FRACTIONAL POROUS MEDIA EQUATIONS: EXISTENCE AND
UNIQUENESS OF WEAK SOLUTIONS WITH MEASURE DATA

GABRIELE GRILLO, MATTEO MURATORI, FABIO PUNZO

ABsTrACT. We prove existence and uniqueness of solutions to a class of porous media equa-
tions driven by the fractional Laplacian when the initial data are positive finite measures on the
Euclidean space R?. For given solutions without a prescribed initial condition, the problem of
existence and uniqueness of the initial trace is also addressed. By the same methods we can also
treat weighted fractional porous media equations, with a weight that can be singular at the origin,
and must have a sufficiently slow decay at infinity (power-like). In particular, we show that the
Barenblatt-type solutions exist and are unique. Such a result has a crucial role in [26], where the
asymptotic behavior of solutions is investigated. Our uniqueness result solves a problem left open,
even in the non-weighted case, in [44].

1. INTRODUCTION

The main goal of this note is to prove existence and uniqueness of solutions to the following
problem:

1.1

T)u = on R x {0}, -
where we assume that s € (0,1), d > 2s, m > 1, p is a positive finite Radon measure on R? (so that
u > 0) and that the (Lebesgue) measurable welght p satisfies

cle|]7° < p(z) < Clz|™™ ae.in By and clz|™? < p(x) < Clz|”” ae.in Bf (1.2)

for some v € [0,2s),7 € [0,7] and 0 < ¢ < C, where B, = B,(0). Furthermore, for any given
solution to the differential equation in (1.1), namely without a prescribed initial datum, we also
prove that there exists a unique initial trace which is a finite measure (see Theorem 3.3). Observe
that this result suggests that is quite natural to consider a finite measure p as the initial condition
n (1.1). We stress that the results concerning uniqueness are new even for p = 1, which obviously
fulfills (1.2), thus solving an open problem posed in [44] where such a problem is addressed for initial
data given by Dirac deltas, namely for Barenblatt solutions. In this case, the problem is known
as fractional porous media equation and has been thoroughly analysed in [18, 19] for initial data
in L'(R?). More in general, in view of various applications well outlined in the literature (see e.g.
[28]), we also consider the weight p(x) since the same methods of proof work in this case as well. In
this respect, observe that even if p € C(R?) has a suitable decay at infinity, and pu = ug € L}J(Rd),
then the asymptotics of any solution can be determined by referring to the Barenblatt solution
(i.e. the solution to problem (1.1) with p = §) for the problem with singular, homogeneous weight
p(z) = |z|~7, which makes the problem scale-invariant. Also for this reason we treat weights p that
satisfy (1.2), thus being allowed to be singular at + = 0. However, some further restrictions on
s, d and ~ will be required and clarified later, see Theorems 3.2 and 3.4. Let us mention the our
results entailing the existence and uniqueness of Barenblatt solutions for singular weights are used
in a crucial way in [26] to obtain the asymptotic behavior recalled above.

The analysis of the evolutions addressed here poses significant difficulties especially as concerns
uniqueness, as can be guessed even when considering their linear analogues. In fact, the first issue

{ (x)ut—i—( A (u™) =0 in RY x R*,
(
1),
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we have to deal with is the essential self-adjointness of the operator formally defined as p=1(—A)*
on test functions, and the validity of the Markov property for the associated linear evolution. This
will be crucial in the uniqueness proof and holds true only if v is not too large. For larger v one
expects that suitable conditions at infinity should be required to recover self-adjointness.

Notice that the study of weighted linear differential operators of second order has a long story,
see for example [14, Section 4.7] or [34]. Recently, the analysis of the spectral properties of operators
which are modeled on the critical operator formally given by |z|2?A has been performed in [15].

As for nonlinear evolutions, the study of porous media and fast diffusion equations with measure
data can be tracked back to the pioneering papers [3, 8, 36, 12]. See [45, Section 13] for details and
additional references. The fast diffusion case, which will not be dealt with here, is investigated in
[9, 10]: notice that for such evolutions the Dirac delta may not be smoothed into a regular solution,
so that different techniques must be used, see the recent paper [37] for a general approach. In [18,
19], the fractional porous media and fast diffusion equations have been introduced and thoroughly
studied for initial data which are integrable functions. The construction of Barenblatt solutions and
the analysis of their role as asymptotic attractors for general integrable data is performed in [44].
Existence and uniqueness of solutions in the fractional, weighted case is studied in [39, 40]: however,
the weight there cannot be singular and data cannot be measures.

Semilinear heat equations with measure data have a long history as well and have recently been
studied also in the fractional case, see e.g. [31, 11] and references quoted. We remark that the
terminology “measure data” is sometimes used in different contexts in which a measure appears as
a source term in certain evolution equations: see e.g. [32].

There is a huge literature on the weighted porous media equation: see for example [16, 17, 21,
22, 24, 25, 27, 28, 29, 38, 41, 42, 43] and references quoted therein. It should be pointed out that
the possible singularity of the weight, and the fact that we consider measure data as well, makes
our problem significantly different both from the unweighted, fractional case and from the weighted,
non-fractional case: straightforward modifications of the strategies used to tackle such problems
turn out not to be applicable here.

Finally, notice that fractional porous media equations are being used as a model in several applied
contexts, see e.g. [6, Appendix B] and references quoted for details.

Outline of the paper. The paper is organized as follows. Section 2 briefly collects some preliminary
tools on measure theory, fractional Laplacians and fractional Sobolev spaces. In Section 3 we state
our main results. In Section 4 we prove existence of weak solutions and the result concerning existence
and uniqueness of the initial trace, whereas in Section 5 uniqueness, which is by far the most delicate
issue, is addressed: notice that, although we do not state this explicitly, the proofs work also in the
case s = 1 and the corresponding results are new in this context as well for the weighted case. In
proving uniqueness, we use a “duality method”, following the same line of reasoning introduced by M.
Pierre in [36]. This entails serious new difficulties due to the presence of the fractional diffusion and
of the weight p. In Appendix A we recall some technical results on the fractional Laplacian, which
are exploited in several approximating procedures developed in the proofs below. In Appendix B
we sketch the proof of the main properties of the linear operator formally given by p~!(—A)*. Such
properties are of independent interest but are also crucial in order to establish uniqueness.

2. PRELIMINARY TOOLS

In this section we outline some basic notation, definitions and properties that we shall make us of
later, which concern weighted Lebesgue spaces, measures, fractional Laplacians, fractional Sobolev
spaces and Riesz potentials of measures.

Weighted Lebesgue spaces. For a given measurable function p : R? — R* (that is, a weight),
we denote as LA(R?) (let p € [1,00)) the Banach space constituted by all (classes of equivalence of)



measurable functions f : R? — R such that

0= ([ If(:zr)l”p(w)dz>1/p <o,

In the special case p(z) = |z|* (let o € R) we simplify notation and replace Lg(Rd) by L?(R%) and
| £llp.o bY || f|lp.a- For the usual unweighted Lebesgue spaces we keep the symbol LP(R?), denoting
the corresponding norms as || f|l, or fl|Lr(ra)-

Positive finite measures on R?. Since in (1.1) we deal with positive, finite measures p on R?, we
recall some basic properties enjoyed by the set of such measures, which we denote as M(R9) (with
a slight abuse of notation: this is the usual symbol for the space of signed measures on R?). To
begin with, consider a sequence {u,} C M(R?). Following the notation of [36], we say that {u,}
converges to i € M(R?) in o(M(R?), C.(R?)) if there holds

i [ odun = [ odu voe Cr). (21)
n—oo Rd Rd

where C,(R%) is the space of continuous, compactly supported functions on R?. This is usually
referred to as local weak™ convergence (see [2, Definition 1.58]). A classical theorem in measure
theory asserts that if

sup i, (RY) < 0o (2.2)
n

then there exists u € M(R?) such that {s, } converges to u in o(M(R?), C.(R%)) up to subsequences
(see [2, Theorem 1.59]). The same holds true if we replace C.(R?) with Cp(R?), the latter being the
closure of the former w.r.t. || - ||. A stronger notion of convergence is the following. A sequence
{pn} C M(R?) is said to converge to u € M(R?) in o(M(R?), C,(RY)) if

lim ddu, = / pdu Yo € Cy(RY), (2.3)
n—00 Jpd R

where Cj(IR?) is the space of continuous, bounded functions on R¢. Trivially, (2.3) implies (2.1). The

opposite holds true under a further hypothesis. That is, if {, } converges to y in o(M(R?), C.(R%))

and lim,, oo 1 (R?) = p(RY), then {p,} converges to u also in o(M(R9), Cy(R?)) (see [2, Propo-

sition 1.80]). Notice that if {u,} converges to p in o(M(R?), C.(R?)) and (2.2) holds, a priori one

only has a weak* lower semi-continuity property:

w(R?) < lim inf g, (R?)
n—oo

(see again [2, Theorem. 1.59]).
Fractional Laplacians and fractional Sobolev spaces. The fractional s-Laplacian operator
which appears in (1.1) is defined, at least for any ¢ € D(R?) := C>°(R?), as

o)~ o)

d
J[T2s Vr € R, (2.4)

(=A)*(@)(x) :=pv. Ca,s
R |T—
where Cy ; is a suitable positive constant depending only on d and s. However, since a priori we
have no clue about the regularity of solutions to (1.1), it is necessary to reformulate the problem in a
suitable weak sense, see Definition 3.1 below. Before doing it, we need to introduce some fractional
Sobolev spaces. Here we shall mainly deal with H°(R?), that is the closure of D(R?) w.r.t. the norm

_ 2
ol = Cao [ [ HD=EEE quay v e D).

Notice that the space usually denoted as H®(R?) is just L2(R%) N H*(R%). For definitions and
properties of the general fractional Sobolev spaces W"P(R9) we refer the reader e.g. to [20].
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The link between the s-Laplacian and the space H (R?) can be seen by means of the identity

(662) = OWE) ~ VW) 1 [ A1 (AT o) e
Cun [, [ dady = [ (~0)F(0)(e) (~8)F (1) (w)a

(2.5)
= [ o)Ay ) da

for all ¢, € D(R?), see [20, Section 3]. In particular, ||¢)H§{ = H(fA)i(qS)HiQ for all ¢ € D(R?).
Notice that (2.5) can be shown to hold, by approximation, also when ¢ € D(R?) is replaced by any

v € H*(R%), where (—A)% (v) is meant in the sense of distributions. By a further approximation
procedure one then gets

Cd,s /Rd/]Rd (U(-T) — v(y))(w(x) - w(y)) dxdy:/Rd(_A>§(v)(m> (—A)%(w)(x) dz Yow e Hs(Rd)

‘.Z 7y|d+2s
(2.6)

If we set v = w in (2.6) we deduce that Hv||?{ =[|(-A)2 (v)”i2 also for any v € H*(R%). In Sections
4 and 5 (and in Appendix B) we shall deal with functions which belong to H*(R?%) and to weighted
Lebesgue spaces.

