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NONEXISTENCE RESULTS FOR ELLIPTIC DIFFERENTIAL INEQUALITIES
WITH A POTENTIAL ON RIEMANNIAN MANIFOLDS

P. MASTROLIAH, D. D. MONTICELL]H AND F. PUNZOE,

ABSTRACT. In this paper we are concerned with a class of elliptic differential inequalities with a potential
both on R™ and on Riemannian manifolds. In particular, we investigate the effect of the geometry of
the underlying manifold and of the behavior of the potential at infinity on nonexistence of nonnegative

solutions.

1. INTRODUCTION

One of the most important and well-studied class of elliptic differential inequalities in Global Analysis,

due to its ubiquitous presence in many applications, is
(1.1) Au+V(z)u® <0,

both on R™ and on general Riemannian manifolds (M, g), where A denotes the Laplace-Beltrami operator
associated to the metric and ¢ > 1. In particular, in many instances it is also required that the solution
u of the problem is positive.

The aim of this paper is to investigate in depth the influence of the geometry of the underlying
complete, noncompact Riemannian manifold (M,g) of dimension m and of the potential V' on the
existence of positive solutions to the class of elliptic differential inequalities
(1.2) L div (a(m)|Vu|p_2Vu) + V(x)u® <0,

a(x)
thus highlighting the interplay between analysis and geometry in this class of problems, which includes
(TI). Here and in the rest of the paper we assume that a : M — R satisfies

(1.3) a>0, a€Lipy. (M),

V >0a.e. on M and V € L (M), and the constants p and o satisfy p > 1, 0 > p — 1. In our results,

loc
the geometry of M appears through conditions on the growth of suitably weighted volumes of geodesic

balls, involving both the potential V' and the function a. We explicitly note that some of the results we
find are new also in the specific case of the model equation (T).
This class of problems has a very long history, particularly in the Euclidean setting, starting with the

seminal works of Gidas [4] and Gidas-Spruck [5]. In those papers the authors show, among other results,

_m _

—5, in case

that any nonnegative solution of equation (L)) is in fact identically null if and only if o <
V=1and m > 3.

We refer to the interesting papers of Mitidieri-Pohozaev [13], [14], [15], [16] for a comprehensive
description of results related to these (and also more general) problems on R™. Note that analogous
results have also been obtained for degenerate elliptic equations and inequalities (see, e.g., [3], [IT]),
and for the parabolic companion problems (see, e.g., [16], [18], [19], [20]). Using nonlinear capacity
arguments, which exploit suitably chosen test functions, Mitidieri-Pohozaev prove nonexistence of weak
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or distributional solutions of wide classes of differential inequalities in R™, which include also many of
the examples that we consider here. In particular, they show that equation (II) on R™ does not admit
any nontrivial nonnegative solution, provided that

(1.4) liminf R~7°1 / Vo5 Tdr < oo,
R—+oc0 BﬁR\BR

For the case of equation (L2)) on R™, the authors show that no nonnegative, nontrivial solution exists
incase V=1 m>pandp—1< o < %. This can again be read as a condition relating the
volume growth of Euclidean balls, which depends on the dimension m of the space, and the exponent of
the nonlinearity in the equation.

The results in the case of a complete Riemannian manifold have a more recent history, in particular we
cite the inspiring papers of Grygor’yan-Kondratiev [8] and Grygor’yan-Sun [9], whose approach originates
from the work of Kurta [I2]. Using a capacity argument which only exploits the gradient of the distance
function from a fixed reference point, in particular the authors showed in [§] that equation (2], in case
p = 2, admits a unique nonnegative weak solution provided that there exist positive constants C, Cy

such that for every R > 0 sufficiently large and every small enough ¢ > 0,
(1.5) / aV =P+ duy < CROT% (log R)F,
Br

where dpg is the canonical Riemannian measure on M, Bpr is the geodesic ball centered at a point xg € M

and
20

o—1’
Let r(z) denote the geodesic distance of a point x € M from a fixed origin o € M. Note that condition

o =

1
f=—— 0<Ek<p.
c—1

(T3 is satisfied if, for instance, for every R > 0 large enough one has
V(z) < C(1+r(x)”

and
/ V=8 du < CR*(log R)"
Br

for some positive constants C', Cjy. The sharpness of the exponent « in this type of results is evident from
the Euclidean case (ILI) with V' =1 and m > 3, where @ = m and the corresponding critical growth is
o = 5. The sharpness of the exponent 3 is definitely a more delicate question and has recently been
settled on a general Riemannian manifold, in case a = 1 and V =1, in [9]. In that paper, using carefully
chosen families of test functions, the authors showed that equation (1) with V' = 1 does not admit any
nonnegative weak solution provided () holds with k = .

In this work we intend to further focus our attention on these classes of differential inequalities, with
the objective of adding some new results to the already very interesting overall picture. Our results

concerning equation (IIJ), in their simplest form, are contained in the two following theorems.

Theorem 1.1. Let (M, g) be a complete Riemannian manifold, o > 1, V € L} (M) withV >0 a.e. on
M. Define

20 1
— P=

and assume that there exist C, Cy > 0 such that for every R > 0 sufficiently large one has

(1.6) o=

c—1

(1.7) / V=8 dy < CR*(log R)°
Br\BR/2
and
(1.8) %(1 @) < V@) < CO+ @)% ae on M.

Then the only nonnegative weak solution of (L)) is u = 0.
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Theorem 1.2. With the same notation of Theorem [, assume that there exist Co > 0, k >0, 0 > 0,
T> max{"T_l(k + 1), 1} such that for every sufficiently large R > 0

(1.9) / V8 du < CR"(log R)"
Br\BR/2

and

(1.10) V(z) < C(1 +r(x)) e 0Uosr@)’ a.e. on M.

Then the only nonnegative weak solution of (L) is u = 0.

A few remarks are now in order. For equation (LI on R™, condition (L) is not required in the
results of Mitidieri-Pohozaev. On the other hand, the potential V(z) = (log(2 + |£C|2))_1 and the choice
of the exponent o = —5 with m > 3 satisfy the conditions of our Theorem [T} but they do not satisfy
condition (T.4]).

Moreover, Theorem [[LT] and Theorem extend the result contained in [9] for problem (L)) on a
complete Riemannian manifold (M, g), where only the case of a constant potential is considered, to the
case of a nonconstant V.

% in the power of R in
conditions (L.7)) and (L9) is indeed sharp, Theorem [[.2] also shows that the sharpness of the exponent of

the term log R for this type of results is a notion which is also related to the behavior of the potential V'

On the other hand, while (as we have already noted) the exponent o =

at infinity. In particular, if V' decays at infinity faster than any power of r(z), as in condition (II0), then
the critical threshold for the power of the logarithmic term in the volume growth condition (I9) for the
nonexistence of nonnegative, nontrivial solutions of (L)) correspondingly increases to =5 —1 > = ﬁ
We explicitly note that the type of phenomenon described in Theorem[I.2]has not been pointed out before
in literature, to the best of our knowledge.

