Some rigidity results on critical metrics for quadratic
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Abstract In this paper we prove rigidity results on critical metrics for quadratic curvature
functionals, involving the Ricci and the scalar curvature, on the space of Riemannian metrics
with unit volume. Itis well-known that Einstein metrics are always critical points. The purpose
of this article is to show that, under some curvature conditions, a partial converse is true. In
particular, for a class of quadratic curvature functionals, we prove that every critical metric
with non-negative sectional curvature must be Einstein.

Mathematics Subject Classification 53C24 - 53C25

1 Introduction

Let M" be a closed smooth manifold of dimensionn > 3 and let .#; (M") denote the space of
equivalence classes of smooth Riemannian metrics of volume one on M". As usual, metrics
are identified if they are related by the action of the diffeomorphism group. To fix the notation,
we recall the decomposition of the Riemann curvature tensor of a metric g into the Weyl,
Ricci and scalar curvature component

1 1
Rm = W+ ——Ric ——F R ,
p 208 T Ty Re 08
where @ denotes the Kulkarni-Nomizu product. It is well known [10] that Einstein metrics
are critical points for the Einstein-Hilbert functional
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on .#1(M"). From this perspective, it is natural to study canonical metrics which arise as
solutions of the Euler-Lagrange equations for more general curvature functionals. In [3],
Berger commenced the study of Riemannian functionals which are quadratic in the curva-
ture (see [4, Chapter 4] and [16] for surveys). A basis for the space of quadratic curvature
functionals is given by

W = /|W|2dv p = /lRiclde S = /dev

and, from the decomposition of the Riemann tensor, one has

4 2
R = /|Rm|2dv = /(|W|2+—|Ric|2—7R2)dV.
n—?2 n—1)n-2)

We recall that, in dimension three, the Weyl curvature vanishes, and in dimension four, the
Chern-Gauss-Bonnet formula

2
/ (|W|2 —2|Ric|* + 5R2) dV = 3272 x(M)

implies that the Weyl functional W can be written as a linear combination of the other two
(with the addition of a topological term). All such functionals, which also arise naturally as
total actions in certain gravitational fields theories in physics, have been deeply studied in
the last years by many authors. As it will be clear in Sect. 6, in dimension greater than four,
the Euler-Lagrange equation of the Weyl functional W has a different structure in the zero
order curvature terms. In particular, if n > 4, it is not true that Einstein metrics are always
critical points for this functional on .#; (M").

For these reasons, following the notation in [8], in the first part of the paper, we will
consider only the curvature functional

F = /lRic|2dV+t/R2dV,

defined for some constant t € R (with t = —oo formally corresponding to the functional
S). Since in dimensions greater than four F; is not scale-invariant, it is natural to restrict
the functional on .#;(M"). Equivalently, one can consider a modified functional properly
normalized with the volume of the manifold (see [8]).

It was already observed in [4] that every Einstein metric is critical for 7; on .Z(M"™),
for every t € R. The first basic question is whether all critical metrics are necessarily
Einstein. Of course, generally this is false. For instance, in dimension four, every Bach-
flat metric is critical for F_;,3 and every Weyl and scalar flat metric is critical 7_1/4 on
M1 (M?) (see [4, Chapter 4]). Moreover, Lamontagne in [15] constructed a homogeneous
non-Einstein critical metric for R = 4F_y;4 on .# (SS). From this point of view, it is
natural to ask under which conditions a critical metric for F; must be Einstein. Typically,
one assume some curvature conditions (of pointwise or integral type, positivity or negativity
of the curvature, etc.) on the critical metric in order to prove rigidity properties. For instance,
for S on . (M?) in [1, Proposition 1.1] the author assumed that the scalar curvature of the
critical metric has definite sign (actually this holds in every dimension [5, Proposition 3.1]);
for F_1/3 on .41 (M 4 (variationally equivalent to R) in [14] it is proved that every critical
metric with non-positive sectional curvature is Einstein; for 71,3 on .# (M 3) in [17] the
author assumed a pointwise pinching condition on the Ricci curvature; finally, for 7_3,5 on
M (M 3) (variationally equivalent to the o;-functional) in [7] the authors proved that every
critical metric must be Einstein (hence a space form), just assuming an integral condition,



namely 7 3,3 < O (this result was extended in dimension greater than four in the locally
conformally flat case in [11]). As it will be clear from Corollaries 2.3 and Corollary 2.4, for
some specific values of the parameter ¢, critical metrics for F; inherit additional properties
from the Euler-Lagrange equation which implies more constraints on the variational solution.
For instance, every critical metric has constant scalar curvature if % —1/3 andn = 4 and it
has constant op-curvature if t = —n/4(n — 1) and n # 4. The results just quoted [7,11,14]
belong to these cases.

In this paper we will prove some new rigidity results on critical metrics for F; on .# (M").
Our first theorem characterizes critical metrics with non-negative sectional curvature.