Riesz potentials. Another mathematical object deeply linked with the s-Laplacian is its Riesz

kernel, namely the function

kd,s
Ips(z) == |z|d—2s °

where kg s is again a positive constant depending only on d and s. For a given (possibly signed)
finite measure v, one can show that the convolution

UY=L *v
yields an L}Oc(Rd) function referred to as the Riesz potential of v, which formally satisfies
(—A»(U") =v.

That is, still at a formal level, the convolution against Iss coincides with the operator (—A)~*.
One of the most important and classical references for Riesz potentials is the monograph [30] by N.
S. Landkof. In the proof of Theorem 3.2 and throughout Section 5 we shall exploit some crucial
properties of Riesz potentials collected in [30], along with their connections with the s-Laplacian.

3. STATEMENTS OF THE MAIN RESULTS
We start by introducing a suitable notion of weak solution to (1.1), in the spirit of [19] and [40].

Definition 3.1. Given a finite positive measure u, by a weak solution to problem (1.1) we mean a
nonnegative function u such that

u € L((0,00); L} (RY)) N L= (R? x (1,00)) V7 >0, (3.1)
u € Li,.((0,00); H*(RY)) (3.2)

/OOO/Rd u(z, t)or(z, t) p(m)dwdtJr/Ooc/Rd(A)

Vo € C°(RY x (0, 00))

(NI

(u™)(z,t) (fA)% (p)(z,t)dadt =0 (3.3)

and
esslim p(-) u(,t) = pin o(M(R?), Cy(R7)). (34)

Our first result concerns existence.
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Theorem 3.2. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Yo € [0,7]. Let p be a positive finite measure. Then there exists a weak solution u to (1.1) in the
sense of Definition 3.1, which conserves the mass in the sense that p (R?) = [o, u(x,t)p(x)dz for
all t > 0, and satisfies the smoothing effect

lu(t)| o < Kt™° p(RHP V>0, (3.5)
where K depends only on m, v, s, d and on C appearing in (1.2), and
d— 9 —
o= i , B:= S

(m—1)(d—) 1 25—~ (m— D=7 1257
In particular, u(-,t) € Lg(Rd) forallt > 0 and p € [1,00]. The solution satisfies the energy estimates

L LIea @l ans oo [ et pwar = g [ et s
(3.6)

and .
2
/ / |z (2, 1) p(x)dadt < C’/ u™ (1 /2) p(x)dx (3.7
t1 R4 Rd
for all to > t; > 0, where z := w3 and C depends on m, t1 and t5.

The method of proof of Theorem 3.2 allows to prove the following result on existence and unique-
ness of the initial trace, in the spirit of [6, Section 7] and [4].

Theorem 3.3. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Yo € [0,7]. Consider a weak solution u to p(x)us + (—A)® (u™) = 0 in the sense that u satisfies
(3.1), (3.2) and (3.3). Then there exists a unique positive finite measure p which is the initial trace
of u in the sense of (3.4). The same result holds true if the condition u € L>®(R? x (1,00)) in

(3.1) is replaced by the weaker condition f:f u™(-,7)dr € Ly (RY) for all ty >t > 0. In particular,
p(RY) = [oau(z,t)p(x)dz for all t > 0.

As for uniqueness of weak solutions we have the next result.

Theorem 3.4. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s5) N [0,d — 2s] and
Yo € [0,7]. Let uy, us be two weak solutions to (1.1) in the sense of Definition 3.1. Suppose that they
assume as initial datum the same positive finite measure p, in the sense of (3.4). Then u; = us.

Remark 3.5. Notice that, if d > 4s, then the assumptions on v reduce to v € [0, 2s).

Let us stress that, in order to prove Theorem 3.4, we shall exploit crucially the properties of the
operator A = p~1 (—A)* contained in Theorem 3.7 and Proposition B.1 below. Such results are of
independent interest; their proofs will be just sketched, to keep the paper in a reasonable length, in
Appendix B. Some further details and extentions are given in [33].

Definition 3.6. Let d > 2s and assume that p satisfies (1.2) for somey € [0,2s) and vo € [0,d). We
denote as X, the Hilbert space of all functions v € L2(R?) such that (—A)*(v) (as a distribution)

belongs to Li,l(Rd), equipped with the norm
2 2 2
lolly, , = llvlly, +II(=A)* @)l -1 VveXs,.

Theorem 3.7. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) and v € [0,d).
Let A: D(A) := X, , C L2(RY) — L2(R?) be the operator

AW) =p H(=A)*(v) YveE Xs,.
Then A is densely defined, positive and self-adjoint on Lﬁ(Rd), and the quadratic form associated to

it 18
viz) —v 2
Q(v,v) = /Rd /Rd —( |( ) yd(yQ)s) dxdy
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with domain D(Q) := LFQ,(Rd)ﬁH‘S (RY). Moreover, Q is a Dirichlet form on L2(R?) and A generates
a Markov semigroup Sa(t) on L%(Rd). In particular, for all p € [1,00] there exists a contraction
semigroup Sp(t) on Lg(Rd), consistent with Sa(t) on Li(Rd) NLE(RY), which is furthermore analytic
with a suitable angle 6, > 0 for p € (1,00).

4. EXISTENCE OF WEAK SOLUTIONS

We start showing a direct consequence of Definition 3.1, namely the conservation in time of the
“mass” [pa u(x,t) p(x)da (recall that we are considering nonnegative solutions).

Proposition 4.1. Let d > 2s and assume that p satisfies (1.2) for some « € [0,2s) N[0, d — 2s] and
v € [0,7]. Let u be a weak solution to (1.1) according to Definition 3.1. Then

[u®)ll;,, = /]Rd u(z,t) p(x)de = p(RY) for a.e. t >0, (4.1)

namely we have conservation of mass.

Proof. We plug into (3.3) the test function g (z,t) := 9(t){r(z), where £g is the same cut-off func-
tion as in Lemma A.3 and ¥ is a suitable positive, regular and compactly supported approximation
of Xit, ] (let t2 >t > 0). Using (2.6), Lemma A.1, Lemma A.3 and letting ¥ — X[, +,] in (3.3), it
is straightforward to obtain the following estimate:

[ e t2)n (o) pla)as - / u(e,t1)En(z) pla)da
Rd

Rd

<1 1 1 1 ) * dzd
<c s T pEa (1 + |z[7) Rd "(z,t) p(z)dzdt,

where on the r.h.s. we exploited the inequality p~!(z) < c‘1 1+ |z|7) for all z € R?, direct conse-
quence of (1.2). Letting R — oo in (4.2) and recalling (3.4) we get the conclusion. O

(4.2)

The proof of existence of weak solutions to (1.1) is based on an approximation procedure, that
is on picking a sequence of initial data in L}(R%) N L>(R?) which suitably converges to p. An
additional approximation will be needed to deal with the possible singularity of the weight at the
origin. The corresponding approximate problems are addressed in the next subsection. Since the
procedure is in principle standard although technically delicate, we underline the main points only.

4.1. Approximate problems with initial data in L;(Rd) N L>=(R?). We are concerned with
existence of solutions to the following problem:

{p(x)ut +(=A)P (™) =0 in RYx Rt

U = U on R x {0}. (4.3)

Such solutions are meant in the sense of Definition 3.1 with u replaced by pug.

Lemma 4.2. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Y € [0,7]. Let ug € L;(Rd) N L>(RY), with ug > 0. Then there exists a weak solution u to (4.3)
which satisfies the energy estimates (3.6), (3.7) with a constant C depending only on m, t; and ts.

Let us outline the strategy of the proof. We further approximate the problem (4.3) by regularizing
the weight p(z) in a neighbourhood of # = 0 (where it can be singular). More precisely, we introduce
for any 7 > 0 the following problem (4.3):

pn() (uy), + (—A)° (ug”b) =0 inRYxRT, (4.4)
Uy = U on R? x {0}, '
where {p,} C C(RY) is a family of strictly positive weights which behave like ||~ at infinity

and approximate p(x) monotonically from below, as n — 0. Existence (and uniqueness) of weak
solutions to (4.4) for such weights and initial data have been established in [40, Theorem 3.1]. We
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get suitable a priori estimates (namely (3.6) applied to w,, which will be proved later, and (4.7)
below), that enable us to pass to the limit as  — 0, and obtain a solution to problem (4.3), by
standard compactness arguments.

Proof. For any n > 0 let u,, be the unique solution to problem (4.4). The solutions u, belong to
C([0, 00); L;n (R9)) and satisfy the bound ||u77||L°<>(Rdx(0,oo)) < |lwoll o< ey - Exploiting these proper-
ties one can show that each u, satisfies a weak formulation which is slightly stronger than the one
of Definition 3.1:

ol

T T , .
- / / (@, V)pe(@, 1) p(@)dadt + / / (=A% () (2, 1) (~ )% () (x, £) dadlt
0 JRd 0 JRd

(4.5)
= / o (2)ip(,0) py ()

for all T > 0 and ¢ € C(R? x [0,T)) such that (-, T) = 0, where u]" € L2((0,00); H*(R%)).
The latter property follows from the validity of the energy identity (3.6) for w,, for all t5 > t; > 0.
Formally, (3.6) can be proved by plugging the test function op(z,t) := J(t)u,(z,t) into the weak
formulation (4.5) and letting ¥ tend to X, +,] as in the proof of Proposition 4.1. In order to justify
the validity of (3.6) for u,, rigorously one must proceed as in [19, Section 8]. A crucial point concerns
the fact that our solutions are strong, which follows by techniques analogous to the ones used in [19,
Section 8.1]. We refer the reader to Section 4.5 below for more details. Now:

[2)
/ / el ) py(x)dade < O / @) plade Vi >0, (46)
t1 R R

mt1
where 2z, :=u,;? and C depends only on m, t; and to. Formula (4.6) follows as in [19, Lemma 8.1].

