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1. Introduction

Soot particle formation in combustion has an impact on both
combustion efficiency and human health. In terms of legislation,
the limitations on soot emissions are tending to become even stric-
ter regarding both volume and number density. In addition, soot
plays an important role in radiative heat transfer, where accurate
but efficient prediction of the soot evolution is required to pre-
cisely model the radiative fluxes in systems like fires [3,4].

Nowadays, most of the detailed phenomenological soot models
are based on techniques for solving the population balance equa-
tion (PBE), which is a continuity statement written in terms of a
number density function (NDF) [5].
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Among them, Monte Carlo (MC) based models were developed
in order to approximate the PBE-governed soot particle population
using an ensemble of stochastic particles [6-12]. Monte Carlo
methods are known to yield very accurate results; however, due to
their computational expense, their applicability has so far been
limited to simple configurations.

Another group of approaches, referred to as Sectional Methods,
are based on the separation of the particle size spectrum into a
set of size classes [13-22]. While these methods are easy to imple-
ment and give detailed information on the particle size distribution,
sectional methods are also numerically expensive, especially if the
shape of soot particles is described by more than one size property.

The computationally most efficient approach to solving the PBE
is given by moment methods. Here, the NDF is not solved directly;
instead only a few lower-order moments of the distribution are
tracked. As discussed later, this transformation yields unclosed
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terms in the moment equations. The most widely used moment
closure approach is given by the Method of Moments with
Interpolative Closure (MOMIC), where unknown moments are
interpolated from known ones [23-34].

Another way to achieve closure is given by the Quadrature
Method of Moments (QMOM), where the unknown NDF is approxi-
mated either by a set of Dirac delta functions or, in newer develop-
ments, by kernel density functions [1]. Within recent years,
QMOM-based soot models have been applied increasingly [35-
40]. Beside univariate approaches, which assume soot particles to
be spherical, quasi-multivariate and multivariate approaches have
also been developed. Multivariate models offer the possibility to
consider aggregation and therefore lead to a more realistic descrip-
tion of the shape of soot particles. However, the univariate moment
inversion concept is not easily transferable to multivariate cases
[41-43]. Therefore, multivariate moment problems are usually
treated using the Direct Quadrature Method of Moments (DQMOM)
[44]. For instance, Blanquart and Pitsch [39] developed a detailed,
trivariate DQMOM-based soot model. The comparison of the
results with MC simulations showed that DQMOM yields very
accurate results for the PBE. However, DQMOM approaches are
numerically challenging, since they require the inversion of a linear
system, which may be extremely ill-conditioned [5,45]. Mueller
et al. [45,46] therefore suggested a new bivariate approach called
Hybrid Method of Moments (HMOM), in order to combine the
numerical stability of MOMIC with the accuracy of the DQMOM
method. The comparison between HMOM, DQMOM and a bivariate
MOMIC approach with a MC simulation revealed that the evolution
of the soot mass is described adequately using all the moment
methods tested [34]. However, with the exception of DQMOM,
the moment methods yield deviations from the MC simulations
regarding the temporal evolution of the particle number density.

Besides numerical stability and accuracy issues, one of the most
severe restrictions of state-of-the-art moment methods is the lack
of a resolved NDF. Due to this, source terms in the transport equa-
tions cannot be formulated as a continuous function of the particle
size. Thus, effects such as the reduced collision efficiency of the
smallest particles [47,48] cannot be implemented accurately in
standard moment methods with the same precision as in MC.

In order to overcome these limitations, Yuan et al. [1] proposed
an Extended Quadrature Method of Moments (EQMOM), which
enables the shape of the particle size distribution to be recon-
structed from a moment set using kernel density functions instead
of Dirac delta functions. EQMOM was evaluated for 13 benchmark
test cases and further applied to model radiation transport [49], but
not yet to model soot formation in flames.

However, EQMOM is a univariate moment method and, there-
fore, the aggregation of soot particles cannot be accounted for
accurately. It is known that even small particles can build aggre-
gates upon collision [33,50-52]. Therefore, aggregation needs to be
considered in soot models in order to describe the evolution of soot
particle ensembles properly. This implies the application of a
bivariate NDF. Yuan and Fox [2] developed a multivariate moment
approach called Conditional Quadrature Method of Moments
(CQMOM) to handle bivariate moment formulations in a
numerically robust way. The suitability of CQMOM to describe
particle ensembles has already been demonstrated by modeling
TiO, formation in flames [53,54]. However, in contrast to EQMOM,
CQMOM is based on the standard Gaussian-QMOM tech-nique and
the NDF is thus not known. A possible modification to standard
QMOM techniques such as CQMOM is given by QMOM-Radau,
where the Gauss-Radau quadrature interpolation rule is applied to
fix a quadrature node at the smallest particle size [55]. However, to
the authors’ knowledge, QMOM-Radau based approaches have not
yet been published for particles or even soot so far.

—

The scope of this paper is to apply EQMOM and CQMOM to model
soot formation in premixed flames. The two models are ini-tially
used separately. Then, a combination of the two models, called the
Extended Conditional Quadrature Method of Moments (ECQMOM) [5],
is formulated for sooting flames. To do so, the pro-cesses of
nucleation, coagulation, condensation and HACA surface growth
[12,25,29] are formulated in the context of an EQMOM and a
CQMOM approach. In order to obtain a numerically stable moment
method, which resolves the soot particle size distribution and
captures aggregation, the two approaches are combined to form the
ECQMOM method. Special focus is put on the methods’ capability to
close the moment source terms accurately by compar-ing the
EQMOM-based methods to Gaussian-QMOM models and a MC
approach [56]. The gas phase is modeled using a modified ver-sion
of the extensively validated CRECK mechanism [57-61]. In  order
to be consistent with the soot model, pyrene (A4-C;gHqg) is set as
the largest polycyclic aromatic hydrocarbon (PAH) species in the
model, which accounts for all larger ones.

The remainder of this paper is organized as follows: First, the
numerical model is introduced and explained in Section 2. The
methods of EQMOM, QMOM-Radau, CQMOM and ECQMOM are used
to model soot for the first time. Therefore, detailed explana-tions are
given on the application of these methods to the soot model. Next,
the kinetic scheme to describe the gas phase is explained.
Afterwards, the ability of this scheme to predict with accuracy not
only the major species of a fuel-rich flame, but also PAH species is
demonstrated in Section 3, where the model is com-pared to
experimental results [62-68]. The kinetic mechanism is then applied
to model the gas phase of two sooting reference flames, which serve
as validation cases for the moment-based soot models. This involves
the simulation results with the univariate EQMOM method being
compared to experiments as well as to QMOM, QMOM-Radau and
MC results for a premixed burner-stabi-lized ethylene flame, where
aggregation was found to be negligible [69]. A similar comparison to
experiments, CQMOM and MC sim-ulations follows for the bivariate
ECQMOM soot model introduced. Here, another burner-stabilized
ethylene flame, where aggregation is known to be an important
effect [70], is chosen as the test flame. Finally, conclusions are drawn
in Section 4.

