4) 0<v<C ondB,,
(2.5) v(Z) > 1 at some point T in Bj.

Thus, using comparison with the function v such that

L0 = - inD:=ByN{x, <e}and v =von dD



we obtain that for some k£ > 0 universal
(2.6) v < klx, —¢|, in Bj.

This fact forces the point Z in (Z3]) to belong to By N{z, < —¢} at a fixed distance
6 from z,, = —¢.
Now, let w be the solution to Lw = 0 in By N {x, < —¢c} such that

w=0 onByN{x,=—¢c}, w=v ondBN{z, <—c}.
We conclude that
(2.7) |lw—wv| <ce in ByN{z, <—c}.
In particular this is true at £ which forces
(2.8) w(z) > 1/2.
Furthermore, let w be harmonic in By/19 N {z, < —¢}, with boundary data w. By
expanding w around (0, —¢) we then obtain, say in Bs,4 N {z, < —¢}
|0 — alz, +¢|| < Clz|* + Ce.
Moreover, since w is Lipschitz, then in Bs/, N {z, < —¢}
|w —w| < Ce?.
These last two inequalities combined with (Z7) give that
v —alz, +¢|| <Ce, in Ba,sN{z, <-—c}.
In view of ([2.8)) and the fact that  occurs at a fixed distance from {x,, = —¢} we
deduce from Hopf lemma that
a>c>0

with ¢ universal. In conclusion (see (Z0))

|u™ — be?|z, + || < Ce®, in B nN{z, < —c}, u” <b?|lz, —¢|, in B
with b comparable to a universal constant.

Combining the two inequalities above and the assumption ([Z2]) we conclude that
in Bal/2

(zn — )t —be? (2, — Ce)™ <u(z) < (zn + )T —be? (2, + Ce)™

with C' > 0 universal and b larger than a universal constant. Rescaling, we obtain
that in By

(20— £Y/2)F = B (@0 — CV/2)" < ua(@) < (wn +€V2)F — B (wn + CV2)
with 3/ ~ €2. We finally need to check that this implies the desired conclusion in
Bl .
o (@, — CeV2) Y — B2y, — CeY?)™ <uc(z) < o (xn + CeV2)H — (2, + CM2)™
with (a/)? = 1+ (8’)? ~ 1+¢&*. This clearly holds in B; for £ small, say by possibly
enlarging C' so that C' > 2. O

3. NON-DEGENERATE CASE

In this section we prove the Harnack inequality and the improvement of flatness
lemma in the so-called non-degenerate case. In this case our solution u is trapped
between two translations of a “true” two-plane solution Ug that is (L = Lip(u))

0<p<L.



3.1. Harnack inequality. We start with the Harnack Inequality.

Theorem 3.1 (Harnack inequality). There ezists a universal constant &, such that
if u satisfies at some point xg € By

(3.1) Us(xn +ao) < u(zx) <Ug(zp +bo) in By(xg) C Bo,
with

(32) 1l my) < €28, IIA—Il|on < €2,

and

bo —ag < er,
for some € <&, then
Ug(wn +a1) < u(z) < Ug(w, +b1)  in Byyao(2o),
with
ap < a; <by <bg, br—ar <(1-cer,
and 0 < ¢ < 1 universal.
We deduce the following Corollary for the oscillation of w, i.e.,
u(x) — axy
_ Bf (u)UF
— 2T i B (u) U F(w)
u(z) — Bay,
Be

Corollary 3.2. Let u be as in Theorem Bl satisfying BI) for r = 1. Then in
Bi(xo) te has a Hélder modulus of continuity at xq, outside the ball of radius €/,
i.e for all x € Bi(xg), with |x — x| > /&

e (x) — e (x0)| < Clx — xo]”.

Ue(x) =

in By (u).

The proof of the Harnack inequality follows from the next lemma (see [DESI]
for details).

Lemma 3.3. There exists a universal constant € > 0 such that if B2) holds for
0 < e <é, and u satisfies
u(z) > Ug(z), in By

1
and at T = —e,,
5

(3.3) u(z) > Ug(zn +¢),
then
(3.4) u(z) > Ug(xn + ce), in Byja,

for some 0 < ¢ < 1 universal. Analogously, if
u(z) <Ug(x), in By
and
u(z) < Up(Zn —€),
then
u(z) < Ug(zy, — ce), in El/g.



Proof. We prove the first statement. The proof of the second statement is similar.
For notational simplicity we drop the sub-index g8 from Usg.
Since x,, > 0 in By/19(Z) and v > U in By we get

Bi/10(7) C By (u).

Thus u—U > 0 and solves L(u—U) = f—LU in By,19(Z). By Harnack inequality
we obtain

(3.5) u(z) =U(x) = c(w(z) = U(x)) = C([ fl = + (A= I)VU]|cos)  in Byo(x).
From the assumptions (2] and (3] we conclude that (for € small enough)
(3.6) u—U > ace — Cac® > acpe  in B /20(T).
This is the desired statement ([B.3)) in the ball By /50(Z). We now work in annuli
D, := B,(z) \ B1/20().-
Let
(3.7) w=c(lz—z|7"—(3/4)7"), .’IIEE7/8,
with ¢ such that
w=1 on dBy/(7),
and 7 fixed larger than n — 2, so that
(3.8) Aw > k(n,n) = k(n) >0, on Dys.

Notice that w becomes negative outside Bj/4(Z).
Set w =1 —w and for ¢ > 0,

vi(z) = U(xy — ecow(z) +te), x € Dyyg.
Then,

vo(z) = Uy —ecow(a)) < U(z) <u(z) x € Dys.

In particular

(3.9) {vo > 0} C {u>0}.
Let ¢ be the largest ¢ > 0 such that
(3.10) {vy >0} C {u > 0}.

For any t < ¢, call
D}y ={v,>0}ND,, D, ={v, <0}ND,.
Let (;5?[ be the solution to

(e =-ana ) o7,

¢pf=0 on BDf/&t.