Since

my _ T
(uy )t = Cp, 21

mt1 mt1
(Zn)t and ||Zn||Loo(Rd><(o’oo)) = Hun”Lo?o(RdX(o,m)) < ||UO||L020(Rd)-

From (4.6) we deduce that

ta

. . - t m 2
for a suitable £ > 0 independent of 7. Moreover, the validity of ftf Jga }un (2,t)]” py(x)dadt < C’
for all to > t; > 0 and for another suitable positive constant C’ that depends only on m, t1, to
and uo is ensured by the conservation of mass (4.1) (with p = p,) and by the uniform bound on
[l oo (i (0.00)) - Using (A.4) and the fact that H*(R?*") is compactly embedded in L7, (R**!)

loc

2
(), @,t)‘ po(@)dadt < kllul|™"" Yty >t >0 (4.7)

(see e.g. [20, Theorem 7.1]), one can pass to the limit as 7 — 0 in (4.5) and get that the weak limit
u of {u,} satisfies

wles

T T .
- / / u(a, Vg, t) pla)dadt + / / (—A)E (™) (2, 1) (—A)F () (2 ) dudt

0o Jre 0 JRrd (4.8)
:/Rd uo(x)e(x,0) p(z)dx

forall T > 0 and ¢ € C>(R9x [0,T)) such that ¢(-,T) = 0. The validity of (3.4) follows by plugging
into (4.8) the test function p(z,t) := 9(t){r(x), where g is a cut-off function as in Lemma A.3 and
¥ is a regular approximation of x[g s,- One then lets t5 — 0 and R — oo.

The energy estimates (3.6) and (3.7) for u can be obtained reasoning exactly as above (one uses
again the fact that solutions are strong). (]
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4.2. Stroock-Varopoulos inequality and smoothing estimate. Having at our disposal an
existence result for problem (4.3), we can now let pug approximate u. In order to show that
the corresponding solutions converge to a solution of (1.1), we need first some technical results.
We begin with a modification of the classical Stroock-Varopoulos inequality: it is proved here
for v € L®(R%) N H*(RY) with (—=A)*(v) € L'(R?). Observe that, under the hypothesis that
v e LIY(RY) N H*(R?) with (—A)*(v) € LY(R?), for ¢ > 1, such an inequality can be found, e.g., in
[19, Section 5] or [5]. See also [14, formula (2.2.7)] for a similar inequality involving general Dirichlet
forms. The present result seems to be new, in view of its functional framework, therefore its proof
is given in some detail.

Lemma 4.3. Let d > 2s. For all nonnegative v € L>®°(R%) N H*(R?) such that (—A)*(v) € L' (R?),
the inequality

(=A)% (v?)(2)| do (4.9)

q

=) (=AY (v)(z) dz 74((]—1)
/ (2)(~A)* () () dz > 29 /

holds true for any q > 1.

Proof. We shall assume, with no loss of generality, that v is a regular function. Indeed, by standard
mollification arguments, one can always pick a sequence {v,} C C°(R%) N L>°(R%) N H*(RY) such
that {v,} converges pointwise to v, ||vp]lcc < ||V]|eo and {(—A)*(v,)} converges to (—A)*(v) in
L'(R9). This is enough to pass to the limit as n — oo on the Lh.s. of (4.9), while on the r.h.s. one
exploits the weak lower semi-continuity of the L? norm.

Consider now the following sequences of functions:

xvL

w/\% o
Y (x) = / ydizs dy + (¢ — 1)/ y?i2dy VzeRt,
0

1

a:/\% s N z\/TIL 4
U, (z) ::/ ya-2s dy+(q71)5/ yz ldy VoeRT.
0 :
It is plain that v, and ¥, are absolutely continuous, monotone increasing functions such that

¢! (z) = [W (z)]? for all z € RT. For any R > 0, take a cut-off function ¢z as in Lemma A.3. To the
function £gv one can apply Lemma 5.2 of [19] with the choices ¢ = v, and ¥ = ,,, which yields

/ Un(ErY)(x) (*A)S(ﬁRv)(I)dCEZ/ (=) 5 (U (E0)) ()| da. (4.10)
R4 Rd

Expanding the s-Laplacian of the product of two functions, we get that the L.h.s. of (4.10) equals

/Rd ¥n(Erv)(2) Er(2) (=) (v)(z) dz + /Rd ¥n(Erv)(2)(=A)*(Er) (2)v(2) dz

(4.11)
(€r(x) = Er(Y)) (v(z) — v(y))
+2Cqs /]Rd VY (Erv)(T) /Rd |z — y|dt2s dydz .
By dominated convergence,
Jim / Un(Erv)(2) Er(2)(=A)*(v)(2) dz = [ ¢n(v)(2)(=A)"(v)(2) dz .
—0o0 Jrd Rd
Our aim is to show that the other two integrals in (4.11) go to zero as R — co. We have:
y Un(Er0)(2)(=A)*(Er) (2)v(2) do
(4.12)

d—28 _2d
<(-8)"(€r) <d+28/{ <1}w25<x>dx+wn(||v|oo>|v||oo/{ 1}dx>
v o V>




and

. wn(ERv)(x) /Rd (53(1') _|iR£y;TC(l:igf) B U(y)) dydx
z) — 2 3
<Wollge ([ 1ntemorar® [ SR gy ) (413)

<llvll g

1 d*QS 2 d+2s 2 2
Is(€r)|| % { } / v2a=2s (z) dz + Un (|7 0o / dx ,
€3l ( 0+ 2s) Jreny (z) [n([[v]l0)] 1)

where I is defined in Lemma A.2. Thanks to the scaling properties of both (—A)*(¢g) and I5(¢R)
(Lemma A.3), it is immediate to check that limp ;o0 [[(=A)°(€R)||cc = lMmpr—oo Is(€R)|lcc = 0.
Moreover, notice that v € Ldiid%(Rd) N L>®(RY) (see [20, Section 6] or Lemma 4.4 below). In
particular, v also belongs to L2%(Rd). Thus, letting R — oo in (4.12) and (4.13), we deduce that
the last two integrals in (4.11) vanish, so that we can pass to the limit on the Lh.s. of (4.10). On
the r.h.s. we just use the fact that (—A)3 (¥,,(£gv)) converges to (—A)2 (¥, (v)) weakly in L2(R?).
This proves the validity of

Pn(v)(2)(=A)* (v)(2) dSUZ/ |(=2)% (Wa(0)) ()| da. (4.14)
R4 Rd

The final step is to let n — oo in (4.14). It is clear that the sequence {¢,(z)} converges locally
uniformly to the function 2971, while {¥,, ()} converges locally uniformly to 2(q—1)2z% /q. Hence,
{n(v)} and {¥, (v)} converge in L>=(R%) to v7~! and 2(q — 1)2v? /g, respectively. This is enough
in order to pass to the limit in (4.14) and obtain (4.9). O

Lemma 4.4. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Yo € [0,7]. There ezists a positive constant Coxn = Coxn(C,7, s,d) such that the Caffarelli-Kohn-

Nirenberg type inequalities
1 o .
||v||q7p < CckxnN H(—A>§(1})H;+l [lv oy Vve L/’;(Rd) N H*(RY) (4.15)

hold true for any o >0, p>1 and ¢ = 2(d7’y)(a+1)/[(d7’y)% +d—2s].

Proof. See e.g. [13, Theorem 1.8], where one considers the Sobolev inequality corresponding to oz = 0
here, and then uses an elementary interpolation. ([

Lemmas 4.3 and 4.4 provide us with some functional inequalities which are crucial to prove the
following smoothing effect for solutions to (4.3).

Proposition 4.5. Let d > 2s and assume that p satisfies (1.2) for some v € [0,25) N [0,d — 2]
and v € [0,7]. There exists a constant K > 0 depending only on m, v, s, d and C such that, for
all nonnegative initial datum ug € L},(Rd) N L>®(RY) and the corresponding weak solution u to (4.3)
constructed in Lemma 4.2, the following LE°~L* smoothing effect holds true for any po € [1,00):
—a Bo
Ju(t) e < KT Jugll22, V>0, (4.16)

where
d—~ (25 — 7)po
o = ,  Bo:= . (4.17)
(m —1)(d—7) + (2s —7)po (m —=1)(d—7) + (2s —7)po

Proof. We omit the details, since the claim follows as in [19, Theorem 8.2] by means of a standard
parabolic Moser iteration. Nevertheless, notice that the proof relies on the Stroock-Varopoulos
inequality (which has to hold for the precise set of functions stated in Lemma 4.3), the Caffarelli-
Kohn-Nirenberg type inequalities provided by Lemma 4.4 and the fact that the LL norms do not
increase along the evolution (see Section 4.5). O
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4.3. Proof of the existence result. We outline the main steps of this proof. Suppose first that
u is compactly supported. Consider the family {u.} of weak solutions to (1.1) that take on the
regular initial data p. := . * u (let € > 0), where 9. := 6%1/) (%) with ¢ € Dy (R?) and [|¢[|; = 1.
The existence of such family is ensured by Lemma 4.2, upon setting ug = p~'p.. In view of
certain a priori estimates (see (4.18), (4.19) and (4.20) below), we prove that {u.} converges (up to
subsequences), as ¢ — 0, to a function u which satisfies (3.1), (3.2) and (3.3). Afterwards we shall
deal with (3.4). To do this, we exploit some results in potential theory, following [36] or [44], using
the Riesz potential U.(-,t) of p(-)uc(+,t). Then we let € — 0; in doing this, a uniform estimate w.r.t.
e for the potentials (see (4.26) below) will be crucial. Finally, we consider general positive finite
measures p, by a further approximation.

Proof of Theorem 3.2. For any € > 0, let u. as above. Combining the smoothing effect (4.16) with
the fact that ||u.||, = u(R?) and with the conservation of mass (4.1), we obtain:

/ ul(x,t) pla)de < Jue(O% [luell, < K™ ™ p(RE)H™ (4.18)
R4
for all ¢ > 0. Hence, using (3.6), (3.7) and (4.18) we get:
ta
[0 @y o dude+ [ ) pla)de < K7 60 @0, (419)
ty JR R4
to
/ / |(z2), (2, )] pla)dadt < C | w™ (2,11/2) p(a)de (4.20)
t1 R4 R4

m+1

for all to5 > t; > 0, where z. := u- 2 and C is a positive constant that depends on m, ty, t2 but
is independent of €. Thanks to (4.19), (4.20), the conservation of mass and the smoothing effect
(which, in particular, bounds {u.} in L>®(R? x (7,00)) for all 7 > 0 independently of ¢), we are
allowed to proceed exactly as in the proof of Lemma 4.2. That is, we obtain that the pointwise limit
u of {uc}, up to subsequences, satisfies (3.1), (3.2) and (3.3).

Let us now introduce the Riesz potential Ue(-,t) of p(-)u(-,t). The equation solved by wu. is

ple) ()i, t) = — (~A)° () (a,t) V(1) € RY x R (4.21)

Applying to both sides of (4.21) the operator (—A)~%, namely the convolution against the Riesz
kernel I (recall the discussion in Section 2), formally yields

(L), (x,t) = —ul(x,t) ¥(z,t) € RTx R, (4.22)

To prove rigorously (4.22), we plug into (3.3) (with v = u.) the test function ¢(y,t) := ¥(t)p(y),
where ¢ is a smooth and compactly supported approximation of x[, ;,) and ¢ € D(R?). Integrating
by parts (in space), letting ¥ tend to X[, +,) and replacing the function ¢(y) by ¢(y + ), with z
fixed, we get:

[ ustota)ety +2) oty — [

R

- [.( / )8t ) (A (0)ly + ) dy.

