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1. Introduction

The study of reactive flow in porous media is of particular relevance in several applications ranging from
geochemical reactions in sedimentary basins [3,4], kerogen degradation and expulsion in oil reservoirs [23],
groundwater contamination and remediation processes [21], biomedical applications such as drug release
from drug eluting devices [17,10,2].

These processes can be characterized by the presence of phenomena such as adsorption that, at the
macroscale, can be effectively modeled by discontinuous reaction terms. The process of crystal precipita-
tion/dissolution, which is the subject of this work, is usually modeled with a discontinuous dissolution rate
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to take into account that the dissolution takes place only if the crystal concentration is above a given value.
Thus, the discontinuity depends on the solution itself. Therefore, to prove the existence of a solution, and
to determine its behavior at the discontinuity, we have to resort to Filippov theory [9]. When the trajectory
of the solution reaches the surface of discontinuity, in the phase space it can cross the surface or slide onto it
until a suitable exit condition is met. This class of problems may be interpreted as differential inclusions: a
recent review on their numerical treatment, in the context of ODEs, is found in [§].

In this work we consider the simplified, yet realistic model of precipitation and dissolution proposed in
[25] whose numerical treatment has been considered in [15,14]. The model is defined at Darcy scale and
describes the dissolution and precipitation process leading to the formation/degradation of crystals inside
a porous matrix, where the reactants are advected by a given velocity field. We consider here a variable
velocity field described by the coupling with a Darcy model where porosity and permeability are linked
to the crystal concentration by an empirical law. The model involves a non-linear discontinuous reaction
term that describes the fact that the dissolution process starts only when the concentration of the reactants
reaches a certain critical value, and is cast as a differential inclusion.

In [26] and [16] rigorous models for crystal dissolution and precipitation in a porous medium, in which
the amount of precipitate does affect the pore structure, are developed, starting from two-dimensional
micro-scale models with free boundaries and using upscaling techniques. These models provide the pre-
cise dependency of the porosity and permeability on the amount of precipitate. The simplified coupled
model studied here retains the main mathematical difficulties of the coupling laws introduced in [26]
and [16].

In [20] a model in which reactive transport of a solute coupled to unsaturated Darcy flow, obtained by
solving the Richards equation for water flux and water saturation, is considered, and an FEuler implicit-mixed
finite element scheme is analyzed. In that study, the focus is on the solute transport and reaction, and the
convergence of the scheme is shown assuming that at each time level the solute concentration does not
influence the water flow quantities.

In [19] an Euler implicit-mixed finite element scheme for multicomponent transport and flow is proposed,
with a dependence of the porosity and the permeability on the concentrations, deduced from the models
introduced in [26]. In this study the necessary estimates to show the convergence of the scheme are deduced
only for the case of constant porosity.

We focus here on the analysis of the fully coupled problem, showing for the first time its well posedness, as
well as the convergence to its weak solution of a particular finite element approximation. This result is an
important extension of that provided in the quoted references, where the velocity field was a given datum
or was not affected by the solute transport and reaction, and where a regularization approach was followed.

The main difficulties we had to face are the following:

e to show regularity and non-degeneracy of the Darcy field, which is described by a Darcy law with
discontinuous permeability and forcing term:;

e to bound the nonlinear coupling terms between the Darcy field and the cation concentration;

e to obtain energy estimates for the Darcy velocity and pressure that guarantee the convergence of a
sequence of approximations to the solution.

We show some numerical results that underline the fact that by using a method that captures the
discontinuity accurately we get sharper dissolution fronts than regularization methods. For the sake of
brevity, we have omitted the details of the numerical techniques based on event-driven methods [6] that we
have employed, which are the subject of a forthcoming work.

The paper is organized as follows: in Section 2 we outline the mathematical model for dissolution—
precipitation, which is taken from [15], and the coupling with a Darcy velocity field. We first give the
main result of uniqueness and regularity of the solution of the coupled problem. The existence of solu-



tions is proved in Section 2.5, via a Faedo—Galerkin approach. We construct a finite element approximation
and we prove that the limit solution exists and coincides with that of the original differential problem.
The final section is devoted to the illustration of a numerical result that shows the effectiveness of the

model.
2. A simplified model of dissolution and precipitation

We introduce a model that describes the flow in a porous medium with ions dissolved in water that move
under the action of transport and diffusion and precipitate in a crystal form [25]. We model the problem
at the Darcy scale: the medium is a continuum, and the pores and solid particles are homogenized on a
reference volume element. We are interested in studying the interaction of transport and diffusion, with the
chemical reactions that determine the process of ion (anion and cation) precipitation and dissolution. These
processes transform the dissolved ions into immobile solid species, with the consequent formation/
dissolution of crystals.

2.1. Nomenclature

With Q C R?we indicate the domain of the problem, occupied by the porous medium. The domain is
open and polygonal, with boundary 02 = T' = I'pUT'y. To obtain uniqueness and regularity results we
may need to impose further restrictions later on. With 7" > 0 we denote a given final time. We further
define

QF=(0,T] x Q, T} y=(0,T] xT

and we indicate with LP(Q2), H™(Q) and LP((0, T'); V') the usual Banach and Sobolev spaces and spaces
with values in Sobolev spaces [1], for a p € [1, oo] and m € N. While, H 4;,(2) = {v € [L3(Q)]?, div v €
L3(Q)}. With || - || we indicate the L?(2) norm.

For a function u : QT — R :u = u(t, x) we set u(t) : @ — R :u(t)(x) = u(t, x), and analogously for
vector functions.

Furthermore, C, D, E, ... denote throughout generic positive constants independent of the unknown vari-
ables or the discretization parameters, the value of which might change from line to line.

2.2. The model

We use the simplified model considered in [15,14], here briefly recalled for the convenience of the reader.
While reactions usually take place between various cations and anions, this simplified model considers only
one mobile species, whose mass concentration is denoted by u. The mass concentration of the (immobile)
precipitate is denoted by v.

The following adimensionalized problem for the evolution of the reactant u is derived from the mass
conservation principle and the chemical balance dynamics [15,14]:

%(u—&—v) —div(Vu—qu) =0 in Q7
u=g¢g in F%, (1)
Vu-n=h in I'L,

u=ug in Q for ¢t=0,

where g and h are given data, and q € H g4;,(Q) is a velocity field governed by Darcy’s law. The coupling
with the Darcy problem is described later. The diffusion coefficient has been taken equal to 1 for simplicity.



