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1 Introduction

This paper deals with the numerical simulation of the
dynamic response of frame structures undergoing
large three-dimensional (3D) rotations and displace-
ments, but small strains. This is a largely studied topic
in the fields of flexible multibody and structural
mechanics ( e.g. [31]).

Amongst the results in the literature, geometrically
non-linear beam finite elements (FE) have been based
on the geometrically exact (GE) approach and the
corotational (CR) one. GE elements have the advan-
tage of an exact description of the beam kinematics.
Most implementations are based on the hypothesis of
the material being hyperelastic, e.g. [4, 8, 27, 28],
while only few deal with nonlinear material behavior,
e.g. [21, 22]. This is, in fact, not a trivial problem to
solve, requiring the development of ad hoc non-linear
constitutive laws in terms of finite strain measures. CR
elements are based on the decomposition [14] of the
total motion in a rigid part and in an approximately
pure deformational one by introducing an element-
attached local, or “corotated”, reference system. The
element response is first evaluated in the corotated
system and subsequently transformed into the global
system. The decomposition is defined, in “element
independent” CR formulations ([14, 26]) only on the
basis of the element “topology”.

Compared to the GE approach, the main advantage
of the CR formulation is the ability to adopt stress and
strain measures that otherwise would result in non-
objective formulations when large displacements and
rotations occur. This is particularly useful in view of
the introduction of non-linear and, more generally,
inelastic constitutive laws (one of the forecasted
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developments of this research). In addition, the CR
approach has the practical advantage of allowing for
“reusing” at the local level proved existing libraries of
small displacement-small strains FEs.

CR beam formulations have been largely adopted to
study instability problems [2, 25]; only few works
focused on the dynamic response (e.g. [7, 17, 18]). In
fact, the total motion decomposition of CR elements
leads to cumbersome expressions of the inertia forces,
with coupling terms between the local deformational
kinematic variables and the global variables representing
the rigid body motion of the corotated reference system
(e.g. [17]). This aspect was addressed by Crisfield and
coworkers in [7] where a classic CR formulation was
adopted to evaluate the internal (restoring) forces, while
inertia forces were defined starting from a an exact
description of the cross section kinematics. However,
differently from GE formulations, translation variables
were defined, and interpolated, in the global (inertial)
reference system of the problem while angular velocity
and acceleration of the cross section were first trans-
formed into the corotated reference system and then
interpolated. As a result, some kinematic nodal variables
were defined in the global reference system, and some
others in the corotated one, implying an ad hoc time
stepping algorithm.

Taking this approach a step further, in this work a
formulation is proposed based on the hypothesis of
arbitrarily large nodal displacements and 3D rotations,
while strains are assumed small in a local (corotated)
reference system. At the local level, a classic Euler—
Bernoulli beam formulation is adopted for the restor-
ing forces. On the other hand, a different model is
adopted for inertia forces. These are evaluated starting
from an expression of the kinetic energy which
employs only nodal variables defined in the global
reference system, thus avoiding the complications
stemming from the decomposition of the total motion
at the element level. To preserve the element-
independent character of the approach, special care
is devoted to ensure that all procedures depending on a
particular choice of rotation parameters are performed
outside the element. In fact, a crucial issue in the
modelling flexible structures undergoing large dis-
placements is the representation of 3D rotations, due
to their non commutative character. Rotations do not
belong to a linear space and cannot be composed as
vectors; to account for these aspects, modified ver-
sions of the Newmark time stepping scheme have been

proposed (e.g. [4, 19, 29]). In this work a parametri-
zation of the rotation group is adopted based on the
exponential map and the rotation vector. The proposed
procedure allows for an additive update of the rotation
parameters with practical advantages on the reuse of
standard Newmark time stepping schemes.

2 Kinematics of large rotations: a summary

From a strictly mathematical point of view, a rotation
can be regarded as a linear transformation of the
oriented 3D Euclidean vector space E 3 onto itself,
which doesn’t affect the metric and the orientation of
the space. As it is well known, the only mappings
satisfying these requirements are the proper (or
special) orthogonal tensors: A: E 3> — E 3. They can
be collected into a set and equipped with the usual
definition of tensor product to obtain the non-commu-
tative group of rotations, usually denoted as SO(3).