The aforementioned theorems are a consequence of more general results concerning nonnegative weak
solutions of inequality (L2), showing that similar phenomena also occur for this larger class of problems,
which includes the case of inequalities involving the p-Laplace operator. We start with a definition
describing the weighted volume growth conditions on geodesic balls of (M, g), that will be used in
obtaining the nonexistence results for nonnegative solutions of (L2). We recall that with dug we denote

the canonical Riemannian measure on M, while we define
(1.11) dup = adug
the weighted measure on M with density a.

Definition 1.3. Letp>1,0>p—1,V >0 a.e. on M and V € L} _(M). Define

loc

-1
(1.12) a=—27 , 5:71’ .
c—p+1 c—p+1

We introduce the following three weighted volume growth conditions:

i) We say that condition (HP1) holds if there exist Co > 0, k € [0, ) such that, for every R > 0
sufficiently large and every € > 0 sufficiently small,

(1.13) / VIt dy < CROTC% (log R)".
BR\BR/2

il) We say that condition (HP2) holds if there exists Co > 0 such that, for every R > 0 sufficiently
large and every € > 0 sufficiently small,
(1.14)

/ V_Ig+5 d,LL < CRa—i—Coa(lOg R)ﬂ and / V_B_E dﬂ < CROz-l-CoE(lOg R)B
Br\Br)s Br\Br/2



iii) We say that condition (HP3) holds if there exist Co > 0, k > 0,60 >0, 7 > max{a_Tp'H(k +1),1}
such that, for every sufficiently large R > 0 and every € > 0 sufficiently small,

(1_15) / v —B+e dp < CRa-i—Coa(lOg R)ke—aé(log R
Br\BR/2

We explicitly note that, when p = 2, the definitions of a, 3 given in (6] and ([.I2)) agree.
Remark 1.4. The following are sufficient conditions that imply the above weighted volume growth
conditions for geodesic balls in M.
i) Suppose that there exist Cy > 0, k > 0 such that
(1.16) V(z) < O+ r(x)
and

(1.17) / V8 du < CR"(log R)"
BR\BR/2

for every R > 0 sufficiently large; then condition (LI3]) holds.
i) Suppose that there exists Cp > 0 such that

(1.18) %(1 +r(2)” < V(z) <O+ r(z)°

and
(1.19) / V= du < CR*(log R)”
Br\BR/2
for every R > 0 sufficiently large; then condition (II4) holds.
iii) Suppose there exist Cy >0,k > 0,0 >0, 7 > max{”_T’H'l(k + 1), 1} such that
(1.20) V(z) < C(r(z)) e far@)”
and
(1.21) / V=P du < CR*(log R)*
Br\BR/2
for every R > 0 sufficiently large; then condition (I8 holds.

We can now state our main theorem.

Theorem 1.5. Letp > 1,0 >p—1,V € L} (M) with V > 0 a.e. on M and a € Lip,,.(M) with

loc

a>0on M. Ifue W-P(M)N LY (M,Vdu) is a nonnegative weak solution of (L), then u =0 on

loc loc

M provided that one of the conditions (HP1), (HP2) or (HP3) holds (see Definition[I.3).

In the particular case p = 2, from Theorem [[5lwe can also derive nonexistence criteria for nonnegative
weak solutions of the semilinear inequality
1
a(z)

We refer the reader to Section [ for a precise description of the results concerning inequality (L.22)).

(1.22) div (a(z)Vu) + b(z)u + V(z)u® <0 on M.

The rest of the paper is organized as follows. In Section [2] we state and prove some preliminary
technical results, that we put to use in Section Bl where we give the proof of Theorem In Section
[ we describe in more detail nonexistence results for nontrivial nonnegative weak solutions of (L.22).
Finally in Section [l we collect some counterexamples to Theorem for the case p = 2, showing that

the weighted volume growth conditions that we assume on geodesic balls are in many cases sharp.

Acknowledgements. The authors wish to thank Prof. Marco Rigoli for interesting discussions, and

in particular, for suggesting Section Hl



2. PRELIMINARY RESULTS

For any relatively compact domain  C M and p > 1, WP(Q) is the completion of the space of
Lipschitz functions w : 2 — R with respect to the norm

1
ol = ( v+ | |w|pduo)
2

For any function v : M — R we say that u € VV&)CP (M) if for every relatively compact domain Q CC M
one has uj, € WHP(Q).

Definition 2.1. Letp > 1,0 >p—1,V >0 ae. on M and V € L} (M). We say that u is a weak
solution of equation (I2) if u € WLP(M) N LS, (M, Vdug) and for every p € WHP(M) N L®(M), with

@ >0 a.e. on M and compact support, one has
(2.1) —/ a(z)|Vul'~? <VU,V(L)> dpo —|—/ V(z)u®pduo <0 on M.
M a(x) M

Remark 2.2. We note that, by (IL3), u € WbP(M) N LY

loc

(M,Vdu) is a weak solution of ([2)) if and
only if it is a weak solution of

div (a(m)|Vu|p_2Vu) +a(x)V(z)u” <0 on M,

i.e. if and only if for every v € WLP(M)N L (M), with ) > 0 a.e. on M and compact support, one has

(2.2) — /M \VulP™? (Vu, Vib) dp+ /M V(z)updp <0  on M,

where dp is the measure on M with density a, as defined in (LII)).

Indeed, given any nonnegative 1 € W1HP(M)N L (M) with compact support, one can choose ¢ = a
as a test function in (ZI)) in order to obtain ([Z.2). Similarly, , given any nonnegative ¢ € W1P(M) N
L>°(M) with compact support, one can insert ¢ = £ in ([Z2) and find 2.I]).

The following two lemmas will be crucial ingredients in the proof the Theorem

Lemma 2.3. Let s > angrl be fixed. Then there exists a constant C' > 0 such that for every t €

(0, min {1,p — 1}), every nonnegative weak solution u of equation (L2)) and every function ¢ € Lip(M)

with compact support and 0 < ¢ < 1 one has
t 1 (p-1)o —t plo=t)
(2.3) —/ O u~ VP xa du + - / Vuetot dy < Ot~ o pit / e === IV o=pHI du,
P Jm P Jm M

where Q = {x € M : u(x) > 0}, xq is the characteristic function of Q and du is the measure on M with
density a, as defined in (LI)).

Proof. Let n > 0 and u,, = u + 0, then u, € VVlif(M) NLY

loc

(M, Vdp). Define ¢ = p®u,*, then 1 is an
admissible test function for equation (2.2]), with

Vi = sgos_lu;tho — t@su;t_1Vu a.e.on M.

