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SUMMARY. In the present paper, we analyze the mechanism leading to gas damping in micro-
electro-mechanical systems devices vibrating at high frequencies through the linearized Boltzmann
equation based on a simplified kinetic model and diffuse reflection boundary conditions.

1 INTRODUCTION
Radio frequency micro-electro-mechanical systems (RF MEMS) devices have been identified

as a technology that has the potential to provide a major impact on existing RF architectures in
sensors and communications. Over the last decade, RF MEMS (ranging from 1 MHz to 60 GHz)
have become a key research area because they should enable a miniaturization and an integration
of RF components by reducing weight, cost, size and power dissipation, with applications to ultra
low-power wireless and adaptive/secure telecommunications [1], [2], [3]. In particular, the develop-
ment of integrated silicon-based micromechanical resonators with high frequencies and high quality
factors can have a great impact on the future of wireless communication systems. Due to the high
stiffness of RF micromechanical resonators, the ratio of the energy lost by the air damping to the
stored energy is much smaller compared to that of the flexuralmode of lower frequency beam res-
onators. The high quality factors maintained by RF disk resonators at atmospheric pressure indicate
the potential of these microdevices for several applications and implementation in wireless systems
without the need for expensive vacuum packaging. So far, in all the works where a mechanical
analysis of RF MEMS has been reported, it was stressed that these devices are able to maintain
high quality factors even at atmospheric pressure due to their much higher stiffness in comparison
to other types of resonators vibrating at low frequencies. Indeed, when MEMS devices vibrate at
high frequencies also the gas damping mechanism changes compared to that experienced by low
frequency MEMS. An important class of commercial microdevices is represented by silicon inertial
sensors and actuators produced by surface micromachining processes, like accelerometers and gy-
roscopes. Such devices, working at a relatively low frequency, are normally operated at very low
pressure in order to minimize the damping due to the internalfriction of the gas (viscous damping).
This need can be overcome when MEMS devices vibrate at relatively high frequencies, since gas
compressibility and inertial forces lead then to another damping mechanism which is related to the
propagation of sound waves generated by high-frequency oscillating micro-structures. In this frame,
it is important to analyze not only the damping forces exerted by single-component gases but also
those exerted by gas mixtures, since during the wafer bonding process a mixture of noble gases (like
Ar, Kr or Ne) and getterable gases (likeN2, O2 or CO2) is usually backfilled into the MEMS sensor
package to set its operating pressure (’backfilling process’).

In the current investigation, by using the linearized Boltzmann equation based on simplified
kinetic models, we prove that, for a single-component gas and for mixtures (like Ne-Ar) whose con-
stituents have comparable molecular mass, the sound waves propagating between the microdevice
walls induce a resonant/antiresonant response of the system. The occurrence of an antiresonance
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is particularly important since if the device is operated close to the corresponding frequency, the
damping due to the gas is considerably reduced. Completely different behaviour has been detected,
in the near-continuum regime, for disparate-mass gas mixtures (composed of very heavy plus very
light molecules) like He-Xe.

2 PROBLEM FORMULATION
Let us consider a binary gaseous mixture confined between twoflat, infinite, and parallel plates

located atz′ = −d/2 andz′ = d/2. Both boundaries are held at the same constant temperature.The
upper wall of the channel (located atz′ = d/2) is fixed while the lower one (located atz′ = −d/2)
harmonically oscillates in thez′-direction (normal to the wall itself) with angular frequency ω′ (the
corresponding period beingT ′ = 2π/ω′). The velocityU ′

w of the oscillating plate depends on timet′

through the formula:U ′

w(t′) = U ′

0 sin(ω′t′), where it is assumed that the amplitudeU ′

0 is very small
compared to the characteristic molecular velocity of the mixture given byv0 =

√

2kT0/m, with k
being the Boltzmann constant,m being the mean molecular mass of the mixture andT0 being the
equilibrium temperature of the mixture. Under these conditions, the Boltzmann equation modeling
the gaseous mixture motion inside the channel can be linearized by representing the distribution
function of each species,fs, as follows

fs = fs
0 (1 + hs), |hs| << 1 , (1)

wherehs is the small perturbation with respect to the equilibrium state andfs
0 is the Maxwellian

configuration given by

fs
0 = ns

0

(

ms

2πkT0

)3/2

exp

[

− ms

2kT0
|ξ − v0|2

]

(2)

with some common temperatureT0 and velocityv0 (which can be assumed equal to zero without
loss of generality). In Eq. (2),ns

0 represents the equilibrium number density andms denotes the
molecular mass.