System (1) is coupled with the adimensionalized equation for the precipitate that reads

a . . T
{ %Y= r(u) — H(v) in QF, (2)
v=wvyy in Q for t=0,

where r(u) and H(v) are the production and dissolution rates, respectively, so that the rate of change in
the precipitate concentration is the net result of the process of precipitation and dissolution. It is assumed
that r : R — [0, 00) is locally Lipschitz continuous with the following properties:

r(u) =0 for u <0,

r(u) monotonically increasing for w > 0, (3)
Here, u = 0 and u = 1 are two limiting values. The former sets the minimal concentration required to
activate the reaction. The latter limits the maximal (adimensional) reaction rate to one.

Remark 1. A more general assumption for (3) is given by

r(u) =0 foru<w, with0<u, <1,
r monotonically increasing for u > u,,
r(u*) =1 for u, <u*.

Note that, if 7(u) = u™, n € N* (in [15] r(u) = u2, as given by the mass balance law), then u, = 0, i.e. r(u)
= Projg+ (u™), and u* = 1.

The dissolution rate is described by the Heaviside graph

0 for v<0,
H(w)=1<10,1] for v=0,
1 for v>0,

which is a set-valued function. Thus, the equal symbol in equations (1) and (2) should in fact be
replaced by an inclusion symbol. Following [14,15], we choose the selection

H(v) = min{l,r(u)} ifv=0. (4)
With this choice the dissolution rate becomes a discontinuous function, depending on « and v.

Remark 2. With reference to Remark 1, since here u* =1 and all the results below will be obtained
for boundary and initial concentrations ugand vgwith values below 1, as it will be clear later only a net effect
of dissolution will be encountered and no precipitation will be possible in equation (2). In the more general
case when the initial data ug > u* also precipitation is encountered. Nevertheless, the difficulty in the model
remains the same.

If u = 1 everywhere at a given time t*, then the system is in equilibrium for ¢ > ¢*, i.e. no precipitation or
dissolution occur, since the precipitation rate is balanced by the dissolution rate regardless of the value of v.
Analogously, if v = 0 everywhere at a given time t*, then the system is in equilibrium for ¢ > ¢*. This model
describes the fact that there is a threshold value for the concentration of the reactant above which
dissolution starts.



2.8. Analysis of the differential inclusion problem

Contrary to what has been done in [15] we do not regularize the dissolution term. Since it is a jump
discontinuous function, the solution may not be everywhere differentiable in (0, 7). We need then to exploit
some results on finite dimensional Ordinary Differential Equations with Discontinuous Right Hand Side
(ODE with DRH) and adopt special techniques for the numerical solution of the problem.

Let us introduce a family of finite dimensional subspaces Vj, of H*(Q) such that H'(Q) is a Hilbertian
sum of the V. Let us denote by Py : L2(Q) — V}, the projection operator, and by up = Phu, vy = Ppo.
Problem (2) becomes: at any time ¢, given uy, find vy, such that

0 . T
pTR €r(up) — H(vy) in QF (5)
vy, = Pp[v(0)] in Q for ¢t=0,

where we have supposed that v(0) € L?(12).

Lemma 1. System (5) has a unique solution.

Proof. The proof is based on the fact that (5) represents a family of non-autonomous finite dimensional
inclusion problems on the parameter h. For any x €  this problem is isomorphic to z € F (¢, z(t)), t €
[0, T], 2(0) = zgwith z: R - R™, F:R x R" — 28" n € N. An existence and uniqueness result for this

inclusion problem is expressed in the following theorem:

Theorem 1. Let the set valued map F = F(t,z) satisfy the following conditions:

1. the sets F(t,z) are closed and convet,

2. the map F(-,z) is Lipschitz continuous (measurability is only required for existence) and the map F(t,-)
is Upper Semi-Continuous (USC), i.e. the closure of the set {F(t,z)| ||z — zo|| < 0}, § > 0, is compact
Vzy € R",

3. F(t,z) satisfies a growth condition: Yy € F(t,z) 3k(t) > 0 and a(t) | ||yl < k(t)|z]| + a(t), for all
z € R".

Then there is an absolutely continuous solution to the differential inclusion, for every zy € R™. If moreover
the map F(t,z) is One-Sided Lipschitz Continuous (OSLC), i.e. if there exists a constant L(t) such that for
every zi, zs, and for every y1 € F(t,2z1) and y3 € F(t,22),

(21 — 22,y1 —y2) < L(t)||z1 — Z2||2a

then the solution is unique. Analogous results exist at the continuous level, given by the Hille—Yosida theory

for maximal monotone nonlinear operators.
The proof may be found in [9]. The set-valued map H (vy) has the following properties:

1. it is convex, compact and maximal monotone (indeed it can be characterized as the subdifferential of a
convex function);

2. it satisfies the growth condition, with k = a = 1 (in particular it satisfies a boundedness condition with
k= 0);

3. it is USC and the term —H (vg) is OSLC with L = 0 (due to the monotonicity property of H(vg)).



Therefore, according to Theorem 1, and using the properties of the map r(-) and the time regularity of the

solutions up, which will be given below, problem (5) admits a unique absolutely continuous solution. O

To integrate system (5) at discrete level, we have to select an element of the set H(0) when vy, = 0. This
selection should coincide with the prescription introduced in equation (4) at the continuous level, i.e.

H(vp) = min{1,r(up)} if vy, =0. (6)

We use the results coming from the theory of Filippov [9], and exploited for the numerical solution in [6,7],
in the context of event-driven methods. The reader may refer to the quoted references for details, which we
do not report here for the sake of brevity.

2.4. Coupling with a Darcy model

We consider the coupling of the precipitation—dissolution model (1)—(2) with the Darcy equations for a
single phase fluid with constant density (water, in the case of our interest). Namely, the advection velocity
field for the cation transport process in (2) is the solution of the problem for q and p given by

%—i—diquo in QT

z—MVp in QT (7)
L

p=pp onTp,

qg-n=7n onl%,

where we have indicated the essential and the natural boundary conditions with data n and pp, respectively.
Here ¢ is the porosity, q is the macroscopic velocity, p is the fluid pressure, g > 0 is the dynamic viscosity
and k is a scalar permeability.

The Darcy model is coupled to the cation dynamics by the fact that the precipitation and dissolution
processes influence the porosity and thus also the permeability of the medium. In particular, with the
increase of the precipitate concentration there is a consequent reduction of porosity; an empirical law
for the variation of porosity with varying precipitate concentration is given by [12]

b2 0

dt ot
At each time we have ¢ = ¢y — v, with ¢g a constant which we take, for the sake of simplicity, equal to 1.
The permeability coefficient is modeled as a positive Lipschitz continuous function of porosity. A
possible empirical law is [12]

k(9) = (9)* = k(6(v)) = (¢0 —v)* = (1 —v)%, (9)
for v € [0, 1].