(3.11)

By assumption [82]) and the boundary regularity estimates for divergence form
equations (see [GT]) we get

(3.12) o7 o1 < Cag?,  in Dg/” oy o < CBe?, in D
and by L™ estimates (see [GT])

(313) ||¢;r||L°° < Oa627 in D;r/&t, ||¢;||L°° < 06525 in D;/g’t-

6/7,t




Call -
_ {q&fin D;r/s,t
pr =< . =
¢, in D7 /8.t
Now set,
e = v + ¢y
Since wy, is bounded in the annulus Dy/g, we easily obtain that for ¢ small enough
(vi)n > @/2 in D;'/S)t
Thus, from the estimates above we conclude that
(t)n >0 in D¥g/7,UD g7,
Hence, since F'(1;) is a graph in the e, direction (¢ small), we get that

{1t >0} N Dg7 = {vy > 0} N Dg 7 = Dg/”,

(vt)n > B/2 in D2 g -

(3.14) {r <0} N Dgj7 = {ve <0} N Dgy7 = Dg 7 4,
(3.15) F(¥:) N Dej7 = F(ve) N Dey7.
Moreover, in view of [BH), 1 solves

(3.16) Lpy = Avy > efBcok(n) in D;r/g,t U D;/S,t'

From (I0), BI6) and assumption (8:2) we have

Ly > Lu  in D;L/&t.

If ¢ < min{co, }, using (B.0) and the fact that u > U we obtain that

Yy =v <u on 8D;r/&t.
Thus, by the maximum principle
Py <uoin D;_/S,t'
In particular,
(317) Ly > f, P <u o in {’L/)t > 0} N D6/7-

Analogously,
Lipy > Ly in {u<0}N Dz s 4o

and using (B.14)

Y <u on F(u) N Dg 7 -

Moreover, since u > U, using the definition of v; and the fact that w < —¢ < 0
outside Bg/7(7), we have that

(3.18) vp—u < —cfe, in (D, \ Dg 7).
Thus, from the L estimates ([B.I3]), we obtain that (for & small enough)

'l/}t <wu in D'T_/S,t\Dﬁ/7'

Now, by the maximum principle,

e <u, inf{u<0}NDg,,.



In particular,

(3.19) Lapg > f, by <u, in {¢hy <0} N Dg7.
On the other hand, 1; satisfies
V" = [Vayy |* > 1 on F(yr) N D7
Indeed, by assumption (B.2])
[Vagi P > (1= )|V |?
and
Vat [P < (1L+)Vy, 2.

Furthermore, by the C*7 estimate ([312) and assumption ([3.2), we have that on
F(4t) N Dg 7, (recall a, B are bounded)

(V12> (1= )| Vo [P = C'e?, [V [P < (142) Vo [P+ C"e?,
with,
Vo2 = a?(1 4 22| Vw]? + 2ecowy),  |Vor | = B2(1 + 23| Vw|? + 2ecowy,).
Hence, for C universal,
IVt * = [Vayy [ > (14 2ecown) = Ce* - on F(yr) N Dey7.

Using that w,, > ¢ > 0 on F(¢;) N Dg,7 we obtain the desired claim by choosing
€ small enough.

In conclusion, 9; is a strict subsolution in Dg/7; which lies below wu, if ¢ <
min{t,co}.

However, if £ < ¢o, then F(¢z) touches F(u) in Dg,7, which is a contradiction.

Indeed, for t < co, v¢ < u on (Brs(Z) \ Bg/7(Z)) U 0By j20(x) (see [B.8), BI8) and
its analogue in D;F/S \ Dg,7.) Since t is the largest ¢ > 0 for which the inclusion

(B.10) holds, we deduce that F(v;) N F(u) # 0 in Dg/7. It follows from (B.I5) that
F(yp) N F(u) # 0 in Dg/7, as desired.
Thus t > ¢g. In particular, for ¢ = cg,

’I/JCO S u in D6/7'

Then we get the desired statement. Indeed, by the L°° estimate we obtain in
(B1j2 N {they > 0}) \ Biy20(%) CC Dgy7

u(w) > Yo, (2) > —Cac® + Uy, + cocw) > U(zy, + ce)
and analogously, in (By /o N {1¢, < 0})\ By/20(Z) CC Dg)7
() > e, () > —CBe* + U(xy + cocw) > Uz, + ce)

with ¢ universal. Above we used that w > ¢ > 0 on By, and ¢ is chosen sufficiently
small. O



3.2. Improvement of flatness. We are now ready to prove the improvement of
flatness lemma in the non-degenerate case.

Lemma 3.4 (Improvement of flatness). Let u satisfy

(3.20) Us(xn —¢) <ulx) <Ug(xn, +¢) in Bi, 0€ F(u),
with
(3.21) A= Tlcos <%, [fllze(m) < 6.

If 0 < r <y for ry universal, and 0 < £ < gg for some €y depending on r, then

(3.22) Ug(x -1 — r%) <u(z) <Ug/(x v+ r%) in By,
with [v1| =1, |11 — en| < Ce , and |8 — B'| < CBe for a universal constant C.
Proof. The proof of this Lemma is divided into 3 steps.

Step 1 — Compactness. Fix r < ry with o universal (made precise in Step
3). Assume by contradiction that we can find a sequence £, — 0 and a sequence
uy, of solutions to

Lruy = diV(Akvuk) = fr in Bf(uk) UBy (uk)
|vAku;€i_|2 - |VAkuI:|2 =1 on F(uk)

with

(3.23) I felle < Brex, Ak — Illcos < ef

such that

(3.24) U, (xn — er) < ug(z) < Ug, (z, +ex) forz € By, 0 € Fluy),

with L > 8, > 0, but uy, does not satisfy the conclusion ([8:22) of the lemma.
Set (af =1+ 37),

un(®) —awn B (ux) U Fluy)

el
g (x) =
7”;’@(55;];51@90717 x € By (ug).
Then B24]) gives,
(3.25) —1<ag(z) <1 forz € B;.

From Corollary B.2] it follows that the function wy satisfies
(3.26) i (z) — ar(y)] < Cle —y[7,
for C universal and
|t —y| > er/E, x,y € By
From (3:24)) it clearly follows that F'(uy) converges to ByN{x,, = 0} in the Hausdorff
distance. This fact and ([B26]) together with Ascoli-Arzela give that as €, — 0 the

graphs of the @ converge (up to a subsequence) in the Hausdorff distance to the
graph of a Hélder continuous function % over By p. Also, up to a subsequence

Br—PB>0



and hence

o — a=1/1+ B2

Step 2 — Limiting Solution. We show that u solves the linearized problem
At =0 in Bl/gﬁ{xn#()},
(3.27)
a%(iin) "t — B%(iin)” =0 on Byjs N {x, = 0}.
Since
Aug = fr — le((Ak — I)Vuk) in Bf'(uk) U By (uk),
one easily deduces that @ is harmonic in By, N {x, # 0}.
Next, we prove that @ satisfies the boundary condition in (827 in the viscosity

sense.
Assume by contradiction that there exists a function ¢ of the form

$(x) = M + pa;, — gz, + BQ(z - y)
with
Q) = gltn—1a2 [P}, y=(/0, MeRB>0
and .
a’p - 5%q >0,
which touches @ strictly by below at a point zo = (z(,0) € By s.