Then, the system of linearized Boltzmann equations based ona simplified kinetic model of BGK-
type after the projection reads ([4]):

∂H1

∂t
+ cz

∂H1

∂z
+ H1 = ρ1 + 2(1 − Γ1) cz v1

z + 2Γ1cz v2
z

+

[

1 − 2Γ1M12

(1 + M12)

]

(c2
z − 1

2 ) τ1 + 2Γ1M12

(1 + M12)
(c2

z − 1
2 ) τ2 (3)

∂H2

∂t
+ cz

∂H2

∂z
+ Θ12H

2 = Θ12

{

ρ2 +
2(1 − Γ2)

M12
cz v2

z + 2Γ2

M12
cz v1

z

+

[

1 − 2Γ2

(1 + M12)

](

c2
z

M12
− 1

2

)

τ2 + 2Γ2

(1 + M12)

(

c2
z

M12
− 1

2

)

τ1

}

(4)

∂Ψ1

∂t
+ cz

∂Ψ1

∂z
+ Ψ1 =

[

1 − 2Γ1M12

(1 + M12)

]

τ1 +
2Γ1M12

(1 + M12)
τ2 (5)

∂Ψ2

∂t
+ cz

∂Ψ2

∂z
+ Θ12Ψ

2 = Θ12

{[

1 − 2Γ2

(1 + M12)

]

τ2 +
2Γ2

(1 + M12)
τ1

}

(6)
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where all variables have been rescaled as follows:t = t′/θ1, z = z′/(v1
0θ1) with v1

0 =
√

2kT0/m1,
andΘ12 = θ1/θ2 = ν2/ν1. The values of collision frequenciesν1, ν2 are determined by imposing
that the linearized BGK model reproduces the linearized exchange rates for the viscous stress tensors
prescribed by Boltzmann equations. Skipping calculation details, such a constraint yields

Θ12 =

[

√

η1

η2

√

M12

√

1 + M12 +
√

2 M12 N12

] [

√

η2

η1

√

M12

√

1 + M12 N12 +
√

2

]

−1

(7)

whereηs (s = 1, 2) are the viscosity coefficients of the two species,M12 = m1/m2 is the mass
ratio andN12 = n1

0/n2
0 is the equilibrium concentration ratio. Furthermore, the coefficientsΓ1, Γ2

appearing in Eqs. (3)-(6) are given by

Γ1 =
2

3

A1(5)

A2(5)

[

1 + N12

√

η2

η1

√
M12

2

√

1 + M12

]

−1

(8)

Γ2 =
2

3

A1(5)

A2(5)

[

1 + N−1
12

√

η1

η2

1

2 M
3/2
12

√

1 + M12

]

−1

(9)

whereA1(5) ≃ 0.422 andA2(5) ≃ 0.436 are the dimensionless collision cross sections reported in
[5]. In Eqs. (3)-(6), the reduced unknown distribution functionsHs andΨs are defined as

H1(z, cz, t) =
1

π

∫ +∞

−∞

∫ +∞

−∞

h1(z, c, t) e−(c2

x
+c2

y
) dcx dcy (10)

H2(z, cz, t) =
1

πM12

∫ +∞

−∞

∫ +∞

−∞

h2(z, c, t) e−(c2

x
+c2

y
)/M12 dcx dcy (11)

Ψ1(z, cz, t) =
1

π

∫ +∞

−∞

∫ +∞

−∞

(c2
x + c2

y − 1)h1(z, c, t) e−(c2

x
+c2

y
) dcx dcy (12)

Ψ2(z, cz, t) =
1

πM12

∫ +∞

−∞

∫ +∞

−∞

(

c2
x + c2

y

M12
− 1

)

h2(z, c, t) e−(c2

x
+c2

y
)/M12 dcx dcy (13)

and the macroscopic perturbed densityρs, velocityvs
z and temperatureτs as

ρ1(z, t) =
1√
π

∫ +∞

−∞

H1 e−c2

z dcz (14)

ρ2(z, t) =
1

√

πM12

∫ +∞

−∞

H2 e−c2

z
/M12 dcz (15)

v1
z(z, t) =

1√
π

∫ +∞

−∞

cz H1 e−c2

z dcz (16)

v2
z(z, t) =

1
√

πM12

∫ +∞

−∞

cz H2 e−c2

z
/M12 dcz (17)

τ1(z, t) =
1√
π

∫ +∞

−∞

2

3

[

(c2
z − 1/2)H1 + Ψ1

]

e−c2

z dcz (18)
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τ2(z, t) =
1

√

πM12

∫ +∞

−∞

2

3

[(

c2
z

M12
− 1

2

)

H2 + Ψ2

]

e−c2

z
/M12 dcz (19)

Notice that, one can reduce to the case of a single monatomic gas (that is, the equations for the pair
(H1, Ψ1) coincide with the ones for(H2, Ψ2)) if M12 = 1, Γ1 = Γ2 andΘ12 = 1, hence only if
n1

0 = n2
0 and the two gases share even the same viscosityη1 = η2.