Remark 3. In [26] and [16] rigorous models for crystal dissolution and precipitation in a porous medium, in
which the amount of precipitate does affect the pore structure, are developed, starting from two-
dimensional micro-scale models with free boundaries and using upscaling techniques. These models
provide the precise dependency of the porosity and permeability on the amount of precipitate, in terms of
the thickness of the layer of precipitated crystal around the grain boundaries, where the porosity enters
also in the mass balance equations for the solute and the precipitate.



Here, starting from the model of precipitation and dissolution (1) and (2), proposed in [25], coupled to
the Darcy equations (7) through the empirical laws (8) and (9), we obtain a simplified coupled model, where
the porosity does not enter explicitly into the reactive transport equations. However the model retains the
main mathematical difficulties of the coupling laws introduced in [26] and [16].

Indeed, using (8) and introducing the porosity weight factor in the mass balance equations for the solute
and the precipitate (1) and (2), we would obtain the following adimensionalized reactive transport equation:

(1 —v)0u — diV(Vu - qu) =1 -v)(u—1)r(u) — H@W), (10)

which, coupled to the Darcy equations (7), gives a similar model to that introduced in [20]. Note that, for 0 <
v<1, 0 <wu <1, the reactive transport model (10) retains the same mathematical properties as the
simplified model described by (1) and (2).

In order to avoid numerical difficulties linked with the degeneracy of the Darcy equations at the discrete
level, as will be explained in Section 2.5, we introduce the following regularization of the permeability
coeflicient:

ke(v) := k(min{l — ¢, v}), € > 0.

Note that k.(v) is a Lipschitz continuous function for v > 0. For the analysis we consider n= 0, g= 0
and h = 0. We also assume throughout that |[I'p| > 0. Let us define the following functional spaces:

U:={u € L*(0,T); Hy(Q)) : 9w € L*((0,T); HH(Q))}, V:={v e H'([0,T]; L)}, Q :==L*QT), Z:=
L2((0,T); Hgiv(Q2)).
The weak formulation of the coupled problem reads:

Problem P,. Fora given € > 0, find (q, p) € Z2 x Q and (u, v) € U x V, with (u(0), v(0)) = (ug, vo), such
that for all (7, ¢) € Hai(Q) x L?(Q) and (w, 6) € H} x L*(Q),

(klfv)q(t)’ 7) — (p(t),divT) = =(pp, T - n)r,,

(diva(t),v) = (=252, 9) = (@ro(1), ), ()
(Dpu(t),w) + (Vu(t), Vo) = (a(t)u(t), Vw) € (H(v(t)) = r(u(t)),w),

(9e0(t),0) € (r(u(t)) — H(v(t)),0),

for t € (0, T), with H (v) satisfying the selection (4), u(0) = ug € L*(Q) and v(0) = vo € L*(Q).

Our main results are stated in the following two theorems.

Theorem 2. Let §) be a convex polygonal domain, and let pp € Hl/z(FD). Assume moreover that 0 < ug<1
and 0 < vy < 1. Then there exists a solution of (11).

This theorem will be proven in the next section through the convergence result of the fully discrete
problem employing the Euler method for time integration.

Theorem 3. Under the same hypothesis of Theorem 2 and the additional assumptions that 2 is a convex
polygonal domain with conver angles given by a rational fraction of ™ (for example Q = [—L, L] x [—1,1]),
and that the Dirichlet and Neumann data are imposed on whole polygon edges, if q € [L>°(Q)]?, then the
solution of (11) is unique.

Remark 4. The hypothesis of q € [L°°(Q)]?is perfectly reasonable due to the additional assumption of
Theorem 3. Indeed, it is possible to prove, by using some results on the regularity of elliptic equations



with rough coefficients in polygonal domains, that p € C%?(Q), for a 3 € (0,1) (see [13], Chapter 14, in
particular Theorem 14.2.1, for the regularity on compact subsets of €; see [11], Chapter 6, in particular

result (6,4, 2, 1), for the regularity near the corner of the domain, supposing that vohas no discontinuity
near the corners; see also [22]). This means that p is almost everywhere a Lipschitz function, and, together
with the boundedness of k.(v), this provides the wanted regularity for the velocity. For the sake of brevity we
omit the proof.

Remark 5. By compactness arguments it may be shown that if, in addition to the stated hypotheses, ug €

H(S), then u € C°([0, T']; HL(Q)) N L%(0, T; H*(2)) is a global strong solution of (11).

In order to proceed with the proof of Theorem 3 we need the following

Lemma 2. Under the stated hypotheses on the initial data and on ke, 0 < v(t) <1 and 0 <u(t) <1 a.e. in
L3(Q) for allt € (0,T], independently of €, and p/k.(v(t)) € L°>(Q) and is positive. The solution u belongs to
L0, T; L3(Q)) N L0, T; HY(Q)), v € L>=(0,T; L*(Q)), q € Haiv(Q), p € L3Q), dw(t) € L°°(Q) and
Owu(t) € L*0,T; H-(Q)).

Proof. Let us set R(u, v) = r(u) — H(v). We may note that

,v) > 0if v <0, for all u;

,v) is either 0 or —1 if u < 0;
,0)<0ifv>0and 0 <wu<l;

,v) > 0 if w > u*, so in particular when u > 1.

N WX

(u
(u
(u
(u

To prove that v is not negative it is sufficient to take 6 = v=(t) = (v(t) — |v(t)]) as test function in (11) to
get -

t

o™ @O < llvg II* + 2/(R(U(T),v_(T)),v_(T))dT <0,
0

by which v=(t) is a zero element of L().

We now take w=u"(t) and 9 = (u~(¢))%in (11), and we exploit the non-negativity of v proven above
and the properties of R(u, v) to get, after integration by parts of the divergence term,

1d 1
5 gl O + [Vu= @1 + 50w, u™ (1)) € =(R(u,v),u” (1)) <0,
by which, since |jug || =0,

t

Ju ®IF +2 [ IVu (7)1 < g |+ 5 [ (R @), om)00 (7)2)dr
0

0
t
1 - 2
<5 [ =@l
0

By Gronwall’s inequality we get |ju™(t)|| = 0. The fact that u cannot exceed 1 is obtained in a similar way,
by looking at the negative part of 1 — u. Using these bounds for v we may prove that v < 1 by looking at
the negative part of 1 — v. Note that 0 < v(t) < 1 and 0 < u(t) <1 for each € > 0, uniformly in e.



