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A hierarchical formulation of the state-space Levy’s method for vibration
analysis of thin and thick multilayered shells

Lorenzo Dozio

Department of Aerospace Science and Technology, Politecnico di Milano, via La Masa, 34, 20156, Milano, Italy

Abstract

The state-space approach in conjunction with the Levy’s method is used to solve exactly the free vibration
problem of specially orthotropic multilayered cylindrical and spherical panels. A hierarchical formulation
is presented to build the matrices of the method from small elementary blocks which are invariant with
respect to the order and typology of the kinematic shell theory. As a result, the analytical effort to derive
the governing equations is minimized and a large number of Levy-type solution based on low to high order,
equivalent single-layer or layerwise theories, can be generated within the same mathematical framework.
Thereby, the refinement of the two-dimensional shell model can be tailored according to the thickness ratio
and the degree of anisotropy of the problem under study and the desired accuracy. Some illustrative results
on both thin and thick, laminated and sandwich panels with various boundary conditions are presented and
discussed to show the potential of the formulation.

Keywords: Free vibration, exact solutions, multilayered cylindrical and spherical shells, refined theories,

higher-order shell theories, layer-wise shell theories.

1. Introduction

The so-called Levy’s method is a well established technique aimed at obtaining exact bending, buckling
and vibration solutions of particular plate and shell problems. The origin and name of the method are
commonly ascribed to the seminal work of Maurice Levy, who successfully solved in 1899 the bending problem
of thin isotropic rectangular plates with simply supported two opposite edges and arbitrary conditions of
supports on the two remaining opposite edges using single Fourier series [1]. As observed by Leissa [2],
the same type of solution was actually first used by Voigt in 1893 to determine the transverse vibrations
of rectangular plates [3]. In spite of this, the single trigonometric series expansion is now conventionally
referred to as Levy’s solution for both static and dynamic problems [4].

The availability of exact solutions for some plate and shell problems is valuable as they serve as important

references for checking the convergence and accuracy of approximate and numerical methods. To this aim,
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the Levy’s method, even if at the cost of greater complexity, is more general and of practical interest
than the Navier’s method, which is restricted to exact analysis of plates and shells with all edges simply
supported. However, it does not have an entirely general character and shares some limitations with the
Navier’s method, since both can be applied only to particular geometries (i.e., rectangular plates, cylindrical
and spherical shells) and material symmetries (i.e., specially orthotropic structures), for which an exact
solution of the corresponding boundary-value problem is viable.

This paper is focused on the application of the Levy’s method to vibration problems, which has a long and
successful history, especially for plates [2, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].
In particular, the present work is aimed at presenting an advanced state-space formulation of the method for
two-dimensional (2-D) exact vibration analysis of cylindrical and spherical single- and multi-layered specially
orthotropic panels having both small and large thickness and shallowness ratios. It is worth noting that,
contrary to the fairly large number of papers on plates, very few works are available in the open literature
on Levy-type vibration solutions of shells [25, 26, 27, 28, 29]. The main novelty of the present contribution
relies on a versatile hierarchical technique to build the final matrices of the state-space Levy’s method from
elementary blocks, called fundamental nuclei, which are invariant with respect to the 2-D kinematic shell
theories. In so doing, the tedious and cumbersome analytical effort required for deriving the governing
equations related to each specific theory is avoided and a large family of Levy-type vibration solutions of
curved panels based on kinematic theories of different order and typology can be automatically generated
within the same mathematical framework. The methodology stems from the powerful technique developed
by Carrera [30] and makes extensive use of indicial notation. The application of the Carrera’s formulation
to the Levy’s method was originally proposed by the present author for laminated and FGM plates [31, 32]
and recently applied by Rezaei and Saidi for vibration analysis of thick porous-cellular plates [33]. In this
work, the method is generalized and extended to curved panels.

As shown later, the hierarchical nature of the present formulation allows the accurate exact vibration
analysis of both thin and thick, deep and shallow multilayered shell structures. Indeed, an exact 2-D
analysis of a multilayered shell does not imply that the corresponding results are also accurate compared to
a truly three-dimensional (3-D) analysis. It is known that the thickness ratio (defined as the ratio between
the thickness of the panel to the shortest of the span lengths or radii of curvature) and the shallowness
ratio (defined as the ratio of the shortest span length to one of the radii of curvature) are two important
parameters governing the choice of an appropriate 2-D kinematic model of the curved panel having a desired
accuracy [34]. Classical low-order theories are typically employed when the panel is thin and shallow,
whereas refined higher-order 2-D shell theories are required to achieve a satisfactory accuracy for thick
and deep shells. The accuracy is also largely affected by the frequency range of interest and the degree of
anisotropy in the thickness direction [35]. Broadly speaking, for a fixed kinematic theory it usually degrades
as the wavelength of the vibration mode is of the order of magnitude of the panel thickness and as the
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variation of mechanical properties through the thickness direction increases like the case of sandwich panels.
By means of the present formulation, the refinement of the shell model can be tailored on the specific case
under investigation and the accuracy of the refined model can benefit from the exactness of the Levy-type
solution, without being adversely influenced by the convergence and stability properties of an approximate
method.