Denoting as I the identity tensor, the following
statement can be introduced:

SO(3) = {A:E* — E’ linear| AA" =I,det(A) = 1}
(1)

The rotation group is also a non linear differential
manifold with dimension three, e.g. [5, 20]. Hence, a
local description of SO(3) can be obtained by intro-
ducing a three-parameter chart. Several mapping
strategies have been adopted in literature, a compre-
hensive review of which can be found in [15]. Here the
focus is on a parametrization based on the rotation

vector ¢ = {¢,,$,,¢p;}" and the exponential map:
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where S(¢) is a skew-symmetric tensor whose com-

ponents are related to those of the rotation vector as
follows:
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As it can be shown by means of simple geometrical
arguments (e.g. [1]), denoting as || - || the Euclidean

norm of a vector, the following closed form expression
holds:



sin|| @
Ikl

(1~ coslbl) e
T

A(p) =1+ S(¢) +

(4)

Approximate expressions can also be obtained by
truncated series expansions, e.g. [1, 6]. The following
first and second order approximations are here
considered for sake of comparison:
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By definition, the result of a group operation is still an
element of the group. So, given a generic pair of
elements: A, 4, € SO(3), it’s always possible to
define a third element, in the following denoted as
incremental rotation tensor, A;,., which allows to
transform A into 4, as a result of the group operation.
Due to the non-commutative character of the group
operation this tensor, however, is not unique. In fact,
we can distinguish between a left- and a right-
application of the incremental rotation tensor. The
corresponding tensors will be respectively character-
ized by the superscript ‘L’ or ‘R’. Then, the following
holds:

Ay = AL Ay = A, AR (7)

inc inc

The above expression provides a means to evaluate
compound rotations. Indeed, the application of the
left- (right-) incremental rotation tensor can be
regarded as the mathematical description of a super-
imposed rotation about fixed (follower) axes in space,
so allowing for a spatial (material) description of a
rotational motion.

In the following we will only focus on a spatial
description of the rotational motion. Within this
context, denoting as so(3) the set of skew-symmetric
tensors defined by Eq. (3), the tangent space at a
generic point A (base point) of SO(3) can be
introduced as follows (see e.g. [20] for a more detailed
discussion on this topic):

T4SO(3) = {SA|A € SO(3), S € 50(3)} (8)

With a slight abuse of terminology, we will refer to the
incremental rotation vectors, i.e. rotation vectors
related through (2) to an incremental rotation tensor,

as elements of T,SO(3). This choice is motivated
because the linear composition of incremental rota-
tions referred to the same base point gives results in
T,SO(3). In fact, denoting with 6; and 6, two
incremental rotation vectors from A, the following
holds:

S(00,)A + S(B02)A = S(a0; + p0,)A, Vo, p € R
9)

Similarly, it’s possible to show that the rotation vector
¢ belongs to the tangent space with base point at the
identity tensor I, here denoted as: T;SO(3). Hence,
vectors 6 and ¢ belong to different tangent spaces. As
a consequence, they cannot be linearly composed,
even in the limit case of small incremental rotations
(i.e. 0 — 0). However, a non-linear relationship
between variations can be expressed by introducing
the tangential transformation tensor, H(¢) (whose
expression can be found e.g. in [20]), as follows:

50 = H($)o¢ (10)

Considering a rigid body, and denoting as {a;},
(i = 1,2,3), the set of unit vectors of a body-attached
right handed Cartesian frame, the orientation of the
body during its motion with respect to a fixed
reference system can be described through a rotation
tensor A, which is a function of a time variable ¢.
Denoting as {E;}, (i = 1,2, 3), the set of unit vectors
of a right handed Cartesian frame associated to the
global reference system, the following holds:

ai(t) = A(NE;, i =1,2,3 (11)

The spatial representation of the angular velocity, @,
and of the angular acceleration, a, of the body, then,
satisfies the following relationships, where the dot
denotes derivation with respect to time:

S(w) = AA” (12)
S(a) = AAT + AA” (13)

It can be shown [20] that the angular velocity and
acceleration vectors belong to the tangent space
T,SO(3). However, they can be evaluated as a
function of the time derivatives of the rotation vector,
which belong to 7;SO(3). To this aim, the following
non-linear relationships are here introduced:

o =H(p)p (14)
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where H (¢, $) denotes the time-derivative tensor of
H(¢) (whose expression can be found e.g. in [20]).

3 The corotational beam element: statics

The basic idea of the corotational approach is to
decompose the total motion of a finite element into a
rigid body motion and an approximately pure defor-
mational contribution. This is obtained by introducing
a local, or corotated, reference frame (CRF) which
continuously translates and rotates, following the
motion of the element. Consistently, in the implemen-
tation here proposed, internal forces are evaluated first
in the local frame, where the additional hypothesis of
small strains is adopted, and then transformed into the
global reference system.