Remark 6. Since the reaction rate R(u,v) is zero (for v = 0) or negative (for v# 0) for 0 <u <1,
v can only decrease from vy < 1 to zero, so that v < 1 at all times. This is a consequence of the fact that
only dissolution is considered, as expressed in Remark 2. Moreover, since 0 < v(t) <1 and 0 <wu(t) <1
independently of €, there exists a constant €; > 0 such that, for each 0 < € < €1, we have that

ke(v) :== k(min{l — ¢, v}) = k(v).

Hence we obtain, by using a maximum principle argument, that the regularized Problem Ps is equivalent
to the unregularized problem.

By the definition of k.(v) we obtain that u/ke(v(t)) € L°°(R2) and is positive.
For what concerns the regularity of the solutions, we take w = wu(t) in (11), to obtain

5O + 1960l € = (0. 0?) - (2r0(0).0)

after integrating by parts and using (11)y with 1 = u2.
Since 7(u) is non-negative and H(v) takes values between 0 and 1, the application of Cauchy—Schwarz
and Young inequalities gives

1d 1 1€
5 = lu@ P + 1Va@®)]? < Sllu@) + 1212 lu@)] < 57+ lu@)])*.
2 dt 2 2
Then, thanks to Gronwall’s inequality,
t
lu(®)]I* + 2/ [Vu(s)[|*ds < (|luol|* + TIQ)(1 +Te*")  for ¢ € (0, T). (12)
0

As for v, we take § = vin (11); we use the local Lipschitz continuity of r(u) and (12) to obtain that ||v(¢)]|
is bounded uniformly in (0, 7'].

The boundedness of 9;v, and consequently that of div q, derives from that of r(u) — H(v). If we choose T
= Vnin (11), where 7 satisfies

_AWZZ%
Nlr, =0, g—z =0on Iy,

we obtain ||p||? < C' + D(||q]|?, thanks to the boundedness of 11/k.(v) and to the Lax—Milgram estimate || V1|
< C|lp||- The notation D, means that the value of the positive constant D.depends on e.

We now take 7= q and ¢ = pin (11), exploit the facts that 0 < H(v) <1, r(u) is bounded and k(v) is
positively bounded away from zero, and use the estimate for ||p||, to obtain ||q|| < C..

Since u € L%(0, T; H}(Q)) and qu € L*(0,T; L*(2)), we have that du € L?(0,T; H-1(Q)). Note
that, if ug€ HZ(Q), since q € [L>°(Q)]?, by choosing w = dyu, we obtain that u € L°>°(0,T; HL(2)) N H(0,
T;L*(Q)).0

We are now in the position to prove Theorem 3:

Proof of Theorem 3. Assume there exist two solutions of (11), indicated by (u1, v1, q1,p1) and (ug, va, qz, p2),

and define: 4 =wuj — ug, ¥ =v1 — V2, Q=1 — Q2, P = p1 — p2. We haveat t =0 that @(0) =0, v(0) =0,



q(0) =0and p(0) = 0. Taking 8 = 0(t, x) from the fourth equation of system (11) we obtain

1d

5 dt\|v||2 (r(u1) = r(uz),v) = (H(v1) — H(v2),0).

Using the monotonicity property of the set valued map H(v) (note that this property is still valid with

the prescription (4)), the Lipschitz continuity of r(u) (with constant L,) and Schwarz and Young
inequalities, we obtain

d, i _
loEx)1” < Lillat, x)|” + [t x)|1

‘We then have
[o(t,x)[|> < Ce” /Ilﬁ(s,X)II2d8~ (13)

Taking now w = u(t, x) in the difference between equations (11)s for (u1, v, qi1, p1) and (ug, ve, qa, p2)
we have

(@a(t), u(t)) + [|Vat)|* — (qui(t), Va(t)) - (qza(t), Va(t)) € (9:0(t), u(t)), (14)

which we rewrite, after integration by parts of the fourth term and integration in time from 0 to t < T, as
the following differential inclusion:

t

Sla)|? + /nw |dse/<qu1<>w ))ds %/(f’ () )
0

+ / H(va(s)), i(s))ds — / (r(us () — r(us(s)), (1)), (15)

We now introduce the following lemma.

Lemma 3. Given two solutions of (11), indicated by (uy, v1, q1, p1) and (ug, v2, qa, P2), and defining: 4 = uy
— Ug, U= v — Vg, we have

[H (v1) = H(v2)|| < Cllul + Dljo]. (16)
Proof. Indeed, if v1 = vy = 0, from (4), Lemma 2 and from the Lipschitz continuity of r(u), we get the
estimate ||H(vi) — H(ve)|| < Cllall; if vy, va# 0, we get the estimate ||H(v1) — H(v2)| < D||v]|; if v1# 0

and vo= 0 (or vice versa), from estimate (13) we have that uj # ug (almost everywhere in ), and from
(4) we have ||H(vy) — H(vo)|| < CJ|1 — ug|| < Cllu|. O

Thanks to Lemma 2, the monotonicity and the Lipschitz continuity of r(u), we can then write the
following inequality:

)2+ /HVu )i ds<C/Hq szs—i—D/Hu )i ds+E/ / P)|Pdr)ds,



which implies (see for instance [18])

la()|* < C/ la(s)|*ds. (17)

Taking the difference between the first and second equations of system (11) for (uz, ve, g2, p2) and (ug, vy,
d1, p1), we obtain

ke(li)l) - ]96&2):|q1;7-> + (/%5,2)(_1’ T) - (ﬁ7leT) = Oa (18)
(diva, ) = (0:v, ).