The paper is organized as follows. After some preliminary definitions in Section 2 and a concise presen-
tation in Section 3 of the family of 2-D shell theories employed in this work, the equations of motion and
related boundary conditions of cylindrical and spherical panels are presented in Section 4 according to the
compact indicial form introduced by Carrera [30]. The hierarchical construction of the matrices involved in
the Levy-type solutions from small invariant elementary blocks is detailed in Section 5. Some illustrative
vibration results based on shell theories of different order and typology are shown in Section 6 along with
comparison with exact 3-D analysis and other 2-D approaches. Finally, Section 7 contains some concluding

remarks.

2. Preliminaries

Let’s consider the cylindrical and spherical multilayered panels in Figure 1, which are composed of Ny
layers of homogeneous orthotropic material. Each layer k has thickness hy and is numbered sequentially
from bottom (k = 1) to top (k = Ny) of the panel. The total thickness of the panel is h = Z,]cvil hi. The
undeformed middle surface 2 of each layer is described by the two orthogonal curvilinear coordinates «

and B. Let z; denote the rectilinear local thickness coordinate in the normal direction with respect to .
k

The components of the displacement field u* of the k-th layer are indicated as u”, ug and u* in the a, 3
and z directions, respectively.
According to 3-D elasticity and considering curved panels with constant curvature, the in-plane strains

T
= { ek 5’5 8 o 5 } of layer k can be expressed as a function of the displacement components

T
uk = { uk UE uk } by the following relation:

sg = (’D’; + .A;f) u® (1)

where

19 1

mee 00 0 0 mrmg

k 19 k
D, = 0 gzras O Ay =10 0 m (2)

10 19

H—g% H—ém 0 0 0 0
RE and RE are the curvature radii of the a and S coordinate curves, respectively, at the generic point of

the middle surface Qj, of the layer, and

k_ 2k k_ Zk
Ha—lﬁLR—]g‘ Hﬂ—1+R—E (3)



layer k = N,

layer k

[N layer k =1

Figure 1: Geometry of the multilayered cylindrical and spherical panels considered in this work and details of the lamination

lay-up.

It is noted that HY = 1 for cylindrical panels since RX = oo and H* = H g for spherical panels since
Rk = RE. Note also that when 1/RF = 1/R§ = 0, the above relations degenerate to those for plates.

T
Similarly, the normal strain components e = { vk, 'Y]gz ek, } can be expressed as follows

EZZ(DE*Aﬁ+D§)uk (4)
where
9
0 0 H%,ia—a Hgle 0 0
k __ 1 0 k __ 1
D=0 0 i Af = 0 T 0 (5)
00 0 0 0 0
and DY = Z1;.

Assuming a linearly elastic orthotropic material, the constitutive equations of the k-th layer in the

laminate reference coordinate system are written as

k_ ~k k| ko _k
o, = Cppsp + Cpnen ©)
kE_ ~ET k| (ko _k
o, =Cp,e; +Chen
k T k T
_ k k k ; i _ k k k ;
where o, = { Ohe Ofs Ths } is the vector of in-plane stresses, o = { Tow Th. 0%, } is the vector



of normal stresses, and the matrices of stiffness coefficients given by

Ch Ch Cf 0 0 Cf Ch C 0

ik ~ ~ % ik 5 Ak % %

Cop=1 Cl (O3 Cl Con=10 0 C3 Cn=1]Ch Ciy 0 (7)
e 00 o 0 0

are derived from those expressed in the layer reference system through a proper coordinate transforma-

tion [36].

3. 2-D shell theories

By means of the indicial notation introduced by Carrera [30], an entire class of 2-D shell theories can be

represented by expanding the displacement vector u* in terms of the free parameter j as follows
uk(avﬂvgkat) :Fj(gk)u_];(avﬂvw (8)

where (;, = 2zj/hy, is the dimensionless thickness coordinate of the layer (—1 < {; < 1), j is the theory-
related index, Fj((x) are appropriate thickness functions defined locally for each layer, and uf(a, B,t) =
{ u’éj(a,ﬁ,t) ugj(a,ﬁ,t) u’;j(a,ﬁ,t) }T is the vector of 2-D kinematic coordinates corresponding to
index j.

A family of so-called discrete-layer or layerwise (LW) shell theories of variable order N, denoted in the
following by the acronym LDN, can be directly obtained from Eq. (8) by assuming j = t,r,b (r =2,...,N)
and selecting F}((x) = 1+2<’“, F.(¢k) = Pr(Ck) — Pr—2(Cr), Fo(Ck) = 1_2<k where P,.((x) is the Legendre

polynomial of r-th order. According to the above choice of the thickness functions, u¥ and u’g are the
displacement values at the top and bottom surfaces of layer k, so that the continuity at each layer interface
is easily enforced by setting uf = u{f“.

Equation (8) can also represents a class of equivalent single-layer (ESL) shell theories by dropping
the k index and taking global functions to describe the through-the-thickness deformation. In this work,
a simple polynomial representation as a function of the global thickness coordinate z is assumed, i.e.,
F,=1F. =2(r=2,...,N), F, = z. The related N-order member of the ESL family is indicated by
EDN.