Assuming the diffuse scattering of gaseous particles on both walls (i.e., the reemitted molecules
are diffused with a Maxwellian distribution described by the wall properties), the linearized bound-
ary conditions read as [4]

H1(z = −δ/2, cz, t) = (
√

π + 2 cz)Uw

−2

∫

c̃z<0

dc̃z c̃z e−c̃2

z H1(z = −δ/2, c̃z, t) cz > 0 (20)

H2(z = −δ/2, cz, t) =

(

√

π
M12

+ 2 cz
M12

)

Uw

− 2
M12

∫

c̃z<0

dc̃z c̃z e−c̃2

z
/M12 H2(z = −δ/2, c̃z, t) cz > 0 (21)

Ψ1(z = −δ/2, cz, t) = Ψ2(z = −δ/2, cz, t) = 0 cz > 0 (22)

H1(z = δ/2, cz, t) = 2

∫

c̃z>0

dc̃z c̃z e−c̃2

z H1(z = δ/2, c̃z, t) cz < 0 (23)

H2(z = δ/2, cz, t) =
2

M12

∫

c̃z>0

dc̃z c̃z e−c̃2

z
/M12 H2(z = δ/2, c̃z, t) cz < 0 (24)

Ψ1(z = δ/2, cz, t) = Ψ2(z = δ/2, cz, t) = 0 cz < 0 (25)

whereδ = d/(v1
0θ1) is the dimensionless distance between the channel walls as well as the rar-

efaction parameter of the speciess = 1, while Uw is the dimensionless wall velocity given by
Uw(t) = U0 sin(ω t) with Uw = U ′

w/v1
0 , U0 = U ′

0/v1
0 , ω = θ1 ω′, T = 2π/ω = T ′/θ1. The time-

dependent problem described by Eqs. (3)-(6), with boundaryconditions given by Eqs. (20)-(25),
has been numerically solved by a deterministic finite-difference method presented in detail in [4].

In order to investigate more deeply the influence of the parameters peculiar to a binary gaseous
mixture, such as the molecular mass ratio,M12, and the macroscopic collision frequencies ratio,
Θ12, on the sound wave propagation, it is convenient to derive a system of integral equations for
the macroscopic fields of interest. Since the vibrations of the lower wall of the microchannel are
generated by a time-harmonic forcing (of frequencyω), we introduce the following expressionUw =
U0 ei ωt in Eqs. (20) and (21) and then we look for solutions of Eqs. (3)-(6) under the form

Hs(z, cz, t) = Hs(z, cz) ei ω t s = 1, 2

Ψs(z, cz, t) = Ψ
s(z, cz) ei ω t s = 1, 2.

By integrating the resulting equations along the trajectories of the molecules, we obtain an explicit
expression for the distribution functionsHs, Ψ

s, which should be inserted in the definitions (14)-
(19). Thus, the integral equations for the bulk velocities of the gas components (which are the
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macroscopic fields of interest in view of our subsequent considerations) read [6]:

v1
z(z) = v1

z(z, t)e−i ω t = K1(z, γ)

+ 1√
π

∫ δ/2

−δ/2

ds̺1(s) sgn(z − s)T0(|z − s| γ)

− 1√
π

∫ δ/2

−δ/2

ds ̺1(s)K2(z, s, γ)

+ 2√
π

∫ δ/2

−δ/2

ds [(1 − Γ1) v1
z(s) + Γ1 v2

z(s)] T1(|z − s| γ)

− 1√
π

∫ δ/2

−δ/2

ds [(1 − Γ1) v1
z(s) + Γ1 v2

z(s)]K3(z, s, γ)

+ 1√
π

∫ δ/2

−δ/2

ds

[(

1 − 2 Γ1 M12

(1 + M12)

)

τ1(s) +
2 Γ1 M12

(1 + M12)
τ2(s)

]

×sgn(z − s) [T2(|z − s| γ) − 1
2T0(|z − s| γ)]

− 4√
π

∫ δ/2

−δ/2

ds

[(

1 − 2 Γ1 M12

(1 + M12)