The local response of the element is described
according to the classic Euler—Bernoulli beam theory,
so neglecting shear and warping effects. For simplic-
ity, we consider here elements with constant cross
sections and an initially straight centerline. The
kinematic variables at the local level are measured
with respect to the axes: x;,x,,x3, defined in the local
reference configuration of the mechanical problem
such that: x; is the chord axis of the element, x, and x3
are the principal axes of the cross sections. Accord-
ingly, we define the local deformational generalized
displacements (shown in Fig. 1 together to the asso-
ciated generalized forces) as the flexural end rotations
05‘7 ), withi = 1,2, and j = 2, 3 (the subscript refers to
the node, the superscript to the axis of rotation—x; or
x3—in the CRF), the total twist (relative rotation of
member ends), 0;; and the relative axial displacement,
e. Local displacements are collected into the column
matrix:
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Fig. 1 Member displacements and forces in the corotated
reference frame
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Cubic shape functions are adopted for lateral dis-
placements, while a linear interpolation is assumed for
twist and axial displacement. The axial strain at each
section is defined taking into account the low order
non linearity due to the effect of bending (bowing
effect). The element forces, which are collected into
the column matrix:

T
P— (N,M,,Mg'),M§”,M§2),M§2>) (17)

and the tangent stiffness matrix, K;,. = g—;’, at the local

level can be easily derived in closed form in the
hypothesis of linearly-elastic material, or by means of
numerical integration. In this second, more general,
case, attention should be paid to avoid membrane
locking due to the linear interpolation of the relative
axial elongation ( see e.g. [6]).

3.1 Update of nodes configuration

With reference to the two node beam element,
schematically represented in Fig. 2, the configuration
of its nodes is fully defined by their position and
orientation with respect to a reference system, here the
global one whose axes are directed as the unit vectors
of the basis {E;}, (i = 1,2,3). For node j = 1,2, the
configuration is given by the position vectors X/,
(i=1,2,3), and a node-attached right handed Carte-

sian system, defined by the set of unit vectors: {agj )}

(i=1,2,3, and j = 1,2). According to Eq. (11), the
latter are completely defined in the current configura-
tion by the nodal rotation tensors AY). Within the
context of an incremental analysis, the kinematic of
nodes is described by adopting an updated Lagrangian
approach. Denoting with the subscript ‘old’ the
variables referred to the last converged step of the

analysis, and defining Ad"Y) the incremental translation
vector of the j-th node, position vectors are updated as
follows:

X0 =xY) 4 4dV j=1,2 (18)

0

The orientation of the nodes is similarly updated by

exploiting the spatial description of compound rota-

tions [Eq. (7)]. Denoting as Al(iz the incremental



rotation tensor of the j-th node, the following updating
expression can be used:

inc**old>

It’s worth noting that the procedure here adopted for
the update of the nodal configuration is formally
independent from both the local element formulation
and the particular parametrization of nodal rotations.
In this work, however, a parametrization based on the
rotation vector has been adopted. Then, the general-
ized displacements of the element in the global
reference frame are the nodal translation vectors d/

and the rotation vectors ¢(j), related to the j-th nodal
rotation tensor through the exponential map of SO(3).
They can be conveniently collected into the column
matrix:

a=(a}.q")" = (@ ,d5, 07, 0}) (20)

For comparative purposes, three different strategies
have been considered for the evaluation of the
incremental rotation tensor which appear in Eq. (7),
starting from the knowledge of the nodal incremental
rotation. They are based on the complete trigonomet-
ric expression (4) and the approximations introduced
in (5) and (6).We refer to these procedures respec-
tively as: closed form updated Lagrangian (CFUL),
first-order updated Lagrangian (FOUL) and second-
order updated Lagrangian (SOUL). The validity of
FOUL is limited to small (i.e. infinitesimal) rotations
increments. This hypothesis is relaxed in the SOUL

A ag 1) e,
all
e 2
3 S~ Beam Current
\  configuration
a (1) e ‘\
1 1 N\
\ a?
\ 2
X(l) N ~
2
E a
AN ; G
2
X® a9
AN
> >
Ej Global reference
E 1 frame

Fig. 2 3D corotational beam element. Current configuration

procedure and totally removed in the CFUL approach,
based on the complete (trigonometric) expression of
the rotation tensor.

3.2 Local reference frame orientation

Once the current nodes configuration is known, the
local corotated reference frame of the element can be
defined. To this end, several formulations are currently
available in literature, as shown in [14] and references
therein. Here we assume as starting point the approach
presented first by Oran in [24] and later adopted by
Meek and Tan in [23], which has been furhter
developed by the authors research group to study the
mechanical response of cable stuctures (e.g.: [9-11,
13]).

This work, however, departs substantially from the
aforementioned formulation. In fact this can take into
account large nodal displacements and rotations, but
its validity is restricted to the small increments
hypothesis for the nodal rotations. The assumed
smallness of nodal rotation increments was recognized
as a consequence of:

— the update strategy of the joint orientation matri-
ces, which is based on a first order approximate
expression of the nodal incremental rotation
matrices;

— the update strategy of the node orientation matri-
ces, which is based on a first order approximate
expression of the nodal incremental rotation
matrices;

— the procedure for the evaluation of the generalized
nodal forces, which is not fully consistent to the
virtual work principle.