Using Eq. (8), the geometric relations and constitutive equations of each layer of the curved panel are

written, respectively, as

b= (PhrAl) Fuf eb= (i AL+ D) P “
and

o = Ch, (D + AY) Fruf + C, (Dh - AL+ DY) Fyul

ok = Ch, (Dh+ AL) Fyub + G}, (D) - AL + DY) Fu "



4. Equations of motion and boundary conditions

According to the modeling framework outlined in the previous sections, the dynamic equilibrium of the
shell can be expressed in weak form by the principle of virtual displacements as follows

Ny

3 / sut’p ka”a2 I dadg
k=1 /% 7o

£ T T
/ / [('Dg(suf) ohFy + ('Dﬁ&uf) aﬁFl} HYHY dzdadB
Qp J Zg
+Z/ 5 A ok F, — bu kT.AﬁTaﬁFl} HYHY dzdadB
/ / suk ' DF ok B HE Y d2 dad = 0
Qp J Zj

where Zj, is the layer domain in the thickness direction and the thickness integral J ” is defined in the
Appendix.

Equation (11) is integrated by parts to relieve the displacement variables by any differentiation and the
arbitrariness of each virtual variation is imposed over (i to obtain the following set of equations of motion
in indicial notation:

92u k
sul : Jsgj 8152 + £k”uk =0 (12)

where £ is a 3 x 3 matrix of differential operators, which can be written using Eq. (10) as
kij k N\ T &k k k k AN k k k
L = . (_Dp + ‘Ap) Cop (Dp + 'Ap) + <_Dp + 'Ap) Con (Dn — A+ DZ)
k
T _ T .
+(-Dh - AL+ DY) Ch (Dh+ AL + (-Dh - AL+ D) G, (DE - AL+ DY) } FFHEHE dz
(13)

It is worth noting that Eq. (12) is valid for any index ¢ and the summation for repeated index j is implied.
Similarly, the arbitrariness of the virtual variation du¥ over the boundary of the panel yields the following
set of boundary conditions

B"uk =0 (14)

where B is another 3 x 3 matrix of differential operators, which is given for Neumann-type boundary

conditions by
kij _ kT &k k k kT &k k k k
B 7/2 {Np Cop (’Der.Ap) Jer Con (DH*AHJF’DZ)
k
+NEC (Dh+ AL) + N CL, (D - AL+ DY) | R HEHS a2



In the above expression, the matrices N f, and N ﬁ contains the components n, and ng of the unit normal

vector to the boundary as follows

w00 0 0 2e
Ni=1| 0 Z—%O NF = 00"—% (16)
g—%g—zo 00 0

5. Levy-type solutions for specially orthotropic panels

Exact solutions of the above boundary-value problem are available when the shell panel is at least
simply-supported along two opposite edges and is specially orthotropic, i.e., C‘fﬁ = C~'§6 = C'§6 = C'ffg) = 0.

Without any loss of generality, let’s consider the case where the edges 8 = 0,b of the panel are simply
supported. According to the theoretical framework outlined so far, the condition of simple support along

8 = 0,b is specified herein for any index j as follows

(along 5 =0,b)

uij =0
o ouk ok Uom o 1~y s ap (17)
Chy gkl 2 4 Ok JRI — 00 | —Chy 1T —Ck, J57. 4 Chy gk |l =0
a/B k12 k 22Y%a/p 23Y zj
Do /598 | RE RY /
uk =0

where the thickness integrals J*%, szjﬁ and J*Y= are given in the Appendix.
A solution for free harmonic motion of the multilayer panel which satisfies the above boundary conditions

is sought as follows

Uloij Uloijn (@) sin (8n5)
u? = ulléj = u,’éjn(a) cos (Bnf) elwt (n=1,2,...) (18)
“I;j “I;jn(a) sin (8 )

where w denotes the unknown natural frequency of the shell and §,, = nw/b. Note that the expression in
Eq. (18) is indeed a series solution with respect to index n due to the same Einstein notation used before
for theory-related indices.

Substituting Eq. (18) into Eq. (12) yields, for each half-wave number n in the 8 direction, the following

system of second-order ordinary differential equations

where
U]oijn (@)
Ub(e) = { b, () (20)
ul,;jn(a)



is the vector of unknown amplitudes and

ck 0 0 0 lip lis i 0 0
LY =T 0 G0 | L=l 0 0 | Lg"=| 0 ln Iy (21)
0 0 Ck Iss 0 0 0 I3 Iss

are 3 x 3 matrices representing the so-called fundamental nuclei of the governing equations along a direction.
As shown later, they are the elementary blocks for the hierarchical generation of the final L matrices of the

method. The elements of Lgij and L7 matrices in Eq. (21) are given by

- g - o iy - 1 g 1 o 1 iy
a2~k Tkij k 71kizj- k 7kij 2 k kij kij kij~
hn = B,Cs6/ 45 + CssJag™™ — P Jagw” + Css (szjg/a " Rk Y RE I )

lis = By (O{g n é&) JHii

. S g 1 a1 a1
Iy = C§5J§zzj _ Cngng _ Cé%ﬁ{]é}]g _ Oflﬁ‘]gya . OfQﬁjkw
o o 8

lor=—-0n (éﬁ + éflscs) J*

- L _ o g N 1 g 1 . 1 .
_ pR2Ak 7kij k gkizj. _ k ykij, 2 kE [ _* qkij _ _~ ki, _ _~ 7kij.
b2 = BnCozJojs + Ciadaf™ —P"Jagw” + Ciy (REQJQ/B TACHI T AE )