Integrating (4.23) against the Riesz kernel Is;(x) and applying Fubini’s Theorem gives (let z = y+x)

/Ug(z,tg)gb(z)dz—/ U:(z,t1)¢(2) dz
Rd

R4

__ /R </tt u (y,1) dt> </Rd(—A)S(¢)(y—|—z)lgs(:c) dx) dy = _/Rd (/tlt W (y, ) dt) (y) dy .

(4.24)
The applicability of Fubini’s Theorem is justified thanks to Lemma A.5, Lemma A.1 (recall that

d — 2s > ~y by assumption) and to the fact that f:f ul(-,t) dt belongs to L})(Rd) N L>®(RY) by (3.1).

) ue(y,t1)o(y + ) p(y)dy
(4.23)
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By Lemma 4.2 and Definition 3.1, we know that pu.(t) converges to u. in o(M(R9), Cy(R?)) as
t — 0. Hence, letting t; — 0 in (4.24), we find that

/Rd Ue(z, t2)p(x) da — /R Ut (x)p(x) dz = — /Rd (/Ot ul™(x,t) dt) o(z) da (4.25)

for all to > 0 and ¢ € D(R?). In fact,

[ v owr= [ ([ e ot ) o

-/ ( [ty =)0t dx) o)y, 1) dy

U?(y)

and in view of Lemma A.5 we know that, in particular, U? € Cy(R?), which allows to pass to the
limit in the integral as t; — 0. Thanks to the smoothing effect, the conservation of mass and the
hypotheses on p, we can provide the following bound for (4.25):

[ vata)owds = [ v @)o(w) as

t
< Hp_1¢HooKm_lu(Rd)Hﬂ(m_l)/2t_a(m_1)dt.
R4

’ (4.26)
Note that the time integral in the r.h.s. is finite since a(m — 1) < 1 (recall (4.17) for po = 1). We
proved above that {u.} converges pointwise a.e. (up to subsequences) to a function u which satisfies
(3.1), (3.2) and (3.3). If we exploit once again the smoothing effect and the conservation of mass,
we easily infer that such convergence also takes place in o(M(R?), Co(R?)):

li_I>r(1) puc(t) = pu(t) in o(M(R?), Co(R?Y)), for a.e. t > 0. (4.27)

Using (4.27), the fact that p. — u in o(M(R?), Cy(R?)) and proceeding exactly as we did in the
proof of (4.25), we can let € — 0 in (4.26) to get

/R U, 12)0() da /R UM @)o(e) do

for a.e. to > 0 and ¢ € D(R?), where we denote as U the potential of pu. Note that, passing to the
limit in (4.25) for any nonnegative ¢ € D(R?), we deduce in particular that U(z, ) is nonincreasing
in ¢. Moreover, (4.28) implies that U(t) converges to U* in Li (R?), whence

loc

lim U(z,t) = U'(z) for a.e. z € R, (4.29)
t—0

t
< ool @ [ ey (1.28)
0

Letting ¢ — 0 in the conservation of mass (4.1) (applied to u = u. and u = ), by means e.g. of
Fatou’s Lemma we obtain
[u();, < u(R?) for ae. t>0. (4.30)

Due to the compactness results recalled in Section 2, from (4.30) we infer that (almost) every
sequence t, — 0 admits a subsequence {t,,} such that {pu(t,,)} converges to a certain positive
finite Radon measure v in o(M(R?), C.(R?)). Thanks to (4.29) and [30, Theorem 3.8] we have that
UY(x) = U*(z) almost everywhere. Alternatively, such identity can be proved by passing to the limit
in [pu Uz, tn, )¢(x) dz, recalling that U(t,,) — U* in Li (R?) as k — oo. Theorem 1.12 of [30]
then ensures that two positive finite Radon measures whose potentials are equal almost everywhere
must coincide. Hence, v = y and the limit measure does not depend on the particular subsequence,
so that
lim pu(t) = p  in o(M(R?), C.(RY)).

t—0

In order to show that convergence also takes place in o(M(R?), Cy(R?)), it is enough to establish
that

tim ()]l , = p(RY). (4.31)
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Since pu(t) converges to u in o(M(R?),C.(R%)) as t — 0, we know that
4 < lim i .
p(RY) < liminf [u(@)]], ,, (4.32)

see again Section 2. But (4.32) and (4.30) entail (4.31).

Finally, the validity of the smoothing estimate (3.5) is just a consequence of passing to the limit
in (4.16) (applied to u. and pg = 1) as ¢ — 0 (recall that {u.} converges pointwise to u).

At the beginning of the proof we required p to be compactly supported. Otherwise, take a
sequence of compactly supported measures {y,,} converging to u in o(M(R9), Cy(R?)) and consider
the corresponding sequence of solutions {u,} to (1.1). Estimates (4.19) and (4.20), as well as the
conservation of mass and the smoothing effect, are clearly stable as € — 0, thus they also hold true
upon replacing u. with u,, and p. with u,. Hence, using the same techniques as above, one proves
that {u,} converges to a solution u of (1.1) starting from pu. (I

4.4. Existence and uniqueness of initial traces. We use the next preliminary result.
Lemma 4.6. Let v be a signed finite measure such that U” > 0 almost everywhere. Then v(R?) > 0.

Proof. From the assumptions on U” and thanks to Fubini’s Theorem, there holds

/XBn(y)U”(y)dy:/ (IQS*XBTL)(.’I;)dI/:kd’S/ (/ |x—y|_d+25dy)d1/>0 Vn € N.
Rd Rd R4

! (4.33)
Performing the change of variable z = y/n, the last inequality in (4.33) reads

/ (/ |z /n — 2|42 dz) dv>0 VneN. (4.34)
rRe \JB,

It is plain that for every x € R? the sequence { [, |v/n — z[~*"2*dz} converges to the positive
constant fBl |2| 7925 dz and it is dominated by the latter. Passing to the limit as n — oo in (4.34),
we get the assertion by dominated convergence (recall that v is finite). ]

Proof of Theorem 3.3. Consider a function u satisfying (3.1), (3.2) and (3.3). Monotonicity in time
of the associated potential is proved as we did after (4.22): notice that, for such an argument to work,
the running assumptions on v are required. The same proof holds if, instead of u € L>(R? x (7, 00)),
u is only supposed to satisfy fttf u™(-,7)dr € L)(R?) for all t; > t; > 0. Existence of an initial
trace u, meant as convergence in o(M(R?), C.(R?)) along subsequences of a given sequence of
times tending to ¢ = 0, follows by compactness, since we are assuming that solutions belong to
Lw((O,oo);L;(Rd)). Uniqueness of such a trace is established proceeding as we did after (4.29),
using the monotonicity of potentials and the results of [30].

We are left with proving that convergence to u takes places also in o(M(R?), Cy(R?)), namely
that esslim;_,o [ps u(z,t) p(x)dz = p(R?). By weak* lower semi-continuity, it is then enough to show
that esslimsup, o [pa u(z,t) p(z)dz < p(R?). Let U(-,t) be the potential of {p(-)u(-,t)}. Again,
the monotonicity in time of U(-,t) and the first part of the proof ensure that U* —U(-,¢) > 0 almost
everywhere. Therefore, Lemma 4.6 applied to the signed finite measure dv = dp — u(z, t)p(z)dz
entails p(R?) > [o. u(z,t) p(z)dz. Letting ¢ — 0 concludes the proof.

(I

4.5. Strong solutions and decrease of the norms. In order to justify rigorously some of the
above computations, it is essential to show that the weak solutions constructed in Lemma 4.2 are
strong. By a “strong solution”, following [19, Section 6.2], we mean a weak solution u such that
uy € L®((7,00), L})(Rd)) for all 7 > 0. The fact that our solutions are indeed strong could be proved
as in [19, Section 8.1]. The first step consists in showing that p(-)us(-, t) is a bounded Radon measure
which satisfies the estimate

2|Juolly,

el )y < Gy VE> 0. (4.35)
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where now, by M(R?) we mean the Banach space of signed measures on R?, equipped with the
usual norm of the variation. As in [45, Lemma 8.5], this follows using

/ (. t) — @z 1)), ple)dz < / luo() — o @), p(z)dz V>0, (4.36)
R4 Rd

where u and @ are the solutions to (4.3) constructed in Lemma 4.2 corresponding to the initial data
ug and o, respectively. Such principle does hold for the approximate solutions u, and 1, used in
the proof of Lemma 4.2 (see [40, Proposition 3.4]), whence (4.36) follows by passing to the limit.
Afterwards, as [19, Lemma 8.1], one proves that z := u "3 fulfills (3.7). In particular,

Zt € Lloc((ov OO); Li(Rd)) . (437)

Thanks to (4.35) and (4.37), the abstract result contained in [7, Theorem 1.1] ensures that u; €
L},.((0,00); L,(R%)). In particular, (4.35) holds true with [|p(-)us(-, )| pqra) replaced by [lue(t)]]1,p,
whence the assertion.

An important consequence of the fact that the solutions constructed in Lemma 4.2 are strong
is the decrease of their LY nmorms for any p € [1,00]. Indeed, by definition of strong solution, for
p € (1,00), we are allowed to multiply the differential equation in (4.3) by u?~! and integrate in
R? x [t1,ts]. By Stroock-Varopoulos inequality (4.9) (let v = u™ and q = (p +m — 1)/m), we get

to

/ uP(z,t2) p(x)de —/ uP(z,t1) p( = —p/ / uP () (—A)* (u™) (z,t) dedt <0 (4.38)
Rd Rd

for all t5 > t1 > 0. The validity of (4.38) down to t; = 0 follows using the approximate solutions {u,, }

from the proof of Lemma 4.2 and letting n — 0. The case p = oo can be handled by approximation.

5. UNIQUENESS OF WEAK SOLUTIONS

Prior to the proof of Theorem 3.4, we need some technical lemmas. Hereafter, by “weak solution”
o (1.1), we shall mean a solution in the sense of Definition 3.1.

Lemma 5.1. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Y € [0,v]. Let u be a weak solution to (1.1). Then the potential U(-,t) of p(-)u(-,t) admits an
absolutely continuous version (in L}, (R?)) which is nonincreasing in t.