If we choose T = V), where 7 satisfies

_AU:ZZ
Nlr, =0, g—z =0on 'y,

the first equation of (18) provides

by which, thanks to Lemma 2, the Lax—Milgram estimate || V7| < ||p||, the Lipschitz continuity property of
kc(v) and (13), we finally obtain

t
211> < Cllall Il + Dlplt ol — lIpI* < Cllal® +D/ [a(s)[|*ds. (19)
0

We now take 7= qand ¢ = gin (18), obtaining

([ﬁ - ﬁ}h’q) - <ﬁw)q’ ‘_1) € (r(ur) = r(u2),p) = (H(v1) = H(v2),p). (20)

Since r(u) and kc(v) are Lipschitz continuous, q is bounded, 1/k.(v) is positively bounded away from
zero, and given (16), we have that

lal* < Cllall 2]l + Dilo] il + Elo]l Il (21)

Combined with (19), it allows us to obtain

t
Jalf < clal? + D [ fa)|ds, (22)
0
which, substituted in (17), provides
t t s
lal < ¢ [JaelPas+ o [ ([ ae)Fards (23)
0 0 0

and, consequently, ||ii(t)[> = 0 [18]. As a consequence of (13), (22) and (19), we then have: [|o(¢)|| = ||@(t)| =
Ip(#)]] = 0.0



2.5. Ezistence of solutions of the coupled problem

The existence of solutions is proved through a Faedo—Galerkin approach using a discretized problem. We
write a discrete approximation of Problem Ps by a finite difference scheme in time, a dual mixed hybridized
finite element discretization in space for the Darcy equation and a primal hybrid finite element
discretization in space for the species transport equations. Since for the numerical solution of the discrete
ODE DRH we use event-driven methods [8] that employ the Filippov prescriptions, we have chosen an
explicit Euler time discretization. The Euler semi-implicit method used in [14] (in the case of a given
velocity field) is not feasible in our case, since it updates the v variable at a given time step using a value
of the w variable at the next time step, which makes event-driven techniques impracticable.

Let T, be a regular conforming decomposition of €2 into triangles, and let us introduce the following finite
element spaces:

2y :={ay € || Haw(K)lanx € RTo(K) VK € Ty},
KeTh

Vh = {ph (S LQ(Q)‘ph‘K I~ IP)()(K) VK € n},

Pu={x € [ H*OK)Aox € Po(0K) VK € Th, Anjon = 0},
KeTn

Wi = {vn € [[ H'(K)lonx € P1(K) VK € Tp},
KeTy

0= {um e [] H V20K luox € Pol0K) VK € T,
KeThn

where P;(K) indicates the space of polynomials of order ¢ on K, RT(K) is the zero-th order Raviart—Thomas
space, and Py(0K) is the zero-th order polynomial on each edge of OK. Introducing the local projection
operators Ik : Haiy(K) = RTo(K); Pi : L*(K) = Po(K); P : H'(K) = P1(K); prc : [[ger, L*(0K) —
R (0K), we recall some well known results from interpolation theory [5].

|7 — HgTllo,x < Chil|7|

1,K 5 for 7€ [Hl(K)]Q,

| div(T — 7)o,k < Chkl||divr|1,x, for divre H'(K),

H’U—P?(U|O,KSC/1KHU”17K, for veHl(K),

lo.x < Chgllv|l1x, for ve HY(K),

Jv— Phu
A= prAl1/2,e, < Chi|wl2,x, for we H2(K)|U}‘3K =\,
. 2
A= prAll-1/2,e, < Chi|divalli,x, for g€ [H*(K)]"| q-npr =2, (24)
where ey, is the set of edges of K. We set 7 =T/N for an N € N, and ¢, =n7,n=1,...,N. Starting with

uy) = Pyug and v) = Pyvg, where P, is a global interpolation operator, with ug € H} () and vy € L*(Q),
we define

Problem P%. Given (uz_l, vﬁ_l) € Up xUp, find (g, pi, A7) € Zp, XV x Py, and (u}l, v}, uft) € Wi x Wy, x Qp,
such that for all (71, Yn, pn) € Zn X Vi X P and (wp, Oy, vp) € Wi X Wi X Qp,



{/k qaj Th—/pZdiVTh+/)\ZTh~n+ / pDTh'n}zo,
KeTh "k e K oK AKNCp

wmmmjzfvmzw—ﬂwzwwm

[/ up — Uy wh—l—T/Vu Vwp, —T/qﬁuZth —T/uﬁwh] (25)

0K
:—7-/( r(uy~ hy— H(v;~ Mo,
Q

Jor—amer [ow) - H0p o,
Q Q
Z /uﬁuh = 0.

K€7—}L8K

This particular choice of finite elements is useful for the analysis, since we can easily treat the terms
element-wise. However, we wish to point out that numerical experiments show the suitability of more
standard finite element discretizations.

Defining the operator B := (Bq-1n,p) = Y i [oxrd -0 Yp € [lxer, H'Y2(0K), paq = 0, we can
identify H g4iv(Q2) = ker B. Having introduced a finite element space P, of functions in Py(9K), which are
discontinuous at the edge vertices of 0K, the formulation enforces the local reciprocity constraint [5].

Analogously, by defining the operator C := (Cv,p) = > 5 [ vp Vi € [ker, H~'?(9K) we can identify
H} () = ker C. Since Qnix = Po(0K), the space ker C, is given by functions in W, which are continuous
at the middle point of each edge of 0K; the formulation is thus equivalent to a non-conforming primal
formulation on a Crouzier-Raviart finite element space [5].

Remark 7. Note that we cannot exploit a maximum principle, since, for our kind of problem and for the
finite element spaces we are using, there are no standard discrete maximum principles. Hence, we cannot
show that if uzfl <1 then u} <1 for a sufficiently small time step, nor that v <1 if v,’l“l < 1. However,
the introduction of the regularization of permeability k.(v;) avoids the problem of low regularity of the
Darcy field due to the degeneracy at v, = 1. Moreover, discrete maximum principle which guarantees that
if up =" <1 then uf <1 is available in the case vy, € Po(K).

The possibility of negative concentrations of v} and uj,, which can be obtained when 0271 <1, v271 #0,
r(uf~') < 1 and the time step 7 is greater than a given 7* < 1, can be avoided by localizing the threshold
v = 0 with an event driven strategy, like the ones in [7,8].

From the fourth and fifth equations of system (11), by applying elliptic regularity on each element K
1

(1
v~ ") € L*(K), we obtain that up,v, € L*®(K), and

and noting that the forcing term r(u} ') — H(v
ke(vh) € LOO(K)

Existence and uniqueness of the solution to Problem P% derive from the following facts:

e The term u/ ke(v;}_l) is bounded and always positive, the quadratic form ( q;,4d5) K is contin-

B

ks(v,’;”_l)
uous and coercive over ker By, the finite dimensional spaces satisfy the discrete inf-sup condition and
the forcing terms are well defined. Therefore the mixed hybridized formulation of the Darcy equations
has a unique solution [5].

e The bilinear form associated to the transport equation for wy is weakly coercive over ker C},, the finite
dimensional spaces satisfy the discrete inf-sup condition and the forcing term is well defined. Therefore,

the primal hybrid formulation for «} has a unique solution [5].



e The application of the Filippov selection procedure ensures that there exists a unique sequence of
solutions v}, which converges, for N — oo, to the unique solution of the continuous in time inclusion
problem uniformly in C°([0, 7], R?) [9].