- . - - -1 ii N 1
log = Bn (Cf4J§zzg — c§3J§Uz) — Bn (OL—Jk/Jﬂ + C{gﬁ

. ~ 1 .
sz_] + Ck J]WJ )
k“a 22
Ry

7o)
R

A P25 A ij =k L ij o ij =k 1 ij
131=Cng§ ZJ_Céchng +C§5ﬁjg/a+0ﬁﬁt]§/a+Cf2ﬁjk3
(e (e 8

o S U AR R
ls2 = B (0354:15”2 - Cé“sJZi”) — B (Cfélﬁ‘]j/]ﬁ + Cﬁﬁ‘]k T+ Cégﬁ‘]s/]ﬁ)
8 a 8

l33 = 5721054J£% + éé“sfs%ij - pkjsg“ﬂ + RE “B/a
«

[ A s L ki | Ak gkige | Ak opkisg
7 <Cf1—J ) +2Cf2R—§J’”+C’f3JB] +ClaJs J)

U 1 g i Gk b
+ﬁ<C§2ﬁJQ/JB+C§3J§]z+C§3J§ZJ>
B B

where the various thickness integrals J are explicitly defined in the Appendix.

Along edges @ = 0,a we can have any arbitrary combination of clamped, free and simply supported
boundary conditions. They are explicitly expressed for each j-th component as follows

— clamped conditions (C):

ul . =0 ugj:0 ub =0 (22)



— free conditions (F):

<k his OUay | A kij u; [ U =k gkij | Ak opkids |k
Cll‘]ﬂ/a aa +012J 8/3 + R—]g‘clljﬂ/a—f—R—gClQJ +013Jﬂ uZ]:O
- _Ouk - Quk .
Cool " 55"+ Cooli S =0 (23)
- - 1 - - - o Ouk.
k 7kij. k kij k k 7kij z) __

— simply-supported conditions (S):

k. gkii augj k. gkij 8u§j 1 k. gkis 1 Ck gkij | Ak gkij= |k _

1175/a "5, + 0 a3 + R_Q 11 ﬂ/a+R_§ 12 + 03 B Uy =

k (24)
upj =0

Substituting Eq. (18) into the above expressions yields, for each n = 1,2, ..., the following equations

for each layer k
k

. dU* .

B’f”d—J +By7U =0 (a=0,a) (25)
e

where Bgij and B]fij are the 3 x 3 fundamental nuclei corresponding to the boundary conditions. According

to the type of edge condition at o = 0, a, the boundary-related nuclei are expressed as follows

— clamped edge:

000 5; 0 0
B =10 0 0 B = | 0 5ij 0 (0i; is the Kronecker delta)
0 0 O 0 0 &y
— free edge:
Ck 0 0
B =757 | o Ck 0
1 Bla 66
0o 0 Ck
0 ~BuCtpT* Oy 57 + geCl TG + RL,EO{CQJ’“'J‘
Blgij _ ﬁné§6Jkij 0 0
Sk Thige Ak pkig
CsJ5"" — 7 CosT5 )0 0 0

— simply-supported edge:

Ck 00 0 —BuChJl ClJhv +R¢§éfljg;g+%géww
BV =Ji7 | 0 0 0 Bi'=|0 g 0
0 00 0 0 5



It is noted that Eqgs. (19) and (25) are written in a compact indicial notation for each pair (4, j) and for
each layer k of the curved panel in terms of the five fundamental nuclei Lgij , L]fij , L]O”j , B]fij and Blo”j .
The final set of governing equations and boundary conditions for the whole panel corresponding to an ESL
or LW kinematic theory of order N can be hierarchically obtained from the previous 3 x 3 blocks through
a simple expansion and assembly-like procedure as explained below.

The first step implies the expansion of the fundamental nuclei by varying the theory-related indices 4

and j according to the order of the theory. The following square matrices of size 3(N + 1) are obtained

Liohy Lihe Lhe By By B
k — T rr T k — ' rr T —
Lo = | LY, L, Lk, Bl = | Bit, Bl Blh (r=2,...,N)
kb kbr kbb kb kbr kbb
L(o,t1,2) L(o,l,z) L(o,l,z) B(o,t1) B(0,1) B(0,1)
(26)
The corresponding equations at layer-level are given by
d?U* dU*
Lf— - L} — - L{(w)U* =0
dOé2 da (27)
BkdUk +BiU* =0 (a=0,a)
—_— = a=0,a
U da 0 ’
where
Ui (a)
Ut(a) = { Uk(a) (28)
Uf o}

The final multilayer matrices L and B are obtained, in case of EDN theories, by simply summing the
above layer-level matrices or, in case of LDN theories, by a global assembly procedure along the thickness
direction of the panel as a diagonal concatenation of Léco,m) and B’(COJ) through the imposition of the
interlaminar displacement continuity condition [31]. The resulting set of governing equations and boundary

conditions is written as

d?U dU
L2— - Ll— — Lo(w)U =
da2 da (29)
dU
B1£+BOU:0 (a:O,a)
where U(a) is the vector containing all the independent kinematic variables U*(a) (k = 1,..., Ny).