Proof. One proceeds as in the first part of the proof of Theorem 3.2, using the same technique we
exploited to prove (4.22) rigorously. O

Lemma 5.2. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s) N [0,d — 2s] and
Yo € [0,7]. Let u be a weak solution to (1.1), starting from the initial datum p whose potential is
U*. Then there holds

ltifg Ulz,t) =Ur(x) VYaoeRe (5.1)

Proof. 1t is a direct application of Theorem 3.9 of [30] but, for the reader’s convenience, we give
some details.

Thanks to Theorem 3.8 of [30] and to the monotonicity ensured by Lemma 5.1, we have that
the limit in (5.1) is taken at least for a.e. * € R?. However, for what follows it will be crucial
to prove that it is taken for every x € R? To this end we make use again of the monotonicity
property provided by Lemma 5.1. In fact, Lemma 1.12 of [30] shows that, as a consequence of the
monotonicity of potentials, there exists a positive measure v, whose potential is denoted by U”, and
a constant A > 0 such that

ltiirgU(x,t) =U"(@z)+A VreRe

Since (5.1) holds almost everywhere,

Ur(x) =U"(x) + A for ae. x € RY. (5.2)
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But using the corollary at page 129 of [30], from (5.2) we deduce that necessarily A = 0. Hence,
(5.2) implies that U¥ = U* almost everywhere, and from Theorem 1.12 of [30] we know that two
potentials coinciding a.e. in fact coincide everywhere, whence (5.1) follows. O

5.1. Main ideas in the proof of uniqueness. Since the proof of Theorem 3.4 is rather delicate,
we point out its main ingredients. We should note that from a general viewpoint it is based on a
“duality method”, and in particular it is modeled on the uniqueness proof given by M. Pierre in [36].
We comment again that our uniqueness result seems to be new even if s = 1, in the weighted case,
or if p =1 when s € (0,1).

Let u; and us be two weak solutions to (1.1) such that they both take a common positive, finite
measure 4 as initial datum. We denote as Ui (-,t) and Us(-,t) the potentials of p(-)uy(-,t) and
p(-)ua(-,t), respectively. Fix once for all the parameters h,T > 0 and consider the function

g(x,t) := Us(z,t + ) — Uy (z,t) V(z,t) € R x (0,7]. (5.3)
Proceeding again as in the proof of Theorem 3.2 (under the hypothesis v < d — 2s, see the proof of

(4.22)), we get that g(-,t) is an absolutely continuous curve (for instance in L}, (R?)) satisfying

p(x)gi(x,t) = p(x) (uy*(x, 1) — us'(2,t + h)) = —a(z, )(=A)*(g)(z, t) (5.4)
for a.e. (z,t) € R? x (0,7T), where we define the function a as
ul (x,t)—ul’ (z,t+h) .
oo [ 00 e )
0 if uy(z,t) = ua(z,t + h),

(5.5)

and we used the fact that, thanks to the properties of Riesz potentials,

(=A)*(g)(x, 1) = p(x)uz(z,t + h) — p()u(z, ).
Note that, since m > 1 and uy,us € L®(R? x (7,00)) for all 7 > 0, a is a nonnegative function
belonging to L (R x (7,00)) for all 7 > 0.

Hence g is a solution to the linear fractional equation (5.4). Moreover, by Lemmas 5.1 and 5.2,
g(z,0) <0 for a.e. z € R If we could apply the maximum principle, then we would get g < 0 in
R? x (0,00). This would imply u; < us and, by swapping the roles of uy,us, u; = us. However,
a priori a maximum principle is not available for solutions to (5.4). We then consider the “dual”
problem

5.6
o) =v(@)  onRix (T}, >0
for any ¢ € Dy (R%). Suppose for a moment that it admits a unique smooth solution ¢. Multiplying
(5.4) by ¢ and integrating by parts we formally obtain

/ oz, T)p(a)(x) dz = / (. 0)g(2,0) da (5.7)
Rd

Rd
The conclusion would again follow should a maximum principle for (5.7) hold, and in order to justify
its applicability rigorously a further approximation is necessary. In fact, for every n € N and ¢ > 0,
we consider a family {¢,, .} which solve, in a sense which will be clarified later, the problem

{p(x) ($ne)y = (—A) [(an + &) Yne] I REx (0,7),
Yne =1 on R? x {T},

where ¢ € D, (R%). The sequence {a,} is a suitable approximation of the function a defined in
(5.5). In particular we suppose that, for every n € N, a,(z,t) is a piecewise constant function of ¢
(regular in z) on the time intervals (T'— (k + 1)T/n,T — kT /n], for any k € {0,...,n —1}. Thanks
to Theorem 3.7 and to Proposition B.1 below, we are then able to treat problem (5.8) by means of
standard semigroup theory. Here the Markov property for the linear semigroup associated to the
operator A = p~!(—A)® will have a crucial role. Let us mention that in [36, Theorem 1], where
s =1,p =1, in view of standard parabolic theory, it was not necessary to approximate the function

{p(xm = (—A)*(ap) in RYx (0,T),

(5.8)
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a by a piecewise constant function of t. Using the family v, . and passing to the limit as n — oo
and then as ¢ — 0 we get the next crucial identity:

/ g(z, T)(z) p(z)dx = / g(z,t)dv(t) for ae. t € (0,T), (5.9)
Rd R

where {v(t)} is a specific family of positive finite measures. More precisely, v(¢) is the limit in
o(M(R?),Cy(RY)) as e = 0 of {p(-)1<(-,t)}, where 1. is in turn the weak limit in L2(R* x (7,T))
(for all 7 € (0,T)) as n — oo of {¢,, . }. Note that, roughly speaking, (5.9) corresponds to identity
(5.7) in the previous formal argument. Finally, we shall rigorously prove that the right-hand side of
(5.9) has a nonpositive limit as ¢ — 0, whence the conclusion follows.

5.2. Construction and properties of the family {¢,, .}. We begin our proof by introducing the
functions ,, ., which formally solve (5.8).

Lemma 5.3. Let d > 2s and assume that p satisfies (1.2) for some v € (0,2s). Let {a,} be a
sequence of functions converging a.e. to the function a as in (5.5) such that:

o for anyn € N andt >0, a,(x,t) is a regular function of x;

e for anyn € N and v € RY, a,,(x,t) is a piecewise constant function of t on the time intervals

(T — (k+1)T/n, T —kT/n], for any k € {0,...,n—1};

o {llanllLoomix(r,00))} s uniformly bounded in n for any T > 0.
Then, for any £ > 0 and any ¢ € D, (R?), there erists a nonnegative solution Yn,e to problem (5.8),
in the sense that ¢y, c(-,t) is a continuous curve in LE(R?) (for all p € (1,00)) satisfying i (-, 0) =
¥(+,0) and it is absolutely continuous on (T — (k+ 1)T/n,T — kT /n) for all k € {0,...,n —1}, so
that the identity

Uneota) = Unelot) = [ 07 A [an+ € el () dr (5.10)
Vi, ts € (TW,T’f), ke {0,...,n—1}

holds true in Lﬁ(Rd) for all p € (1,00). Moreover,
Y € LOO((O,T);L’;(Rd)) Vp € [l,00] and |[vn @), , <|¥l,, Vtel0,T]. (5.11)

Proof. To construct 1, . as in the statement, we first define {; as the solution of

{p(m) () = (=A) [(an(T) +£)G1) i R x (T = F.T), (5.12)
J .
G=v on R? x {T}.
To obtain (7, one can for instance exploit the change of variable
$1(z,t) = (an (z,T) +¢) Gi(z,1) (5.13)
and consider ¢, as the solution of
(61, = (an(1) +)p~ (AP (61) R x (1= 1.7), 5.0
¢1 = (an(T)+e) ¢ on RY x {T}. )

Problem (5.14) is indeed solvable by standard semigroup theory. In fact, consider the operator A; :=
p7 L (=A)* where we have set p1(z) := (an (z,T) +¢) " p(z), and the domain of L; is Xopr = Xsp
(see Definition 3.6). L; is positive, self-adjoint and generates a Markov semigroup on Lzl (R%). These
properties follow from Theorem 3.7. Our initial datum ¢; belongs to LF, (R9) for all p € [1, 00|, and
this is enough in order to have a solution to (5.14) which is continuous up to t = T' and absolutely
continuous in (T — %, T) in LP, (R9) for all p € (1,00). In fact, as recalled, the semigroup associated
to A; enjoys the Markov property and therefore, as a consequence of [14, Theorems 1.4.1, 1.4.2],
it is extendible to a contraction semigroup on LF, (R?) (consistent with the original semigroup on
L2 (RT)NLE (RY)) for all p € [1, 00], which is analytic with a suitable angle 6, > 0 if p € (1,00). By
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classical results (see e.g. [35, Theorem 5.2 at p. 61]) the latter property ensures in particular that
problem (5.14) is solved by a differentiable curve ¢1(-,t) in L5 (R%) for all p € (1,00).

Going back to the original variable ¢; through (5.13), we deduce that it solves (5.12) in the same
sense in which ¢ solves (5.14). Having at our disposal such a ¢;, we can then solve the problem

p(x) (&), = (A [(an (T—L)+e) ] mRIx (T-2,7-1L),
C2:(an(va)+5)_1¢1 on Rdx{T—% ,

just by proceeding as above. That is, we perform the change of variable

pa(x,t) == (an (%T - Z;) + E) Ca(z, 1)

and take ¢, as the solution of

{(¢2) r = (an(T = ) +¢) p7H (=2)%(¢2) inRIx (T—2L,7-1L),
(an(T )+6)

¢2 = (an(T %)-I—S)QZT% on R x {T—L}.

It is clear how the procedure goes on and allows to obtain a solution 1, . to (5.8) in the sense of
the statement, just by defining it as

d)n,a('at) Z:<k+1(',t) YVt € <T—W,T—f:|, VkE{O,...,n—l}.