On the contrary, our approach relies on a general (and
element-independent) description of large nodal rota-
tions, able to recover the small increments hypothesis
as a special case (i.e. FOUL rotation update proce-
dure). Moreover the global generalized forces are
defined by exploiting the principle of virtual works, so
circumventing also the second drawback of the
original formulation. At the very end, we retain from
the original formulation only the kinematic relations
adopted to define the CRF, which are also rewritten in
a slightly different form, more suitable for our further
developments.

Making reference to Fig. 2, the local corotated
reference frame is attached to the first node of the



element and characterized by the unit vectors {e;},
i = 1,2,3. The first unit vector is directed as the chord
of the element:

x@ _ X(l

e, =
[lx® — x|

(21)
The remaining unit vectors e, and e; are assumed
parallel to the directions of the average principal axes
of the cross-sections of the beam. Their directions are
thus evaluated, in the reference configuration, by
simply processing the input data regarding the geom-
etry of the structural elements. So we can easily
calculate and store in memory the initial rotation
matrix: 4,9, also referred as reference element orien-
tation matrix.

In order to conventionally define the average
principal axes of the cross-sections of the beam at a
generic current configuration two auxiliary Cartesian
frames, attached to the centroids of the end section of
the element are then introduced. Their Cartesian bases,

here denoted as { } (i=1,2,3,andj=1,2), are

evaluated by rotating the reference element orientation
matrix by the same angles as the ones defining the
nodal rotation matrices.

Finally, e; and e; are defined as:

2es = by +b5 — (BY7er )" — (b8e1 )bt
(22)

~ (65er )by

(23)

2es = b +50 — (5)"7ey )b}

It’s easy to observe that the physical motivation
behind the expressions above is simply the averaging
of the directions of the principal inertia axes of the end
cross sections. In fact the terms inside the parentheses
in (22) and (23) are nothing but the angles defined by
the principal axes of the end cross-sections with
respect to the chord of the element.

Once the corotated reference frame is defined it’s
possible to express the local generalized displace-
ments, according to the formulation adopted to
describe the mechanical response of the element.
The axial relative displacement is obtained as the
difference between the current and the reference
length of the chord, while the torsional and the
flexural rotations are defined as follows:

0, = BB — pNTp (24)
() _ 7 5T . . 1N 25
0; —kbi+ke17]—l,2,l—2,3,k—( 1) (25)

The virtual variation of the local displacements, dp, is
obtained starting from the above expressions and
considering a virtual variation of the configuration of
the nodes. To this end, we introduce the column
matrix:

oq = (5d,", od,", o,", op,")" (26)

where: 6d; and dd, are the variations of the nodal
translation vectors, while J¢, and J¢, are the
variations of the nodal rotation vectors related to the
nodal orientation tensors through the exponential map
of SO(3). The relationship between Jdp and dq can be
expressed in matrix form as:

op =Toq (27)

The expression of the corotational transformation
matrix, T, first derived in closed form by one of the
authors in [13], is given in Appendix.

3.3 Internal forces and tangent stiffness matrix

The internal forces and the tangent stiffness matrix are
evaluated by following the consistent approach pro-
posed by Crisfield in [6]. By comparing the expres-
sions of the virtual work in the CRF and in the global
reference systems, the nodal generalized internal
forces, here collected into the column matrix @, are
defined as:

Q=T'P (28)

From the previous expression, the tangent stiffness
matrix of the element is then derived as:

aQ or’

K=
6q

=T"K,,.T + — (29)
The above matrix is, in general, not symmetric. A
symmetric approximation of (29) has been derived in a
previous work by one of the authors in [13], under the
further hypothesis of symmetry of the local tangent
stiffness matrix of the element. The symmetric
approximation delivered, within the procedure shown
in [13], the same response as the original non
symmetric matrix. Nevertheless the latter has been
retained in the present work.



4 The corotational beam element: dynamics

The generalized inertia forces acting on a discrete
structural system can be defined through a standard
application of the Hamilton’s principle, starting from
an expression of its kinetic energy as a function of its
generalized displacements and their time derivatives.
Obviously, this also applies for a generic stand-alone
beam finite element, whose kinetic energy can be
formally expressed as: T = T(q,q), where g is the
generalized displacement vector and ¢ is its derivative
with respect to the time variable z.