Indeed, supp ) = supp ¢, 0 < 1 < n~! so that 1 € L>(M) and ¢p € WP (M) with
[ weran sz [ permwer e [ g e
M M M
< op—1 [Spnpt/ |V<P|p dp + tpn*(tJrl)p/ |Vu|p du] < +o0.
M supp ¢
Equation (Z2) then gives

(2.4) t/ gasu;t71|Vu|p d,u+/ Vu"u;tcps dp < s/ @Sflu;t|Vu|p_2 (Vu, V) du.
M M M
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Now we estimate the right-hand side of (24) using Young’s inequality, obtaining

s [ T (Y Ve du < s [ oty | Tu T Tl d
M M
- - — 1)e=1t _ - s 1ttt
< [ (e T ) (s e 9 ) d
M

-1 1
< L tgosu;t71|Vu|p du + —/ sptf(pfl)apsfpuff(tﬂ)|V<p|pdu.
p M P Jm

From (24) we have
t 1 X

(25) _/ (psu;t—1|vu|P d:u +/ Vua'u;t(ps d:u S _/ S;Ut—(lu—l)(ps—?ug—(t-i-l)|v(p|P d,u
P Jm M PJm

We exploit again Young’s inequality on the right-hand side of (2.3]), with

o—t1 , q o—t p—1
qzi’ q: = s 6:—
p—t—1 qg—1 o—p+1 p

obtaining

e S G R (stugesvigt) (5 s
M K M K pte~t

s _ _1
o7 PV QIVw|p> dp

D t
<2 / wr Vet dp+ st () / oV TV dp
Talu " qa'p” =) Ju
o—t s B sP Uﬁ‘;wl —a Pq/
<O | upTVetdu+ 6 i proes V™ a|Vel™ du
M M
p—1

P [ urtverdp s o FE [ v g B
- n Ve ap+ ? P V| M-
p M M

Substituting in (2.5) we have

t ~1
(2.6) I= —/ Puy TVl dp +/ VuTu, "o dp — p—/ Vul~to® dp

PJm M P o

(p—Do p—t—1 plo—t)
< Ot~ o—p+1 / VvV~ a—;+1 |V(,0| c—p+1 du
M
Since Vu = 0 a.e. on the set M \ , see [6, Lemma 7.7], we have
t _q .
I :/ [—@Suntlwtﬂp + Vuu,'o® — p—Vufltcps] Yo d,u—/ P oty .
M LP p Mo P

Now note that {%@Su;t—wvm” + Vu"u;ttps — ’”%Vug_ttps} Xxq converges a.e. in M to the function
t s, —t—1 p 1 o—t s
—p’u [Vul” + =Vu® "¢ | xa
p p

as 7 — 0. By an application of Fatou’s lemma and using (2.6) we obtain

t 1 ,
/ —o*u " Vul xa du+/ ~Vu " ® dp
M P MP

t 5 —1l— 1 g— S
:/ [—gp‘su ¢ 1|Vu|p+—Vu o :|XQ du
M LP p

t ) -1 X
< lim inf/ []—jgo‘su;t_1|Vu|p + Vuu, 'p® — pTVug_tcpé} Xa du
M

n—0t

_ (p—1)o  p—t—1 plo—t) .. p— 1 —t s
< CtTewit | V7ot [V|o=p7t dp + lim inf V7" dp
M =0t Jane P

(p—D)o

e (o
= Ot o—p+t / Vi%p%»ll |V(p|§7—p+ti du,
M

that is inequality (2.3)).



weak solution u of equation ([L2), every function ¢ € Lip(M) with compact support and 0 < ¢ <1 and
o—p+1
»2(p-1)

every t € (0, min{l,p—1 }) one has

o—(t+1)(p—1)
po
+1)(p—1)

— —1)24
(27) / gpsuav dﬂ S Cti%ip((iflzz+1) / Vid( (t+1)(p— 1) |Vgp| o— (t+1)(P 1) d’u
M M\K

t+)(p—1)

p—1
p—t—1 p(o—t) p v
(/ VI V| e du) / ¢ u’Vdp :
M M\K

with K ={x € M : ¢(x) = 1} and du is the measure on M with density a, as defined in (LIII).

Proof of Lemma[24) Under our assumptions ¢ = ¢® is a feasible test function in equation ([22). Thus

we obtain
(2.8) / wSU"Vdué/ s@° ! [Vul' ™ (Vu, V) dué/ 5@ [Vl [Vl dp.
M M M

Now let Q = {z € M : u(x) > 0} and let xq be the characteristic function of Q. Since Vu = 0 a.e. on
the set M \ ©, through an application of Hélder’s inequality we obtain

(2.9) /M s | Vul’ ™ |Vigl dp = /w s VU al Vil da

= s/ (gppT?lS|Vu|p_1uprjl(t+l)XQ) ((p%fluijl(tJrl”V(pD dp
M

p—1

< s(/ @S|VU|pU_t_1XQ dM) ? (/ (ps—pu(p—l)(t+1)|vs0|p dM) ?
M M

Moreover from equation (Z3]) we deduce

(2.10) / O | VulPu™ "y du < ot~ 1-¢5H / Vo= P+1|Vg0|a o du,
M

with C' > 0 depending on s. Thus from (2.8)), (Z9) and (ZI0) we obtain

(2.11)

p—1 1
p—1)o p—t—1 p(o—t) P P
/ UV dp < C(tlf,pll / V*a%ﬁl|v(p|—afp+1 d,u) (/ @sfpu(z’*l)(t+1)|v(p|? d,u)
M M M

Now we use again Holder’s inequality with exponents
o g = q o
t+1)p-1) g—=1 o—(t+1)(p-1)

q =
to obtain

/ (ps—pu(p—l)(t-i-l) |V(‘0|P dp
M

_ / (cpiu(l?—l)(t-i-l)v%) (cpffpv—ﬂvﬂp) d
M\K

(t+1)(p—1) o—(+1)(p—1)

7 e —_wo __)p-1 vo
< P u’Vdu A G A ) |Vsp| T=EFDE=D dy
M\K M\K

Substituting into (Z11) we get

¢+D(p—1)

s, o _p=1_ _(@-12%0 _p—t—1 p(o—t) P;1 pe
w u Vd,LL < Ct ' » p(c—p+1) V= o=pt1 |V<P| o—pt+1 dﬂ QOSUUV dﬂ
M M M\K

o= (t+1)(p—1)
oo

s— po __@+D(p=1) po
P° T DD VT e @ D=1 V| 7= FDE-D dy
M\K
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Now inequality (27) immediately follows from the previous relation, by our assumptions on s, ¢t and since
0<p<LI

From Lemma [2.4] we immediately deduce

Corollary 2.5. Under the same assumptions of Lemma [24] there exists a constant C > 0, independent
of u, ¢ and t, such that

(2.12)
1— (t+1)(p—1)
. po
(/ o u’V d,u)
M
p—1 o—(t+1)(p—1)
_p=1_ (»-1)%¢ _p—t—1 p(o—t) P __ 4D (p=1) po po
<Ct » p(c—p+1) V  o—pt1 |V<P| o—pF1 d/L V o—+)-1) |V(,0| o—(+D(p-1) d,LL
M M

Proof. Inequality (Z12]) easily follows form (2.7)), since s > % and 0 < o <1on M.