Finally, since

pl;+11<_A)S
generates a contraction semigroup on LP (R9) for all p € [1, 0], where
kT -
Prt1(x) = (an <x7T = n) + 5) plx), (5.15)

the inequalities

(an(T - 5T) +¢)
k1Ol 0, < PN e b <T - n) (5.16)

n
DiPk+1

k+1)T kT
Vte(T(tl),T n} Vp € [1, oc]

hold true for any k € {0,...,n — 1} (on the r.h.s. of (5.16) for k = 0 we conventionally set ¢y = ¥
and a, (T + T/n) + € = 1). Going back to the variables (41 and recalling (5.15), from (5.16) one
deduces (5.11): in fact, for p = 1 it is easy to see that the terms containing a,, cancel out and give
the corresponding inequality, while for p > 1 such terms remain and one obtains an inequality of
the type [|¢¥n - (t)|lp,p < C(n,€)||¢||p,p, where C(n,€) is a positive constant depending on n, €. O

Lemma 5.4. Let d > 2s and assume that p satisfies (1.2) for some v € (0,2s) N (0,d — 2s]. Let g
be as in (5.3), a as in (5.5) and ay, VYn e, ¢ as in Lemma 5.3. Then the identity

[ Tyt e = [ o000 c(.0) pla)da
(5.17)

/ /]Rd an(z,7)+ e —a(z, 7)) (—A)°(9)(x, T) Yn e (x, 7) dedr

holds true for all t € (0,T).
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Proof. To begin with, let us set ty, := T'(n—k)/n for all k € {0,...,n}. Recall that, from Lemma 5.3,
n.e (-, t) is a continuous curve in Lg(Rd) on (0, T, absolutely continuous on any interval (t541, tx) for
k €{0,...,n—1} and satisfying the differential equation in (5.8) on such intervals, for all p € (1, c0).
Moreover, g(-,) is an absolutely continuous curve in L(R?) on (0, 7] for all p such that

d_
pe(d;s,oo). (5.18)

Since g(z,t) is a continuous function of x (recall Lemma A.6) and the weight p(z) is locally integrable,
in order to prove that g(-,t) € Lg(]Rd) for all p as in (5.18) it suffices to show that g(-,?) € Lb(BY).
To this end, still Lemma A.6 ensures that g(-,t) € LP(R?) for all p satisfying (A.11): the latter
property and Hélder inequality imply that g(-,t) € Lb(BY) for all p as in (5.18).

The fact that g(-,t) is also absolutely continuous in Lg(Rd) on the time interval (0,7] is then a
consequence of (5.4) and of the integrability properties of u;,us. Hence, due to Lemma 5.3, we get
that

- /R g 1) ) (5.19)

is a continuous function on (0, 7], absolutely continuous on each interval (¢x11,%;) and satisfies

%/Rd g(x, ) p e (z,t) p(x)da

= Ra {—a(x, t)(—A)S(g)(x, t) ¢n,e($7 t) + g(x, t) (_A)s [(an + 5) wn,i] (CL‘, t)} dz

there. As we have just seen, g(-,t) € Lg(Rd) for all p satisfying (5.18) and p~1(-)(—=A)*(g9)(,t) €
Lp(R?) for all p € [1,00]. Moreover, as a consequence of Lemma 5.3, we have that (a,(-,t) +
e)ne(-1) € Lg(Rd) for all p € [1,00] and p~1()(=A)*[(an(-,t) + €)bn (-, t)] € Lg(Rd) for all

€ (1,00). We are therefore in position to apply Proposition B.1 to the r.h.s. of (5.20) (note that
the interval ((d — v)/(d — 2s),00) N [2,2(d — 7)/(d — 2s)) is not empty) to get that

G [ ot pa)ds = [ (an(et) +2 = ale.t) (~AP (@) ) bncla ) do. (52)
Rd

But the r.h.s. of (5.21) is in L!((7,T)) for any 7 € (0,7T'), from which (5.19) is absolutely continuous
on the whole of (0,7] and not only on (fx4+1,tr). Integrating (5.21) between ¢ and T then yields
(5.17). O

(5.20)

Now we prove a key “conservation of mass” property for 9, ..
Lemma 5.5. Let d > 2s and assume that p satisfies (1.2) for some v € (0,2s). Let i, and 9 be
as in Lemma 5.3. Then the L1 norm of Yy (-, t) is preserved, that is
/ (@) p(a)dz = | (@) pla)dz Vit € (0,T). (5.22)
Rd

Proof. Multiplying (5.10) by any ¢ € D(R?) and integrating in R?, we obtain:

/wnsxt dxf/wnsxt (z) p(x)dx
- [ A ( [ et + o d7> dr o

for all ¢,,t* € (tk4+1,tx). Since the L}) norm of i, (-, t) is controlled by the L; norm of the final
datum ¢ (recall (5.11)), from (5.23) we get:

’/ Une(@,t") dl‘—/ Une(,t)e(x) pla)de| < 1" =t [0l , 07 (=2)*(9)]| »

(5.24)
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where C' := [|a, + €| oo (rax (¢, n, 1)) 18 @ positive constant independent of n and e. Replacing ¢
with the cut-off function £ (defined in Lemma A.3) and estimating the r.h.s. of (5.24) as in the
proof of Proposition 4.1 yields

/ e (0,47 (2) ) — / e (i, £ )R (2) ()
Rd Rd
<O — ][], ¢ (B2 + B2+ (1 + [a)(—A)*(€)|

for all R > 0 and t,,t* € (tg41,tk), ¢ being as in (1.2). Recalling that 1, .(-,t) is a continuous
curve (for instance in L2(R%)) on (0,7], we can extend the validity of (5.25) (and (5.24)) to any
t.,t* € (0,T]. By choosing t* = T and letting R — oo in (5.25) we finally get (5.22). O

(5.25)

| 00

In the next lemma we introduce the Riesz potential of p(-)1),, (-, t), which will play a fundamental
role below.

Lemma 5.6. Let d > 2s and assume that p satisfies (1.2) for some v € (0,2s) N (0,d — 2s]. Let ay,
Yn,e and 1 be as in Lemma 5.3. We denote as H, (-, t) the Riesz potential of p(-)n (-, 1), that is

Hye(2,1) := [Is % (p(Vone (1)) (@) V(a,t) € R x (0,T].
Then H, (-, t) € H*(RY) and the identity

T
2wt o0y = WOl +2 [ [ () +0) 2o pla)dadr (520
t
holds true for all t € (0,T].

Proof. First notice that p=!(-)(=A)*(Hpc)(-,t) = thnc (-, t) € LH(R?) for all p € [1, 00] (recall (5.11))
and H, (-, t) € LH(R?) for all p satisfying (5.18) (this can be proved exploiting Lemma A.6 exactly
as in the proof of Lemma 5.4). Again, since the interval ((d —~)/(d—2s),00)N[2,2(d—~)/(d—2s))
is not empty, applying Proposition B.1 we get that H,, .(-,t) € H*(R%) and the identity

||Hna(t)||i1 = /]Rd H,o(z,t) (=A)° (Hp ) (z,t)de = /]Rd Hy e (, 6) e (z,t) p(x)de (5.27)
holds true. Thanks to the validity of the differential equation
(Hne), (2,t) = (an(z,t) +€) Yn (2, t) for ae. (x,t) € RY % (0,T), (5.28)

which can be justified as we did for (5.4), taking the time derivative of (5.27) in the intervals
(tk+1,tr), using (5.28), (5.8) and again Proposition B.1, we obtain:

GO =2 [ (@) +2) 02 L (at) pla)d (5.29)

A priori, from (5.27), we have that ||Hn5(t)|\il is continuous on (0, 7] and absolutely continuous
only on (tx41,tx). However, the r.h.s. of (5.29) is in L!((7,T)) for any 7 € (0, 7). Hence, (5.26) just
follows by integrating (5.29) from ¢ to 7. O

5.3. Passing to the limit as n — co. The goal of the next lemma is to show that, as n — oo,
{%n <} suitably converges to a limit function 1. that enjoys some crucial properties.

Lemma 5.7. Let d > 2s and assume that p satisfies (1.2) for some v € (0,2s) N (0,d — 2s|. Let uy
and uy be two weak solutions to problem (1.1), taking the common positive finite measure u as initial
datum. Let g be as in (5.3), a as in (5.5) and ¥, ,% as in Lemma 5.3. Then, up to subsequences,
{thn,c} converges weakly in LZ(R* x (7,T)) (for all 7 € (0,T)) to a suitable nonnegative function 1.
and {p(:)Yn.(-,1)} converges to p(-)b:(-,t) in o(M(R?), Cy(R?)) for a.e. t € (0,T). Moreover, 1.
enjoys the following properties:

belw,t) pla)de = | (e) pla)de, (5.30)
Rd Rd,
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[ e dx—/wemt ) pl)da

(5.31)
= | A @) >< | (a($77)+€)w5(x77)d7> d,

/ o, TY(@) pla)de — / oz, e (2, 1) p(z)da
R4 R
<= (T = 1) [l lua(r + B) — ()] o et 1)

for a.e. t € (0,T), for any ¢ € D(R?).

(5.32)

Proof. From (5.26) one gets that, up to subsequences, {¢,, .} converges weakly in L2 (R? x (7,T))
(for all 7 € (0,T")) to a suitable ¥.. Moreover, thanks to the uniform boundedness of {p(-)¥n. (-, )}
in L1 (RY) (see (5.11)), for every ¢ € (0, T) there exists a subsequence (which a priori may depend on t)
such that {p(-)¢ (-, 1)} converges in o(M(R?), C.(R?)) to some positive, finite measure v(t) (recall
the preliminary results of Section 2). We aim at identifying (al least for almost every t € (0,T")) v(¢)
with p(-)1:(+,t), so that a posteriori the subsequence does not depend on t. In order to do that, let
t € (0,T) be a Lebesgue point of 4. (-,t) (as a curve in L'((r,T); L3(R%)). Taking any ¢ € D(R?)
and using (5.24), we obtain:

t46

t
t46
S /
t
52

t+6
S/t Clr =) 1¥ll, [l (=2 @)l dr = S C el , I~ (=) ()]

t+48
(@, 7)p(2) p(r)dadr — /t e Une(@,t)p(z) p(z)dzdr

dr (5.33)

[ tncteipta) oo = [l tpla) pla)da

for all ¢ sufficiently small. Letting n — oo (up to subsequences) in (5.33) yields

t+6 2
| [ vane@dedr =5 [ o avs) < TOWIL, o CAF @ (639

Dividing (5.34) by § and letting § — 0 one deduces that (recall that ¢ is a Lebesgue point for
Vel t)p(e) pla)de = [ pla)dnlt),
R4 R4

which is valid for any ¢ € D(R?), whence . (z,t)p(z)dz = dv(t).
We now prove the claimed properties of .. Letting n — oo in (5.25) (with ¢* = T and t, = t)
and using the just proved convergence of {p(-)1n (-, )} to p()(:,t) in o(M(RY), C.(RY)), we get

/ vla)én(e) ple)de — [ veénla) pla)ds
=l e (R R20) [+ D) (-A)(©).

for a.e. t € (0,T), ¢ being as in (1.2). Letting R — oo in (5.35) we deduce (5.30). Thanks to (5.22)
and (5.30) we infer in particular that

(5.35)

nh—>H;o ”wn,e( )Hl,p ”’(/}E( )HLP’
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so that the convergence of {p(-)¥n.c(+,t)} to p(-)Y(:,t) takes place also in o(M(R), Cy(RY)). Re-
calling that g(-,) belongs to Cp(R?) (Lemma A.6), we can let n — co in (5.17) to obtain

/ o(z, T)p(a) pla)da — / o, e (2 £) pla)da

n—oo

hnl </ / (ln CC 7 + E — (1(.’[7 T )) ( A)‘S (g) (.T ’]’) wn,g (Qj T ) dxd7>
Rd )

n—oo

= lim (/ / (an(z, ) +e—a(r, 7)) (u2(z, 7+ h) —ur(x, 7)) Yne(x, T) p(x)dxd7>
t Jrd

T
:g/t /Rd (ug(x, 7+ h) —ur(x, 7)) Ve (2, 7) p(x)dzdr for ae. t € (0,T),

where in the last integral we can pass to the limit since {¢,, .} tends to . weakly in Lg(Rd x (t,T)),
{an} tends to a in L>®(R? x (t,T)) and uy,us belong to LE(R? x (¢,T 4 h)) for all p € [1,00]. In
particular, from (5.36) and (5.30) we get (5.32). Notice that, in a similarly way, we can pass to the
limit in (5.23) (which actually holds for any ¢.,t* € (0,T)) and obtain (5.31). O

5.4. Passing to the limit as ¢ — 0 and proof of Theorem 3.4. We are now in position to
prove Theorem 3.4, using the strategy of [36]: we give some detail for the reader’s convenience.