2. Numerical model
2.1. Method of moments

The evolution of the soot NDF n (t, x; ¢) in fuel-rich premixed
flames is governed by the PBE:
on(t,x; )
ot

n oun(t,x; ¢)

x = X

(1)
In this study, diffusive terms are neglected. For molecular diffusion,
this is justified by the high Schmidt number of soot particles, as
shown by Bisetti et al. [71]. In addition, thermophoresis is known to
have only a minor effect on the transport velocity of soot parti-cles
in premixed flames [70,72,73]. Therefore, in this study, soot particles
move along the axis with the local gas velocity. The source termn t,
X, &) accounts for the physical and chemical processes of particle
nucleation 7 ,, , coagulation fq , PAH condensation 11 cn¢ and
chemical surface growthi:

)

In this study, we put the focus on fuel-rich premixed flames.
Therefore, soot particle oxidation is not considered, as previous
studies have shown that oxidation has a minor effect on the soot
evolution in fuel-rich premixed flames [6,24,70,74]. This is con-
firmed by Xu et al. [70], who experimentally and numerically

h(t»x§ f) = hnuc(t«, X) + ﬁcoag(t» X; f) + hcund(t= X; f) + flsg(ta X; f)



investigated one of the test flames considered in this paper below
(cf. Section 2.4).

The vector of the internal coordinates & contains the properties
to characterize the soot particles. In the first part of this work, soot
particles are characterized univariately by considering their vol-
ume V

¢=(). (3)

However, in order to describe the shape of soot particles in a more
realistic way, a bivariate description is needed. Therefore, & needs to
be extended to both the particle volume V and the particle surface S

¢=(v.5)" (4)

The bivariate description allows aggregation effects to be modeled,
whereas for the univariate model all particles are assumed to be
spherical.

Since the PBE is high-dimensional, a direct solution is not feasi-
ble for soot ensembles. In moment methods, the PBE is trans-
formed to moment equations using the definition of the k-th
moment of the univariate NDF

my(t,X) = /0 N VEn(t,x; V)dv. (5)

Keeping in mind that the lower bound of the particle size spectrum
is given by the volume of a freshly nucleated particle denoted as V1,
Eq. (5) is equivalent to

me(t,x) = [ V(e x;V)dv, (6)
Vi

and this is further discussed below. For the bivariate NDF, the k, [-th

moment is defined as

My (L, X) = /0 /0 VASn(t,x; V, S)dSdv. (7)

It should be noted, that time and space dependencies are dropped in
the remainder of this paper for brevity. Eqs. (5) and (7) lead to
transport equations for the moments (presented here for the uni-
variate case):

om, oumy .
ot + 0x = M. (8)

For numerical reasons, Eq. (8) is transformed into a system of ordin-
ary differential equations with the time being the only independent
coordinate, following the idea of Blanquart [75].

In the remainder of the paper, we focus on the coagulation
source term. Thus, again considering only the univariate case for
brevity, the moment transformation for i cqe yields [1]

00 Vv
mk.caag = / Vk |:% / ﬁ(v — V/, V’)n(V — V')n(V’)dV’
0 0

- /m B(V, V')n(V)n(V')dV’} dv. 9)
0

As the coagulation kernel (V) for the free molecular and contin-
uum regime depends on V, the RHS of Eq. (9) is unclosed. Closure
can be achieved using the quadrature-based moment methods
described next.

First, a short review of the standard QMOM theory is provided
to create a basis for demonstrating the characteristic properties
of the enhanced QMOM-based methods. Afterwards, the QMOM-
Radau extension is presented, which enables us to consider the
smallest soot particles within the standard QMOM framework. A
NDF reconstruction can be achieved by the EQMOM model, which
is explained afterwards. Finally, the bivariate models CQMOM and
ECQMOM are introduced; these are needed to extend the univari-
ate models, taking into account particle aggregation.

2.1.1. QMOM

Since standard QMOM is a univariate model, the following
equations are presented for &= (V). The general idea behind
QMOM is to approximate the unknown NDF by a linear combina-
tion of Ny Dirac delta functions

Ny
n(V) =Y wed(V —V,). (10)
o=1
Applying the moment definition of Eq. (5) to Eq. (10) leads to
o0 NV
my= [ Vav)dv =3 w,V¥ 11
o= [ Vv = 3wt an
The source terms of Eq. (2) are closed according to
o Ny
[ 1vnway =3 wifv.). (12)
. o=1

where f(V) contains all parts of the source terms except the NDF

itself [5], V,, and w, are the Ny nodes and weights of the quadrature

interpolation formula. As an example, the coagulation source term

(see Eq. (9)) can be written as a function of the quadrature nodes

and weights [1]:

. 1y My K ok ok

Miccoag =5 )Y _WiwiB(Vi, V) [(Vi +V) - Vi- Vj]' (13)
i=1 j=1

The nodes and weights are computed from the known lower-order

moments, solving a nonlinear system of equations:

Ny
Mo => Wy,
o=1

Ny
my = w,V,,
a=1

Ny
Mo, -1 = ZWQV§N‘/71. (14)
=1
The direct solution of this system is not feasible [5]. Instead, the
relationship between the NDF and polynomials which are orthogo-
nal to the NDF can be used. These orthogonal polynomials P, can be
written in terms of a recursive formula

Pya(V) = (V—a;)Py(V) = b,P, 1 (V), 7 €N, (15)

and can be evaluated, once the recursive coefficients a, and b, are
known. In QMOM, these coefficients are given by the known
lower-order moments of the soot NDF:

my
ap = —,
my
_ msmj +m3 — 2mymymg (16)
mymg + m3 — 2m?mq
b mymg + m2 — 2m3mg
1= )

Z
my

The recursion coefficients are used to fill a tridiagonal symmetric
Jacobi matrix

Qo \/BT
\/E a; \/b—;

J= Vb - . (17)
/by, -1

any, -1

by, -1



where the eigenvalues directly represent the nodes V,. The eigen-
vectors can be used to calculate the weights w,. We will come back
to the determination of the recursive coefficients in the context of
EQMOM.

In order to realize the moment inversion step presented in an
efficient way, special algorithms like the product-difference algo-
rithm [76] or the Wheeler algorithm [77] are available in the litera-
ture [5]. In this study the Wheeler algorithm is applied.

For further details on the corresponding mathematical theory,
the reader is referred to [5,55,76,77].