)

τ1(s) +
2 Γ1 M12

(1 + M12)
τ2(s)

]

K4(z, s, γ)

(26)

v2
z(z) = v2

z(z, t)e−i ω t = K1(z, γ̃)

+Θ12√
π

∫ δ/2

−δ/2

ds̺2(s) sgn(z − s)T0(|z − s| γ̃)

−Θ12√
π

∫ δ/2

−δ/2

ds ̺2(s)K2(z, s, γ̃)

+ 2 Θ12
√

π M12

∫ δ/2

−δ/2

ds [(1 − Γ2) v2
z(s) + Γ2 v1

z(s)] T1(|z − s| γ̃)

− Θ12
√

π M12

∫ δ/2

−δ/2

ds [(1 − Γ2) v2
z(s) + Γ2 v1

z(s)]K3(z, s, γ̃)

+Θ12√
π

∫ δ/2

−δ/2

ds

[(

1 − 2 Γ2

(1 + M12)

)

τ2(s) +
2 Γ2

(1 + M12)
τ1(s)

]

×sgn(z − s) [T2(|z − s| γ̃) − 1
2T0(|z − s| γ̃)]

−4 Θ12√
π

∫ δ/2

−δ/2

ds

[(

1 − 2 Γ2

(1 + M12)

)

τ2(s) +
2 Γ2

(1 + M12)
τ1(s)

]

K4(z, s, γ̃) (27)

whereγ = (1 + i ω), γ̃ = (Θ12 + i ω)/
√

M12, and the symbolsKi (i = 1, . . . , 4) stand for
expressions involving products of the Abramowitz functionsTn [6] defined by

Tn(x) :=

∫ +∞

0

sn e−s2
−x/s ds. (28)
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Beyond the macroscopic fields given by Eqs. (14)-(19), a further quantity of interest in the
present problem is the perturbation of the global normal stressPzz (this is the quantity that is mea-
sured experimentally) evaluated atz = −δ/2, since it gives the force exerted by the gaseous mixture
on the moving wall of the channel. In the frame of our linearized analysis, the normal compo-
nent of the stress tensor of the mixture is defined in terms of the single component parameters as
Pzz = P 1

zz + P 2
zz where

P 1
zz(z, t) =

1√
π

∫ +∞

−∞

c2
z H1 e−c2

z dcz (29)

P 2
zz(z, t) =

1
√

πM12

∫ +∞

−∞

c2
z H2 e−c2

z
/M12 dcz (30)

The normal stress time-dependence is of the following knownform

|Pzz | sin(ω t + φ) (31)

where|Pzz | is the amplitude andφ the phase. In general, the amplitude of the time-dependent
macroscopic fields is extracted from our numerical results as half the vertical distance between a
maximum and the nearest minimum appearing in the temporal evolution of the macroscopic quantity.

3 RESULTS AND DISCUSSION
The results presented here refer to the noble gaseous mixtures of He-Xe (that is, helium with

molecular massm1 = 4.0026 au and xenon with molecular massm2 = 131.29 au) and Ne-Ar (that
is, neon with molecular massm1 = 20.179 au and argon with molecular massm2 = 39.948 au).
For a single component gas, it has been pointed out in [7] thatabove a certain frequency of oscillation
of the lower wall of the channel, the sound waves propagatingthrough the gas are trapped in the gaps
between the moving elements and the fixed boundaries of the microdevice. In particular, Desvillettes
and Lorenzani (2012) found a scaling law (valid for all Knudsen numbers) that predicts a resonant
response of the system when the dimensionless distance between the channel walls (measured in
units of the oscillation period of the moving plate),L = δ

T , takes a well-defined fixed value. In [7],
the values ofL corresponding to the main resonances have been analytically derived:La ≃ 0.21
(antiresonance),Lr ≃ 0.48 (resonance). Physically, the origin of this phenomenon canbe traced
back to the constructive interference (resonance) or destructive interference (antiresonance) occur-
ring between the incident and reflected sound waves. Corresponding to a resonant response of the
system, the amplitude ofPzz at z = −δ/2 reaches its maximum value (resonance) or its minimum
value (antiresonance). The occurrence of an antiresonanceis particularly important since if the de-
vice is operated close to the corresponding frequency, the damping due to the gas is considerably
reduced.