Proof of Theorem 3.4. To begin with, we introduce the Riesz potential H(-,t) of p(-)1(+,t). Since
we only know that p(-)1.(-,t) € L' (R?), we have no information over the integrability of H.(-,t) other
than L} (RY) (by classical results, see e.g. [30, p. 61]). However, exploiting (5.31) and proceeding
once again as in the proof of (4.22), we obtain

T
Ios x (pp) — Ho (-, 1) = / (a(-,7) +¢€)e(-,7)dT >0 for ae.t € (0,T),
¢
whence, in particular,
0 < H.(z,t1) < He(z,t2) < Ho(x,T) = Ing * (pt) (x) (5.37)

for a.e. 0 < t; <ty <T and a.e. x € R%. The above inequality shows that H.(-,t) belongs to LP(R%)
at least for the same p for which H.(-,T') does, namely for any p € (d/(d — 2), o<].

Our next goal is to let ¢ — 0 (along a fixed sequence whose index for the moment we omit,
in order to simplify readability). Thanks to the boundedness of {p(-)¥(-,t)} in L'(R?) (trivial
consequence of (5.30)), for a.e. t € (0,T) there exists a subsequence {¢,,} (a priori depending on t)
such that {p(-)y-(-,t)} converges to a positive finite measure v(t) in o(M(R?), C.(R?)). In order
to overcome the possible dependence of {e,,} on ¢, we exploit the properties of {H.}. First notice
that (5.37) ensures the uniform boundedness of {H.} in LP(R? x (0,T)) for any p € (d/(d — 2), o0].
This entails the existence of a decreasing subsequence {e,,} such that {H. } converges weakly in
LP(R? x (0,T)) to a suitable limit H. Mazur’s Lemma implies that there exists a sequence {H}} of
convex combinations of {H. } that converges strongly to H in LP(R% x (0,T)). By definition, the
sequence {H}} is of the form

My,
Hy, = Z AmpHe,, Z Amk =
m=1

for some sequence {M},} C N and a suitable choice of the coefficients A, € [0,1]. With no loss of
generality we shall also assume that

M,
Jim (n; 5mAm7k> =0.
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This can be justified by applying iteratively Mazur’s Lemma on suitable subsequences of {H., }.
Now notice that the function whose Riesz potential is Hy is

My,
t)= Z Am g P(T) e, (1) -
m=1
Multiplying (5.32) (with € = ¢,,) by Ay, and summing over k, one gets that fj satisfies

'/ (z, T)(x) p(z)dx — /Rd g(z,t) fr(z, t) dz

(5.38)
(Z EmAm k) = ) [[¥ll1p lua(m + B) = ur ()| oo (rax (1,1
for a.e. t € (0,T), whereas from (5.30) and (5.35) we infer that
/ Y(x)ér () p(z)de —/ fi(@,t) Er(x) dx (5.39)
T—t) ¢l e (R7* + R 1+ |])(=2)*(§)ll
for ae. t € (O,T) and
Y(x) p(z)de = / fe(z,t)dx forae. t e (0,T). (5.40)
d Rd

Letting k¥ — oo we find that, for a.e. ¢t € (0,7T), there exists a subsequence of {fi(-,¢)} (a priori
depending on t) that converges in o(M(R?), C..(R?)) to a positive, finite measure v(¢). But the fact
that {Hj} converges strongly in LP(R? x (0,T)) to H forces the potential of v(t) to coincide a.e.
with H(-,¢). This is a consequence of [30, Theorem 3.8]. By [30, Theorem 1.12] we therefore deduce
that the limit () is uniquely determined by its potential H (-, ). This identification allows to assert
that for a.e. t € (0,T) the whole sequence {fi(-,t)} converges to v(t) in o(M(R?), C.(R%)).

Passing to the limit in (5.37) (after having set € = &,,, multiplied by A, » and summed over k)
we deduce that also the potentials H(-,t) of v(t) are ordered and bounded above by Iss * (p)):

0 < H(z,t1) < H(z,ty) < Ing * (pp) (z) forae. 0 <ty <ty <T, for a.e. z € R% (5.41)
Letting k — oo in (5.39) yields
dz — / dv(t ‘
' / V(o)ae) ple)de ~ [ en(o)avlr) i

=) [ %l e (B2 + R (1L + 2 (=A) (Ol
for a.e. t € (0,7, Whence, letting R — oo in (5.42), we obtain:

P(z) p(x)dx = dv(t) forae.te (0,7). (5.43)
R? R4

Gathering (5.40) and (5.43) we infer that {fx(-, )} converges to v(t) also in o(M(R9), C,(R?)): this
allows to pass to the limit in (5.38) to get the identity (by exploiting (5.4) as well) (5.9). As a
consequence of the monotonicity given by (5.41) and thanks to (5.42)-(5.9), the curve v(t) can be
extended to every t € (0,T] so that it still satisfies (5.41)-(5.9) (one uses again |30, Theorem 3.8|).
Recalling that g(x,t) = Ua(x,t + h) — Uy (z,t) and that potentials do not increase in time (Lemma
5.1), we have that g(x,t) < Us(x,h) — Uy(z, 1) holds for all x € R? and all ¢, > t. Because v(t) is
a positive finite measure, this fact and (5.9) imply that

/}R 9 T () pla)de < / (Un(@, ) — Us (2, 1)) du(t) Vio > t. (5.44)

Rd
Our next goal is to let ¢ tend to zero in (5.44). Since the mass of v(¢) is constant (formula (5.43)),
up to subsequences v(t) converges to a suitable positive finite measure v in o(M(R9), C.(R%)).
Moreover, by (5.41), we know that the potentials H(-,t) of v(t) are nondecreasing in ¢ (for a.e.
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x): in particular, H(-,t) admits a pointwise limit almost everywhere Hy as ¢ | 0. Theorem 3.8 of
[30] ensures that Hy coincides almost everywhere with the potential of the limit measure v (which
therefore does not depend on the subsequence). We can then pass to the limit in the integral

/ Uy (2, to) du(t) . (5.45)
R4
Indeed, by Fubini’s Theorem (5.45) is equal to
/ uy(x,to)H(x,t) p(x)de . (5.46)
Rd
Passing to the limit in (5.46) as ¢t | 0 we get that
lim [ uy(z,to)H (z,t) p(z)de = / uy(x,to)Ho(z) p(x)da (5.47)
ti0 JRra R4

by dominated convergence. Recalling that Hy is the potential of v, and using again Fubini’s Theorem,
(5.47) can be rewritten as

fim [ U (2, to) du(t) = / Uy (2, 1) dv .
tl0 Jrd Rd

One proceeds similarly for the integral

/ Us(z, h)dv(t).
Rd

Hence, passing to the limit as ¢ | 0 in (5.44) yields

/ o(2, 7Y (@) p(a)dz < / (Un(@, h) = Un(at0)) dv Vo > 0. (5.48)
Rd R4
Now we let ¢ | 0 in (5.48). By monotone convergence (Lemmas 5.1 and 5.2) we obtain
/ g(x, T)Y(x) px)der < / (Uz(z,h) —U*(z))dv (5.49)
Rd R4

In this step it is crucial that the limit of U (x,tg) to U*(z) is taken for every x € R? (Lemma
5.2), because we have no information over v besides the fact that it is a positive finite measure. Still
by monotonicity we have that Uz (z,h) < U#(x) for every z € R%. Thus, from (5.49) it follows that

[ e Ty0(a) pards < 0. (5.50)
]Rd

Since (5.50) holds true for any h, T > 0 and any v € D, (R?), we infer that U, < U;. Interchanging
the role of u; and us we get that U; < Us, whence Uy = Us and uy = us. O

APPENDIX A

We recall here some basic properties of the fractional Laplacian (and of a similar nonlocal, non-
linear operator) of functions in D(R?). We omit the proofs of the first two lemmas, since they follow
by exploiting the same strategy as in [6, Lemma 2.1].

Lemma A.1. The s-Laplacian (—A)*(¢)(z) of any ¢ € D(RY) is a regular function which decays
(together with its derivatives) at least like |x|~9=2% as |z| — oo.

Lemma A.2. For any ¢ € D(RY), the function

ls(¢)(x) = /Rd Wdy Yz € RY

is reqular and decays (together with its derivatives) at least like |x|~9"2° as |x| — oco.
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Lemma A.3. For any R > 0, let £p be the cut-off function
(T d
tr(@)=¢(%) voeR’,

where £(x) is a positive, regular function such that ||€]|lc <1, £ =1 in By and £ =0 in BS. Then,
(=A)*(Er) and l5(ER) enjoy the following property:

s _ 1 _ s el - hall d

(- (€R)@) = 7 (87O (5), L)@ = 751 (5) Vo R

Proof. We only prove the result for I5(¢g), since the proof for (—A)*(¢g) is identical. Letting
¥ = y/R, one has:

x) — 2 1 z/R) — ()2 _ 1 z
e[ S L[ G L ()

T 1 T

O

The next lemmas contain technical ingredients concerning fractional Sobolev spaces and Riesz
potentials, which we need in the proofs of our existence and uniqueness results.