2.1.2. Gauss-Radau QMOM

In standard QMOM, the positions of the Ny nodes are not pre-
scribed, but they are chosen to optimize the precision of the inter-
polation formula Eq. (12) to a maximum degree of 2Ny — 1. In
Gauss-Radau quadrature, the position of one node is prescribed a
priori (fixed) and the additional nodes and all weights are opti-
mized to reach a degree of exactness of 2Ny — 2. The prescribed
node is fixed at the lower or upper end of the integration interval.
In this study, the method is used to fix an interpolation node at the
position of the particles with the smallest volume V. As will be
shown later in the results, this concept can be used to improve the
ability of the standard QMOM method, to improve the statistical
representation of the smallest soot particles. In contrast to Eq. (12),
the interpolation equation for Gauss-Radau QMOM (denoted as
QMOM-Radau in the remainder of this paper) changes to

ge'e] NV
|1 wmiav w3 wif v (18)
=2

In order to fix an abscissa in the moment inversion process, the
recursion coefficient ay,_; is chosen in such a way that V; is a root
of the orthogonal polynomial Py, (V):

Py, (V1) =0. (19)
According to Eq. (15), this leads to
(V] - aNV—])PNV—l(Vl) - bNV—leV—Z(Vl) =0, (20)
and

Pn,—2(V4)

an,-1 = V] — bNV—] (21)

Py,-1(V1)’

As a result, V is an eigenvalue of the Jacobian (see Eq. (17)) and
therefore it is found as a quadrature node. Further details on
Gauss-Radau quadrature can be found in [55].

2.1.3. Extended QMIOM

The general advantage of the recently developed EQMOM
approach [1] over standard QMOM is that the NDF is approximated
using kernel density functions instead of Dirac delta functions (cf.

Eq. (10))

n(\?) ~ iwﬂsa(f/; Vx)., (22)

where the additional parameter ¢, which represents the scale
parameter of the kernel density functions, is required. Thereby, a

new coordinate V is introduced, which is defined as follows:

V=V-V,Vel0,o) (23)

This transformation is needed as I'-distributions, which are defined
on the interval for V, are used for the kernel density functions:

V%—le—\'//a

g (V, \N/a) =

Here, V,, is the position of the I'-distribution corresponding to node
o and F(Vx, O’) is the gamma function. The k-th moment of a I"-dis-

tribution is obtained multiplying Eq. (24) by V* and integrating over
the whole phase space:

F(‘%-&—k)

)

Therefore, the transformation of Eq. (22) into moment equations
leads to

v (% +k)
ﬁlk = ZWQ{ U%

o=1 F(%)
where m, represents the transported moments of the soot particle
distribution transformed to the support interval of I"-distributions.
This transformation step needs to be done at the beginning of each
EQMOM moment inversion step as the lower boundary of the
integration interval of the physical soot distribution moments is
given by the volume of the smallest particle V, (cf. Eq. (22)

Ve [Vy, o], (27)

My = at. (25)

a*, (26)

whereas I'-distributions are defined for the interval V € P, o] (cf.
Eq. (24)). A reconstructed NDF based on a sum of I'-distributions
would therefore contain unphysical volumes as small as zero. The
rule to transform my to m , builds upon the idea of shifting the
physical soot particle distribution leftwards by the value of V; [78]
(cf. Eq. (23)) in order to perform the moment inversion and NDF
reconstruction process in a consistent manner:

= [ V(V)*n(V)dv =

o k k s .
Vi Vi <; <r>v (_VI) >n(V)dV

_ r’Z(()(’r()mk,(V])r. (28)

It should be mentioned that a similar moment transformation strat-
egy has been used by Vikas et al. [49], who applied EQMOM to
model radiation transport.

Eq. (26) can then be simplified to

Ny ~ Ny :
ﬁlk = ZWG(V’; + ZWg(Pk,l <Vo<7 O')
a=1 =1
Ny 5
=i+ > WiPi s (V 0), (29)
oa=1

where Py_; (\7“, a) is a homogeneous polynomial. In order to deter-

mine the scale parameter g, an additional moment needs to be
transported, which is used to determine the value of ¢.! The scale
parameter is found iteratively, by choosing a value for ¢ and solving
Eq. (29). These steps are repeated until the condition

Ny ~
aw, — sy, = > WaPa, 1 (Vi 0) = 0 (30)
=1

is fulfilled. As demonstrated by Yuan et al. [1], this iterative solution
process is a root-finding problem, where ¢ is found by applying a
combination of a secant method and a bisectional method. Having
found the set of nodes V,, weights w, and &, for which Eq. (30) is
satisfied, an additional step is conducted before the source terms are
evaluated. Unlike the case of QMOM, the nodes and weights are not
directly used to evaluate the moment source terms, but

1 2Ny + 1 moments instead of 2Ny moments as in QMOM.



additional weights and nodes, denoted as second Gaussian quadra-
ture nodes \71,5 and weights w,,

Ve €10, 00, (31)
Wye €10,1], (32)
are evaluated for each I'-distribution. At this point, the advantage of
choosing I'-distributions becomes evident. The definition of a I'-
distribution is equivalent to the weight function of Laguerre
polynomials [55]

n>-1, (33)
where the recursion coefficients a, and b, (cf. Eq. (15)) are given by
analytical expressions:

w(s) =s"e”,

a,=2y+n+1
bo=T(1+1n)
by =y +m, y=1 (34)

In contrast to Eq. (16), Eq. (34) is independent from the number of
transported moments, so the dimension of the Jacobian (see Eq.(17))
and therefore the amount of second Gaussian quadrature nodes N;,
can be chosen arbitrarily. The number of transported moments
determines the amount of I'-distributions which are used to
describe the soot particle NDF. To represent not only unimodal but
also bimodal particle distributions in flames and combustion
systems, the choice of two I'-distributions to approximate the NDF
appears to be intuitive and is made in this study. Before the physical
source terms are evaluated, the reconstructed distribution
represented discretely by the sum of the second Gaussian quadra-
ture nodes is shifted back to the physical interval (Eq. (23)) applying

Vome = Va,e + V17 (35)
Wye = Woc.s~ (36)

These aspects lead to the following formulation of the EQMOM
source terms (again shown for the coagulation term only):

Nv Ny Ny Ny

mk coag = ZZZZW1wsz]W]nﬁ Vlm7vjn)

11m111n1

[(Vim + Vin)* = Vi = V5] (37)

2.1.4. CQMOM

The Conditional Method of Moments (CQMOM) [2] allows to
solve the moments of a multivariate NDF by finding the weights
and abscissas of the second internal coordinate conditioned on
nodes of the first coordinate. In this paper, CQMOM is used to
characterize soot particles both by their volume V and their surface
S to consider aggregation. Therefore, the bivariate NDF is repre-
sented by

Ny Ns

SN WaWayS(V = V,)5(S —Sup),  (38)

o=1 =1

n(V,S) = ny(V)nsy(S|V) =

and the bivariate moments are written as

my; = / / VkS’n
JOo JO

with the Ns conditioned surface nodes S, ; and weights w, 4. Since
the sum of the weighted, conditioned nodes represents the condi-
tional moments, Ay ;(Sy.p, Wa )

Ny Ng
(V.9)dvdSs =" w,w,,ViS, . (39)

a=1 p=1

Ny Ns

my; = Zzwxwa ﬁvasq B Zwav Aal(sx /37Wx /i) (40)

a=1 p=1

the bivariate moment inversion problem is simplified to two con-
secutive quasi-univariate moment inversion steps. To achieve this,
the pure volume moments m,, are first inverted to compute the
Ny nodes and weights for the volume direction V, and w,. Then,
the conditional moments are evaluated, solving the following linear
system shown here for [ = 1:

-1
A1a Vi VI?JV wi 0 0 17'[ mos
: = 0 . 0
Anya vivt qu 0 0 wy, My, 11
(41)

The conditional moments are then inverted following Eq. (40) to
find the Nsconditioned weights and nodes w, gand S, .