Theorem 1.1 Let M" be a closed manifold of dimension n > 3. If g is a critical metric
for Fy on A (M™) for some t < —1/2 with non-negative sectional curvature, then g is an
Einstein metric.

In the case t = —1/2, we can show the following result.

Theorem 1.2 Let M™ be a closed manifold of dimension n > 3. If g is a critical metric for
F_12 on A1 (M") with non-negative sectional curvature, then g is either Einstein or the
following possibilities occur

(1) If n = 3, then the universal cover (M3, 8) is isometric to (Sz xR, agg + bgR), for
some positive constant a, b > 0. ~
ii n = 4, then the universal cover , &) is either isometric to X S7, a g g2
Gi) I 4, then th I (M*, 3) is eith S?xS?,age +bgs
or to (Sz x R? a g +0b ng), for some positive constant a, b > 0.
(iil) Ifn > 4, then the universal cover (M", ) is isometric to (S2 X R"2, agg + banfz),
for some positive constant a, b > 0.

Remark 1.3 We notice that the condition # < —1/2 in Theorem 1.1 is optimal. In fact, for
every t > —1/2, following [15], one can construct non-Einstein critical metrics g; for F; on
M (SS) (see [8, Sect. 7]). It turns out that these metrics have non-negative sectional curvature
if —1/2 <t < 3/4. On the other hand, a condition on the sectional curvature is necessary too.
In fact, recently Gursky and Viaclovsky in [9] constructed critical metrics for F; on .4 (M B
for ¢ “close” to a given value which depends on the topology of the Einstein building blocks.
In particular, they found solutions for ¢ close to —1/2 and in some cases for t < —1/2 (for
precise estimates on the critical values see [19]). As it is clear from the construction, all these
metrics have changing sign sectional curvature.

Concerning critical metrics with non-positive sectional curvature, we can extend Lamon-
tagne result [14] in dimension four, proving the following

Theorem 1.4 Let M* be a closed manifold of dimension four. If g is a critical metric for F;
on M1 (M*) for some t > —1/4 with non-positive sectional curvature, then g is an Einstein
metric.

In Sect. 5 we provide a rigidity result on critical metrics for ; on .4 (M?3) fort > —1/2.
As we have previously observed, one has to assume a stronger condition than non-negative
sectional curvature to exclude the non-Einstein examples. Moreover, the estimates used in
the proof of Theorem 1.1 are not sufficient in this regime of ¢, due to the presence of bad
terms with the wrong sign. We were able to overcome this difficulties by “weighting” the
Euler-Lagrange equation, and trying to compensate these quantities. Our result reads as
follows



Theorem 1.5 Let M3 be a closed manifold of dimension three. If g is a critical metric for
Fi on M (M3) for some —1/3 <t < —1/6 with non-negative scalar curvature, then g has
constant positive sectional curvature if

1+ 61)?
|E* < AF607 g2
24
Remark 1.6 In the cases t = —1/3 (trace-less Ricci functional) and + = —5/16 (Schouten
functional), our result considerably improves the ones in [17] and in [12, Theorem 4.2],
respectively. Moreover, for t = —1/4 (Riemann functional), Theorem 1.5 gives a first answer

to a basic question posed by Anderson [1, Sect. 6] concerning the rigidity of critical metrics
for the L?-norm of the Riemann curvature tensor R..

Remark 1.7 We notice that the result in Theorem 1.5 also holds when t < —1/2. In fact,
the pinching assumption implies that g has positive sectional curvature and Theorems 1.1
and 1.2 apply. Formally, in the case t = —oo, we recover part of a result in [1] on critical
metrics for S.

In the last part of the paper (Sect. 6), we will compute the Euler-Lagrange equation satisfied
by critical metrics for a general quadratic curvature functional of the form

Fry = /|Ric|2dV+t/R2dV+s/|Rm|2dV,

defined for some constants 7, s € R. As we have already observed, from the variational point
of view this functional differs from F; only in dimension greater than four. As one would
expect, space form metrics are critical for F; ; on .| (M"), whereas, due to the presence of
the full curvature tensor, in general Einstein metrics are not. Hence, a basic question would
be to find variational characterization of space form metrics as critical points for F; ; on
A (M), in the spirit of the work of Gursky and Viaclovsky [7] on critical metrics for

Fonfan-1) = —2(n —2)2/02(A)dV,

where 02(A) denotes the second elementary symmetric function of the Schouten tensor
(see [18]). As we have already observed (see Corollary 2.4), in dimension n # 4, a critical
metric g for this functional satisfy the Yamabe-type equation

02(Ag) = const.
We will show in Corollay 6.4 that, for every ¢ € R, the functional

ft n+4(n—1t
P A

naturally extend the o»-functional (which correspond exactly to the case s = 0). More
precisely, we will prove that for every 7 € R, a critical metric g for 7, _stam—n: on .2 (M"),
’ 7

n > 4, satisfies the Yamabe-type equation

4(n — Dt
wm/gﬁ — const.
16(n —2)

We hope that this property could help in proving some new variational characterizations of
space forms as critical metrics of these functionals.