As in [DFSI], let

1 2-n
(3.28) P(z) = ——5 (2’ + |2 — 17)7 —1]
and let
1
(3.29) Ty(x) = B—Ekl"(Bak(:v —y) + MBeiey,).
Now, call

Ok() = kT () = DTy () + an(df (1)< + Bl (2) %<y
where
ar = ar(l+ekp), br = Br(l+ erq)
and dy(x) is the signed distance from z to BBB%IC (y+ en(BLsk — Meyg)).

Now, call g,f the solution to

Lrgy = —div((Ax = 1)V¢r) in By (¢x)
gr =0 on F(¢r).

By C!7 and L™ estimates, using the first one of ([3.21)) and the formula for ¢y,

we get
.=t _ . =

g llers < Clar + ar)er  in By jg(¢r), gy llors < Clbk + Br)er  in By g(o),
and
lgi o= < Clag +an)ed, in By (dr), gy llo= < Clo + Br)e?, in Br (¢n).

Set,



Vi = ¢ + i,

and
- x T) — Ry n
oy B oD T G p g U F ()
QREL OREE QREL
Yi(x) =
~ - x) — Brrny - _
R R G el LT TSPy PR

Brek Brek Brek
As shown in [DFSI], ¢ converges uniformly to ¢ on Bijs. Thus, from the L™
estimates, also 7y converges uniformly to (;3 on By ;.

Since uy, converges uniformly to % and QNS touches u strictly by below at xg, we
conclude that there exist a sequence of constants ¢y — 0 and of points x; — xg
such that the function

Vip(z) =(Z), T=x+¢egcren

touches uy by below at x;. We will get a contradiction by proving that ¥y is a
strict subsolution to our free boundary problem in By g, that is

ﬁkwk > Eiﬂk > ||fk”oo; in B;/g(q/}k) U B;/g(wk)v
Vay P = Va7 > 1, on F(uy).

First, we show that

(3.30) Bzg(m) = Bzjg(ér),  F(y) N Brjs = F(¢r) N Brys.

To this aim, notice that for k large enough 8,11“? > ¢ > 0 and 8n(df)2 is
bounded, thus

8n¢k Z Cap — C’aksi/Q in B;r(d)k),
On @i > cby, — Cﬁk€2/2 in By (¢k)
These inequalities combined with the C7 estimates for g; give that
. ==k
Oy >0 in Bzs(¢) -

Since F(¢y) is a graph in the e,, direction (for k large), we deduce the desired claim

B30).

It is easily checked that away from the free boundary
Ly = Agp(z) > ﬂkazmﬁdi(@

and the first condition is satisfied for k large enough.
Finally, since on the zero level set [VI'| = 1 and |[Vd2| = 0 we have that

(@)@ =ak,  (¢;)5(2) = b;.
By the second equation in (323)),
Vacif P = Va2 (1= en) [Vl 2 = (1+ ) Ve, [

Moreover, using the C'17 estimates for g,f we get that



Vi 12> (1—ei)a; — C'ex, |V |2 < (1+e)bi + Cer.
These, combined with the estimate above and the definition of ax and by give
that

IVa bl [P = Va2 1+ (aip? — Bia®)ek + 2en(awp — Bra) — Cei > 1.
The last inequality holds for k large in view of the fact that
a’p — qu > 0.

Step 3 — Contradiction. This step follows as in [DFSI].

4. DEGENERATE CASE

In this section we prove the Harnack inequality and the improvement of flatness
lemma, in the so-called degenerate case. In this case, the negative part of u is
negligible and the positive part is close to a one-plane solution (i.e. 8 =0).

4.1. Harnack inequality. We start with the Harnack inequality.

Theorem 4.1 (Harnack inequality). There exists a universal constant &, such that
if u satisfies at some point xg € By

(4.1) Uo(zy + ao) < ut(z) < Up(x, +bo) in Br(x) C B,
with

(4.2) lumllz <% [[fll= <’y A= Tlloos < €2
and

by —ag < er,
for some e <&, then
Uo(zn + a1) < ut(z) < Up(zn +b1)  in B, jag(wo),
with
ap < ay < by <bg, by —ay < (1-cer,

and 0 < ¢ < 1 uniwersal.
We can argue as in the nondegenerate case and get the following result.

Corollary 4.2. Let u be as in Theorem 1] satisfying @Il for r = 1. Then in
Bi(zo)

+(p) —
= ut(z) — ay,

€
has a Holder modulus of continuity at x, outside the ball of radius /&, i.e for all
x € Bi(xg), with |x —x¢| > /&

|te(z) — e (20)| < Cle — xo|™.

As before, the proof of the Harnack inequality can be deduced from the following
lemma.



Lemma 4.3. There exists a universal constant £ > 0 such that if {@2l) holds and
u satisfies

ut(z) > Uy(x), in By

1
for some e < g.and at T = 36”

(4.3) ut(Z) > Up(Z, + ¢),
then
(4.4) ut(z) > Up(xn + ce), in By,

for some 0 < ¢ < 1 universal. Analogously, if
ut(x) < Up(x), in By
and
ut(z) < Uz, —¢),
then
ut(z) < Uo(xy — ce), in Byjs.

Proof. We prove the first statement. We use the same notation as in Lemma
Since &, > 0 in By/10(Z) and u™ > Uy in By we get

Bi10(Z) C By (u).

Thus v — 2, > 0 and solves L(u — ) = f —div((A — I)ey,) in By/10(T) and we
can apply Harnack inequality and the assumptions ([@2]) and (&3] to obtain that
(for € small enough)

(4.5) U— Ty > coe  in Byoo(T).
Let w be as in the proof of Lemma 3.3 and w = 1 — w. Set, for ¢ > 0,
vy (x) = (zn — eco + te)t — e2Ch(xy — ecow + te)~, @ € Byu(2).
Here (] is a universal constant to be made precise later. We claim that
vo(z) < u(x) @ € Bya(T).