In figures 1-3, we report the profiles of the global normal stress amplitude at the oscillating wall,
obtained by numerical integration of Eqs. (3)-(6), as a function of the periodT , for three different
values of the rarefaction parameterδ. We have included in these pictures the results of numerical
calculations for the mixtures He-Xe and Ne-Ar with the same molar concentrations (N12 = 1), as
well as those corresponding to a single component gas. Figures 1-3 reveal that, in the near-free
molecular flow regime (δ = 0.1) and in the transitional region (δ = 1), the resonant response
of the system occurs also for both gas mixtures considered (although the scaling law found for a
single component gas does not hold any longer), while, in thenear-continuum regime (δ = 10), the
propagation of sound waves in the disparate-mass He-Xe mixture does not show up any resonance.
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Figure 1: Amplitude of the normal stress tensorPzz at the oscillating wall versusT .
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Figure 2: Amplitude of the normal stress tensorPzz at the oscillating wall versusT .

In order to inspect more deeply the physical processes goingon in both gas mixtures, we report
in figures 4-5 the velocity profile of the mixture components as a function of the distance across
the gap of the channel (at different stages during a period ofoscillation). We have included in these
pictures the results of numerical calculations for the mixtures He-Xe and Ne-Ar with the same molar
concentrations (N12 = 1), for δ = 10, when the periodT matches the main resonant response of
the system. In the pictures 4-5, the lightest component of each mixture has been labelled with the
superscript1, while the heaviest one with the superscript2.

In the case of the Ne-Ar mixture, both species have the same macroscopic velocity which takes
the form of a standing wave, as it happens for a single gas whena resonant response of the system
occurs. On the contrary, for the He-Xe mixture, two different forced-sound modes are simultane-
ously present: a fast and a slow wave. The slow wave is a dampedsoundlike mode primarily carried
by the Xe, while the fast wave should be associated to the He-component of the mixture. The fast
wave in He is not analogous to a sound wave in a pure monatomic gas, sincev1

z does not take any
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Figure 4: Variation of the macroscopic velocities of the He-Xe mixture components, in thez-
direction across the gap of the channel.

longer the form of a standing wave, whateverT one chooses.
In spite of the complex form assumed by the integral equations (26)-(27), some qualitative prop-

erties on the behaviour of the two species of the mixtures canbe deduced. In the near-continuum
regime (δ ≥ 10), for mixtures like Ne-Ar, whose constituents have comparable molecular mass such
that γ ≃ γ̃, Θ12 ≃ 1, M12 ≃ 1, the macroscopic profiles of the two species are symmetric by
interchanging the superscript1 and2 (as the numerical results reported in Fig. 5 show). In this
case, Eq. (26) reduces to the equation for the velocity field of a single-component gas [7], since

the terms (−Γ1 v1
z) and (Γ1 v2

z) cancel out as well as the terms:−
[

2Γ1 M12

(1+M12)

]

τ1 and

[

2Γ1 M12

(1+M12)

]

τ2.

All the remarks done in [7] on the appearance of resonances/antiresonances will continue to apply,
except that now, for a mixture, the phenomenon of constructive/destructive interference will involve
incident and reflected waves associated to two species (since the profiles ofv1

z andv2
z are symmet-

ric). Therefore, the location of the main resonance (antiresonance) will be different from that found
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Figure 5: Variation of the macroscopic velocities of the Ne-Ar mixture components, in thez-
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for a single gas. On the contrary, for disparate-mass gas mixtures like He-Xe, withΘ12 << 1,
M12 << 1, γ 6= γ̃, the fieldv2

z approaches zero rapidly as function ofz, since the Abramowitz
functions involved depend only oñγ (whose real and imaginary parts are higher than those ofγ).
In this case, sincev2

z is a rapidly damped profile, the terms (−Γ1 v1
z) and (Γ1 v2

z) in Eq. (26) do
not cancel out and the velocity field of the lightest speciesv1

z differs in this respect from that of a
single-component gas (Eq. (67) in [7]). WhenΓ1 → 0, that is forN12 >> 1, Eq. (26) reduces
to the equation for the velocity field of a single-component gas and the resonant phenomenon can
be observed, in the near-continuum regime, also for a disparate-mass gas mixture. This is shown
in Fig. 6, where we report the profile of the global normal stress amplitude at the oscillating wall
as a function of the periodT , for the He-Xe mixture, whenN12 = 9. The corresponding velocity
profiles of the mixture components, obtained for a periodT matching the main resonant response of
the system, have been included in Fig. 7.
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Figure 6: Amplitude of the normal stress tensorPzz at the oscillating wall versusT .
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Figure 7: Variation of the macroscopic velocities of the He-Xe mixture components, in thez-
direction across the gap of the channel.
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