We proceed now to obtain energy estimates, which will be used later to show the convergence of a time
continuous approximation of the discrete solutions to the weak solution of the continuous problem. To ease
notation, from now on, where not otherwise indicated, the sum over all the elements K of the mesh is
understood.

Lemma 4 (Energy estimates). There exist constants C > 0 independent of 7 and h such that the following
estimates hold:

N
ook = ok e+ 3k~ < O (26)
N N
DIV (up —up Yl + 7> IVuplli < C, (27)
n=1 n=1
sl <€, 23)
S o5 1 5 + LS 1Ak llox < C, (29)
. ) oo
Z a Mk < Cm, (30)
N N
S oli = op R+ D0 I = A B < O (31)
n=1 n=1
N
> ldivaplli < C, (32)
n=1
N
> lldiviay —a; Yl < C7. (33)

n=1

Proof. We take wy = u} and v, = pf in the fourth and in the sixth equations of system (25), respectively,
to have

N | =

{IIU'ZII%—II i+ Nl = w7l |+ 7IVubll +7(r(up ™) = Hop ™), (up)?)x

= —7(r(uy ™) = H(vy ™), up)

Since r(-) is positive, the term (r(u} "), (u})?) is positive. Using the boundedness of H(-), the Lipschitz
continuity of 7(+), Cauchy—Schwarz and Young inequalities, we obtain

1 _ _
5 (bl = [lup ™ % + llug =i~ ) + 7 Vurl

_ _ 1
< Crllupliic + mLellun ™ Hlxllukllx + Crllupllx < Crllugli + Crllup ™ Ik + C7 + Srllukl%

and, by summing over n =1,...,k, for an arbitrary k£ < N,

k k
1 1 _ 1
Skl + 5 7 llup = w3 + 7 D IVup ik < 5 bl +C.
n= n=1



Here we have used the fact that u} € L>(K) C L?(K). This result implies the estimate in the second part
of (27).

Remark 8. The same result could be obtained by using the discrete Gronwall inequality, in this case we do
not need uj € L>(K). Moreover, we could obtain the same result without taking an integration by parts
of the advection term in the fourth equation of system (25), by using the fact that q}! € [L°°(K)]?, or the
estimate of ||q}|| given by (35), and applying the discrete Gronwall inequality.

We take now 6;, = vl — 1)271 in the fifth equation of system (25), consequently the first part of (26) gives
v = vn "M I < llr@llx llop = vp ™l + 70l = v~k

To obtain (28) and (29), we take 75, = I V1, in the first equation of system (25), where 7, is a solution
of

{ —divVn, =pp in K, (34)

Vﬁh . 1’l|aK = )\Z.
Note that div[IIg V] = Py o div Vg, = — Py opj = —pj, and that IV, € RTo(K). Besides, for each K,
1L Vnnllx < Ch|py || - Then

n H n
Ipr % + N2 = —(PDy AR )orr, — (TthﬂKvnh>
ke(vy ™) K

—(Pp,pn)x — (Vop, U V) k — ( QhaHKvnh)

_r
(v ™) K

1 2 n 1 n
< vkl +C + Csup[m] lar |l lIphllx < 5lIp7l% + C + Cllagll%

e(vp

where pp is a harmonic lifting of the boundary data. Hence, we may write

Ippll% + M 125 < CA+ llapli%)-

Now, let us take 7, = q}, 95 = pj and pp, = A} in the first, the second and the third equations of system
(25), respectively. We obtain

H n .n n— n— ~ n— n— ~ n
(7,11 qh,qh> — (r(up ™) = H(op ™), pi)x = —(Bp,r(up ™) = H(vy ")k — (Vip, ai)k. (35)
ke(vy, ™) K
Since 1/k. is positive and bounded away from zero, we can write

lanlli < — 40 Ilppll% + C + < ||q % < 2||QhHK+C

where C), is the constant C' in the inequality |p}||% < D+ C||q}||>. We thus obtain estimates (28) and (29).
If we take now v, = divqj in the second equation of system (25), we get

_ : Lo
7l divag|i < rllr(up™") = Hop Dkl divag|x < C7 + 57l divag][%,

and, by summing over n =1,...,k, for a k < N, we are able to obtain (32).



Taking wp, = uj — uZ_l and vy, = p} in the fourth and in the sixth equations of system (25), respectively,
allows us to write that

g = ™ e + 7(Vui, V(g = w )i = (@R, VR = i) = —(0f — o~ e = e

Then, by applying integration by parts to the term (qpul, V(u}! — u}~'))f, using the Cauchy and Young
inequalities, equations (26), (28) and (32) and the fact that Vu] € L>®(K) (since u € L>®(K)NP1(K)),
we get
n— 1 n— n—
gy = =Ml + STVl = Ve~ % + 1V (= ap ™ H%)
2
n—1 n n—1 n—1

= —7(up divag, (up —up ) = 7(ay Vg, (up —up ™) = (0 — vyl —up Tk

1 1 1
<Cr’+ glluh — up i + O + glluh = up e+ O+ glluh = up %

by which we can write

k k
1 1
Dl =i + §T||Vulfi||§< + 572 Vg = Vup =% < [[Vup|*r + Cr,
n=1

n=1

N~

and obtain the second part of (26), and the first part of (27).
We now set ¢y, = div[qj — q;fl] and take the difference between the equations written at time n and

n — 1. Thanks to (16) and Young and Cauchy—Schwarz inequalities, we obtain
1
Tl diviay —ap % < Crllup™ = up Il + g7l diviay — a7l + Drllop Tt = o

| T .
+7ldiviay —ay k- (36)

Estimate (33) is thus obtained by using (26), summing over n = 1,...,k, for a k < N, and setting ugl =u,

-1 _ .0
U, = Uy

We proceed by taking 74, = qj — qz_l and pp, = A} in the first and the third equations of system (25),
respectively, and considering the difference between the equations written at times n and (n — 1), obtaining

that

H n n— n ne
T<k_ n—2 [qh —q 1}7 [qh —q 1])
€< ;

1% I n n n—1 n n—1 . n n—1
T B ’ a + - ,d - . 37
T<|:k€('UZ_1) kE(UZ_Q):|qh [qh qy, ])K T(ph Ph lV[qh q, ])K ( )

We estimate the first term on the right hand side using the fact that q}f € [L>°(K)]* and that the function
[ke(vp)] ! is Lipschitz continuous. The application of Young inequality and (26) gives