Finally, the bivariate moment source terms are closed using the
nodes and weights of both directions. This is demonstrated again
for the coagulation term [54]:

) ) S 14
—— / / T F / / BV -V V. S-5.S)
0 0 2 0 0

n(V7V’,575’)n(V’,5’)dV’d5’7/ / B(V.V',S.S)
0 0

n(v75)n(v’,s’)dv’d5’} dvds

DS VS VS

i=1 m=1j=1 n=1

[(Vi+ V)" (Sim + Sin)' = ViSi = ViSha). (42)

2.1.5. Combination of EQMOM/CQMOM

The combination of EQMOM and CQMOM yields a moment
method which offers the benefits of having both a continuous
reconstructed NDF and considering a bivariate description of soot
particles. Substituting the Dirac delta functions for the volume
space in Eq. (38) by kernel density functions yields

n(V.s) ~ %iwawwag (V:Vi)o(S = Sup), (43)

a=1 p=1

and Eq. (39) changes to

My = / ‘ / VESin(
0 0

where the moments of the Ny I'-distributions m are given by Eq.
(25) taking into account the necessary transformatlon step
described above.

These modifications yield changes in the linear system of Eq.
(41):

Ny Ng
V,S)dvdS = > > “wawasm S, (44)

a=1 p=1

1 N -1 -1
A1q myy - m{/‘(‘)/) wp 0 0 Mo
= : 0 . 0
Any 1 mg,l_;\,rl mw,‘\’,‘)F] 0 0 wy, My, -11
(45)

However, the solution procedure of the combined EQMOM/CQMOM
approach is similar to CQMOM. First, EQMOM is applied to invert

the univariate volume moments myo. The abscissas V,, weights
w, and the scale parameter ¢ are used to compute the moments

of the I'-distributions ", which are first transformed to the physi-
cal space leading to m?) and then used to solve the linear system



given in Eq. (45). The abscissas S, ; and weights w,; are found by
inverting the conditional moments A, (S@_,;, Wag).

The closure of the ECQMOM source term is similar to Eq. (42)
adding additional loops for the second Gaussian quadrature vol-
ume nodes. As these formulations are straightforward, the
ECQMOM coagulation source term is not shown here for brevity.

2.2. Monte Carlo

As mentioned before, MC can reconstruct the NDF very accu-
rately. Thus, similar to previous studies, where the numerical
results of moment methods are compared to MC results [34,45], we
perform MC simulations for the particle modeling test flames
discussed in Section 2.4 using the MC tool Sweep2 [56]. The results
are used as an additional reference to validate the moment-based
approaches described in Section 2.1. In Sweep2, soot is represented
by an ensemble of stochastical particles. This ensemble is adapted
according to the probability that an ensemble-changing event will
happen as a function of the height above the burner (HAB). This
method is realized using the Linear Process Deferment Algorithm [11]
to optimize the computational efficiency. Further details on the
underlying algorithmic methods can be found in [6,9,11].

2.3. Physical and chemical models

The gas phase of the burner-stabilized premixed test flames
studied is simulated using the flame solver package OpenSMOKE
[79]. Species diffusion is modeled using the mixture-averaged dif-
fusion model. Thermal diffusion (Soret effect) is considered in the
species transport equations. The solution gradient and curvature
are controlled to ensure the smoothness of the calculated profiles.
The QMOM-based solvers are integrated into OpenSMOKE in order
to directly couple the solid and the gas phase. This coupling pro-
cess enables the correction of relevant gaseous species profiles due
to their transition to the solid phase as a result of nucleation,
condensation and HACA surface growth.

2.3.1. Gas phase

The detailed gas phase model, which is attached as supplemen-
tary material, is a subset of a larger kinetic scheme available on the
web.? It includes only the high temperature sub-mechanism and
accounts for 170 species and about 5500 reactions. The scheme is
based on a detailed description of the C;-C4 chemistry, which has
been extensively validated in comparison with a large amount of
experimental data [57]. It includes detailed models of the formation
and disappearance of first aromatic rings (benzene (A1-CgHg) and
toluene (A1-C;Hg), in particular) and of PAHs, which are known to be
precursors of soot.

The formation of the first aromatic rings has been carefully vali-
dated in recent studies. In this context, the capability of the model
to describe the pyrolysis and oxidation of A1-C¢Hg has been vali-
dated in different laminar flames with different fuels [58]. Special
focus was put on the first ring formation by C; and C4 chemistry and
by the resonantly stabilized radicals such as propar-gyl (CsHs) and
cyclopentadienyl (CsHs) [60,61].

The growth rates of larger PAH species are modeled using the
well-known HACA mechanism [80]. The kinetic scheme includes
also the typical reaction pathways of chemistry of PAH growth, like
the stabilized radical mechanisms, even though they are of lower
importance in the case of ethylene flames. The main consumption
reactions of aromatics and PAHs are H abstraction reactions by H
and OH radicals. The capability of the model to reproduce PAH for-
mation and disappearance is of paramount importance for the

2 http://creckmodeling.chem.polimi.it.

prediction of the soot formation. For this reason, the mechanism
was already discussed and extensively validated, as reported in the
referred literature [58-61]. To specifically adapt the kinetic scheme
to be connected to the method of moments, A4-C;gH; is set to be
the heaviest component of the gas phase and thus accounts for
other heavier PAHs.

2.3.2. Solid phase

The formulation of the physical and chemical source terms (cf.
Eq. (2)) follows previous studies, e.g., [12,29,39]. Therefore, only
a short outline is given here. It is important to mention that the for-
mulations of the physical and chemical rates are the same for both
the Monte Carlo code and the QMOM-based solvers.

In order to describe soot particle nucleation, different models
are available in the literature as the process of nucleation is not yet
fully understood [81]. Hence, frequently applied nucleation models
assume a dimerization reaction of PAH dimers [34,39,45,74], a
chemical lumping process [25,26] or a A4-CigH;o dimerization
reaction [12,29,33,82,83] leading to the first solid particles. In this
study we apply the A4-C;gH;o dimerization model to describe the
nucleation rate of the smallest soot particles pre-sent in the system.