3. PROOF OF THEOREM

We divide the proof of Theorem[[Hin three cases, depending on which of the conditions (HP1), (HP2)
or (HP3) is assumed to hold (see Definition [[3)).

Proof of Theorem[IA. (a) Assume that condition (HP1) holds (see (ILI3)). Let 7(x) be the distance of
x € M from a fixed origin o, for any fixed R > 0 sufficiently large let t = @ and denote by Bp the
metric ball centered at o with radius R. Fix any C; > % with Cy as in condition (I.I3]), define for
reM

1 for r(z) < R,
(3.1) ole) = (T(m))7C1t for r(x) > R
i >
and for n € IN
1 for r(z) < nR,
(3.2) m(x) =< 2-28  for nR < r(z) < 2nR,
0 for r(z) > 2nR.
Let
(3-3) pn(x) = (x)p(x)  forz e M,

then ¢,, € Lip(M) with 0 < ¢,, <1, we have
Von =mVeo+ oVn, a.e. in M
and for every a > 1
[Veon|® <2971 (IVe|* + ¢ Vna|*)  ae. in M.

Now we use ¢n, in formula ([2.3) of Lemma 2.3 with any fixed s > =7 and deduce that, for some

positive constant C' and for every n € IN and every small enough ¢ > 0, we have

(3.4)
¢ _ (p—Do _p—t—1 p(o—t)
Vol dp < Ot | VT Vi, [ S5 dy
M M

p(a—t)

:C’t_frp:pllq/ V_B+G+M|V(p;;*p+ldﬂ
M

(p=Do plo—t) 1

S Ct o—p+t1Qo—p+1

o—t) o— (o—
/ V7ﬁ+07;+1 |V(‘0|Z£—p+tl du + / V7ﬁ+57;+1 (pg(fp#fi |V77n|57—p+ti du
M B2nr\Bnr

(p—1o
< ct™ "*1}*1 [Il + IQ],



where
p(o—t)
o

M\Br

p(o—t)

I = / P [V St VPt e d,
B2nr\Bnr

By 1), (2) and assumption (HP1) with € =
small enough ¢ > 0 we have

t .
=577 See equation ([13), for every n € IN and every

plo—t) plo—t)

o—ptl 1 o—p+1 t
(3.5) L < sup @ (—) / vV Bttt du
Banr\BnRr nR Banr\Bnr

_plo—t) Cit plo—t)

o—p+1 1 o—p+1
<C (%) (—) (2nR)**+ 751 [log(2nR)]*
Cot

Cot (c—1%) (o—t)
< Cno“"a——gﬂ_ P (Clt+1)R°‘+a—p+1 — T [log(2nR)]k .

By our choice of C1, for every small enough ¢ > 0

(3.6) ot Cot  plo—t) (ClHl):t(CO—paclerClter) ot <0
' c—p+1 o—p+1 c—p+1 - o—p+1 '
Moreover, since t = @, we have
ROH— Ufgil_g(j';fi = Raciopiplt = edCP:fltIOgR = eacz);;pl

In view of (B.H) and [B.6]) for R > 1 large enough, and thus ¢t = @ small enough, we obtain
(3.7) I, < Cn~ 7 %1 [log(2nR)]* .

In order to estimate I; we recall that if f : [0,00) — [0,00) is a nonnegative decreasing function and
(LI3)) holds, then for any small enough € > 0 and any sufficiently large R > 1 we have
“+o0
(3. | te@e) <o [ et o o dr
M\Bg

R

2

for some positive constant C, see [9, formula (2.19)]. Moreover, there holds
(3.9) |Ve| < C1tROEp=Crt-1
Thus, using (F19)-E3),

p(o—

I S/ V_B+d+p+l(RCltC&t’riCltil)d*pIi d,LL
M\Br

oo
(o—1t) o (c—t) (c—t) ¢
< C’/ RO (1 4 O)) 7 te ity opi1 (CrttDtetCosmmr =1 (1og 1)k g

R

2

Now note that

Rg(jplti Cit _ eg(fz;rti i < eapfipcil
and that by our choice of C'y we have
plo —1t) t t t
=———(Cit+1 C = Cit — poC CHH < —<0.
a U,pﬂ( it+1)+a+ C—— Uﬁerl(pl poCr+p+Cp) < p———
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Then, by the above inequalities and performing the change of variables £ := |a|logr, we get

e [0 pe=t) (0111 fatCot g dr
(3.10) I <Ctorvet | pTompat 7= (log )" —
1 r

< Cla|” <k+1>t5°p+t1/ eS¢k de
0

t k=l ey [
co(—L ) ESH [ etk
- (0—p+1> /0 S

< CrESA k1
By B4), B.2) and (3.10)
(3.11) / Vu®tdu S/ Vu® s du
Br

(Gt DL:4 plo—t)
<Ct” e [n_vf#w1 (log(2nR))* + ta(—p+1_k_1].

Since R > 1 is large and fixed, and thus ¢t = @ < 1 is also fixed, taking the liminf as n — oo in (B11)

we obtain
(3.12) / Vutdy < Ctesmt k1= 3535
Br
Observe that, for each small enough ¢ > 0,
—1 —1 —1 t t

po-t) . | =-lo _ »p YT U S N

c—p+1 c—p+1 o—-p+1 c—p+1 c—p+1
Then, for any fixed sufficiently small ¢ > 0, we have

/ Vu”_thel/t dp = Vuetdp < Cto .
M Br

By Fatou’s Lemma, taking the liminf as ¢ — 0% in the previous inequality we obtain

/ Vu? du <0,
M

which implies v =0 in M.

(b) Assume that condition (HP2) holds (see (ILI4))). Let the functions ¢, 7, and ¢,, be defined on M as
in formulas B1), 32) and B3], with R > 1 large enough, ¢t = @, Cy > max{%, afc—p"ﬂ} and
Cop as in condition (M) We now apply formula (212, using the family of functions ¢,, € Lipy(M) and
any fixed s > — +1’ and thus we have

(t+1)(p—1)

1—
po
M
p—1 o—(t+1)(p=1)
_p=1_ _(p=1%c p(o—t) P _ (4D (p=1) po po
< Ct™ » “ple—ptD V- = p+1|V<p |7=2F1 dp Vo= De-1 |V, | 7=FDe-D dy
M M

We now need need to estimate

_p—t—1 p(oc—t) __(+D)(p-1)
(3.13) Vo= T |Vp| o2 dp and Vo=t De=1 V|- DG dj.
M M

Arguing as in the previous proof of the theorem under the validity of condition (HP1), with the only
difference that the condition k& < 8 there is replaced here by k = (3, using (IL.I4) we can deduce that

(3.14) / VB |V, |t du<c{n 757 (log (2nR))? + ¢85 —B- 1}
M
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(p—1)ot

c—prDo—G+D (=1’ and we

In order to estimate the second integral in ([BI3]) we start by defining A =

note that
-1 2(p—1
(3.15) @7)0215 <A< @7)021& <e*
(c—p+1) (c—p+1)
for every small enough ¢ > 0, and that
t+1 -1
(t+1)p—1) =06+ A and i =a+ Ap,

o—(t+1D(p-1) c—(t+1)(p—-1)
with «, 8 as in Definition By our definition of the functions ¢,, for every n € IN and every small
enough ¢ > 0 we have

(3.16)

[ vl g o [ vt et s [ vy, 1 g,

<C

/ VAT dpy 4+ / VARGt e g, |0 gy
M\Br B2nr\Bnr

= C(Il + IQ)

Now we use condition (LI4]) with € = A, and we obtain

a+Ap a+Ap
—B— a+A 1 —B—A
I =/ VAot A g 10T gy < | sup g (—) / |
B2nr\Bnr B2nr\Bnr nR B2nr\Bnr

1 a+Ap
< COn~—(etAp)Cit (_R) (2”R)Q+COA(IOg (27’LR))'6
n
< O~ (et ARCL=pATCOA R=pA+Col (log (21 R))”.