In fact, classic corotational formulations, e.g. [17],
employ displacement and velocity fields defined first
in the corotated (local) reference system of the
element and then transformed back to the inertial
(global) one. According to the decomposition of
motion into a rigid and an approximately deforma-
tional contribution, local displacements and velocities
are, in general, non-linear functions of ¢ and ¢. This
finally leads to very cumbersome calculations in order
to evaluate the element inertia forces, especially when
rotation parameters appear within ¢, such as for 3D
beam elements. Moreover this approach is intimately
related to the particular procedure adopted to define
the corotated frame and to describe finite rotations.

Departing from these formulations, here inertia
forces are evaluated from an expression of the kinetic
energy which employs directly nodal variables defined
in the inertial reference system, thus avoiding the
complications deriving from the decomposition of the
total motion at the element level. For structural
theories adopting only displacements as kinematic

Current
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configuration
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Fig. 3 Beam element in the inertial reference system

variables this is, of course, a trivial task. On the
contrary, when also rotations are involved in the
generalized displacement fields, special care should be
devoted to ensure that all procedures depending on a
particular choice of rotation parameters are performed
outside the element formulation. In fact, this is a basic
requirement to formally ensure the independence of
the approach from the formulation of the local
element, the definition of the corotated frame and the
parametrization of rotations.

Under the plane section assumption, the motion of a
generic cross section can be described within the
global inertial reference system by introducing a local
right handed Cartesian frame rigidly attached to its
centroid. Reserving capital letters to identify quanti-
ties in the reference configuration of the beam, we
denote as x,(S,r) and {g;(S,r)} respectively the
centroid position vector and the local frame unit
vectors of a section identified by the arc length
coordinate S € [0,L], where L is the undeformed
length of the element. As depicted in Fig. 3, the vector
g, is normal to the plane of the section while g, and g;
are assumed as parallel to the principal axes. The
orientation of the local frame with respect to the
inertial one is described by introducing the rotation
tensor: A(S,1) € SO(3).

The inertial properties of the cross-section are
defined through the mass per unit length m(S) of the
centerline and the mass moment of inertia tensor J(S).
The latter is characterized as the diagonal matrix of
components in the sectional attached reference frame:
diag(J, + J3,J2,J3), where J, and J; are the principal
moment of inertia of the section.

Denoting as o(S,t) the angular velocity and as
d(S,1) = x,(S,1) — X, (S, t) the translation vector of a
cross section of the beam, the kinetic energy per unit of
length of the beam can be expressed, by summing the
contributions of the translation and rotation of a cross
section, as it follows:

T =Tya+ Tror = %m(S)d(S, 0’
d(s,1) + %w(S, NTAS, DI (S)A(S, 1) (S, 1)
(30)

The generalized nodal inertia forces, here referred as
Q;, can be defined by exploiting the Hamilton’s
principle as:
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oq" 0, :/5qT (—dt {aql +aq>ds (31)
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From the above expression, we get:

L
oq"Q, = / mdd’ dds
0

L
+/50T(w>< AJA o + AJAT2)dS  (32)
0

The above equation is adopted to define the inertia
forces Q. To this end, we first evaluate the nodal
incremental rotations, 06, the nodal incremental
angular velocities, w;, and the nodal incremental
angular accelerations a;, as functions of the nodal
rotation pseudo-vectors and of its time derivatives.
Recalling Egs. (10), (14) and (15), we get:

50, H (650, o)
Wj = H(¢j) (bj (34)
o = H(¢;)¢; + H(;, b,) ¢, (35)

where the matrix H and its time derivative have been
introduced in Sect. 2.

Note that the above calculations are performed
outside the element formulation; thus they are inde-
pendent of the particular formulation adopted to
describe the kinematics of the element itself.

Now, we can interpolate the virtual displacement
fields which appear in (32) and the sectional angular
velocities and accelerations (33-35) with the follow-
ing linear functions:

¥, (S) = % Uy (S) =1— %,withS € 0,1] (36)

In order to evaluate (32), we need the expression of the
rotation matrix A(S,¢) at a generic abscissa S. We
observe, in this respect, that the spatial interpolation of
finite rotations is not a trivial issue, due to the non-
linear character of SO(3) e.g. [20]. Moreover, we are
here interested in a formulation which is not dependent
from the particular choice of the element and rotation
parameters employed to describe large nodal rotations.

To this end, let us now assume as known the
rotation matrices of nodes, AY), and the rotation
matrix A, which gives the orientation of the corotated

reference system with respect to the inertial one. The
relative rotation between the j-th node and the
corotated frame can be described through an incre-
mental rotation tensor, U U), according to the spatial
description of compound rotations provided in Sect. 2.
Within this context, Eq. (7), is rewritten as follows:

AV(E) = U9 (1) 4, (1), with ] = 1,2 (37)

Then, recalling the orthonormality of the rotation
tensors:

UY(1) = AV (1) A, (1)", with j=1,2 (38)

It’s worth noting that through (38) we physically
decompose the total rotation of nodes into the
contribution of the CRF, which in principle is
arbitrarily large, and a relative rotation with respect
to the CRF which, in the spirit of the corotational
approach, should be small.