To conclude, we mention that the problem of finding conditions that guarantee rigidity
of critical metrics for quadratic curvature functionals also has a lot of interest in the non-
compact setting. For instance, Anderson in [2] proved that every complete three-dimensional
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critical metric for the Ricci functional p with non-negative scalar curvature is flat, whereas
in [5] we showed a characterization of complete critical metrics for S with non-negative
scalar curvature in every dimension. Recently in [6], we showed that, in dimension three, flat
metrics are the only complete metrics with non-negative scalar curvature which are critical
for the o2-curvature functional F_3/3.

2 The Euler-Lagrange equation for F;
In this section we will compute the Euler-Lagrange equation satisfied by critical metrics for
Fron . (M™) (see also [8]). The gradients of the functionals p and S are given by (see [4,
Proposition 4.66])
1 |
(Vp)ij = —ARij = 2Rixji R + ViR — Z(AR)gij + > |Ric|gij,
1
(VS)ij = 2V5R —2(AR)g;; — 2RR;j + ERzg,»,-.

Hence, the gradient of F; reads

2 1 +41
(VF)ij = —AR;; + (1 + 21)V,",'R B

1
—|-§(|Ric|2 + le)g,'j — 2Rikji Ry — 2tRR;;.

(AR)gij

Moreover, g is critical for 7, on . (M") if and only if (VF;) = c g, for some Lagrange
multiplier ¢ € R (see [4]). Tracing this equation, we obtain

—4 4(n — It
" (|Ric|2 +tR2) - %AR = ne.
From these, we get that g is critical for F; on .#;(M") if and only if
2 2t 2 .2 2
~AR;+ (14+20VER =~ (AR)gyy + = (1Ricl +1R?) gij = 2Ryt Ry = 24 RR;j = 0.
(2.1)

and
(n 4 — 1)t)AR = (n— 4)(|Ric|2 1R — ,\),

where A = F;(g). Defining the tensor E to be the trace-less Ricci tensor, E;; = R;j — %Rgij,
we obtain the Euler-Lagrange equation of critical metrics for F; on .#(M™).

Proposition 2.1 Let M" be a closed manifold of dimension n > 3. A metric g is critical for
Fi on A1 (M"™) if and only if it satisfies the following equations

142t

AEjj = (14 20V5R = —=(AR)gij — 2Rixji B
2+ 2nt 2
—~ RE;j + ~|EPgi;, (2.2)
(n T4 — l)t)AR —(n— 4)(|Ric|2 1R - ,\), 2.3)

where . = F;(g).

In particular, it follows that Einstein metrics are critical (see [4, Corollary 4.67]).



Corollary 2.2 Any Einstein metric is critical for F; on #1(M™).
From Eq. (2.3),if n =4 and t # —1/3, we immediately get the following result.

Corollary 2.3 Let M* be a closed manifold of dimension four. I g is a critical metric for F;
on M\ (M*) for some t = —1/3, then g has constant scalar curvature.

Notice that, in dimension four, Gauss-Bonnet formula implies that F_;,3 is proportional
(plus a constant term) to the Weyl functional V. Hence, critical metrics are Bach-flat and, in
general, do not have constant scalar curvature. On the other hand, if t = —n/4(n — 1), one
has

n
Ric — —— R? = 2(n —2)%0»(A),
[Ric| pTP— (n —2)%02(A)

where 02 (A) denotes the second elementary symmetric function of the Schouten tensor

1 1
A= (Ric R g).
n—2 2(n — 1)
Hence, whenn # 4 and t = —n/4(n — 1), we have
Fonjan-1) = —2(n —2)? / o (A)dV
and Eq. (2.3) implies the following

Corollary 2.4 Let M" be a closed manifold of dimension n # 4. If g is a critical metric for
F_njan—1) on A1 (M™), then g has constant or-curvature.

Now, contracting Eq. (2.2) with E we obtain the following Weitzenbock formula.

Proposition 2.5 Let M" be a closed manifold of dimension n. If g is a critical metric for F;
on M\ (M™), then the following formula holds

2+ 20t
T RER. (24)

1
EA|E|2 = [VE* + (1+20)E;;V} R — 2Riji Eij Ext —

Corollary 2.6 Let M" be a closed manifold of dimension n. If g is a critical metric for F;
on M1 (M"), then

n—2)(1+2t¢ 1+ nt
/(|VE|2 - %WMZ) dv = 2/ (RikﬂE,-jEk] + TR|E|2) dv.