Coagulation is described using the Smoluchowski equation,
where the transition between the continuum and the free molecu-
lar regime kernel is accounted for by applying a harmonic mean
interpolation of the collision frequencies of the two regimes [84].
The collision diameter d. is evaluated following Kruis et al. [85]

de = dyn,/™, (46)

where the fractal dimension Dris kept constant at Dy = 1.8. As the
number of primary particles n, in the univariate methods is fixed at
n, = 1, the collision diameter is equal to the primary particle
diameter d,. The bivariate models assume that aggregating particles
are linked by point contacts and all primary particles of an aggre-
gate have the same diameter. Therefore, the correlation between the
internal coordinates (V, S) and the aggregate properties d, and nj, is
given by Blanquart and Pitsch [39]

V:gm@, (47)
S = nnyd;. (48)

Particle surface growth is considered to happen through con-
densation of A4-Ci;gH;o and the H-abstraction-C;H,-addition
(HACA) mechanism [24]. The formulation of the condensation rate
is based on the Smoluchowski equation for the collision of A4-
Cy6H1 with soot. In contrast, the formulation of the HACA reaction
rate is based on a heterogeneous Arrhenius approach [28,86]. The
HACA rates are taken from [29].

Details with respect to the formulation of the presented source
terms within the QMOM framework can be found in Blanquart [75]
who applied a slightly different nucleation and condensation
model (nucleation through dimerization of two PAH dimers
instead of dimerization of two PAH molecules, condensation of
PAH dimers instead of condensation of PAH molecules).
Therefore, in our model, we substituted the dimer properties
needed in the QMOM-based equations in [75] by A4-CieHio
properties.

2.4. Experimental setup

As mentioned above, three burner-stabilized premixed ethylene
flames are considered as reference cases to validate the numerical
models.

First, a C;H4/O,/Ar flame with an equivalence ratio of ¢ = 3.06,
which was studied by Castaldi et al. [62] experimentally, is chosen
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as the reference flame to validate the kinetic gas phase model.
Several measured PAH species profiles are available, which were
sampled using an online gas chromatograph/mass spectrometer
analysis technique [62]. As the significant heat losses are difficult to
estimate in premixed burner-stabilized flames (e.g., [39]), the
temperature profile measured is used as an input in the numerical
simulations. In order to validate the kinetic model’s ability to pre-
dict the effect of methane (CH4) addition on the formation of soot
precursors, the laminar flow reactor experiments of Roesler et al.
[63] are also modeled. This involves studying CH,4/C,H4 mixtures in
a laminar flow reactor at T = 1430 K. Initially, the fuel consists of
pure C,H,. Then, CHy is gradually added to the system, maintain-
ing the total carbon content (3 mol-%) and a C/O ratio of about 2,
corresponding to an equivalence ratio of between ¢ = 6 — 7 due to
the added H, in the presence of CH. Finally, the model is vali-dated
against several measurements regarding its ability to repro-duce
the flame speed in C;H4/O,/N, flames at different pressures and
compositions [64-68].

In order to validate the statistical soot models EQMOM and
ECQMOM two test flames are chosen. The first flame which is cho-
sen for the validation of the soot model is a C;H,4/0,/Ar flame,
which was studied experimentally by Abid et al. [69]. It has an
equivalence ratio of ¢ = 2.07 and a cold gas velocity of ug = 6.53
cm/s. The experimental setup included measurements of the
particle size distribution using a scanning mobility particle sizer
(SMPS) and transmission electron microscopy (TEM) mea-
surements to study the morphology of the particles [69]. The TEM
experiments indicated that this flame does not tend to build
aggregates and therefore particle volume and surface can be trea-
ted as dependent coordinates applying a univariate coalescence
model. Hence, this flame is chosen as a benchmark flame to model
soot evolution with the univariate soot models introduced in
Section 2.1. For the same reasons as mentioned above, the tem-
perature profile measured by Abid et al. [69] is used in the
simulation.

In order to validate the bivariate models, a third test flame is
chosen, where aggregation is important. TEM measurements on a
C,H4/02/N; flame with ¢ = 2.64 and ug = 6.84 cm/s revealed [70]
that aggregation is a major process in this flame. A previous
numerical study of this flame revealed that the assumption of a
pure aggregation model predicts the measured mean soot quanti-
ties very well [45,87]. Therefore, the flame serves as a suitable test
case for the bivariate models introduced in Section 2.1 considering
the case of pure aggregation. It should be mentioned that this flame
is listed as one of the target flames of the International Sooting
Flame Workshop (ISF) and has already been modeled in other
studies [34,39,45,74]. The temperature is again fixed in the
simulations applying the temperature profile suggested on the ISF
website [88].

As all test flames considered are based on C;H,, it should be
mentioned that the models described have no restrictions regard-
ing their applicability to other fuels.

3. Results

In this section, the kinetic gas phase model, the univariate
EQMOM and the bivariate ECQMOM model are validated against
experiments. Furthermore, the soot models are compared to MC
simulations and the other univariate and bivariate moment meth-
ods explained in Section 2.

3.1. Evaluation of the kinetic gas phase model

As mentioned in Section 2.4, the experimentally measured tem-
perature profile is used in the simulation. Thereby, this profile is

increased by AT = 100 K in the post-flame zone to better repro-
duce the post-flame values of several important stable species, such
as CoHy, Hy and CO. This correction is expected to be within the
experimental uncertainty range of temperature measurements in
sooting flame conditions, as the flame temperature measured could
be affected by the soot deposition on the thermocouple [89,90].
Figure 1 shows the comparison between the measured and the
simulated mole fraction profiles for the major species as well as the
PAHs. Taking into account the fact that species mea-surements in
sooting flames are difficult and therefore yield to uncertainties, the
comparison between the model predictions and the measurements
is quite satisfactory. This applies not only for the general flame
structure and the major gaseous products, but also for the
intermediate species and aromatic compounds with 1-4 rings. The
major deviation refers to toluene. Part of the toluene
overestimation is related to the benzene overestimation. This error
is not present in the case of the laminar flow reactor (Fig. 2a),
where the agreement between the model and the experi-mental
data is better. Moreover, toluene predictions are generally quite
satisfactory in other comparisons, where the presence of large or
systematic deviations cannot be observed [61].

One of the main purposes of the mechanism is to precisely
describe the A4-C;sH;( profile, which directly influences the nucle-
ation and the condensation rate of the soot model. As mentioned,
A4-CigHyo is mainly built by HACA reactions, where pheny-
lacetylene (CcHsC,H) is a key intermediate. As shown in Fig. 1d, the
model is able to represent the measured CgHsC,H trend very well.
Consequently, the kinetic model is also able to predict the
measured A4-C,gH;o profile well.

The comparison between the model and experiments regarding
the effect of CH4 addition is shown in Fig. 2a. The simulation results
for premixed mixtures in a flow reactor are reported as a function
of a mixture parameter g, representing the fraction of fuel carbon
injected as methane [59]:

_ XCH4

Xen, +Xen, | (49)
where X;is the mole fraction of species i. In this case, the model also
correctly predicts the experimental trends, especially the significant
increase in benzene when CH, is added to the system. Similarly, the
same kinetic model proved able to properly estimate the formation
of benzene and larger aromatics in a coflow diffusion flame fed with
mixtures of CoHy4 and CHy4 [59]. Finally, the flame speed simulations
and measurements at different equivalence ratios and pressures are
shown in Fig. 2b. It can be observed that the kinetic model is able to
reproduce the flame speed of C;H, flames correctly over a wide
range of equivalence ratios and at different pressures.