Lemma A.4. Let d > 2s and assume that p satisfies (1.2) for some v € (0,d + 2s]. Consider a
function v € L2 _((0,00); H*(RY)) such that, for all ty > t; > 0,

loc

/t/]R lo(z, )| p(z)dzdt < C, (A.1)
/t/R [(=A)F () (2, 8)[" dadt < C (A.2)

and 1 .
/t /R ol O pla)drdt < C (A.3)

where C is a positive constant depending only on t, and ty. Take any cut-off functions & € C°(RY),
& € C((0,00)) and define v. : R — R as follows:

ve(,t) == & (x)&(t)v(x,t) V(z,t) €ERI xR,
where we implicitly assume & and v to be zero for t < 0. Then
2 2 2
[0l s avry = lvell e asry + [0l s garry < €7 (A4)
for a positive constant C' that depends only on & and & (also through C).

Proof. The validity of

lvel 72 (gassy < C' (A.5)
is an immediate consequence of (A.1) and of the fact that p is bounded away from zero on compact
sets (from now on C” will be a constant as in the statement that we shall not relabel). Moreover,
since (ve)r = &1&5v + &1&vt, by (A1), (A.3) and again the fact that p is bounded away from zero
on compact sets we deduce that

||(Uc)t||2L2(Rd+1) <. (A.6)
Now we have to handle the spatial regularity of v.. Straightforward computations show that

2 v(x,t) —v(y,t 2
el ~Cas ) [ €0 ( I dy> r
+Can ) [ )l ( /. W@) dy (A7)

120, E() / d / & U0 z];y,_wy)' (60 =60 4,
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The Cauchy-Schwarz inequality allows to bound the third integral on the r.h.s. of (A.7) by the first
two integrals. As concerns the first one, we have:

1) —v(y, 1)?
Ca,s &5 (1) /Rd & (z) (/Rd (U(xx ), yf;(fé ) dy) d2 < Xeupp & (1) 162112 11€21% [0(8) 57 (gay - (A-8)

In order to bound the second integral, it is important to recall that the function I5(&1)(y) is regular
and decays at least like |y|~?~2% as |y| — oo (for the definition and properties of [, see Lemmas A.2
and A.3). Hence, thanks to the assumptions on p and 7, we infer that

&) [ ) %Wdw)dysdxsupp&(wmﬂ& [ P sy (a9)

for a suitable positive constant ¢’. Integrating in time (A.7), using (A.8), (A.9), (A.1), (A.2) and

recalling the identity ||(—=A)2 (ve)(t) ||Uc(t)||2Hs(]Rd); we then get

2
||L2(]Rd) =
H(*A)%(UC)HLQ(WH) <cC'. (A.10)

By exploiting (A.5), (A.6) and (A.10) one deduces (A.4) e.g. using Fourier transform methods. O

Lemma A.5. Let d > 2s and ¢ : R? — R be a continuous function which belongs to L*(RY) and
decays at least like |z|~% as |z| — oo. Then, the convolution Iz, * ¢ (namely, the Riesz potential of
¢) is also a continuous function, decaying at least like |z| =92 as |x| — oco.

Proof. The idea of the proof is to split the convolution (I35 * ¢)(x) in the three regions B2|z\(0)

Big/2(7), Bajg)(0) \ Bjz)/2(7) and use there the decay and integrability properties of ¢ and Io,. We
omit the details. 0

Lemma A.6. Let d > 2s and assume that p satisfies (1.2) for some y € (0,2s). Let v € LL(R?) N
L>®(RY) and U, be the Riesz potential of pv. Then U, belongs to C(RY) N LP(R?) for all p such that

pE <d_d257oo] . (A.11)

Proof. In order to prove that UY belongs to C(R%) N LP(R?) for all p satisfying (A.11), we proceed
as follows:

Uy(z) = / p(y) v(y) Ias(z — y) dy+/ XB:0)(y) p(y) v(y) las(z — y) dy .
B1(0) R

Uy, (z) Up2(@)

Exploiting the fact that v € L>®(R?) and v < 2s (so that |y|~%2 p(y) is locally integrable), it is
easily seen that UY,(z) is a continuous function which decays at least like |z|~*"2% as |z] — co. In
particular, it belongs to LP(R?) for all p satisfying (A.11). As concerns U} 5(), notice that since
v € L})(Rd) N L>®(R%) we have that the function XBe(0)pv belongs to LY(R?) N L*>°(R%). Hence
4o() is continuous too. To prove that it belongs to LP(RY) for all p satisfying (A.11), we write:

Usa = (XB.(0) T2s) * (XBs(0)pv) + (XB2(0) T2s) * (XBe(0)pV) - (A.12)

Since x g, (o) l2s € L'(RY) and XBe(0)PV € LY(R4) N L>(R?), the first convolution in (A.12) belongs
to L'(R?) N L>(R?). Using the fact that xpe(o) fos € LP(R?) for all p as in (A.11) and xp(o)pv €
L'(R?), we infer that the second convolution in (A.12) belongs to LP(R?) for all such p. The latter
property is then inherited by U/ ,. O



25

APPENDIX B

This section is devoted to give a sketch of the proofs of Theorem 3.7 and of the forthcoming
Proposition B.1.

Sketch of proof of Theorem 3.7. We start from the validity of the fractional “integration by parts”
formula

Can [, [ A=A oty = [ o)A @)@, B)
Rd JRd |-T_y|d+2é

valid for all ¢, € D(R?), and then to extend it to all functlons of X, ,. In order to do it, the first
step consists in showing that C*°(R%) N X, is dense in X, ,. This can be done by mollification
arguments, which however are slightly more complicated than the standard ones, since we work with
the weighted spaces L7(R?) and L?_, (R?) instead of L*(R?). Hence, given v,w € C*(R%) N X, ,,
one plugs the cut-off functions ¢ := {rv and ¢ := £gw into (B.1) and lets R — oo. The problem
is that on the r.h.s. there appear terms involving ||{gw|| 4., and a priori we do not know whether
C>=(R%) N X, , is continuously embedded in H*(R%). But this turns out to be true: the inequality

(w(m)—w(y))2 T w(z)(— s(w)(z) da W oo (Mo d
Co. [, [ PR ey < | w@(A @)@)de Yo eCXER)NX, (B

can be proved just by repeating the above scheme with ¢ = ¢ = {gw. In fact, on the r.h.s. of (B.1)
we still have terms involving ||£gw|| ., but the latter are small and can be absorbed into the Lh.s.;
passing to the limit as R — oo yields (B.2). Therefore, we can now let R — oo safely in (B.1) (with
¢ = £rv and ¢ = gw) and obtain that

y))(w(z) —w(y)) [ (e AV () () da
/Rd /Rd |x_ y[d+2s dxdy—/ (2)(=A)*(w)(z)d (B.3)

Rd

for all v,w € C*(R?) N X, ,, which in particular shows that (B.2) is actually an equality. Notice
that in all these approximation procedures using cut-off functions, to prove that “remainder” terms
go to zero we deeply exploit the results provided by Lemmas A.1, A.2 and A.3. It is in fact here that
the condition v < 2s plays a fundamental role: in particular, it ensures that both ||p~1(=A)*(¢R)|0o
and [|p~!s(€R)||oo vanish as R — co. As already mentioned, we refer the reader to the note [33] for
the details. However, for similar computations involving (—A)*(£gr) and I5(£R), see also the proofs
of Proposition 4.1, Lemma 4.3 and Lemma, 5.5.

By the claimed density of C*°(R%) N X, ,, we are allowed to extend (B.3) to the whole of X ,.
Clearly, the r.h.s. of (B.3) can be rewritten as

[ o@) Atw)(a) pla)d,
Rd

and letting v = w we obtain that the operator A is positive. The fact that it is densely defined is
trivial since, for instance, D(R?) C X ,. Because in (B.3) one can interchange the role of v and
w, we also have that A is symmetric. In order to prove that it is self-adjoint we need to show that
D(A*) C D(A), namely that any function of D(A*) also belongs to X, ,. It is indeed straightforward
to check this fact, and we leave the details to the reader.

We finally deal with the quadratic form @ associated to A. Thanks to (B.3), we have that

(v(x) —v(y))?
) = Oy B 7O qedy Vo € D(A). B.4
Q) = Cas [ [ P dady voe D) (B.4)
As it is well-known (see e.g. [14]), the domain D(Q) of @ is just the closure of D(A) w.r.t. the norm
lolG = l[vl5,,-1 + Q(v,v) = l[vll3 1 + [0l 7. -

It is then easy to see that such a closure is nothing but L2 (RY) N A*(R?) and the quadratic form on
D(Q) = L2(R%) N H*(R?) is still represented by (B.4).
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By classical results (we refer again to [14]), proving that A generates a Markov semigroup is
equivalent to proving that if v belongs to D(Q) then both vV 0 and v A1 belong to D(Q) and satisfy

QVv0,vVv0)<Q,v), QuALvAl) <Qv,v).

But the latter properties are straightforward consequences of the characterization of @) given above.

The last assertions follow from the general theory of symmetric Markov semigroups (cf. [14,
Section 1.4]) and from their known analiticity properties (cf. [14, Theorem 1.4.2]). See also the
discussion in the proof of Lemma 5.3. O

The next proposition extends the symmetry property of the operator A = p~! (—A)*® to functions
which belong to other suitable L spaces. This is essential in proving our uniqueness Theorem 3.4
for certain values of v in low dimensions d < 3, more precisely whenever (d —v)/(d — 2s) > 2.

Proposition B.1. Let d > 2s and assume that p satisfies (1.2) for some v € [0,2s)N[0,d —2s] and
Yo € [0,7]. Let p € [2,2(d—~)/(d —2s)) and p' =p/(p—1) be its conjugate exponent. Suppose that
d " (d 7 (Tod :
Z,zetLg(R ) are such that A(v), A(w) € LY (R%). Then v,w € H*(R?) and the following formula

olds true:

[ o@-ar @)@ ds = [ (-A7 @)@ u) ds
Rd Rd
0, [ [ LDt w0 o,

o =y

Sketch of proof. The method of proof proceeds along the lines of the one of Theorem 3.7. The main
difference here lies in the fact that, when using the approximation procedure by cut-off functions
mentioned above, if p is strictly larger than 2 in order to prove that ‘remainder” terms go to zero
one cannot exploit the fact that p=!(—A)*(¢g) and p~1ls(£R) vanish in L= (R?) as R — oo. In fact,
such remainder terms are of the form

/vg(x)(—A)s(fR)(m)dx or /UQ(x)ls(fR)(x)dx. (B.5)
R4 Rd

Thanks to Lemmas A.1, A.2 and A.3 it is direct to see that ||p~1(—A)*(€r)|lg,—~ and |p™ s (ER)lg,—~
vanish as R — oo provided ¢ > (d —v)/(2s — 7), whence the condition p € [2,2(d —v)/(d — 2s)) to
ensure that also the integrals in (B.5) go to zero as R — oo. O
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