This is readily verified in the set where u is non-negative using that ut > z}.
To prove our claim in the set where u is negative we wish to use the following fact:

(4.6) u” < Cx, e in Bio, C universal.
This estimate is easily obtained using that {u < 0} C {x, < 0}, [u™ || < €% and
the comparison principle with the function z satisfying

Lz=—c* inBN{x, <0}, z=u" ond(B;N{z, <0}).

Thus our claim immediately follows from the Lipschitz continuity of z in Byg/20 N
{z,, < 0}, the fact that u~ < z and that, for 2, < 0 and a suitable Cy > C,

201 (zy — ecow(x)) < Cxpe?.
Let ¢ be the largest ¢ > 0 such that,
(47) {’Ut > 0} C {U > 0} in ﬁ'y/g.

From now on, the proof follows the lines of the non-degenerate case. Let ¢ti and
D;‘ft be as in BI), with ¢ < .



Then, by assumption (£2)) and the boundary regularity estimates for divergence
form equations we get

(4.8) ¢/ [|c1v < Ce?, in F6/7,1& ¢7 [lcrs < Ce* in F6/7,1:
and by L estimates
(4.9) 67 e < C<®, in D léf = < Cety in Do,
Call

by = {(bt in D7/8t

¢, in D;/g .
Set
e = vt + ¢
Since wy, is bounded in the annulus D7 /g, we easily obtain that for e small enough,
(V) > >0 in W/St

(Vi) > ¢3¢ >0 in D2

7/8,t"

Thus, from the C17 estimates above we conclude that
() > €c1>0 in F6/7,1:
(Yi)n > 5 >0 in D7 g7,

Hence, since F(¢) is a graph in the e,, direction for ¢ small, we get that

{4y > 0} N Dg/7 = {vr > 0} N D)7,

(410) {1/)15 < 0} ﬂ56/7 = {Ut < 0} N ﬁ6/7,
(411) F(?/)t) mﬁﬁ/'y = F(’Ut) n ﬁﬁ/'?'
Moreover, v; solves

(412) E’t/]t = A’Ut in D7/8 + U D';/8 +

and by assumption ([2)

Avy > 3cpk(n) > e* > || flloo, i D7/8 YDz,
for € small enough.

Let ¢t < min{¢,¢o}. Since ut > 27 and w < —¢ <0 in D;’/g \Dg,7, we have
v (x) = @y — coew + te < my, + coew < u — ce.
Hence, by the L estimate (€3] we have 1; < u in D;’/g \Dg7 for & small.

. . o . L=+ .
Moreover, since L1y > f, the maximum principle gives ¢y < uin Dy7/g; (using

also ([@3).
In D7 \Dg/7 N {u < 0}, using (@), since {u < 0} C {z, < 0},

v (2) —u = —e2Cy(wy, — cocw +te)” +u~ < —ce’

if C'y is chosen large enough. Hence, by the L estimates for ¢;, we have ¥y < u in

Dz, \Dg/7 N {u <0} for e small. Again by maximum principle we infer ¢ < wu,

in {u <0} N Dy, ;.



In particular,
Lpy > f, Yp<u, in{¢y <0}N Dg7
Summarizing: if ¢ < min{, co} then ¢ < u, in Dg;7 and v; < u in D7/5\Dg/7 and
on 0By 50 (Z) by (@.3).
On the other hand, using the C'7 estimates for ¢ and that on F(v;) N D78

Vo |2 = (1 + 22| Vw|? 4 2ecowy,), |V |? = e*C3(1 + 23| Vw|? — 2ecown,),
we conclude as in Lemma [3.3] that
Vgt P = [Vay; [?>1 on F(¢)NDgz.

We thus reach a contradiction as in the non-degenerate case, unless t > cg.
In particular,

(413) U)CD S u in D6/7
and we can write, by the L estimate for ¢, in By /o CCE6/7

u’(z)

Y

2 +
Z;(:v) > —Ce® + (xy — ecoth + cpe)
= —Ce?+ (zn +ecow) ™t
> —Ce®+ (zn + 56)+

where we used that w > ¢ > 0 on By /2. Since u™ (z) > z;} we infer, if € is small,
ut(z) > (zn +ce)T,
with ¢ universal.

4.2. Improvement of flatness. We are now ready to prove the improvement of
flatness lemma in the degenerate case.

Lemma 4.4. Let u satisfy
(4.14) Uo(zn, — ) <ut(x) < Up(zn +€) in B1, 0€ F(u),
with
1By <€ 1A= T|on <€
and
[u™ l[poo () < €%
If 0 < r <11 for r1 universal, and 0 < & < &1 for some g1 depending on r, then

(4.15) Uo(z - 11 —r%) <ut(z) <Up(z -1y —i—r%) in By,
with |v1| =1, 11 — en| < Ce for a universal constant C.
Proof. We argue similarly as in the non-degenerate case.

Step 1 — Compactness. Fix r < r; with 71 universal (made precise in Step
3). Assume by contradiction that we can find a sequence £, — 0 and a sequence
uy, of solutions to

{Ekuk = le(Akvuk) = fr in Bfr(uk) U B; (uk)
(u;)2 —(up)2 =1 on F(uy)

v

lug oo (B, < ex



with
I fellze < ek, Ak = Ifcrn < e}

such that
(4.16) Uo(wn — k) < uf (x) < Up(wy +ex) for z € By, 0 € F(uy),
but uy does not satisfy the conclusion of the lemma.
Set
i (z) = “’“(”27]::”" x € By (ug) U F(ug)

Then ([@I6) gives,
(4.17) —1<a(xr) <1 for x € By (ur) U F(uy).
As in the non-degenerate case, it follows from Corollary 1.2 that as £, — 0 the

graphs of the @ converge (up to a subsequence) in the Hausdorff distance to the
graph of a Hélder continuous function @ over By, N {x, > 0}.

Step 2 — Limiting Solution. We now show that @ solves the following Neu-
mann problem
At =0 in By, N{x, >0},
(4.18)
Ontt =0 on By, N{z, =0}
As before, the interior condition follows easily. Thus we focus on the boundary

condition.
Let ¢ be a function of the form

$a) = M + pr, + BQ(z )
with
Q) = gltn =122 [P}, y=0/0, MeRB>0
and
p > 0.