A state-space approach is used to solve the free vibration problem by converting Eqgs. (29) into a first-

order form as follows
dZ

— =AZ
BZ =0 (¢ =0,q)
where
dU/d«
Z(a) = (31)
U



and
1

L, O L, L
A — 2 1 0 ’ ]3:[]31 Bo} (32)
0 I I 0

The general solution of Eq. (30) can be expressed in terms of the matrix exponential of A as
Z(a) = eA% (33)

where c is a vector of constants connected to boundary conditions. Using a spectral decomposition of the

exponential matrix, the solution is given by
Z(a) = VDiag (e’\ia) V~ic (34)

where V is the matrix of eigenvectors of A and \; are the corresponding eigenvalues. Replacement of

solution (34) into the system of boundary equations in Eq. (30) yields a homogeneous system
Hc=0 (o =0,q) (35)

where H = BVDiag (e/\io‘) VL. The natural frequencies associated with the imposed half-wave number n
are determined by setting det(H) = 0. Note that, since H = H(w), a simple iterative numerical procedure
is employed to derive the frequency parameters by checking when the determinant of H changes sign and

using a bisection method around the guess zero value to refine the solution.

6. Results

6.1. Example 1

The first example involves a fully simply-supported single-layer orthotropic spherical shell panel, with
radii of curvature R, = Rg = 10 m, and dimensions a = b = (7/3)R,. The orthotropic layer has the
following material properties: F; = 132.38 GPa, F3; = FE3 = 10.756 GPa, G12 = G135 = 5.6537 GPa,
Gas = 3.603 GPa, v12 = v13 = 0.24, 193 = 0.49, and mass density p = 1600 kg/mg. Table 1 presents six
non-dimensional frequency parameters & = w(a?/ h)\/p/—EQ when the half-wave number n in the 8 direction
is imposed to be equal to 1 and 2. Results corresponding to various thickness ratios h/R, are shown for
equivalent single-layer theories of increasing order (N = 2,3,4) and are all automatically computed from
the same computer code by exploiting the hierarchical nature of the present formulation. Present 2-D exact
values are compared with 3-D exact analysis provided by Brischetto [37]. It is observed that, as expected,
when the panel is thin (h/R, = 0.001 and 0.01), all theories give the same theoretical predictions and
increasing the order of the 2-D model does not provide any substantial improvement. For moderately thick
panels (h/R, = 0.1), accurate frequency parameters are obtained for N > 3, especially when higher-order
modes are evaluated. When a thicker shell is considered, this effect is amplified, and values close to 3-D
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results in the entire frequency range of interest are achieved only with a fourth-order theory. Figure 2 shows
that the local through-the-thickness distribution of displacements corresponding to three vibration modes
when h/R, = 0.2 is also well captured by an ED4 model. Comparison with 3-D profiles is given in terms
of normalized modal values @& = u/|umax|, ¥ = v/|Umax|, and ¥ = w/|wmax| evaluated at (o, 5) = (0,5/2),
(o, B) = (a/2,0) and (o, B) = (a/2,b/2), respectively. It is worth noting the non-linear deformed pattern
of the in-plane modal displacements and the non-constant profile of the out-of-plane component, which are

due to the relatively large thickness ratio of the panel. Both effects are magnified for high-frequency modes.

Table 1: Example 1. Dimensionless frequencies & = w(a?/h)+/p/FE2 of a simply-supported single-layer orthotropic spherical
panel when n = 1 and n = 2. Comparison among 3-D exact analysis and EDN (N = 2, 3,4) models for various thickness ratios

h/Ra.