Once (38) has been evaluated at each node of the
element, the rotation pseudo-vectors can be extracted
from the nodal matrices U"/) by adopting, for example,
the well known Spurrier’s algorithm [30]. Given the
previous remark, these pseudo-vectors represent small
nodal rotations with respect to the CRF. Formally it is
possible to write:

UV (1) — @,(0) (39)

The rotation vectors obtained by (39) can now be
easily interpolated:

(5,0 =D _1,(5)$;(1) (40)

Jj=1

and at a generic point of the element the rotation
matrix, associated to the pseudo vectors (38), it can be
calculated by means of the exponential map (2).
Formally we can write:

¢.,(S,1) = U(S,1) (41)

From the map (41) the approximate rotation matrix at
a generic point of the element can be evaluated as:

A(S,1) = U(S,1)4.(1) (42)

It’s worth noting that the procedure defined from (37)
to (42) behaves as a black-box, once we provide in
input the nodal rotation matrices and the CRF
orientation matrix. Thus it applies, in principle, for
any choice of nodal rotation parameters and for any



corotational finite element.

Finally, according to the partition of the generalized
displacement vector of the element introduced in Eq.
(20), we can express the element non-linear nodal
inertia forces as:

p' Ym(s)dS g,

St

0, =-

=

rloor r
R [V (0xAJA o+ Ja)dS
0
(43)

where the following definition has been introduced:

i) o
m( 0 1&2(3)) )

and the nodal matrices H (¢;) have been collected into
the (6 x 6) block-diagonal matrix Hg:

He = (H(f ’ ngz)) )

The rotational part in (43) is evaluated in practice by
means of a Gauss-Lobatto numerical integration scheme.

Consistent tangent operators can be obtained by
linearizing the expression of the inertia force of the
element, so obtaining the mass, gyroscopic and
centrifugal stiffness matrices [13]. However, as a
reasonable simplification we can neglect the gyro-
scopic and centrifugal stiffness contribution in the
evaluation of the tangent operator of an implicit

%
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e

w
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Fig.4 Free beam. Finite element mesh and initial velocity field

algorithm for the numerical integration of the equa-
tions of motions.

As a final remark we observe that the equations of
motion of the structural system obtained from the
finite element discretization define a set of ordinary
differential equation on a non-linear differentiable
manifold. Several authors have addressed this inter-
esting problem, both in the applied mathematics field,
as in the mechanical one. Modified versions of the
Newmark time stepping scheme were proposed (e.g.
[3, 7, 19, 29]), together to a parametrization of the
rotation group based on the exponential map and the
rotation vector; these procedures aimed to study the
rotational motion of a rigid body, and to evaluate the
dynamic response of 3D beam elements. The main
difficulty consists in the fact that standard time-
stepping procedure such as the Newmark scheme, are
based on a linear interpolation; this operation is well
defined only if the interpolated quantities belong to the
same linear space.

By the procedure previously introduced, all the
variables adopted at the structural level (namely the
pseudo vector of rotation, its additive variation and its
derivatives with respect to time) lie in the same
tangent space 7,/SO(3), because all the transforma-
tions allowing for a spatial representation of the
rotational motion of the section are accomplished at
the element level. As a consequence, the proposed
procedure allows for adopting a standard Newmark
time stepping scheme for the integration of the
equation of motion, both for the rotational as for the
translational global nodal parameters.

5 Numerical application
5.1 Free beam in helicoidal motion

As a first example, we study the free motion of the
beam represented in Fig. 4. The initial velocity field
generates a nearly rigid helicoidal motion, about a
revolution axis passing through the midpoint of the
beam and parallel to the bisection axis of the plane
(X1, X>). Under the rigid body motion assumption, the
constant translational velocity is equal to the initial in-
plane velocity v, while the angular velocity of the
beam, , can easily be related to the initial out of plane
velocity of the beam end points, w. This is a significant
test that stresses both the kinematic description and the
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numerical integration scheme. In fact, to correctly
predict the response of the structure, they have to be
able to follow the path of material points through a
large number of revolutions.

Numerical results are here compared to the analyt-
ical solution, showing the ability of the proposed finite
element formulation in describing a large three-
dimensional motion.

To this aim, we considered a beam with length
L = 8 m. The material is linearly elastic. Stiffness and
mass parameters are listed in Fig. 4. The initial
velocity field is characterized by the values: v =
0.lm/s and w = 0.4 x mm/s. The rigid body angular
velocity, @, and the initial kinetic energy, Ty, corre-
sponding to these assumptions are equal to: w =
0.1 x wrad/s and Ty = 0.21J.