By our definition of C1, A and by relation ([B.15) we easily find

potCh ot(p —1)Cy
3.17 —Cy(a+ Ap)t — Ap+ ACy < — +
(3.17) et Ap)t = Ap - ACh < = T D T e D Do —p+ 1)
O'tCO O'tCo
< - < - 5 <0,

o= (t+1(-Dlc—-p+1) (c—p+1)

for any small enough ¢ > 0. Moreover by ([B.15), since t = we have

1
log R’
2(p—1)oCpt 2(p—1)oCp

R—PA+CoA < RCoA < R (=p-12 =g (—p-12

Thus, for any sufficiently large R > 0,

__ otCy
(3.18) I, < Cn~ @-»+172 (log (2nR))”.
In order to estimate I; we note that if f : [0,00) — [0,00) is a nonnegative decreasing function and
(LI4) holds, then for any small enough € > 0 and any sufficiently large R > 1 we have
—+oo
(319) | e e [ pe e o) ar
M\Br

R

2

for some positive constant C, see (3.19) and [J, formula (2.19)]. Thus, noting that |Ve| < C1tRC p~C1t=1
a.e. on M and using (BI5)), for every small enough ¢ > 0 we have

I S/ V—,@—A(CltRCltr—Clt—l)‘lJrAP dy
M\Br

S C/OO R(a—i—Ap)Clt(l + Cl)DéJrAptoz-l-Apr—(oz-l-Ap)(C1t+1)+o¢+CoA—1(1Og r),(i’ dr
R
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by relation (BI8)we have

R(oz-l—/\p)Clt — e(oz-l—/\p)Cl S e(a+g*p)01;

. _ 1
Now, since t = el

moreover, as we noted already in (BI7), for ¢ > 0 small enough

Cot
b= —(a+Ap)(Cit +1) +a+ Coh < —— 27—
(c—p+1)
With the change of variables ¢ = |b| logr, using the previous relations we find
o0 d o 00
(3.20) B Cetr [ tiogr)? & — cetop ! ( [ e dg)
1 r 0

2\ A+1
cofle=P+ D7\ arap—p-1 _ pparap—p—1
- Coo

From equations (B.I6]), (BI8) and (B:20) it follows that

atC
(3.21) / VI MNY, | < © [t“*“?‘“ T (%R))ﬂ.
M

From (ZI2), using BI4) and (F2ZI) then we have

1_ 4D (@-1) 1 4D (@-1)
po po
(fv) ™ < evr)
Br M
p—1

_p=1_ _(p=D3c_ _p—t—1 p(o—t) P
< Ct™ 7 " ple=ptD V== [V, |77 dp
M

1
a+Ap
% < [ v du)
M

p=1_ _(p—13c

< Ot 7 " ple-ptD |:n7 07;+1 (log (27’LR))§ + tg(j;:ji 7ﬁ71:| ?

p—1

1
atAp

atAp—p-1 |  —0 B
X |t +n 0% (log (2nR))

By taking the liminf as n — +o0o we get

1_ G+ =1

(/ u’V d“) T <o et -
Br
for every sufficiently small ¢ > 0, with ¢t = @. But
p=1  (p-D% (p-De—t B+E-1) Lo Bt (p—1) ;
D plc—p+1) c—p+1 D a+ Ap plo—p+1)~

hence for every small enough ¢ > 0 we have

1_ G0 (-1

P =12,
/ u’Vdu < Ot rle—ptD” < (O
B/t

/ uw’Vdu < C
B/t

uniformly in ¢, for ¢ > 0 sufficiently small. By taking the limit for ¢ — 07 we deduce

that is

(3.22) / uw’Vdp < 400,
M
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and thus u € L7 (M, Vdu). Now we exploit inequality (Z7]) with the cutoff function ¢,,, and using again

BI4) and B21I)) we obtain

¢+D(p—1)

plo—t)

p—1_ (p—1)3%c PT?I po
[ enuevdus o A [ og (n))? + 5 T ey
M M\Br

otC, at+Ap
X [taﬂpﬂl +n” @2 (log (2nR))B] :
Since ¢, =1 on B and 0 < ¢, <1 on M, for all n € IN

/ u”Vdug/ pru’Vdpy, / @flu”Vd,ug/ u’V dpu.
Br M M\Br M\Br

Using previous inequalities and taking the liminf as n — 400 we get

(t+D(p=1)
_p=i_ _(p=D%0 _ (p-D(e—t) _BED(p=1)  ;_ A+l e
/ wVdp < Ct™ v RepTD T api p T1TaTap / uwVdu
Br M\Br
(t+1)(p=1) (t+1)(p=1)

=% e "
= Ot plo—p+D) p+1> / u’Vdu <C / u’Vdu
M\Br M\Br

Since v € L7 (M, Vdpu),

uniformly for ¢ > 0 sufficiently small, with ¢ = @.

/ w’Vdu—0 as R— 4oo.
M\Bg

Moreover % — pp;al >0 as R — +oo. It follows that

/Mu Vdu:Rngrrloo BRu Vdu =0,

which implies u =0 on M.

(¢) Assume that condition (HP3) holds (see (LIT)). Consider the functions ¢, 1, and ¢,, defined in 31),

B2) and B3), with R > 0 large enough, t = @, c, > % and Cy as in condition ([LI5). Arguing

as in the previous proof of the theorem under the assumption of the validity of (HP1), by formula (23]

with any fixed s > — we see that

+1’
(3.23)

o—t)

/ Vel dp < Ot pll/ VTR [V, S dp
M M

—t—1  plo—t) p(o—t)

/ Vi%p;ll|v80|g‘(j—l;tz dM+/ Vio p+1(po p+1|VrrI |o‘ p+1 du
M BZnR\BnR

=Ct™ " P+1 [11 + IQ]

for some positive constant C' and for every n € IN and every small enough ¢t > 0. Now, recalling the

definitions of ¢ and 7, by condition (LT with ¢ = for every small enough ¢ > 0 we have

—t
o—p+1’

e 1 Ble—i) )
T
Banr\Bnr nR Banr\Bnr

<Cn~ 5(ap+ti Cit (LR) o—p+1 (QnR)a-i-df—gil (1Og(27’LR))k€7°*97;+1(10g(2nR))
n

— Cnﬁw(co*pdclerclter)R%t (log(QnR))kefgf)—ptﬂ (log(2nR))™

-
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Note that, since t = 10;, we have
g R

Co+p Co+p
Ro p+1t = eo— p+lt10gR — eo—p+l1

and that by our choice of C1, if t > 0 is sufficiently small, we have (Cy — poCy + pCit + p) < —1. Thus
we conclude that

(3.24) I, < Cn~ 771 (log(2nR))".