h/Rq Model Model
3D-exact [37] ED2 ED3 ED4 3D-exact [37] ED2 ED3 ED4
0.001 n=1 1114.0 1114.0 1114.0 1114.0 n=2 1260.9 1260.9 1260.9 1260.9
1209.7 1209.7 1209.7 1209.7 1682.9 1682.9 1682.9 1682.9
4016.5 4016.4 4016.4 4016.4 6838.7 6838.7 6838.7 6838.7
5758.3 5758.3 5758.3 5758.3 8009.4 8009.4 8009.4 8009.4
12456 12456 12456 12456 13147 13147 13147 13147
23599 23599 23599 23599 23985 23985 23985 23985
0.01 n=1 117.90 117.91 117.90 117.90 n =2 133.19 133.20 133.19 133.19
121.32 121.33 121.33 121.33 169.01 169.00 169.00 169.00
401.63 401.63 401.63 401.63 683.84 683.84 683.84 683.84
575.82 575.82 575.82 575.82 800.89 800.90 800.90 800.90
1245.5 1245.5 1245.5 1245.5 1314.6 1314.6 1314.6 1314.6
2359.8 2359.8 2359.8 2359.8 2398.3 2398.3 2398.3 2398.3
0.1 n=1 14.754 14.821 14.754 14.754 n=2 21.986 22.089 21.987 21.986
30.685 31.648 30.693 30.687 34.372 35.336 34.383 34.374
40.041 40.041 40.041 40.041 68.035 68.041 68.035 68.035
57.401 57.403 57.401 57.401 79.625 79.634 79.625 79.625
123.88 123.90 123.88 123.88 130.57 130.60 130.57 130.57
208.50 216.21 208.60 208.56 216.62 222.99 216.82 216.68
0.2 n=1 9.1755 9.3492 9.1795 9.1761 n=2 14.305 14.552 14.316 14.306
19.645 19.824 19.688 19.666 22.411 23.345 22.463 22.431
19.819 20.622 19.819 19.819 33.373 33.418 33.373 33.373
28.398 28.413 28.401 28.398 39.004 39.077 39.012 39.004
54.506 57.966 54.555 54.521 60.847 62.897 60.957 60.862
58.572 58.877 58.625 58.588 65.349 66.248 65.537 65.374

6.2. Example 2

The second example deals with a fully simply-supported three-layered sandwich cylindrical panel. The
radius of curvature is taken as R, = 10 m, and the dimensions of the shell are a = (7/3)R, and b = 20 m.

The sandwich configuration has the skins in aluminum (E = 73 GPa, v = 0.3 and p = 2800 kg/m?) with

12
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Figure 2: Example 1 with h/Ro = 0.2 and n = 1. Through-the-thickness distribution of three vibration modes in terms of
displacement components. Comparison between ED4 model and 3-D analysis: @ = u/|umax| — present, ® 3-D; ¥ = v/|vmax|

- - present, B 3-D; @ = w/|wmax| — present, ¢ 3-D.

thickness hs = 0.2h and a foam core in PVC (E = 180 MPa, v = 0.37 and p = 50 kg/m?®) with thickness
he = 0.6h. The first ten frequencies in Hz corresponding to three different thickness ratios h/R, = 0.001,
0.01, and 0.1 are reported in Table 2 and compared with 3-D exact values available from Ref. [35] (see also
Ref. [38] for further details about the 3-D exact solution). For each imposed half-wave number n along 3
direction, the corresponding half-wave number m in the « direction is identified from the visualization of the
vibration modes. In addition to EDN models of increasing order, in this example involving a multilayered
structure the frequency values are also computed using LDN theories with IV ranging from 1 to 4. In doing
so, the accuracy of both approaches can be evaluated in terms of the degree of anisotropy in the thickness
direction. From Table 2 it can be observed that, in the case of very thin panels (h/R, = 0.001), higher-order
theories or discrete-layer models are useless in practice since accurate predictions can be obtained even with
an ED2 model. The situation significantly changes when h/R, = 0.01. Although the panel can be still
considered as geometrically thin, equivalent single-layer models introduce large errors in the estimation of
natural frequencies. The discrepancy with 3-D analysis dramatically increases as the wave numbers increase
and completely unreliable results are computed for higher-order modes. Note also that the accuracy of ED
models is not even improved by increasing the order of the theory. This is due to the strong difference in
the elastic and mass properties between the foam core and the metallic skins, which calls for a layerwise
modeling of the sandwich panel under study. Indeed, values computed from LD1 theory are close to 3-D
values for both low and higher vibration modes. The accuracy is only slightly better when second-order
layerwise models are assumed. The final case of moderately thick panel (h/R,, = 0.1) amplifies what already
observed for thin shells. However, a linear discrete-layer model is now rather inadequate in representing
the dynamic deformation of the structure and refined LDN theories with N > 2 are required. Note also

that increasing further the order N is unnecessary to improve the estimation of the natural frequencies.
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This conclusion is not valid if an accurate representation of the local through-the-thickness distribution of
displacement is required, as shown in Figure 3 for the normalized modal displacement ¢ corresponding to

modes (2,2) and (2, 3).

Table 2: Example 2. First ten frequencies (Hz) of simply-supported three-layered sandwich cylindrical panels with h/Ro =

0.001, 0.01, and 0.1. Comparison among 3-D exact analysis and various 2-D shell models.

h/Ra Mode (m,n) 3D-exact [35] ED2 ED3 ED4 LD1 LD2 LD3 LD4

0.001 (3,1) 3.644 3.650 3.650 3.650 3.650  3.644  3.644  3.644
(4,1) 5.082 5.108 5.106 5.106 5.094  5.082 5.082  5.082