Proof We simply integrate by parts Eq. (6.4) and use the second Bianchi identity

1 n—2
ViEij = V,'RU—;VJ'R = n VjR.

3 Critical metrics with non-negative sectional curvature

In this section we will prove Theorems 1.1 and 1.2. The first key observation is the following
pointwise estimate which is satisfied by every metric with non-negative sectional curvature.



Proposition 3.1 Let (M", g) be a Riemannian manifold of dimension n > 3 with non-
negative sectional curvature. Then, the following estimate holds

n—2 2
Rikj1EijEx < TRlEl .

Proof Let {e¢;}, i = 1,...,n, be the eigenvectors of E and let A; be the corresponding
eigenvalues. Moreover, let o;; be the sectional curvature defined by the two-plane spanned
by e; and e;. We want to prove that the quantity

n—2 - n
RikjiEijEx — 5 RIEP = Z Aikjoij —

i,j=1
is non-positive if 0;; > O for all i, j = 1, ..., n. The scalar curvature can be written as
n
R = oioMR., ., = =2 ..
=88 ikjl = Ojj = Oij -
i,j=1 i<j

Hence, one has the following

n
inxjoij RZAk_ZZAAU,J Za,]ZAk

i,j=1 i<j i<j
2)

:Z(zk,xj—”

i<j

On the other hand, one has

Zxk =AM+ DA

ki, j
Moreover, using the Cauchy-Schwarz inequality and the fact that >_;_, Ax = 0, we obtain
2
P 1 D) It R
R n—2 "
ki, j k#i, j

Hence, the following estimate holds

) 2
Zxk > — A +A)+mmj.

Using this, since o;; > 0, it follows that

. -2 < -1
Z Aikjaij - LG RZ)\% < 1 " Z (2)»,')»]' — ()»12 +A?))O‘ij
ij=1 k=1 i<j

; < 0.

i<j

This concludes the proof of the proposition.



From Corollary 6.7, we have that if g is a critical metric for F; on .#{(M"), then

—2)(1 + 21 1 +nt
/(|VE|2— %sz) dv = 2/ (Rikj,EijEk,+T"R|E|2) av

If + < —1/2, the left-hand side is nonnegative and is zero if and only if [VE| = 0. On the
other hand, if g has non-negative sectional curvature, Proposition 3.1, implies that

¢ 1
" RIE]? < (r+§) RIE.

In particular, if g is a critical metric g for F; on .#;(M") with non-negative sectional
curvature, we have

/(|VE|2— WWMZ) av < (1 —|—2t)/R|E|2dV.

Hence, if t < —1/2, then g has to be scalar flat or Einstein. If R = 0, then g must be flat,
since it has non-negative sectional curvature. This concludes the proof of Theorem 1.1.

Ift = —1/2, we have that VE = 0 on M". In particular, g has constant scalar curvature,
and, from the de Rham decomposition theorem, is locally a product of Einstein metrics (see
for instance [4, Sect. 16.12(i)] for a general splitting result concerning Codazzi tensor with
constant eigenvalue). Again, if R = 0, then g has to be flat. So, from now on, we will assume
that g has constant positive scalar curvature R > 0. From the critical Eq. (2.1) we get

1+
Rikji Eij Ex +

! |Ric|? L r2 RixiiR +1RR 0
_ icl? — = R ZRR.. —
n ) 8ij ikjl Nkl B ij
Moreover, since g has parallel Ricci tensor, the commutation rule of covariant derivatives,
implies
0= V,ViRix — V;iVyRix = RiijpRu + RikjpRi . 3.1)

Tracing with g"k, we get Rixji Ry = Rik R jx. Hence, the Ricci tensor satisfies the quadratic
condition

1 -2 2
- (2|Ric|” — R*) gij — 2RixRjx + RR;j = 0
In particular, every eigenvalue p of the Ricci tensor, satisfies the equation
1
~ (2|Ric|* = R*) — 24> + Rp = 0,
n
which implies that
2 n—2 ,
2u* —Ru— = (|E> = —=R?*) =
2n

Solving this equation, we get that every eigenvalue satisfies

(n —4)?
7R:i: R2 sz
n= g \/ o2 + —|E|

Now, let us assume that for some 1 < m < n, we have

n —4)>2 1

=
[

! S l6n?



and

1 (n —4)2 1
Mm+1 M“n 2 \/ 1612 +n| |

If m = n then the metric is Einstein. On the other hand, if m = 1 we have that £; = 0 on M"
andpup =+ =y, = %R. This implies that n = 3. Moreover the scalar curvature satisfies
the following identity

n—4 (n —4)2 1
R=(m—-2) 2" 2y Z|EP
4 n )\/ 16n? +n| %

which in dimension three implies that R must be negative. So this case is excluded. Equiva-
lently,ifm = (n—1),thenpu) = -+ = up—_1 = %R on M" and p,, = 0. This, again implies
n = 3 and we are exactly in case (i) of Theorem 1.2. So, from now on we will assume that
2 < m < n. Moreover, by summing all the eigenvalues, we get the identity

n—4 (n —4)? 1
R=—2m), 2" r2y LiEP
4 (n m)\/ oz & T IE]