In order to estimate I; we note that if f : [0,00) — [0, 00) is a nonnegative decreasing function and
(LI5) holds, then for any small enough £ > 0 and any sufficiently large R > 0 we have

+oo
(3.25) /M\B FE@)VE@) a0 [ f0ret O logrte e ar

for some positive fixed constant C'. Indeed, by the monotonicity of the involved functions, using condition
(LI5) we obtain in a similar way as [9, formula (2.19)]

—B+e —B+e
/M\Bwa(:c»(( dyi = Z / T

<3 je'R) / VI dp
1=0

B2i+1R\B2iR

<C Z f(QiR)e—ee(log(zi“R))* (2i+1R)a+Coa(log(2i+1R))k

<C Z f(21'R)e—eé(1055,(2"'*1R))T (2i—1R)a+Coe (1Og(2i—1R))k

CZ / 750(logr)"7,a+Cosfl(1og T)k dr
i— lR

+oo
_ C/ 759 (log )7 °‘+C°5*1(logr)k dr.
Now, since for a.e. x € M we have
V(@) < CLtRO (r(a)) =,

using (320) with e = +1, we obtain that for every small enough ¢ > 0 with ¢t = @

—t po—t)
L < / V—B+a7;+1 (CltRCﬂ(T(z))fCltfl) T gy,
M\Bg

+oo p(o—t)
ploc—t)Cq t p(o—t) p(o—t)(Cyt+1) t0 T
< C/ R e=p+1 Oy P to—prip™ o-pr1 1 ot g Ylogr)ke=a=rprz(os™)" gy,

p(a—t)

plo—t) po
Note that Cfil#l < (1 + Cl) s—p»+1 and that
p(c—t)Cyt plc—t)C1 1 p(c—t)Cq paCq
o—p+1 — R c—p+tl TogR — @ o—p+1 S eo—p+1

Thus, with the change of variable r = ¢, we deduce

+oo
p(oc—t) 0 T
I, < Cto p+1/ roféﬂ(C"*pgcﬁpcl”p)(logr)kefajpﬂ(logr) = dr
1

+oo
_Ctg("pﬂ/ eﬁpﬂ(cofpacl+pclt+p)§§k€7kt75+lg dc.
0
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Now recall that by our choice of Cy, for ¢ > 0 small enough, we have (Cy — poCy + pCit + p) < 0. Hence,

1

setting p = (Ujgﬂ) "¢, we have

(3.26)

k+1

o— +o0 T o— T +oo o c
I < O 2t / gkefiafﬁﬂf ¢ = Ot 25 t0 / pre= dp < O P -
0 g—p + 1 0

From (3:23), 324) and 3.26) we conclude that for every n € IN and every small enough t = @ >0
we have

/ Vuaftdﬂg/ Vut~tgd du < Ot~ #1 [tfi“'pfi e (log(%R))k}
Br M

for some fixed positive constant C. Passing to the limit as n — +oco in the previous relation yields
plo—t) k41

(3.27) / Vu~tdy < Ot~ F RS A
Br

Now note that by our assumptions on 7, k we have

_(p—1)0+p(0—t) Ck+1 o kE+1 pt >l( o _k+1>
2

B oc—p+1 T

— — =0,>0
c—p+1 oc—p+1 T oc—p+1 T oc—p+1—

for every small enough t = @ > 0. Thus B27) yields
(3.28) / Vu®~tdu < Cto
B 1/¢

for every small enough ¢ > 0. Passing to the liminf as ¢ tends to 07 in [B28), we conclude by an

application of Fatou’s Lemma that

Vu® du =0,
M
so that u =0 on M.

4. A PROBLEM WITH LOWER ORDER TERMS

In this subsection we consider the semilinear equation
1
(4.1) @ div (a(z)Vu) + b(z)u + V(z)u® <0 on M.
a(x
We start with the following lemma.

Lemma 4.1. Letu € W5>(M)NLS,

loc

@3),0>1,V>0ae on M,V €L} (M)andb e Ll’gc“ (M). Assume there exists a weak solution
z >0, z € Lip;,.(M) of

(M,V dug) be a nonnegative weak solution of [@Il), with a satisfying

(4.2) div (a(z)Vz) + b(x)z >0 on M.

b
a(x)

Then w:= % € le’f( YN LY (M,V duo) is a nonnegative weak solution of

loc

(4.3) div (a(z)z*(z)Vw) + V(2)z7 ' (2)w” <0 on M.

_
a(x)z?(x)

Proof. By our assumptions, for every ¢ € W12(M) N L>°(M) with compact support and ¢ > 0 a.e. on

M we have

(4.4) f/ (Vu, V) dqu/ bugpdqu/ Vu®pdp <0,
M M M

(4.5) —/ (Vz, V) du—f—/ bzpdu > 0.
M M
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We explicitly note that, by our assumptions, all the integrals in (@4 and (@3] are finite. Moreover, by
a density argument, we easily see that inequality (Z3]) also holds for every ¢ € WH2(M) with compact
support and ¢ > 0 a.e. on M, not necessarily bounded.

Now we fix ¢ € WH2(M) N L (M) with compact support and 1 > 0 a.e. on M, and use ¢ =
2p € WH2(M) N L (M) as a test function in [@4) and ¢ = uh € WH2(M) as a test function in ({X).

Subtracting the resulting inequalities one finds

(4.6) — / (Vu, Vo) zdp +/ (Vz,Vi)udp+ | Vupzdu <0.
M M M
Since w = £ € W,L2(M) N LY, (M, V duo) with
Vw = 1Vu — %Vz a.e. on M,
z z

inequality (£6) becomes
7/ (Vw, Vip) az? dug +/ (V27" wy)az® dug < 0.
M M

Then, see also Remark 222, w is a nonnegative weak solution of (Z3).

Combining Lemma [£J] with Theorem [[.5] one can easily obtain the following nonexistence results for

nontrivial nonnegative weak solutions of equation (&I]).