(2,1) 5.230 5.231 5.231 5.231 5.231 5.231 5.229  5.229

(4,2) 7.269 7.290 7.288 7.288 7.278 7.270  7.270 7.270

(5,1) 7.667 7.728 7.726 7.726 7.686 7.666 7.666 7.666

(5,2) 8.554 8.615 8.613 8.613 8.574 8.554 8.554 8.554

(3,2) 9.179 9.182 9.182 9.182  9.182  9.180 9.180  9.180

(6,1) 10.93 11.02 11.02 11.02 10.96 10.93 10.93 10.93

(5,3) 10.97 11.06 11.06 11.06 10.98 10.97 10.97 10.97

(6,2) 11.41 11.54 11.54 11.54 11.44 11.41 11.41 11.41

0.01 (2,1) 12.19 13.51 13.46 13.46 12.23 12.20 12.20 12.20
(1,1) 16.62 16.65 16.65 16.65 16.63 16.63 16.63 16.63

(2,2) 21.41 22.66 22.61 22.61 21.45  21.43 21.43  21.43

(3,1) 22.17 27.87 27.61 27.61 22.26  22.18 22.18  22.18

(3,2) 25.16 31.44 31.15 31.15 25.25  25.17  25.17  25.17

(3,3) 31.30 35.79 35.72 35.72 3141 31.32 31.32 31.32

(2,3) 34.27 38.40 38.05 38.05  34.31 34.29 34.29  34.29

(4,1) 34.58 49.06 48.28  48.28  34.74  34.58 34.58  34.58

(4,2) 36.21 40.92 40.92  40.92 36.39  36.22 36.22  36.22

(4,3) 39.44 56.63 55.65 55.65  39.63  39.45 39.45  39.45

0.1 (1,1) 20.04 36.03 33.11 33.11 20.20  20.07  20.07  20.07
(2,1) 29.48 78.27 78.27 7827  30.66  29.42 29.42 29.42

(2,2) 37.10 68.29 62.03 62.01 38.47  37.06 37.06  37.06

(1,2) 43.94 134.18 101.4 101.2  44.17  43.99 43.99  43.99

(2,3) 49.74 108.0 92.84 92.79 51.44 49.73  49.72  49.72

(3,1) 52.80 113.6 87.73 87.63  56.00 52.64 52.62  52.62

(3,2) 57.02 156.5 156.5 156.5 60.56  56.88 56.86  56.86

(1,3) 61.47 168.0 123.2 123.0 61.90 61.51 61.51 61.51

(2,4) 63.85 155.1 123.7 123.6 66.13 63.86 63.85  63.85

(3,3) 64.73 234.8 179.9 179.2  68.79  64.61 64.58  64.58

6.3. Example 3

The present example refers to a moderately thick cross-ply [0/90/0] laminated panel having the following
non-dimensional material properties: E1 = 25Fs, F3 = Fy, G12 = G13 = 0.5F3, Gaz = 0.2Fs, 115 = 113 =
o3 = 0.25, p = 1. Both spherical and cylindrical geometries are analyzed with a = b, thickness ratio
h/a = 0.1 and shallowness ratio a/R, = 1/20. Results are listed in Table 3 for various clamped, free
and simply-supported boundary conditions along edges o = 0,a in terms of the fundamental frequency
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Figure 3: Example 2 with h/Ro = 0.1. Through-the-thickness distribution of the normalized in-plane displacement © = v/|vmax |
for vibration modes (2,2) and (2,3). Comparison between LD2 and LD4 solutions.

@ =w(a?/h) \/p/—Eg Present computations come from 2-D equivalent single-layer and layerwise models of
different orders and are compared with the exact values obtained by Khdeir and Reddy [25] using the Levy’s
method based on a third-order shear deformation theory. Some observations can be made from Table 3.
First, the large differences between EDN and LD N models previously outlined for moderately thick sandwich
panels (see Example 2) are now significantly mitigated since the variation of elastic properties among layers
is limited, even though the constituent material has a high degree of orthotropicity. As a result, refined
equivalent single-layer models can be considered in most cases as a fairly accurate representation of the
fundamental vibrating mode of the panel under study. This conclusion is particularly true when one or two
edges are free, as also observed by the good agreement with frequency values available from Ref. [25]. Instead,
when the panel has two edges clamped, the fundamental frequency computed using discrete-layer models
is remarkably lower than predictions based on ESL theories and very accurate estimations can be obtained
only using a layerwise description. As a final remark, it is noted that frequency results corresponding to

LD4 models are essentially equal to those of LD3 models.

6.4. Example 4

The last example is aimed at providing some reference exact results for cylindrical and spherical sandwich
panels with various boundary conditions. The sandwich configuration is the same as the case of Example
2 for both geometries, i.e., PVC core of thickness 0.6h and two aluminum skins each of thickness 0.2h.
The cylindrical panels have radius of curvature R, = 10 m and dimensions a = (7/3)R, and b = 20 m.
The spherical panels have radii of curvature R, = Rg = 10 m and dimensions a = b = (7/3)R,. Levy-

type solutions are listed in Tables 4 and 5 for thickness ratios h/R, = 0.01 and 0.1, thus encompassing
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Table 3: Example 3. Fundamental frequency & = w(a?/h)+/p/E2 of laminated [0/90/0] spherical and cylindrical panels with

h/a=0.1 and a/Rs = 1/20. Comparison of different exact 2-D models for various boundary conditions along edges o = 0, a.