Since R > 0, we have thatm =2ifn =3 orn =4,andm < n/2if n > 4. Thus, if n = 4,
we have that

1 1 1
HL=py = 7 +2| | an M3 =4 = 7 2| |
On the other hand, if n # 4, one has
g = MmO =0 o
4n(n — 2m)?
Thus, if n = 3, we have proved that
1
M1=M2=§R and 3 =0,
whereas, for n > 4, one has that
n—m— 2R d 2—m
— ... = = — an — ... = = —
Mn1 Km 2(n — 2m) Mm+1 Hn 2n — 2m)

Since g has non-negative Ricci curvature, if n > 4 the only admissible case is m = 2, so

1

M1 =2 = ER and puz3=---=u, =0.

In conclusion, as a consequence of the de Rham decomposition theorem, we have shown that
if g is a critical metric for F_; /5 on .#|(M") with non-negative sectional curvature, then g
is either Einstein or the following possibilities occur

(i) If n = 3, then the eigenvalues of the Ricci tensor are equal to u; = pup = %R and

n3 = 0, where R is a positive constant. In particular, the universal cover (M 3, g) is
isometric to (SZ xR, agsp +b gR), for some positive constant a, b > 0.

(ii) If n = 4, then the eigenvalues of the Ricci tensor are equal to i = up = %R + %IE |
and (3 = g = %R - %|E |, where R and | E| are positive constants. Now, there are two
possibilities: either u3 = pn4 > 0 or u3 = us4 = 0. Hence, the universal cover (M4, 2)



is either isometric to (S* x S?, a gg» + b gs2) or to (S? x R?, a gs2 + b gg2), for some
positive constant a, b > 0.

(iii) If n > 4, then the eigenvalues of the Ricci tensor are equal to ©y = pup = %R and
nu3 =--- = u, =0, where R is a positive constant. Since g has non-negative sectional
curvature, the Ricci flat part has to be flat. Hence, the universal cover (M”, g) is isometric
to (Sz x R"2 g 8 +0 anfz), for some positive constant a, b > 0.

To conclude, it is easy to see that all these expamples are critical for F_j, on .#1(M"),
i.e. they satisfy Eq. (3.1). For example, in dimension n > 4, one has that the manifold
(82 xR"2 g g2 +b an—z) has Ricci curvature Ric = gg2 +0,,—2, where O, is the zero
(n — 2)-dimensional two tensor, and scalar curvature R = % Clearly |Ri c]? = %Rz and the
critical Eq. (3.1) is satisfied. Similarly, the cases in dimension n < 4 can be verified.

This concludes the proof of Theorem 1.2.

4 Critical metrics with non-positive sectional curvature

In this section we will prove Theorem 1.4. First of all we show some useful estimates which
hold for every n-dimensional Riemannian manifold. We recall the definition of the Cotton
tensor

1
Cijk = VkRij — VjRix — ) (VkR gij — ViR gix) -

We have the following formula (see [7, Sect. 4] for this formula in dimension three).

Proposition 4.1 Let (M", g) be a Riemannian manifold of dimension n > 3. Then, the
following integral formula holds

/ IVE]> - (=2 IVR|? — l|C|2 dv = / Ritj1EijExy — Eij Ei Ej — lR|E|2 av
4n(n — 1) ) = ikjlEij Lkl ij ik £ jl n .
Proof A simple computation shows that

(n—2)*
4n2(n — 1)
Integrating by parts the last term, we get

1
E|C|2 = |VE|? - IVR|? — Vi Ei;V;Eif. 4.1)

/VkEi,v,-E,»kdv = —/EijkajEide

1
—/ (EijVijEik + RijitEijEa + Eij Eic Eji + —R|E|2) av
n

n—2 1
—/ (7211 EijViViR — RitjiEijEq + Eij Eik Eji + ;R|E|2) dv

(n —2)2 5 1 )
TWRI +RikleijEkl_EijEikEjl—;R|E| dv.

Using this identity and integrating Eq. (4.1) we get the desired result.