Then we must show that & cannot touch w strictly by below at a point z¢ = (z(,,0) €
By /3. Suppose that such a ¢ exists and let zo be the touching point.
Let T, be as in the proof of the non-degenerate case (see ([3:29)). Call

o (2) = arTf () + (dff (x))%eR,  ar = (1 +erp)
— M&‘k)).

where dj, () is the signed distance from z to 8BB%]C (y + en(BLEk

Now, call gi the solution to
Ligr = —div((Ax — I)Vey) in By (%)
g =0 on dB (¢r)
extended by zero to By (¢x)
By C'7 and L™ estimates, using the first one of [3.2I)) and the formula for ¢y,
we get
.=t
lgkllcrs < Clax +1)ei, in By s(o),
lgellz= < Clax + 1)} in By (6).



Set

~ ) — Tn
(bk(x) = ¢k( ) )
€k
Yk = Gk + gk,
and
~ g T)— Tp
Su(e) = g+ L = DD 0 g
Ek Ek Ek

As shown in [DFSI], (the graph of) ¢, converges uniformly to (the graph of) ¢
on By, N{z, > 0}.
Thus, from the L* estimates for g, also 7; converges uniformly to (;3 on Bys.

Since uy converges uniformly to @ and ¢ touches @ strictly by below at xg, we
conclude that there exist a sequence of constants ¢y — 0 and of points x; — xg
such that the function

Yr(r) = (2 + excren)

touches uy by below at z; € By (u) U F(ug). We claim that x;, cannot belong to
Bi (ux). Otherwise, in a small neighborhood N of z; we would have that

Lihr = Aoy, > et > fro = Lyug, ¥ < up in N\ {zn}, ¥e(r) = up(zp),

a contradiction.
Thus z € F(ug) N OB_1_ (y + en(BLsk — Mey — erc)). For simplicity we call
€k

Br:=B 1 (y+en(—=—

Blsk BEk —MEk —skck)).

Let N, be a small neighborhood of x;, of size p. Since
||ulz||00 Saiv UZ Z (:En_sk)Jr,

as in the proof of Harnack inequality, using the fact that xy € F(ux) N 9By we can
conclude by the comparison principle that

u; (v) < ceiWi,  in N,\By
where LW, = —1 in Np\Bk, Wi =0 on Np N 8Bk,Wk =1on 8Np\Bk.
Let

_ [ (=) in By, N N,
(4.19) Up(z) = { —2W,  in Np\ka

Then LxVUy > fr in B N Np and Np\Bk
We reach a contradiction if we show that
| VA, U5 2= | Va, Py P>1, on F(W).
Since
| Va U P = [ Va, Uy P> (1 =)V P = (14) VT P,
this follows from the formula for Uy for k large enough, because p > 0. We finally
reached a contradiction.

Step 3 — Contradiction. In this step we can argue as in the final step of the
proof of Lemma 4.1 in [D]. O



5. THE PROOF OF THEOREM

In this section we provide the proof of Theorem The proof follows via a
blow-up argument and our flatness Theorem [[4] as in Section 6.2 of [DESI]. The
extra ingredient in that argument was the regularity theory developed by Caffarelli
in in the homogeneous case. Here we provide a different proof of that result,
based on a Weiss type monotonicity formula and our flatness Theorem [[L4l The
same strategy has been employed in [DS].

Precisely, we have the following result.

Theorem 5.1. Let u be a viscosity solution to
Au =0, in By(u™) U Bi(u™),

(5.1) (uf)? = (u;)? =1, on F(u)

with 0 € F(u). If F(u) is a Lipschitz graph in By, then F(u) is C*7 in By o, with

norm controlled by a universal constant.

Let

E(u,r) = / (IVu]* + &®Xqu=0y + B Xqu<op)dz, o — %=1,

"

and define
(5.2) O, (r) :=r""E(u,r) — Tﬁlfn/ u?dH"
o8,

The proof of Theorem [B.1]is based on a Weiss-Type monotonicity formula for
the function ®,,. In the case when u is a critical point for the energy functional F
(with respect to domain variations), then the proof of this formula is contained in
[W]. In our context, we need a formula for viscosity solutions. Before the proof we
remark that the rescaling

ur(X) == A tu(AX)
satisfies
(5.3) Dy, (1) = Dy (Ar).

Theorem 5.2. Let u be a viscosity solution to (B1l) in By and assume that F(u)
is a Lipschitz graph. Then ®,(r) is monotone increasing for 0 < r < 1. Moreover
D, is constant if and only if u is homogeneous of degree 1.

Proof. First observe, by our flatness Theorem [[.4], that the free boundary condition
is satisfied almost everywhere on F'(u). As mentioned before, by Theorem 3.2 [W]
it is sufficient to prove that u is a critical point for the energy functional E, with
respect to domain variation. Precisely, for every ¢ € C}(B1,R"™) u satisfies

d
0= —;E(u(x +€d(x))) =0
(5.4)
= / (| Vu |2 divg — 2VuDoVu + 042X{u>0}div¢) + ﬂzx{u<0}div¢) )
B,

Let u be our viscosity solution and ¢ € C§(B1,R™). Call

H(u) = /B (| Vu [? divg — 2VuD¢Vu + a®x {4>0ydive + B2 (u<01dive) .



An easy computation shows that in Bif (u),
(V|Vul?, ¢) + 2VuD¢Vu = 2(V{(p, Vu), Vu).

Then, integrating by parts and using that ¢ is compactly supported in By we get

H(u) = —/ (V| Vu 2, 6) + 2VuDéVu) +/ |Vt 2 (6, 1)
Bin{u>0} F(u)

—/ (V| Vu [, ¢) +2VuD¢Vu) —/
Bin{u<0}

F(u

1V @)
*/F<u>(‘“ ) p.0)

. / (V (6, V), V) + / (I Vut P — | Vu~ ){é,v)
Bin{u>0} F(u)

-9 V{p,Vu),V V),
/B AR /F o)

where v denotes the unit normal vector to F(u) pointing towards Bj (u). In the
last equality we used that o — 32 = 1.

Integrating by parts again, and using that w is harmonic in BljE (u) and ¢ is
compactly supported in By we get

H(u) = 2 /F T / (I Vut = | Vu~ [2)(6,v)

b2 @V [ (o)
F(u) F(u)
: ut u_
Since v = % = —% a.e. on F'(u) we get that

H@ == [ (9 P P+ [ o =0

F(u)
because the free boundary condition is satisfied a.e.
Remark 5.3. If uy are viscosity solutions with Lipschitz free boundaries with uni-

form Lipschitz bound which converges uniformly to w on compact sets, then it
follows that

(5.5) D, (1) = Dy (7).