3.2. Evaluation of the univariate EQMOM model

As mentioned, the burner-stabilized, premixed C,H4/O,/Ar
flame which was studied experimentally by Abid et al. [69] is cho-
sen as the reference flame for the univariate EQMOM model. Figure
3 shows a comparison between the experimental results [69] and
the EQMOM results. As already mentioned in Section 2.1.3, two I'-
distributions are chosen to approximate the NDF. The source terms
are evaluated using 100 second Gaussian quadrature nodes (50
nodes per I'-distribution). Very good agree-ment is found for the
soot volume fraction f ,. On the other hand, the total particle
number density N is overpredicted by the model, taking into
account the full NDF. However, the overprediction of the particle
number density in comparison to SMPS results is expected, since
the SMPS technique is not capable of probing the smallest soot
particles. The lower detection size limit in the study by Abid et al.
[69] is reported to be d = 2.5 nm. In order to ensure



2.5e-01

[
T A
—  2.0e-01 .
x
c L
S 1.5e-01
"5 ---------
E *
. 1.0e-01
3 ;
¢ .
S 5.0e-02
A A
0.0e+00 A _a
10 12
HAB [mm]
(a)
2.5e-04
- cCgHgexp. o
L C4Hgexp.
x 2 ° C Hgexp. o
>é A CCSHG s!m.
O 1.5e-04 N CaHg sim.
g e " C,4Hg sim. ---w--
w 1.0e-04
8
O |
S 5.0e-05
0.0e+00
HAB [mm]
()
1.6e-04
A2-CigHgexp. o
T 14e-04 1 A3-CyHigexp. 4
N _04 | A4-CygHigexp. o
X e A2-C,Hg sim.
S 10804 | A3-Cy4Hy sim.
g 8.06-05 | A4=CigHio Sim. -5
L 6.0e-05 |
K]
o 4.0e-05 | o®
Z 50605
[
0.0e+00
0 2 4 6 8 10 12
HAB [mm]

(e)

4.0e-01

CoHyexp. o CyHy sim. ——
T Hoexp. & H, sim.
><‘—.‘_ 3.0e-01 | COexp. CO sim., ===
c
kel
g 2.0e-01 M
e AR
5 4 0e-01 st
=
e °
0.0e+00 : ‘ ‘ ; :
0 2 4 6 8 10 12
HAB [mm]
(b)
2.0e-03
A1-CgHgexp. o
T CgHsCoHexp. a
I 6/ 1572
—_ 1.6e-03 C7H8 exp. *
>é A1-CgHg sim.
S 1.2e-03 | CgHsCoH sim.
"6' .......
o
L 8.0e-04 -
E Tece
o L
s 40e=04 1 =0 /T
A A A AR - - ~
0.0e+00 2t —a—a
0 2 4 6 8 10 12
HAB [mm]
(d)
4.0e-03
=
& 3.0e-03 f
c
o
§ 2.0e-03
[T
< 1.0e-03
=

0.0e+00 *=

HAB [mm]
()

Fig. 1. Comparison between experimental and calculated mole fraction profiles for major species and PAHs in a premixed C;H4/0,/Ar flame with ¢ = 3.06 [62]. (a) CoHy, O3,
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comparability, these smallest particles are subtracted from the
EQMOM solution. The same procedure was carried out by Zhao et
al. [91] in a MC simulation of an ethylene flame, which was
investigated experimentally using a SMPS setup. Since EQMOM
offers a reconstructed NDF, this clipping step can be realized as
accurately as in a MC method. As shown in Fig. 3b, this leads to
good agreement between the measured and the modeled particle
number density.

The comparison between the results obtained with EQMOM,
QMOM, QMOM-Radau and MC is shown in Fig. 4. Both the
QMOM and the QMOM-Radau source terms are evaluated using
three quadrature nodes. More quadrature nodes do not lead to
any further improvements in the solution of the case studied. As
mentioned above, two I'-distributions with 100 second Gaussian
quadrature nodes are used in EQMOM. The results show only small
deviations for f, among the models. However, regarding the total
number density N, both quantitative and qualitative differences
can be seen. While EQMOM and QMOM-Radau are able to repro-
duce the history of the number density towards higher HABs and
the two compare well to MC, QMOM overpredicts the total particle
number. More precisely, it fails to capture the steep gradient of the

number density as a function of the HAB. Therefore, the deviations
quickly reach a factor of two (at about HAB = 10 mm). The differ-
ences increase further at higher HABs, where QMOM predicts too
slight a decrease in N in comparison to MC.

The reason for this effect is further analyzed by looking at the
source terms of the zeroth moment my, which represents N. In  the
present study, mg is only influenced by the processes of nucle-ation
and coagulation. Since nucleation is independent from the NDF, the
deviations originate mainly in the coagulation source term (cf. Egs.
(9) and (37)). Figure 5 shows the relative deviations of the QMOM
and the QMOM-Radau coagulation source term with respect to mg
from EQMOM as a function of the HAB. Both QMOM and QMOM-
Radau yield differences of approximately 5% at about HAB = 5 mm.
However, these differences stay almost constant or grow even larger
in QMOM, whereas the relative deviation of QMOM-Radau from
EQMOM declines in later parts of the flame. The consistent rate
differences in QMOM lead to the deviations mentioned for N.

The underlying effect can be explained as follows. As shown in
Section 2, the principle of evaluating nodes and weights based on a
transported set of moments, and using these nodes to close the
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source terms, applies to all QMOM-based approaches. Therefore, it
seems straightforward that the differences correlate with the posi-
tion and the weights of the calculated quadrature nodes. In order
to analyze how the coagulation rate of my depends on the specific
quadrature nodes, the NDF from EQMOM is used to investigate the
size dependency of the coagulation source term. Thereby, the par-
ticle size spectrum is divided into two bins, Bin1 and Bin2, respec-
tively. The limit between Binl and Bin2 is set at dp =4 nm. The
evaluation of the coagulation rate is now split into three different
events: Bin1-Bin1, Bin1-Bin2 and Bin2-Bin2 collisions. The rates
are normalized by the total coagulation rate. The result is shown
in Fig. 6. Obviously, collisions among Bin1 particles are only impor-
tant at lower HABs, since particles larger than dp = 4 nm are not yet
formed in this part of the flame. At higher HABs, the presence of
Bin2 particles leads to Bin2-Bin2 collisions contributing signifi-
cantly to the overall coagulation rate. However, especially at high
HABs, Bin1-Bin2 collisions are the most dominant process

contributing to the coagulation rate. That implies that the smallest
soot particles need to be represented accurately by the statistical
model at all HABs to describe the dynamics of the coagulation pro-
cess properly. As mentioned in Section 2.1.1, the position of the
nodes is not fixed in QMOM, but is instead determined by the roots
of orthogonal polynomials, which are evaluated by the transported
moment set. Figure 7, showing the position and weight of the
EQMOM, QMOM and QMOM-Radau quadrature nodes at two HABs,
reveals that QMOM does not place any interpolation node to the
size region of the smallest soot particles at higher HABs. As a
consequence, QMOM cannot describe the amount of the smallest
particles accurately. This conclusion is supported by the results of
the QMOM-Radau method, where one quadrature node is fixed at
the position of the smallest particles. This specific inter-polation
node for the small particles ensures that QMIOM-Radau captures
the decline in the number density in the post-inception zone much
better than QMOM, see Fig. 4. The non-fixed quadrature
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nodes are positioned at large particle diameters in order to
describe the shape of the second size mode.