Proposition 4.2 Let (M", g) be a Riemannian manifold of dimension n > 3 with non-
positive sectional curvature. Then, the following estimate holds

1
Riij1EijEx + ;RlEl2 +EjExE; <0.



Moreover; if n = 4, equality occurs if and only if |E| = 0.
Proof As in the proof of Proposition 3.1, we let {¢;},i = 1, ..., n, be the eigenvectors of E

and Ric and let A; and ; be the corresponding eigenvalues. Moreover, let o;; be the sectional
curvature defined by the two-plane spanned by ¢; and e ;. We want to prove that the quantity

1 2 S L oN,2 L N3
RikjiEijEr + —RIE|™ + EijEiEji = Z)\i)tjaij‘f‘;Rz)tk-Fz}\k

i,j=1 k=1 k=1
is non-positive if o;; < O forall i, j = 1, ..., n. First of all, we notice that
n 1 n n n n
> hinjoij + R DDA =2 hikjoij+ D A,
ij=1 k=1 k=1 i<j k=1

since ur = Mg + %R. Moreover, for every k, puy = Zi#k o;x and

n

Dok = DO + Ao

k=1 i<j
Hence
n 1 n n
> Ai,\joij+;RZA§+Z/\,§ = D (2hihj + 27 +25)0ij =D (ki +4j)%03; <0,
i,j=1 k=1 k=1 i<j i<j

since 0;; < 0, and the inequality is proved.
Now we will analyze the equality case in dimension four. If equality occurs, then, choosing
(i, j, k,1) as a permutation of (1, 2, 3, 4), we get

4 4 2
1
2
0= Z (i +2j)%0ij = Z (Mi +uj— ER) 0ij
i,j=1 i,j=1
4
(Mi TR +m)2
=2 - oij
“ 2 2
i,j=1
4
= Z (01j — ou)’oij
ij=1

(012 — 034)2 (012 + 034) + (013 — 024)* (013 + 024) + (014 — 023)* (014 + 023) .

This implies that 012 = 034, 013 = 024 and 014 = 073, since g has non-positive sectional
curvatures. Now, if we compute A, we get

4
1 1
Al = U1 _ZR = ZO’U _EZGU = 0.
j=2 i<j
A similar argument shows that A; = 0 for every i, so the metric must be Einstein.

Now we can prove Theorem 1.4. Let M* be a compact manifold of dimension four and
g be a critical metric for F; on .#1(M*) for some t > —1/4 with non-positive sectional



curvature. By Corollary 2.3, we know that g has constant scalar curvature. Moreover, since
g is critical, then, Corollary 6.7 implies that

1+ 4t
/|VE|2dV = 2/ (R,-kj,EijEk,+TR|E|2) dv < 2/R,-kj,E,~jEk,dv,

since R < 0 and ¢ > 1/4. Using Propositions 4.1, we obtain
1 1
E/Iclde < /(RikleijEkl + ;R|E|2+EijEil<Ejl) dav.

From Proposition 4.2, it follows that the right hand side is non-positive, so it must be zero
and the metric must be Einstein. This concludes the proof of Theorem 1.4.

5 Three dimensional critical metrics with positively pinched curvature

In this section we will prove Theorem 1.5. Let M3 be a closed manifold of dimension three
and g be a critical metric for F; on .1 (M?) for some —1/3 <t < —1/6. We will assume
that g has non-negative scalar curvature and it satisfies the piching condition

2
- (1+61) R
24
To prove that g must be Einstein, i.e. a constant sectional curvature metric, one would like to
follow the proof of Theorem 1.1. Unfortunately, it is easy to observe that, ifr > —1/2, the left-
hand side of the integral formula in Corollary 6.7 could be non-positive. This observation
leads us to find a different strategy in order to deal with the gradient terms of the Euler-
Lagrange equation. In dimension three, the Riemann curvature tensor decomposes as

|E|? (5.1)

1
Rixji = Eijgki — Ei1gjk + Enigij — Exjgil + 3 R (gijgr — gigjk)-
Hence, the Eq. (6.4) for critical metrics reads

1+ 6t
+ R|E|?.

1
5A|E|2 = |[VEP> + (1 + 20)E;j VR + 4E;; Eit Exj —

Multiplying this latter with the scalar curvature R and integrating by parts over M3, we
obtain

1 142t
/ (§(V|E|2, VR) + RIVE|* — JFTRWM2 — (14+20)E(VR, VR)) v
1+ 6t
- /(%R2|E|2—4REijEikEkj)dV, (5.2)

where we used the second Bianchi identity V; E;; = V;R/6. First of all we observe that,
under the assumption of Theorem 1.5, the right-hand side is non-positive. In fact, since E is a
symmetric traceless two-tensor, then one has the following sharp inequality [7, Lemma 4.2]

1
|Ei;EixExj| < %UEP.
Thus, since R > 0, from the pinching Assumption (5.1) and the fact that —1/3 <t < 1/6,
we get

1+ 6t 1+6¢ 4
LR2|E|2—4RE,'jEikEkj < R|E|2( 7; R+%|E|) < 0. (5.3)

3



To conclude the proof, we have to estimate the left-hand side of Eq. (5.2). We have the
following

Lemma 5.1 Under the assumption of Theorem 1.5, one has

1 1421
/(§(V|E|2, VR) + RIVE|> — JFTRNM2 — (1+2)E(VR, VR)) dv > 0.