Computations have been performed by adopting a
mesh of four equally spaced elements (see Fig. 4), and
the rotation update procedure based on the complete
trigonometric expression of the incremental rotation
tensors (CFUL rotation update procedure). The per-
formances of the standard trapezoidal Newmark
algorithm (ff = 0.25, y = 0.50) have been compared
to those of the well known HHT scheme [16] for
different values of the numerical dissipation parameter
o and of the time step, A¢t.

The displacement time histories in direction X;
of the end node 5, evaluated with time step A7 = 0.5 s

and At = 0.25 s are shown, respectively, in Figs. 5
and 6.

In both cases the standard Newmark integration
scheme (¢ = 0) leads to numerical instability, which is
related, as can be inferred from Fig. 7, to an
unbounded growth of the kinetic energy of the system.
This phenomenon is related to the numerical integra-
tion of the rotational component of the motion. Indeed,
the translational component of the motion is well
captured also after the onset of the instability, as can be
noticed from Figs. 6 and 7.

As shown in Figs. 5 and 6 the numerical instability
can be avoided introducing a suitable amount of
numerical dissipation by adjusting the parameter o of
the HHT integration scheme. As a final note, analysis
of the results shows that kinetic energy is very well
conserved by the proposed formulation (see Fig. 7)
over very long simulation periods, beside the very
small dissipation due to adoption of the HHT method.
At the end of the simulation for At = 0.25 s, relative
energy loss was of the order of 1.4 x 1073 for & =
0.05 and 4.7 x 10~* for o = 0.10.

5.2 Large 3D oscillation of a right angle cantilever
In this section we consider a well known benchmark

case, a rightangle cantilever (Fig. 8) subjected to an
out-of-plane load applied at the elbow (point B),
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already studied by Mata et al. in [22] and also in [12],
to which we apply the computational procedure of the
inertia forces previously described. After the applica-
tion of the load, the structure undergoes free vibrations
with coupled contributions from large bending and
twisting displacements, that are all of the order of
magnitude of the frame size. The example is of
interest, being a dynamic case involving a highly

spatial motion and large rotations for the frame
members. The geometrical non linearities imply that
the response is controlled by the coupling among all
the “elementary” structural behaviors of the frame
members. The material is assumed linearly elastic.
Stiffness and mass parameters are listed in Fig. 8.
First of all, we show a comparison among the
results obtained with three different discretizations of
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the structure, namely: 10, 20 and 100 equally spaced
elements.

In all cases, five Gauss-Lobatto sections are
adopted to evaluate the restoring forces and the
tangent (static) stiffness matrix of the elements, as
well as the rotational contribution to the element
inertia forces and tangent mass matrix. Large nodal
rotations are accounted for by exploiting the updated
lagrangian procedure based on the evaluation of the
incremental rotation matrix performed by means of the
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complete trigonometric expression (CFUL update
procedure).

The equations of motion have been integrated by
adopting a standard implicit Newmark algorithm with
time step At = 0.03 s and time-stepping parameters
f =0.25 and y = 0.50; a full Newton—-Raphson has
been employed to solve the non-linear problem at each
step of the dynamic analysis.

Results are shown in Fig. 9 in terms of the out of
plane displacement time-histories of the elbow and of
the tip. The results presented in [22] are also shown for
comparison. Refining the mesh, the results obtained for
different discretizations, which are partially shown in
Fig. 9, tend to converge to the curve shown for 100
elements. By furtherly doubling the number of elements
practically no differences are detected. Some differ-
ences can still be detected with the curves by [22]. In this
respect, it can be noticed that during the first part of the
response, in which the load is acting and the response of
the structure is governed by the bending of the column,
all the models deliver practically the same results. This
holds true irrespectively of the adopted discretization,
which has probably a significant effect in the second part
of the response, where free vibration occurs. In this
respect, the behaviour of the model in [22], which is
implemented with a coarse mesh (6 elements) in the
computation shown in [22], cannot be inferred here. In
addition, some tests performed show that the free
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Fig. 9 CFUL with different discretizations. a Tip, b elbow displacement
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vibration response (# > 1.8 s) is very sensitive to the
modelling of the torsional stiffness of the members,
which do not affect significantly the loading phase.
In the following a comparison is also given among
results obtained with different update strategies of
rotations, namely the CFUL update procedure and the
first order and second order approximate procedures
FOUL and SOUL described in Sect. 2; to this aim in
Fig. 10 we show the out of plane displacement time-
histories of the elbow and of the tip obtained for the
different rotation update strategies obtained with the
20-elements mesh. CFUL and SOUL give practically
the same results, while the FOUL procedure, as
expected, delivers a less accurate response. In fact,
truncating the exponential map of the incremental
rotation tensor to the first order implies enforcing the
hypothesis of small incremental nodal rotations. This
leads to numerical errors which accumulate from step
to step, and finally significantly affect the results.
Moreover, the accumulation of errors leads to the
failure of the analysis after about 3.5 seconds.
Numerical simulation have been also performed on a
time interval of 200 s, by considering the CFUL update
procedure, and an HHT integration scheme, with a
numerical dissipation parameter o = 0.10. The proposed
approach allows to capture the periodic steady state
vibrations of the structure, avoiding both the numer-
ical problem related to an approximate description of