The permanent presence of an interpolation node in the region
of the smallest particles is also achieved in EQMOM, see Fig. 7.
Based on the discussion above, it is not surprising that a numerical
method which reconstructs the whole NDF is able to close the
source terms accurately. However, the good agreement between
EQMOM and MC in Fig. 4 also implies that the choice of only two I'-
distributions to reconstruct the NDF is sufficient to approximate
a bimodal soot ensemble. Therefore, only 2Ny + N, (Ny=2) moments
of the distribution need to be transported. The same number of
moments enables the evaluation of three Gaussian Quadrature
nodes in QMOM or QMOM-Radau. However, EQMOM utilizes the
known moments more efficiently, as it enables the reconstruction
of the continuous NDF.

It is interesting to note that the importance of the smallest par-
ticles and the impact on solution methods was previously
expressed by Mueller et al. [45], who compared different moment
methods to MC results. It was found that BIMOMIC [34] is not able
to capture the particles of the first mode. Therefore, the method
was expanded to create the Hybrid Method of Moments (HMOM)
by introducing a Dirac delta representation of the smallest parti-
cles. The transport of this peak is managed using DQMOM. The
extension to HMOM was shown to yield much better agreement to
MC results. However, almost perfect agreement was found for the
DQMOM approach, developed by Blanquart and Pitsch [39]. This
very good agreement was explained to be a consequence of the
accurate prediction of the two modes, especially the mean of the
second mode and the relative weight of the two modes [45]. This
requirement is satisfied by enforcing a certain set of moments
containing multivariate integer-order and non-integer-order
moments in DQMOM. As further shown in Blanquart [75], this
choice yields one quadrature node positioned at the lower size
limit, and another one (in the case of 2 nodes in total) or two other
nodes (in the case of 3 nodes in total) at the mean of the second
mode. These findings lead to the expansion of the BiMOMIC
method to HMOM introducing a quadrature node to represent the
particles at the first mode.

Here, an analogy between the interpolation-based moment
approaches MOMIC [86], BIMOMIC [34] and HMOM [45] and the
quadrature based methods applied in this study can be identified.
Representing the smallest particles properly is a well-known issue
in the MOMIC-based soot models [46]. Our study reveals that the
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same problem is present in standard QMOM. However, it is
demonstrated that QMOM-Radau is a suitable extension of the
moment-inversion based QMOM method to take into account the
smallest soot particles in the system. Therefore, both QMOM-
Radau and EQMOM are able to capture the smallest soot particles
of the particle ensemble.

The above mentioned criteria, which were found to yield the
high accuracy of DQMOM, also serve as an explanation for the very
good precision of EQMOM. Figure 8 compares the reconstructed
particle size distribution of EQMOM with MC. The reconstructed
particle size distribution of EQMOM captures the behavior of the
MC distribution very well in regions where the distribution is still
unimodal. At higher HABs, when bimodality develops, EQMOM
reveals its first differences to the MC solution in the trough region.
However, EQMOM captures the shape in the coagulation-dominat-
ing regions, which are the smallest particles and the second mode
and therefore satisfies the criteria to predict the mean of the sec-
ond mode and the relative weight of the two modes accurately. This
leads to an accuracy close to MC and DQMOM. The horizontal offset
between the simulated and the measured distribution [69] is
related to the choice of the pyrene dimerization nucleation model
applied in this study [10].

The comparison among the univariate quadrature-based
moment approaches and the MC simulation in this section reveal a
high sensitivity of the coagulation term on the quadrature node
position, which can lead to significant differences from a MC solu-
tion if the nodes do not represent the modes of a soot size dis-
tribution properly. More precisely, standard QMOM is not able to
meet this requirement, although the evaluated nodes and weights
represent the equation system (Eq. (14)) accurately. However, it is
shown that the numerically robust, moment-inversion-based
methods EQMOM and QMOM-Radau keep track of both particle
size modes and there is no need for the numerically very challeng-
ing DQMOM approach. EQMOM, in particular, which offers detailed
information on the shape of the NDF using only a few moments, is a
very attractive approach.

3.3. Evaluation of the bivariate ECQMOM model

As shown in Section 3.2, EQMOM is a very good choice to close
univariate moment source terms accurately. This subsection evalu-
ates the suitability of the extension into the ECQMOM approach,
which considers particle volume and surface as two independent

internal coordinates to take into account particle aggregation.
Therefore, ECQMOM is applied to model the soot evolution in the
third test flame introduced in Section 2.4, where aggregation is
known to be significant [70]. The ECQMOM results are again com-
pared to experiments and MC simulations. Further, a pure CQMOM
method is applied. However, since the previous results with the
univariate models have shown that the smallest particles should be
represented for all HABs, the theory of QMOM-Radau is com-bined
with CQMOM in order to keep track of the first mode particles.

The major difference between the bivariate methods and the
univariate approaches can be demonstrated in Fig. 9, which illus-
trates the distribution of the MC particles in the surface/volume (S/
V) space [45]. This illustration shows, that the S/V ratio of large
particles differs from the S/V ratio of a pure spherical description.
Thus, the amount of aggregation can be visualized by the distance
to the limit line for spheres. It is important to note that the S/V
illustration and its suitability in the context of aggregation was
already discussed by Mueller et al. [45] for the same flame. In this
study, we use the same approach to describe the fundamental idea
of CQMOM. Therefore, the bivariate moments of the MC dis-
tribution are evaluated and inverted in accordance with Section
2.1.4 to produce three volume interpolation nodes. The surface
direction is described using single Dirac delta peaks, which are
conditioned on the volume nodes. Figure 9 illustrates that the
position of the resulting CQMOM nodes describes the S/V behavior
of the MC particles. The first node is positioned at V; due to the
application of the Gauss-Radau modification. The corresponding
surface value is equal to S; since the smallest soot particle is
assumed to be spherical.