Proposition 4.2. Assume there exists a weak solution z > 0, z € Lip,,.(M) of equation [@2) and let
a satisfy @3), ¢ > 1, V>0 ae on M,V € L} (M) and b € L[’OL?(M) Then any nonnegative
weak solution u € Wltf(M) NLY (M, Vduo) of @IJ)) is identically null, provided one of the following

conditions holds:

i) there exist Cy > 0, k € [0, ﬁ) such that, for every large enough R > 0 and every ¢ > 0

sufficiently small,
/ Voeitegs? dpo < CR%"’C"E(Iog R)k, or
Br
ii) there exists Cy > 0 such that, for every large enough R > 0 and every ¢ > 0 sufficiently small,

/ Vot teaz dug < C’R%*COE(Iog R)ﬁ and

Br

/ Vot faz dpg < CR%JFCUE(Iog R)ﬁ, or
Br

iil) there exist Co > 0, k> 0,60 >0, 7 > maX{UT_l(kJr 1),1} such that, for every large enough
R > 0 and every € > 0 sufficiently small,

/ VorTtaz dug < CR%+C°E(1og R)Fee0llog R)T
B2r\Br

We now proceed to describe a general setting where one can indeed produce the desired auxiliary
function z, in the particular case when a =1 on M.

Let us fix a point 0 € M and denote by Cut(o) the cut locus of o. For any z € M\ [Cut(o) U{o}], one
can define the polar coordinates with respect to o, see e.g. [7]. Namely, for any point € M\ [Cut(o)U{o}]
there correspond a polar radius r(z) := dist(z,0) and a polar angle § € S™~! such that the shortest
geodesics from o to x starts at o with the direction 6 in the tangent space T,M. Since we can identify
T,M with R™, 6 can be regarded as a point of S™~1.

The Riemannian metric in M \ [Cut(o) U {o}] in the polar coordinates reads

ds® = dr* + A(r,0)do"de?
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where (01,...,0™~ 1) are coordinates in S~ and (4;;) is a positive definite matrix. It is not difficult

to see that the Laplace-Beltrami operator in polar coordinates has the form
2

(4.7) A:%+‘F(T,9)%+AST,
where F(r,0) := & (log \/A(r,0)), A(r,0) := det(A;;(r,0)), As, is the Laplace-Beltrami operator on
the submanifold S, := dB(o,r) \ Cut(o).

M is a manifold with a pole, if it has a point o € M with Cut(o) = (). The point o is called pole and
the polar coordinates (r,0) are defined in M \ {o}.

A manifold with a pole is a spherically symmetric manifold or a model, if the Riemannian metric is

given by
(4.8) ds® = dr® +1*(r)do?,

where df? is the standard metric in S™~!, and

@9)  wed={FeCT(0,00)NCH(0.5): £(0) = L F(0) =0, f > 0in (0.00) ).

In this case, we write M = My; furthermore, we have \/W = 9™~ 1(r), so the boundary area of the
geodesic sphere 0Sg is computed by

S(R) = wmy™ ! (R),
W, being the area of the unit sphere in R™. Also, the volume of the ball B (o) is given by

R
1(Br(o) = / S(€)de .

Moreover we have

0? P 0 1
A=— —1)—— + —<Agm—
6r2+(n )w0r+w2 smeh
or equivalently
2 /
a S a LAST‘VL—I,

“artsar Ty
where Agm-1 is the Laplace-Beltrami operator in S™~1.
Observe that for ¢(r) = r, M = R™, while for ¢(r) = sinhr, M is the m—dimensional hyperbolic
space H™.
Let us recall some useful comparison results for sectional and Ricci curvatures, that will be used in
the sequel. For any = € M \ [Cut(o) U {0}], denote by Ric,(z) the Ricci curvature at x in the direction

%. Let w denote any pair of tangent vectors from 7T, M having the form (%,X ), where X is a unit

vector orthogonal to %. Denote by K, (z) the sectional curvature at the point € M of the 2-section
determined by w. If M = My, is a model manifold, then for any = = (r,0) € M \ {o}
"
Kw(z> = 71/) (r>a
e(r)
. V)
r
Rico(x) = —(m —1 .
(@) = ~(m ~ )L
Observe moreover that (see [10], [11], [7, Section 15]), if M is a manifold with a pole o and
P(r)
(4.10) K,(z) < -— for all z = (r,0) € M\ {o},
e(r)
for some function ¢ € A, then
!
(4.11) F(r,0) > (m— 1)1/] (r) for all »>0,0¢€S™ .
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On the other hand, if M is a manifold with a pole o and

(4.12) Rico(x) > —(m — 1)12:/((7,7“)) for all == (r,0) € M\ {o},
for some function ¢ € A, then
(4.13) F(r,0) < (m— 1)7;/}/]/((:)) for all » > 0,0 € S™ 1.

We have the following

2m_
Lemma 4.3. Let M be a manifold with a pole o and b € L;""* (M). Let by : RT™ — R be such that

loc
(4.14) b(r,0) > bo(r) for all x = (r,0) € M\ {o}.
Assume that 1 € A, that ¢ : RT — R is a positive weak solution in Lip,,.(RT) of
(4.15) (™) + o™ > 0 in RY,

and that either
(A) 9 satisfies condition [@IQ) and ¢ is nondecreasing,
or
(B) ¢ satisfies condition EI12) and ¢ is nonincreasing.
Then z(x) := ((r(x)) € Lip;,.(M) is a positive weak solution of (L2, witha =1 on M.

Proof. In case condition (A) holds, the result is an easy consequence of ([@7), (@IIl), the monotonicity
of ¢ and condition ([£I4). Similarly, when condition (B) holds, the result follows immediately as before,

using ([EI3) in place of (&IT]). O

We refer the interested reader to the stimulating paper of Bianchini, Mari, Rigoli [I] for results
concerning the existence of a positive solution of (£I5)) and its precise asymptotic behavior as r tends to

+o00. These combined with Lemma and Proposition give somehow explicit nonexistence results
for equation (4.1)).

5. COUNTEREXAMPLES

In this section, we will produce three counterexamples to the previous nonexistence results, all in the
particular case of equation (II)). Here we follow a similar approach as one finds in [7] and [9]. In the
sequel, a = % and f = ﬁ as in Definition [[L3] with p = 2, while M will always denote a model
manifold with a pole o and metric given by ([@T). Set Bg = Bgr(o) and r = r(x) = dist(z,0) for any
reM.

Let spec(—A) be the spectrum in L?(M) of the operator —A. Note that (see [7, Section 10])

spec(—A) C [0,00).

Denote by A(M) the bottom of spec(—A), that is
A(M) := inf spec(—A) .
By [2], for each fixed x € M, there holds

2
(5.1) M) < 1 hmsupw
4 R—+oc0 R

For any p > 0, let A, be the first Dirichlet eigenvalue of the Laplace operator in B, that is the smallest

number A, for which the problem

Au+Iu =0 inB,,

(5.2)
u =20 on 0B, .
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has a non-zero solution. Indeed, A, coincides with the bottom of the spectrum of the operator —A in
L*(B,) with domain C§°(B,). It is easily checked, see e.g. ****ref uberbook***, that A, > 0; moreover,
Aoy = Ay, if p1 < p2, and X, — (M) as p — oc.

In the sequel we shall make use of the following result (see [9]).