Proof From Bochner formula, one has
%A|VR|2 = |V2R)?> 4+ Ric(VR,VR) + (VAR, VR)
= |V>R|> + E(VR,VR) + %R|VR|2 + (VAR, VR).
Integrating by parts, we get

2p2 2 1 2
E(VR.VR)dV =~ [ (VR —|ARP® + S RIVRI* ) dV

2 2 1 2
= [ (31ARP = SRIVRI?)aV,

where we have used the algebraic inequality IVZR|? > |AR)? /3. On the other hand, from
the traced equation of critical metrics

1
AR = — (R' 2 tRz—A), 54
Epry |Ric|” + (5.4)

one has
/|AR|2dV :/RAZRdV = —

/ L (V|Ric|? VR)+72t RIVR|*)adVv
= |,
348t 348t

1 2 2+ 6t 2
= —(V|E|", VR) + —————R|VR|" ) dV .
3+8 33 +81)

Putting all together, we have showed that

2 5 5412t 5
E(VR,VR)V < — = _(VIE], VR)— —"—""_R|VR|*}aV.
3(3 + 81) 9(3 + 81)

/RA|Ric|2dV— /RAR2dV

3+ 8 3+ 8¢

We are now in the position to prove the lemma. We want to estimate the following quantity

1 2 , 1+2 2
E(V|E| , VR) + R|VE] —TR|VR| — (1 +20)E(VR,VR))dV.

Since t > —1/3, from the previous inequality, we obtain

1 5 , 142 5
S(VIEZ, VR) + RIVE]® = —=RIVR> = (1 +20)E(VR. VR) | dV

" 5+ 16¢ 2 5 1+ 2t 5
> —— (VIE|", VR) + R|VE ————R|VR|")dV.
_/(6(3+8t)< IE] )+ RIVE] +18(3+8t) VRl



Now, since R > 0, then from Cauchy-Schwartz and Kato inequalities, we have

5+ 16t 54 16t
DI gpp vRy > -2 o g v
6(3 + 81) 33+ 8¢t)
54 16t 54 16t] |E|)?
Z—| + lsRlVR|2— |5+ 16¢] | ||VE|2,
3(3+ 8¢1) 123+ 8t)e R
for every ¢ > 0. Choosing ¢ = (1 + 2t)/(6]5 + 16¢|), we have
54 16t 142t 54 160)%  |E?
;(V|E|2,VR) > —+7R|VR|2— LQ|VE|2.
6(3 + 81) 18(3 + 8¢) 2(1+2t)3+87) R
Hence, the integrand we want to estimate is bounded by
5+ 16¢
2 O (IR, VR) + RIVE?
6(3 + 81)
1421 VE|? 5+ 16t)?
_we R|VR|22| " (- 10 |EI*).
18(3 + 8¢) R 2(1 +21)(3 + 81)

Finally, using the pinching Assumption (5.1), it is easy to prove that the right-hand side is
non-negative, since

(1 +61)2 _ 20+20(3+80)
24 T (54 160)?2

)

if —1/3 <t < —1/6. This concludes the proof of the lemma.

Combining this latter with Eq. (5.2) and inequality (5.3), under the assumption of Theo-
rem 1.5, we have showed that

1+ 61 4
/R|E|2( 7; R—%|E|)dV:0.

Hence, E = 0 on M? since R > 0 and the pinching Assumption (5.1) holds.
This concludes the proof of Theorem 1.5.

6 The Euler-Lagrange equation for F; ¢

In this section we will compute the Euler-Lagrange equation satisfied by critical metrics for
Frs(g) = / |Ric|>dV +1t / R%dV + s/ |Rm|*dV ,

on .Z1(M"). As we have already observed in the introduction, this functional substantially

differs from F; only in dimension greater than four.

To compute the Euler-Lagrange equation for F; 5, we follow the computations in Sect. 2.
The gradients of the functionals p, S and R are given by (see [4, Proposition 4.66] and [4,
Proposition 4.70])

1 1.
(Vp)ij = —ARij + ViR = S(AR)gij = 2RijiRu + | Ricl’gij,

1
(VS)ij = 2V} R —2(AR)gij — 2RR;j + 5Rzg,»,-,



and
1
(VR)jj = —4ARij + 2V, R — 2Rikpg Rjipg + §|Rm|28ij — 4Rikji Rir + 4Rik Rk
Hence, the gradient of F; s reads

144t
(AR)gij — 2RjxjiRki — 2t RR;;