A univariate approach which does not capture the large S/V ratio
of the big aggregates underestimates the particle growth rate,
which is surface-dependant. This is shown in Fig. 10a, where
EQMOM and ECQMOM are compared to the experimental results of
the test flame considered. Since EQMOM assumes soot particles to
be spherical, it cannot describe the S/V ratio of soot aggregates and
therefore underestimates the soot volume fraction in compar-ison
to the experiments. This finding agrees with the results of Mueller
et al. [34], where the measured soot volume fraction was compared
to results of a univariate and a bivariate MOMIC approach
(BiMOMIC) for the same flame. The bivariate ECQMOM approach
with two I'-distributions for V and one conditioned Dirac peak each
for S, predicts the measurements more accurately.
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However, considering the mean primary particle diameter d, (Fig.
10b), the numerical predictions appear to underestimate the
measured values significantly. This effect was also found in [39,75].
As Blanquart [75] pointed out, the TEM experiments mainly
consider large soot particles. Therefore, only the particles of the
second mode should be taken into account for comparison with the
experiment. As shown in Fig. 10b, considering only parti-cles with
an equivalent spherical diameter larger than d = 5nm leads to
significant improvement and good agreement. This par-ticular
choice for the cutoff diameter is chosen as the position of the trough
between the first and the second mode is located at d ~ 5 nm at
higher HABs when bimodality is fully distinct.

The comparison of the numerical models is shown in Fig. 11. It
can be seen that ECQMOM shows only minor differences to the MC
simulation for the soot volume fraction and the number density. In
terms of quality, CQMOM with four nodes for V and one condi-
tioned node each for S, yields the same trends as MC and
ECQMOM. However, small differences are found for both f, and
N. The same trends are observed for the mean primary particle
diameter d, and the mean primary particle number n, Here,
ECQMOM yields some deviations to the MC solution.

It is interesting to discuss these differences referring again to the
work of Mueller et al. [45], where the bivariate approaches
BiMOMIC, HMOM and DQMOM were compared to MC simulations.
HMOM, which captures the smallest soot particles correctly (like
ECQMOM and CQMOM), revealed some differences to the MC sim-
ulations and DQMOM. Mueller et al. [45] showed that the HMOM
results can be improved through minor modifications to control a
different moment set, which more closely resembles the one
enforced in the DQMOM model. However, it was found that this
modification comes with the drawback of a significant decrease of
numerical robustness and therefore, the enforcement of the default
moment set of HMOM based on integer-order moments is
recommended [45].

Similar to HMOM, the moment-based soot models applied in
this study enforce a set of integer-order moments. Based on the
rationale of these approaches, there is no free choice to control a
different moment set such as the one used by Mueller et al. [45] for
the DQMOM simulations. However, considering the small mag-
nitude of the quantitative deviations to MC presented in Fig. 11 and
aspects like numerical robustness, both ECQMOM and CQMOM
represent very suitable approaches to model the evolu-tion of soot
ensembles in the considered flames.

This assessment is supported by the fact that both ECQMOM
and CQMOM are able to capture the qualitative trends of the MC
simulation very well (see Fig. 11). At around HAB =7 mm, the
growth of d, stagnates and the mean primary particle number n,
even decreases. As explained by Mueller et al. [45], the effect
occurs due to the rapid coagulation of large particles in this region,
which changes the ratio between small and large particles.
Afterwards, as shown in Fig. 6 for the univariate methods, the coa-
gulation process is dominated by small particles hitting large par-
ticles and therefore d, and n, rise again.

The evaluation of the bivariate methods reveals two major find-
ings. First, both QMOM-based approaches, involving a combination
of a suitable univariate method (EQMOM and QMOM-Radau) and a
CQMOM approach to describe a bivariate NDF, show good qual-
itative and quantitative agreement with the experimental and the
MC results. This indicates that CQMOM is able to capture the
bivariate S/V characteristic of a soot particle ensemble properly.
Second, ECQMOM with two I'-distributions for the volume direc-
tion, and a single Dirac delta peak conditioned on each of these two
distributions, are sufficient to close the bivariate source terms
precisely. As in the univariate case, the EQMOM-based method,
which offers the advantage of resolving the continuous NDF using
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the same number of moments needed in CQMOM, is found to be
very suitable both in terms of accuracy and efficiency.

4. Conclusions

In this work, the recently developed moment methods EQMOM
[1] and CQMOM [2] were applied both separately and as a com-
bined ECQMOM approach to model soot particle evolution in
flames. The EQMOM-based model allows the NDF to be recon-
structed, whereas CQMOM enables particle aggregation to be mod-
eled in a numerically robust manner. The ECQMOM method
combines the advantages of the two approaches.

The gas phase profiles of the investigated flames were modeled
using a modified version of the well-established CRECK
mechanism. The comparison between the model and experimental
results revealed that the mechanism is able to predict not only the
major species, but also PAHs accurately. Furthermore, it was found
that the influence of CH, addition on the formation of soot
precursors, and the laminar flame velocity of C,H, mixtures at
different equiva-lence ratios and pressures, are predicted well by
the chemical model.

The EQMOM-based soot models were validated against experi-
mental and other simulation results. In this process, the univariate
EQMOM soot model was validated against experiments and other
models based on a MC, a QMOM and a QMOM-Radau method. The
validation of the univariate EQMOM method revealed two major
findings. First, the availability of the NDF resolved from
reconstruction offers a consistent comparison between the model
and the experiments, as EQMOM allows us to omit the smallest
soot particles, which are below the detection limit of a SMPS test
setup, from the modeled NDF. This is a significant advantage over
other moment-based methods where the shape of the NDF is
unknown. Second, EQMOM was found to yield very good agree-
ment to the MC results and is therefore very convenient to close the
moment source terms of the soot model. The accuracy can be
explained by the EQMOM'’s ability to capture both the smallest
particles of the first and the large particles of the second mode
properly. In particular, the permanent representation of the small-
est particles was shown to be a critical requirement which cannot
be met using a standard QMOM method. A QMOM-Radau method,
which is a standard QMOM approach where the first interpolation
node is fixed at the position of the smallest particles, yielded simi-
lar accuracy to EQMOM. However, in comparison to EQMOM, the
NDF is unknown in QMOM-Radau.

In order to consider aggregation, EQMOM was extended to a
bivariate ECQMOM. Again, the model was validated against experi-
ments and other numerical models, based on MC and pure CQMOM.
The basic idea of the ECQMOM model was to represent the surface
of the soot particle ensemble using a Dirac delta function which is
conditioned on each I'-distribution describing the soot volume.
Again, the knowledge of the continuous NDF enabled a consistent
comparison between the model and experiments, as only the parti-
cles of the second mode were captured in the measurements of the
primary particle diameter [70,75]. The comparison between the
ECQMOM results and the MC results revealed good agreement both
in terms of quality and quantity. Similar agreement was found for
the pure CQMOM approach, where the same amount of moments
need to be solved, but the NDF is unavailable.

In summary, the EQMOM-based models were found to be very
convenient to model the soot evolution in flames.
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