Proposition 5.1. Leto > 1,19 > 0, A € C((ro,00)) with A > 0 and foo Ad;) < 00. Let B € C((ro,0))
be such that

[ Berismr <,

To

_ [T 4
y(r) = /T A% forr > rq.

where

Then the equation
(A(r)y)' + B(r)y” =0 forr> Ry,
for Ry > 1o sufficiently large, admits a positive solution y(r) such that y(r) ~ v(r) as r — co.

Exzample 5.2. Let ¢ € A, see ([L9), with

r ifo<r<1,
w(r) = 1 1 .
[r“~L(logr)Po)m=1 ifr >2;
here By > 5. Let 0 < § < By — B and define
V(z) =V(r) = (log(2 + 7“))% for all z € M.

For any R > 0 sufficiently large we have
S(R) = w R Y(log R)?, u(Br) ~ CR*(log R)"
thus, thanks to (5.1)), we have A(M) = 0. Moreover, there holds

(5.3) V=P(z)dp > CR(log R)?°~°,
Br

with B9 — § > (. Hence, in view of (B.3]), neither condition (II3) nor condition (LI4) is satisfied.
Furthermore, observe that (II8) holds true, while (ILT9)) fails. This is essentially due to the choice of ).
Note that for any rg > 0,

5.4 — < 0;
o4 5
moreover, for r > 0 sufficiently large,

> d¢ N C

(r) =

r S ro?(logr)fe
Hence for rg > 0 large enough

0 o} r ‘S/ﬂra Llogr
(55) / [’7(7")] ( T < C/ 1 B QTja 2) (logr)é})ag )

< C/ (logr)fot=o+5 4

T
In view of (B.4)-(E3H), from Proposition Bl with A(r) = S(r) and B(r) = S(r)V(r), we have that there
exists a solution y = y(r) of

S'(r)
S(r)

for some Ry > ro. Furthermore, y(r) > 0 for all r € [Ry, 00) and y(r) ~ y(r) as r — oo.

(5.6) y'(r) +

y'(r) +V(r)y(r)]° =0, r> Ro,

Now for any p > 0, let v, be the solution to the eigenvalue problem (B.2) with A = A,, which we can
assume is normalized by setting v,(0) = 1. Thus we have that v, = v,(r), that 0 < v,(r) < 1 and that
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v,(r) is decreasing for r € [0, p]. For any p > Ry, define m := inf y(r) and for any fixed £ € (Ry, p)

[Ro,p) Up (7’)
let
_ mu,(r) in Bg,
u(z) ==
y(r) on 0B¢.

Since A(M) = 0, as in [9] one can prove that for some ¢ € (Ry,p) we have u € C'(M), and thus
u € Wik (M). Moreover

A(mv,) + mu,)° =0 in B,

o
Ay+Vy? =0 in By, .
Define M, = maxg V and
6 = min {1, m_lx\;’%lM,;ﬁ };
then, since V"> 0 on M, 6 > 0 and on B, we have
A(6mw,) + V(6mw,)? < A(dmu,) + M, (0mu,)°

A
<A - 7 =0.
< A(6mw,) + Gy (0mwv,)? =0
On the other hand on szo we have
A(dy) + V(dy)? < Ay +6Vy® = 0.

Thus we see that the function u = du is positive and satisfies

Au+Vu® <0 on M.

Example 5.3. Let ¢ € A with

r ifo<r<1,
1/’(7“) = 1 1,
[r*~t(logr)?]m=—T ifr > 2.

Let 6 > 0 and define
V(z) =V(r) = (log(2 + 7“))7% for all z € M.
For any R > 0 sufficiently large we have
S(R) = wnR*(log R)",  p(Br) = CR"(log k)",
thus, thanks to (E1J), we conclude taht A; (M) = 0. Moreover, there holds
(5.7) /B V=P(x)dp > CR(log R)°+°.
R

Observe that in view of (57), neither condition (II3) nor condition (ILI4) is satisfied. Moreover, note
that (LI8) holds, while (LI9) fails. This is essentially due to the choice of V.

For any rg > 0 we have

(5.8) /m%<oo;

moreover, for » > 0 large enough,

_7°°d§N C
“”f[ 5 = o 2(logr)?
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Hence for ro > 0 large enough

* [log(2 + )] ~9/#72 (log r)?

d
ro(@=2)(log r)Bo "

659) [ Bervesear <o

To To

o 1 dr
<C —_—— — < .
ro (logr)Ple=b+s 7

In view of (.8)-(B9), from Proposition Bl with A(r) = S(r) and B(r) = S(r)V(r), we have that there
exists a solution y = y(r) of (&.8), for some Ry > 0. Furthermore, y(r) > 0 for all r € [Ry, 00) and
y(r) ~ y(r) as r — oco. Since A1 (M) =0 and V > 0 on M, by the same arguments as in the previous
Example [5.2) we can construct u € C1(M), with u = u(r) > 0 on M, which satisfies

Au+Vu® <0 in M.

Example 5.4. Let ¢ € A with
r if0<r<1,

P(r) =
) eVrooifr > 2.

For any sufficiently large R > 0 we have
S(R) = wme ™™V (BR) ~ Ce™=DVE[(m — 1)VR - 1],
for some C' > 0. Note that A(M) = 0 by (&.1]), since

1 B
hmsupwzo_
R—o0 R
Let 1 1
m — o
= = -1 -1 0=
n="om = = -1), 6=
and define

V(z)=V(r):=e™V(1+ r)_% for all x € M.

Then for £ > 0 small enough and R > 0 sufficiently large we have
R
(5.10) / VR (@) dp > C/ V(1 + r)P=/B) g > Ce=VE,
Br 2
On the other hand
R
(5.11) / VP (2) dp < C/ e~EVT(1 + )P te/B) g < CROTITES = CROTEC
Br 0

Observe that, in view of (G.I0), neither condition (II3) nor the first inequality in condition (L.I4) is
satisfied. On the other hand, by (BI1) the second inequality in (.I4]) holds. This is essentially due to
the choice of V. Note moreover that only the second inequality in (ILI8) is not satisfied, while the first
inequality in (LI8) and (LI9) hold.

Note that for any r9 > 0

(5.12) /m%<oo;

moreover, for r > (0 sufficiently large,
S —(m-1)VF
y(r) = / — ~C(Ce VT
ARG
Hence

(5.13) / [y(r)]°V (r)S(r)dr < c/ el=(m=D(e=D+nlvr . 5§ _

To
In view of (B.12)-(EI3), from Proposition Bl with A(r) = S(r) and B(r) = S(r)V(r), we have that
there exists a solution y = y(r) of (&6, for some Ry > 0. Furthermore, y(r) > 0 for all r € [Ry, 00) and
y(r) ~ y(r) as r — oo. Since A(M) =0 and V > 0 on M, by the same arguments as in Example
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above, we can construct u € C*(M) with u = u(r) > 0 on M, which is a weak solution of

(1]

(2
3]

(4]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

20]

Au+Vu® <0 in M.
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