SS CS FF CcC FS FC

Spherical panel
Khdeir and Reddy [25] 11.807 13.481 3.797 16.100 4.328  6.088

ED3 11.769 13.684  3.798 15.809  4.331 6.072
ED4 11.769 13.683  3.798 15.806  4.331 6.072
LD1 11.594 13.459  3.812 15.566  4.343 6.043
LD2 11.478 13.293  3.799 15.361 4.329 6.011
LD3 11.472 13.2569  3.792 15.296  4.323 6.003
LD4 11.472 13.2569  3.792 15.294  4.323 6.003

Cylindrical panel
Khdeir and Reddy [25] 11.793 13.825 3.789 15.999 4.322  6.089

ED3 11.757 13.674  3.799 15.807  4.333 6.078
ED4 11.757 13.672  3.799 15.803  4.332 6.078
LD1 11.581 13.448  3.813 15.562  4.346 6.049
LD2 11.466 13.282  3.802 15.357  4.331 6.017
LD3 11.458 13.248  3.793 15.292 4.324  6.008
LD4 11.458 13.248  3.793 15.291 4.324  6.008

geometrically thin and moderately thick shells, and different combinations of boundary conditions along
edges a = 0,a. For benchmarking purposes, present results corresponding to the first ten vibration modes

are computed using LD3 models, which have been proved to provide accurate frequency values.

Table 4: Example 4 - Benchmark 1. First ten exact frequencies (Hz) of three-layered sandwich cylindrical panels with h/Ro =

0.01 and 0.1, and various boundary conditions. Results are computed using third-order layerwise models.

h/Ro  BCs Mode
1 2 3 4 5 6 7 8 9 10

0.01 CS 13.75  22.62 23.65  29.10 32.33 32.87 37.82 38.09 39.73 41.01
cC 21.41 24.09 29.17  31.75  36.99 38.79  39.07 45.31 45.49  45.66

FF 3.101 5.567  9.097  9.407  9.978 14.62 15.34 17.36  20.91 21.37

FS 4.324 9.312 12.22 14.52 14.98 20.76 21.13 25.74 27.69 28.15

FC 4.483 9.383 14.06 14.98 21.14 23.07 23.22 27.69 29.78 30.32

0.1 CS 27.90  39.09 39.75 53.13  55.26 59.03  65.31 66.76  68.02 75.50
CcC 39.37  50.63 55.77  60.26  63.15 67.63 74.95 76.62  83.24  84.47

FF 8.687 10.21 19.54 23.06 26.19 30.30 33.10 36.41 42.31 43.69

FS 10.49  20.23 21.23 31.56 37.17 38.83 42.95 42.98 53.08 55.65

FC 12.27  21.39 26.53  31.67 42.65 43.02  43.03 55.67  55.82  55.95
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Table 5: Example 4 - Benchmark 2. First ten exact frequencies (Hz) of three-layered sandwich spherical panels with h/Ro = 0.01

and 0.1, and various boundary conditions. Results are computed using third-order layerwise models.

h/Ro  BCs Mode

0.01 CS 78.32  80.31 81.76  82.99 83.14 85.61 85.62 86.90 87.55 89.51
CcC 81.22 81.33 83.21 83.56 84.74 86.71 87.76 89.30 90.61  90.63

FF 3.518  4.419 14.06 14.39 27.38 27.43 79.03 80.60 81.65 83.43

FS 3.934 14.22  27.41 41.65 56.17 70.69 77.91 80.13  80.72  82.45

FC 7.079 14.22  27.41 41.65 56.17 70.69 79.74 80.91 82.73  84.49

0.1 CS 80.94 86.07 88.82 94.60 97.38 101.4 107.1 109.7  117.8 123.6
CcC 87.78 87.86  90.77 97.74  98.18 108.3 109.5 114.6 118.3 128.7

FF 12.41 15.93 34.99 3599 61.60 61.82 83.40 88.54 92.68 93.58

FS 14.11 3548 61.71 80.37 86.25 88.63 93.67 95.62 98.01 102.8

FC 15.48 35.48 61.71 84.31 88.16 92.02 93.67 99.03 99.11 107.7

7. Conclusions

An advanced formulation of the state-space Levy’s method is presented for free vibration analysis of
isotropic, laminated and sandwich shells. The final matrices of the method are hierarchically obtained from
elementary blocks with invariance property towards the order and typology of the shell theory. As a result,
exact Levy-type vibration solutions can be obtained from a large variety of 2-D kinematic models, which can
be arbitrarily refined according to the accuracy required by the thickness ratio and the degree of through-
thickness anisotropy of the problem under study. Some examples for both cylindrical and spherical panels
with different combinations of boundary conditions are presented and discussed to demonstrate the potential
of the proposed technique. It is shown that the accuracy of an exact 2-D analysis is strongly dependent on
the refinement of the 2-D shell theory, in particular when the panel is thick and exhibits strong differences
in the elastic and mass properties of its constituent layers. A comprehensive set of new frequency results
for both thin and thick sandwich cylindrical and spherical panels is also provided, which can be used as a

valuable benchmark for validating approximate numerical methods.

Appendix

The thickness integrals in the fundamental nuclei of the present formulation are defined as follows:

ki k1 ki k1 _ o B krrk
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