Moreover, if u satisfies the assumptions of Theorem then @, (r) is bounded
below as » — 0. This means that

®,(07) = lim ®,(r) exists

r—0+

and by (&3)-(@3]) any blow-up sequence uy converges uniformly on compact sets
(up to a subsequence) to a homogeneous of degree 1 solution wug.

Remark 5.4. By the monotonicity formula of Alt-Caffarelli-Friedman [ACE], either
ug is a two-plane solution Ug for 5 > 0 or uy, = 0.



Consider the one-phase problem:
AU =0, in {U > 0}

(5.6) |[VU|? =1, on F(U).

Definition 5.5. A global viscosity solution to (5.6) which is homogeneous of degree
1 and has Lipschitz free boundary is called a Lipschitz cone.

We say that a Lipschitz cone is trivial if it coincides (up to rotations) with the
one-plane solution Uy = x;7. We wish to prove the following theorem.

Theorem 5.6. All Lipschitz cones are trivial.

To this aim, we will use a standard dimension reduction argument. A point
zg € F(U) such that F(U) is C*7 in a neighborhood of o, is called regular. Points
that are not regular, are called singular.

Lemma 5.7. Assume U is a Lipschitz cone in R™ and xg = e; € F(U). Then,
any blow-up sequence

Va(z) = AU (20 + Az)
has a subsequence Vi, , A\ — 0 which converges uniformly on compact sets to
V(xa,...,2,) with V a Lipschitz cone in R"~1. Moreover if xo is a singular point
for F(U), then V is a non-trivial cone.

Proof. From the fact that U is homogeneous of degree 1 and from the formula for
V\ we get that

Va(z) = A1+ tA) U (1 4 tA\) (z0 + )
= (1+t\) " "Va(tzo + (1 +t\)x).
Letting A = A\ — 0 we obtain that
V(z) =V(teo +x), for all t.

Thus, V is constant in the zy = e; direction and by Remark [5.3] is homogeneous
of degree 1. Now, it is easily checked from the definition that V(za,...,2,) is a
viscosity solution in R"~! and clearly V is a Lipschitz cone.

The final statement follows from the flatness Theorem [L.4] O

Assume that U is a non-trivial Lipschitz cone in R™ for some dimension n. Then
by Lemma [5.7] we obtain that if F/(U) has a singular point different than the origin,
then there exists a non-trivial Lipschitz cone in R*~'. By repeating this dimension
reduction argument, we can assume that there is a dimension & < n and a non-
trivial cone in R**! which is regular at all points except at 0. Thus, Theorem
reduces to the following proposition.

Proposition 5.8. All Lipschitz viscosity cones whose free boundary is C° outside
of the origin are trivial.

Proof. Let U be a Lipschitz viscosity cone which is smooth outside the origin, and
denote by L the Lipschitz norm of F'(U) as a graph in the e,, direction. We want
to show that U is trivial.

We prove the proposition by induction on n. The case n = 1 is obvious. Assume
the statement holds for n — 1.



By Proposition 5.9 below, U is monotone in the cone of directions

C:={{=(¢,&) eR": & > LI},
since F(U) is a Lipschitz graph with respect to any direction £ € C°. Moreover
there is a direction 7 € 9C, |7| = 1 such that 7 is tangent to F'(U) at some point
Xo € F(U)\ {0}. Then,
U >0 in{U > 0}.

If U, = 0 at some point in {U > 0} then U, = 0, thus U is constant in the 7
direction, and by dimension reduction we can reduce the problem to n—1 dimensions
thus by the induction assumption U is trivial. Otherwise U, > 0 in {U > 0} and
by Hopf Lemma

Us, >0 on F(U)\{0}.
This contradicts the free boundary condition, U2 =1 on F(U) \ {0}.

In the proof above we used the following result. Its proofis contained for example
in [CS] and it is a consequence of the Boundary Harnack Inequality.

Proposition 5.9. Assume that v > 0 solves Av =0 in Bf (v), and that F(v) is a
Lipschitz graph in the e, direction in By with Lipschitz constant L, and 0 € F(v).
Then v is monotone in the e, direction in Bg, with 0 depending on L and n.

We are now finally ready to exhibit the proof of Theorem [B.11

Proof of Theorem Bl First, we show that given a viscosity solution u with
Lipschitz free boundary in By, 0 € F(u), we can find ¢ > 0 small depending on
u such that F(u) is a C17 graph in B,. Indeed, there exists a blow-up sequence
uy, which converges to a Lipschitz viscosity cone (see Remark B3), that in view
of Remark [5.4] and Theorem [5.0] is of the form Uy for 8 > 0. The conclusion now
follows from our flatness Theorem [L.4]

Next we use compactness to show that o depends only on the Lipschitz constant
L of F(u). For this we need to show that F(u) is &-flat in B, for some r > o
depending on L. If by contradiction no such o exists, then we can find a sequence
of solutions uy, and of o, — 0 such that uy is not &-flat in any B, with r > 0. Then
the uy converge uniformly (up to a subsequence) to a solution u, and we reach a
contradiction since F(u) is C1'7 in a neighborhood of 0 by the first part of the
proof. O

6. PERRON’S SOLUTIONS

In this section we apply our results to the Perron’s solution constructed in
[DFS3], where we used the following definition of weak or viscosity solution. Given
a continuous function v on €, we say that a point xy € F(v) is regular from
the right (resp. left) if there is a ball B € Q" (v) (resp. B C Q7 (v)), such
that BN F(v) = {xo}. Let us denote by v(zg) the unit normal at the point .
A (zo) v(zo) is the co-normal to OB at z¢ pointing toward QT (v). For coherence
with the rest of the paper, in what follows

GB,vx) = (Av,w)~t + 2.
However the reader should notice that the arguments below continue to work for a
general G, as considered in [DES3].



Definition 6.1. A function u € C(Q) is a weak solution of ([TJ) if
(i) Lu= fin QF(u) UQ ™ (u) in the weak sense;
(ii) (a) If zgp € F(u) is regular from the right with touching ball B, then in a
neighborhood of zg

ut > alr — xo,v(20))" + oz — z0]), a >0,
in B and
u” < Bl{w —xo,v(x0))” +o(|z—z0]), B20,
in B¢ with equality along non-tangential domain and
a < G(B, vy, x0).

(b) If &y € F(u) is regular from the left with touching ball B, then in a
neighborhood of g

u” > Blx — zo,v(x0))" +o(|z — x0]), in B, with 3 >0,
and
ut < alr —xzo,v(z0))T +o(|z — 20]), in B, with a >0,
with equality along non-tangential domain and
a > G(B, v, x0).