M M :|'n n n—1 1 n n—112 3
S P }) <Ll -+ o
( |:ks (’Uh 1) ke (vh 2) K 2

Hence, since [k.(vj~?)]~! is positive and bounded away from zero, and thanks to (36), we get from (37)

that

1 _ . _ _ _
g7lak = ay Mk < 7% + Dr|diviay — ap ke — ok < O+ D7y — pi~



Summing over n =1,...,k, for a k < N, it is now possible to show that
k k
> llay —ap % < Cr*+ D> lpk — i ke (38)
n=1 n=1
Now, we set 75, = I Vny, in the first equation of system (25), where
{ —divVny, =pp —pp~! in K,
V?]h . n|3K = /\Z — )\271

and take the difference between the equations written at times n and (n — 1), obtaining that
-1 -1
Ik = 25 i + 1A = Al

H H n H n n—1
= — — —5 |4 ,HKVnh> + (—n[q —qp LHKVnh> : (39)
(|:ke(vh 1) ke(vh 2):| 4 K ke(vh 2) " & K

The first term in the right hand side can be bounded using a trilinear Holder inequality (or using the fact
that q)! € [L°°(K)]?), noting that, at the discrete level, |Vql}|x = || divq}| x, since q € RTo(K). Hence

iz 1 } n .
o n=zy | nh) < CO7| g Vanll (o2 llag e (o2
({ke(vh Y ke()?) hy K X e Vol oy llan o)

1 _ .
< 4ok = ok + €% + D divag

The second term in the right hand side can be bounded using the Cauchy—Schwarz inequality and the
boundedness of the permeability,

M n n— 1 T n— n n—
<n_2[qh - qp 1],HKV77h> < Z”ph —pp Mk + Cllay — ap k- (40)
ke(vh ) K

Thanks to equation (32), we may write

k k k
1 n n— n n— n n—
9 Z PR — P 1”%{ + Z AR = An 1”%}( <Cr+D Z lan —ay, 1“%{» (41)
n=1 n=1 n=1
and, by substituting (38) into (41), we get
k k

>k = pp Ml < Cr+ DY lIpk — Py ke (42)
n=1 n=1

This inequality can be refined starting from the following identity:

k 2 k k k
(Z Ip}: pZ_1IK> YD ek = o e = o = o kD = k> ok — oyl
n=1 n=1

n=1m>n

which, substituted into (42), gives

k 2 k k
n n— C n n— n n—
(o= te) < €Ik —ai e < C+ DY ok - 4l (13)

n=1 n=1 n=1



This quadratic inequality implies that

k
Dol —pp ik <C. (44)
n=1

Using (44) in (38), we get estimate (30), while using (30) in (41), we get estimate (31). O

We now associate to the sequence of discrete solutions (qy, pj, A}, uy,vy') of Problem P} the following
time continuous approximation:

t— 1ty 1t — 1t t—1p_ _qtn —t
Q1) = ap B = g
t—1p— th, —1
Af() = A —" LD .
t—tn_1 ta—t t—tn1 o gta—t
Ur(t) :=up i ur ! Vii(t) :=vp vy 45
n (1) T +uy, p— n (1) h T . (45)
ort € [t,_1,tn],n =1,---, N. They are a family of linear time interpolants that depend on the parameters
for t € [tn_1,tn] 1,---,N. They family of linear time interpolants that depend on th t
h and 7.
To simplify the notation we introduce the following: (f,g)% = fo t))adt for a given L?(A)

product (f,g)a, omitting A if A = Q. It effectively 1nd1(:ates the Lz((O T) L?(A)) product. While
(fra)s = ftt:q (f(t),g(t))adt is used to indicate the L?((t,_1,t,), L?(A)) product.

We consider system (25), by multiplying it by a C1([0,T]) function which is zero at T" and integrating in
time from 0 to T', to obtain that (Qf, Py, A}, U, V)T) satisfies the following weak formulation:

For any = € L2((07T);HKGT;L Huiv(K)), v € L2((07T);HKG77L LQ(K))v p € Lz((O,T);
[Mxer, HY2(0K)), w € L2((0,T); H}()), 0 € L*((0,T); L*(R)), given 7), = kT, ¥ = Prow, ph = pxp,
wp = Py aw, 0, = P10,

(etery Q1 7% — (B dive) % 4+ (A7) + (07 1) Denr,

= anl [(ks(v{)Q;—w [T - Th])i? + ([k (’f/f) e (uh)}Qh’ Th) ( VT [Qh ] h);?
ey — £t 1Q — gl m)e — (P divlr — m)ie — (1P7 — pl divra)t
+ 25:1(1\;:, [T —7a] )5y + Zn:1([AfTL — AP, Th o n) Gy + Zn (P, [T — Tl n)g}mFD )

(divQj, ¥)% — @V, )k =0, {(div Qp, [V — ¥n])ig + (div[QF, — apl, ¥n)
- (atvh‘,r7 W - 7/1h])§4 )

4
(QZ ‘1, P)gK = Zn 1 |:(Qh n, [/0 Ph Kk T ftn 1 - qm -1, ph)glK]’ ( 6)

QU w)T + (VU V)T = (QRUY, Vw)T + (0 V)] w)"
=Yt [(@U;} w—wn) + [ OV [w—wnl)™ + [, (VU [Vw — V)™
+ ([VU; = Vup], Vwn)'™ = (QRUF, [Vw = Vwa])™ = ([Qf, — a3 U}, Vwn)"
= (Q7IU; = up], Vo)™ + ([Qf, — ap][Uf — up], th)t"} ;
(V7. 0)" € (r(UF) = H(ViD),0)" + 300, | (@Vi7, 6 = 6u))'™ — (r(UF), [0 — 61])"
= ([r(UF) = r(uy ™), 00)" + (H(V)D), [0 = 0n])™ + ([H (V) — H(vy ™)), 00)" |-




Note that, since W, € ker Cj, the terms in the equations for species transport that correspond to the
hybrid inter-element variables can be eliminated, and the equations for (U], V") correspond to a primal
formulation eventually converging to the continuous weak formulation (11) of Problem P5. The equation for
(Q], Pr,A}) is a hybrid formulation on each element K, which eventually converges to a continuous dual
mixed hybrid formulation, which is equivalent to the dual mixed formulation (11) of Problem Ps, since the
continuous and the discrete quadratic forms are continuous and coercive over ker B and ker By, and the
continuous and the discrete inf-sup conditions are satisfied.

In order to pass to the limit in (46), for h,7 — 0, and identify the system satisfied by the limit points
we need the following results.