(VFrs)ij = — (1 +4s)AR;j + (1 +2t —|—2s)Vi2jR -

1 .
+ 5(|ch|2 + R+ S|Rm|2)gij — 25 Rikpg Rjkpg — 45 Ritji Rus +4sRix R -

Moreover, g is critical for F; ¢ on .#1(M") if and only if (VF; ;) = c g, for some ¢ € R.
Tracing this equation, we obtain

n—4 n+4mn— 1t +4s

. (|Ric|2 +1R2+s|Rm|2) . AR = ne.
From these, we get that g is critical for F; ; on .#1(M") if and only if
) 2t — 2s
—(1+4s)AR;; + (1 +2t—|—25)V[jR— (AR)gij

n
2
= (1RicP + R? + s|Rml)gi; +
—2(1 +25)Rigji Rey — 2t RR;j — 25 Rikpg Rjkpg + 4sRixRjr = 0, (6.1)
coupled with the scalar equation

(n +4(n — 1)t —|—4s)AR - (n— 4)(|Ric|2 +tR? + s|Rm|? — ,\),

where A = F; ;(g). Substituting E;; = R;; — %Rgi j» we obtain the Euler-Lagrange equation
of critical metrics for F; s on .7 (M").

Proposition 6.1 Let M" be a closed manifold of dimension n > 3. A metric g is critical for
Fi.s on A1 (M") if and only if it satisfies the following equations

142t +2s
(1 +4S)AE,']' =(1+2t +2S)Visz — T(AR)gij —2(1 +25)Riklekl
2+ 2nt —4s 2
_TREU + ;(lEl2 + Sllez)gl‘j
—25Rikpg Rjkpg +4SEir E j, (6.2)
(n +4(n— 1y +4s)AR - n— 4)(|Ric|2 +tR? + s|Rm|? — A), 6.3)

where A = F; 5(8).

In particular, any Einstein critical metric must satisfy the following pointwise condition
(see also [4, Corollary 4.67])

Corollary 6.2 An Einstein metric is critical for F; ; on 41 (M™) if and only if it satisfies
1 2
Rikqujkpq = ;lRm| 8ij-

Corollary 6.3 Any space form metric is critical for F; s on .#1(M™").



In the case n # 4 and
n+4(n— 1)t
—
one has the constancy of the following quantity
n+4mn— it
—
Since the norm of the Riemann curvature tensor is given by

|Ric|* +1R? — |Rm|>.

#Iﬂ
(n—1n-2)

|[Rm|* = |W|? + |RlC| ,
we obtain the following

Corollary 6.4 Let M" be a closed manifold of dimension n > 4. If g is a critical metric g
for F, _ntaw-ni on #1(M"), then the quantity
, 3

n+4mn — Dt
—#Wﬂ +4(n —2)(1+2(n — D)oz (A)
is constant on M".
Moreover, we notice that, when t = s = —1/4, Corollary 6.4 applies, In this case, the
integrand of the curvature functional F_ 1ol vanishes if n» = 3 and it corresponds (in fact,

it is proportional) to the Gauss-Bonnet 1ntegrand if n = 4. Furthermore, it follows from
equation (6.2) that all the second order terms in the Euler-Lagrange equation vanish. More
precisely, one has the following remarkable fact, which, in part, was already observed by
Berger in [3, Sect. 7] (see also [13]).

Corollary 6.5 Let M" be a closed manifold of dimension n > 4. A metric g is critical for
.7:_%!_% on #1(M") if and only if it satisfies the following equation.

—Rigj1En + 2 6RE:/ +— ! (4|E|2 - Ilez)gzj + %Rikqujkpq —EEjr = 0.
Moreover; the quantity
WP +2(n = 2)(n — 3)02(A)
is constant on M".

As already suggested by Berger, it will be interesting to have a complete classification of
these critical metrics. For the sake of completeness, we compute the pointwise and integral
Weitzenbock formulas of critical metrics for F; .

Proposition 6.6 Let M" be a closed manifold of dimension n > 4. If g is a critical metric g
for Fy on 41 (M"), then the following formula holds

14 4s 2 ) 2
AlE)" = (1 +45)|VE|" + (1 + 2t + 25)E; V~~R —2(1 +25)Rixji Eij Exg

2+2nz

R|E| —2SE,/R,kpq jkpq +4SE,/E,kEJk (6.4)

Integrating by parts and using second Bianchi identity, we obtain



Corollary 6.7 Let M" be a closed manifold of dimension n > 4. If g is a critical metric for
Fir.s on M1 (M"), then

/ ((1 L VE]R - O 2)(12: 2t +25) |VR|2) dv

+ nt

1 —2s
=2 / ((1 +28)Rikj1 Eij Exy + flﬂlﬂ2 + SEijRikpg Rjkpg — ZSE,'jEikEjk) av.

In particular, if g is a critical metric for F, _wtaw-1u on .41 (M"), then
D S

2 (I’l—2)2 2
n—2+4mn— 1t n+2+23n—2)t
:2/ (— %RikﬂEuEkl‘f‘ 2’5 ) R|E|2+
n+4(m— 1)t n+4m— 1)t
—fEinikqujkpq + fEijEikEjk)dV-
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