Lemma 6.2. Definition and Definition are equivalent.

Proof. Let u be a weak solution as in Definition Assume v € C17(B*(v)) N

CH7 (B~ (v)), with F(v) € C?, touches u from below at 2o € F(v). Then we need
to show
(Vo™ (z0)| < G(IVo™ (20)], 0, w0)-
Indeed, v < u in a neighborhood of zy and xg is regular from the right. Thus
ut > [Vut (o) [(v(20), @ — 0) " + o]z — o)),

u” < Vo~ (o) [(v(x0), & — x0) ™ + o(|z — wol),
and by part (ii)-(b) in Definition 6] we obtain the desired inequality. A similar
argument works for test functions touching u from above.

Assume now that u is a viscosity solution in the sense of Definition (we
consider for simplicity only the case (ii)-(a)). If zp € F(u) is regular from the right
with touching ball B, then, by Lemmas 2.2 and 2.3 in [DFS3], we can write

ut > alr — xo,v(20))" + o(|z — 20]), >0,
with non-tangential equality in B, and

u” < Bz —xzo,v(x0))” + 0|z —zo]), a>0.
with non-tangential equality in B€.

We show that o < G(8,v(xg), zp). Assume by contradiction that

o> G(ﬂv I/(.Io), IO)'

After a smooth change of variables that flattens the surface ball we may assume
that B = By, By C €, with 29 = 0 € QN 0By and v(0) = e;. We keep the same
notation v and L for the transformed w and the new operator, which is uniformly
elliptic with ellipticity constant of the same order of A, A. Let w (z) = ¢ (z) /¢4, (0)



where ¢ (z) is the L—harmonic measure in By of S = dBaN{y; > 0}. For k > 1,
define

Qg = sup {d cu(z) > aw(x) for every x € Bfr/k} .

Then {a},cy is nondecreasing and (see Lemma 2.3 in [DES3]), o — a > 0.
Moreover

(6.1) u(r) =aw(z)+o(jz]) asx—0,z€B;.

Thus for each k sufficiently large, there exists a C'17 (B;r/k) function agw (x), that

vanishes on 21 = 0 and touches from below u in B;r/k, at 0, with ap — «.

Let v () = ¢ () /1y, (0), where 1 is the L— harmonic measure in By of 9By N
{y1 < 0}. Define, for k > 1,

By = inf {B cu” (z) < Bu(x)  for every EBl_/k}'
Then {By})cy is nonincreasing and (see Lemma 2.2 in [DES3]), g — 8 > 0.
Thus, for each k sufficiently large, there exists a C1+7 (B;/k>function Brv (z), that

vanishes on z = 0 and touches from above u~ in Bl_/k, at 0, with 8, — 8. As a
consequence, the functions

apw, x € B;r/k
hy = ~ =
—fBrv, x € Bl/k

touch from below u at 0 in By, and therefore we must have aj < G(Bk,el,()).

Since d — o and B — S8, we obtain a contradiction to a > G(8,vo,x0). O

Finally, to obtain Theorem we need a compactness result, which is available
already for viscosity solutions. We state here a compactness theorem specific for
Perron’s solutions, as it is interesting in its own.

Theorem 6.3. (Compactness). Let uy be a sequence of Perron solutions to

Lruy = div(Ar (x) Vu) = fix in QF (ur)
Lrug = div (A () Vu) = fo,kX {u, <0} in Q7 (ug)
(ui)y = Gk((u;)y , V0, T0) on F (ug)

with w;, a sequence of minorants s.t.
Uy, < Uk

Assume that A, — A, G, — G, fir — fi,1 =1,2, and wx, — u uniformly and that
the assumptions on Ay, Gi, fik,t = 1,2, and w, are satisfied uniformly.

Then, if up — w uniformly in D, u is a weak solution of the limiting free boundary
problem in D.

Proof. The proof follows as in Lemma 6.3 and 7.1 in [DFS3], with the sequence uy,
playing the role of the sequence of supersolutions wy there. 0

Proof of Theorem [LL8. We may suppose that 2o = 0 and that v = e,, is the measure-
theoretical normal to F* (u) at 0. Rescale by setting u, (z) = lu(rz). Since
QF (uy) = QfF (u) = {z: 7z € Q" (u)}, it follows that QO (u,) and Q~ (u,) con-
verge locally in measure to the half spaces x,, > 0 and x,, < 0, respectively.



Moreover, from the uniform positive density of Q7 (u) along F (u), given ¢ > 0
and a ball B centered at the origin, for r < rg (¢, B), small, we infer

(6.2) Qf (u,)NB C {x, >—c}NB
and therefore also
(6.3) O (u)NBD{x, < —e}NB.

Now, from the equilipschitz continuity of u,, we can extract a subsequence u; = u,
uniformly convergent to U in every compact subset of R™. From the compactness
theorem, U is a global solution of a two phase problem for the Laplace operator, with
free boundary condition U;‘n 2 U;f = 1. The above argument and the Lipschitz
continuity of U, implies that U must be a two-plane solution:

U(x) = ax} — Bz, .

Thus, (j large)
luj = Ul <e,

and using the nondegeneracy of w and (6.2)),([G3]), it also follows that F (u;) is
contained in a strip |z, | < ce, ¢ universal.

Then, the regularity Theorem [4] implies that F (u) is a C17 surface, near the
origin. In particular, o and 5 must be independent of the selected subsequence. [

7. APPLICATION TO THE PRANDTL-BATCHELOR MODEL

In this section we apply our results to the classical Prantl-Batchelor model in
hydrodynamics, proposed by Batchelor back in 1956 [BI]. We restate it in our
notation the following way.

In a bounded 2d domain €2 a constant vorticity flow is immersed in an irrotational
flow. On the unknown interface between the two flows, the jump of the squares
of the exterior and the interior speeds is a prescribed constant. Thus given two
constants i > 0,w > 0, one looks for a function u, with u = p on 0%, satisfying

Au=0 in Q" (v), Au=w in Q" (u)
(7.1)
IVut)? = [Vu= =0 on F(u) = QN2+ (u)

where o > 0.

When € is convex, Acker [A], using a variational method, gives sufficient con-
ditions for the existence of a solution U with convex free boundary, such as 2 is
large enough or there exists a classical “inner” solution (i.e., a supersolution in our
setting). These solutions are classical in the sense that U™ and U~ are C* up to the
free boundary and the condition across is satisfied in the pointwise sense. Actually,
the results of Acker hold in any dimension n > 2, with o = ¢ (z) continuous and
bounded. From Theorem [[H we deduce that F (U) is locally a C*7 graph.