X, [m] ° A0 X, [m]

Fig. 11 10 element-mesh: CFUL with o« = 0.10. Projections of
the tip displacements and some representative deformed shapes
of the frame

nodal rotations as well as the numerical instabilities
related to the standard Newmark scheme. As an
example, the projections of the tip displacement
evaluated with the 10-elements are shown in Fig. 11
together to some representative deformed shapes of
the structure.

6 Conclusions

In this paper geometrically exact and corotational
approaches are combined in the formulation of a 3D



beam element to study the dynamic response in large
displacements and rotations, aiming at exploiting the
advantages of both formulations while, at the same
time, eliminating some of their drawbacks.

In this context, a corotational beam finite element ,
previously developed within the authors research
group for the study of the structural response of
flexible structures, is adopted as the base of the
proposed formulation to compute the nodal restoring
forces.

The inertia forces are computed adopting a newly
proposed procedure . The evaluation of the beam
inertia forces is based on the exact description of the
element cross sections kinematics, so to avoid the
approximations related to classic corotational
formulations.

The subject of integration of equations of motion
has been addressed taking into account the non-linear
character of the element configuration space, which is
due to the presence of large rotations. Within this
context, the proposed procedure has been shown able
to correctly operate with standard time stepping
schemes, with practical advantages on the reuse of
well established numerical algorithms.

The proposed procedure has been compared with
good results to some significant cases which imply both
large rigid body motions and a complex deformed state
involving displacements due to bending and torsion of
the order of magnitude of the dimension of the
structure. The results highlight the soundness of the
proposed formulation based on splitting the description
of the static and inertia forces of the element.

Appendix: evalution of the corotational
transformation matrix

In order to evaluate the corotational transformation
matrix, T, let us introduce first some preliminary
results. Consider first the variation of the unit chord
vector of the beam element, e;, whose definition is
given in Eq. (21). Denoting as dd; and dd, the
variations of the nodal translation vectors, the follow-
ing holds:

581 = Celédz - Celédl (46)

where, adopting the symbol I for the identity (3 x 3)
matrix, and ® to denote the dyadic product:

I—e1®el I—el®81
C, = - 47
iy r— L 47)

Equation (46) can be rewritten concisely as:
581 = A] 5q (48)

where, denoting as 0 the (3 x 12) zero matrix, we have
introduced A as:

Al - (_C617C817070) (49)
Now we consider the variation of the vectors of the
Cartesian bases: {bgj)}, Jj = 1,2. Denoting as o4V

the virtual variations of the j-th nodal rotation tensor,
the following expression can be introduced:

b = 6AVpY) i =1,2,3,j=12,3 (50)

which, exploiting the properties of the skew-symmet-
ric operator S(), can be also be rewritten (see [13] for
further details) as:

ob; =B} 6q.i =1,2,3,j=2.3 (51)

with the definitions:

B = (0,0, fS(bf.l))H(qSl),O),i: 1,23 (52)
and:
BY = (0,0,0, s (b§2)>H(¢2)) i=1,23  (53)

By exploiting the definitions of matrices A and B,(»j ) ,

the virtual variations of the local displacements can be
expressed in closed form as follows (see [13] for
further details):

e = 781T5d1 + elTédz = (781T, 81T7 07 0)5q
(54)
00, = 36" 6% + 5" b7 = (b0 BY + 57 BY ) og
(55)
00 = kob] ey + kbl ey = k(e B, + b A1) og
(56)

with: k = (—1)i,j = 1,2, i = 2,3. From above, the six
columns of the corotational transformation matrix, 7,
from g to the virtual variations of local displace-
ments, dp, can be defined as:



t

= (~ei",e,7,0,0)" (57)
= (ng>TBgl> +b;”TB(22))T (58)
bi = k<elTB§i)k + by AI)T (59)
With: k = (—1)'j=1,i=2,3.
fivi =k (e{Bz@k + by AI)T (60)

With: k = (—1)'j=2,i=2,3.
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