When 2 is not convex, the theory is largely incomplete (see [EM]). In the context
of viscosity solutions it is known that solutions are Lipschitz, as shown in [CJK],
but neither existence nor regularity is known. What we can prove is the following.
Assume that f is a conformal map of 2 onto the unit disk B; centered at the origin,



with 0 <m < |f'| < M. Call & = uo f. Problem (I]) transforms into

Ad=0 in Bf (4), Ad=|f'|*w in By (d)
(7.2)

a2 A2 712 ~

[Vat|" —|Va~|" =|f'|"c on F(a).

Clearly, if u is a viscosity solution of (Tl then @ is a viscosity solution of ([7.2)).
Let us look for radial solutions Uy, of problem (Z.2)), with h?w and h?c replacing

|f/|?w and |f’|* o respectively, where h > 0. It turns out that, if zo = 2o (u,w, h)
is the minimum of the function

_ — 1
fpih,p) =p~2 (logp) ™ i — 1w
over the interval (0,1), and the condition
(7.3) h*o > max {0, 2}

holds, then it is easy to check that there exist two radial solutions U ; and
Uhn,2, whose free boundary is given by circles C,, and C,,, where pi (h,w, pt,0) <
p2 (h,w, i, o) are the roots (in the interval (0,1)) of the equation

f(pihyp) = B0
In particular, (Z3) holds for every h and o > 0, if h2w > dep.
Observe now that, under the condition (73]), the radial solutions Uy, ; and
Unm,2 are classical supersolutions of problem (Z.2)), while Ups1,Up1 are classical
subsolutions. Since, in particular

P2 (M,w,u,a) > p2 (mawaﬂua) > p1 (mawaﬂua)

it follows that Uy, < Upi < Upo in By, From Theorem 1.3 in [DES3] and
Theorem we deduce the following result.

Theorem 7.1. Assume that
(7.4) m?o > max {0, 2o (i, w, m)} .

Then there exists a Perron solution u of the Prandtl-Batchelor problem (). In
particular, the free boundary F (u) has H' finite measure and in a neighborhood of
any point of the reduced boundary, F* (u) is a C*7 curve.

REFERENCES

[A] Acker A., On the existence of convex classical solutions to a generalized Prandtl- Batchelor
free-boundary problem-II, Z. angev. Math. Phys. 53 (2002), 438-485.

[ACF] Alt H-W., Caffarelli L.A., Friedman A., Variational problems with two phases and their
free boundaries. Trans. Amer. Math. Soc. 282 (1984), no. 2, 431-461.

[B1] Batchelor G.K., On steady laminar flow with closed streamlines at large Reynolds number,
J. Fluid.Mech. 1, 177-190 (1956).

(1] Caffarelli L.A., A Harnack inequality approach to the regularity of free boundaries. Part
I: Lipschitz free boundaries are C1, Rev. Mat. Tberoamericana 3 (1987) no. 2, 139-162.

[CS] Caffarelli L. A., Salsa S., A Geometric Approach to Free Boundary Problems, Graduate
Studies in Mathematics, vol. 68 2005.

[CJK] Caffarelli L.A., Jerison D., Kenig C.E., Some new monotonicity theorems with applications
to free boundary problems, Ann. of Math. (2) 155 (2002), no. 2, 369-404.

D] De Silva D., Free boundary reqularity for a problem with right hand side, Interfaces and
free boundaries 13 (2011), 223-238.

[DFS1] De Silva D., Ferrari F., Salsa S., The regularity of flat free boundaries for a non-
homogeneous two-phase problem, Anal. PDE 7 (2014), no. 2, 267-310.



[DFS2]

[DFS3]
[DS]
[EM]
[FS1]
[FS2]
(GT]
[MP]

(W]

De Silva D., Ferrari F., Salsa S., Free boundary regularity for fully nonlinear non-
homogeneous two-phase problems, Journal de Mathématiques Pures et Appliquées, 103
(2015) 658-694.

De Silva D., Ferrari F., Salsa S., Perron’s solutions for two-phase free boundary problems
with distributed sources, Nonlinear Anal. (121) 382-402 (2015).

De Silva D., Savin O., Regularity of Lipschitz free boundaries for the thin one-phase
problem, To appear in Journal of the European Mathematical Society.

Elcrat A.R, Miller K.G., Variational formulas on Lipschitz domains, Trans. Amer. Math.
Soc. 347, 26692678 (1995).

Ferrari F., Salsa S., Regularity of the free boundary in two-phase problems for elliptic
operators, Adv. Math. 214 (2007), 288-322.

Ferrari F., Salsa S., Subsolutions of elliptic operators in divergence form and application
to two-phase free boundary problems, Bound. Value Probl. (2007), art. ID 57049, 21pp.
Gilbarg D., Trudinger N. S., Elliptic partial differential equations of second order. Classics
in Mathematics. Springer-Verlag, Berlin, (2001).

Matevosyan N., Petrosyan A., Almost monotonicity formulas for elliptic and parabolic
operators with variable coefficients, Comm. Pure Appl. Math., 64(2):271-311, 2011.
Weiss G. W. Partial regularity for weak solutions of an elliptic free boundary problem,
Communications in Partial Differential Equations, 23:3-4, 439-455

DEPARTMENT OF MATHEMATICS, BARNARD COLLEGE, COLUMBIA UNIVERSITY, NEW YORK, NY

10027

E-mail address: desilva@math.columbia.edu

DIPARTIMENTO DI MATEMATICA DELL’ UNIVERSITA, P1AzzZA DI PORTA S. DONATO, 5, 40126
BoLOGNA, ITALY.
E-mail address: fausto.ferrari@unibo.it

DIPARTIMENTO DI MATEMATICA DEL POLITECNICO, P1AzZzA LEONARDO DA VINCI, 32, 20133
MILANO, ITALY.
E-mail address: sandro.salsa@polimi.it



	1. Introduction and Statements of the Main Theorems
	2. Non-degeneracy
	3. Non-degenerate case
	3.1. Harnack inequality
	3.2. Improvement of flatness

	4. Degenerate case
	4.1. Harnack inequality.
	4.2. Improvement of flatness

	5. The proof of Theorem 1.5
	6. Perron's solutions
	7. Application to the Prandtl-Batchelor model
	References