Lemma 5. The continuous interpolants satisfy

Qe 22((0.1) ] Hat)) (0.1 TT 20 ). (47)

KeThn KeTn
Pl e L™ ((O,T); 11 LQ(K)>, (48)
KETh
Te L™ ((O,T); 11 L2(8K)), (49)
KeTy,
Ui € L*((0,T); Hy(€2)) N L((0,T); L*(2)), (50)
8tU}7L— € LQ((O’T>;L2(Q>)’ (51)
Vi € L=((0,7); L*(Q)), (52)
OV € L((0,7); L*(€2)). (53)

Proof. Consider the equation

T — n it =t — (titﬂ—l)Q n —
IVURI? = IVup ™" + Viug = wp ™ ——=* < 2|V ||* + 25— VIup —u " ']|I*,

We have, by integrating in time and using estimate (27), that

/||VUhH2dt<2Z /nw ||2+2Z/ Ul

n= 1tn ) n= 1tn )
9 N
n—172 n n—112
<2TZ\|W [ +§T;||V[uh—uh 112 <cC.

From this estimate we obtain (50) and (52). For what concerns the estimates on the time derivatives, we
have that

n 1
/||atvh 12dt = Z / [ |dt<ZT|| <o,

nlt

thanks to (26). An estimate for |8, U ||3+ is proved similarly and we obtain (51) and (53). We consider now
the expression

. T . n t*tn—
| div QFI% = | divQy~" + divl@ — Q41

(t —tpn—1 2
T2

oy ) divio" — Or—
< 2| div Q[ + 2 | div[Qy — Q4%



which integrated in time, thanks to (32) and (33), provides

T
ez < c.
0

From this estimate and (28) and (29) we obtain (47), (48) and (49). O
We are now in the position of deriving the following convergence result.

Lemma 6 (Convergence results). There exists a subsequence of continuous interpolants that, for (h,7) — 0,
satisfy

Uy, — win L*((0,T); Hy(2)),
QUL — Oy in L*((0,T); H-H()),
Vir = w in L*((0,T); L*(2)),

O ViT — 0y in L*((0,T); L*(R)),

Qa7 T Hanlr)),

KeTy,

P,f—\pinL2<(0,T); 11 L2(K)>,

KeTy,

AL — Xin L2((0,T); 11 H1/2(6K)> %L2<(O,T); 1T L2(aK)).

KeTn KeTh

While,
Ul — uin LY(0,T; L*(Q)),Vq > 1.

Proof. The first set of results derive from (47)-(53), by the application of the Banach-Alaoglu theo-
rem [24]. In particular, the convergence result for the sequence Aj is given by its boundedness in the space
L2((0,7); ke, H'/2(9K)), which is continuously embedded in L?((0,T); [Iker, L*(OK)). The bound-
edness in L*((0,T); [Tger, H'?(9K)) can be obtained by extending A] from the edge to K by means of
the lifting

{ —divVvn, =P in K, (54)

Nhlox = A},

using moreover (29) and standard results on elliptic regularity, trace theorems and interpolation spaces [1].

The last result is obtained thanks to compactness embedding, from the application of the method of
the Hilbertian triad [24] and from the Lebesgue dominated convergence theorem. Indeed, thanks to (50)
and (51) the set U7 is relatively compact in L?(0,7; L?(2)) and there exists a subsequence of U7 which
converges to the limit point u in L4(0,T;L?(Q)) V¢ > 1. O

The strong convergence of U in L%(0,T; L*(€2)) makes it possible to pass to the limit in the nonlinear
term r(U}) of equation (46).

Note that the family of functions V)7 is only weakly convergent to a limit point in L?(0,T; L?(f2)).
This is not a problem when passing to the limit in terms like fOT(H(V{),G) — fOT(H(v),G), because of



the properties of the multivalued map H. Namely, the set H(V,") is bounded and convex, so it is weakly
closed. Hence it is weakly compact, and admits a weakly convergent subsequence: lim, -(H(V}]),0) —
(H(v),0). Moreover, since V;" is weakly convergent in L*(0,7; L*(2)) and using the upper semicontinuity
and the maximal monotonicity property of the multivalued map H, we have that lim, fo (Vin),0) =
fo limy, - (H(V}]),0). This would be sufficient if we were solving the problem with a given Darcy flux:
solving directly the inclusion problem without regularization avoids the necessity of strong convergence of
Vi in L?(0,T; L*(Q)). Since however we are considering the coupling with a Darcy field, in order to pass
to the limit in terms containing the non-linear permeability factor [k.(V, )]~ we need strong convergence.
We obtain it in the following lemma.

Lemma 7. V;7 — v in L?(0,T; L*()).
Proof. The proof is the same as that introduced in [15] in Proposition 4.6 and Lemma 4.7. The only
difference here is that, instead of a Lipschitz continuous regularization of the dissolution rate, we have

a semicontinuous rate, satisfying the selection (6). Here we only report the generalization of the result
proved in Proposition 4.6 to this particular case. Remembering that vy, € W), and using (6), the result in

Proposition 4.6 becomes
IV PgH (vl & < Lol Vun ||k,
where L, is the Lipschitz constant of the function r(-). We refer to [15] for the details of the proof. O
We finally investigate the limit equations of system (46) for (7, h) — 0.

Theorem 4. The limit point (q, p, A, u, v) is the weak solution of a hybrid formulation of the weak Problem
Py, which is equivalent to the weak solution of Problem Ps.

Proof. Let us start from considering the first equation of system (46). The left hand side converges to the

limit
T T T T
/(klz)q,T) dt_/p,leTKdt+/>\T'n6K+/PDaT N)oKArp-
e K
0 0 0 0

For all but the first term this is a direct consequence of the convergence results (47), (48) and (49). The

first term can be rewritten as

T T .
Jletse) e [atoio) o (et o) =

Since V;7 — v strongly and is in L>°(f2), and since Q] is weakly convergent in L2(0,T; L*(Q)), the first
term on the right hand side converges to the desired limit. Choosing a test function 7 € L?(0,T; [C§°(Q)]?),

we can show that the second term on the right hand side is zero by bounding it using the estimate

J (et siolos) = eyl

< CI\WVy = vl QR L2) — 0,

(L ()?



where we have used the Lipschitz continuity of the function [k.(-)]~! and the fact that V™ — v in the L?(Q)
h

norm. Hence, the left hand side of the first equation of system (46) converges in the distributional sense to
the continuous hybrid formulation, extended to §2, of the first equation of Problem Ps.
We now show that the terms in the right hand side of the first equation of system (46) converge to zero

for (h,7) — 0. Let us denote these terms by Zy, - - -, Zg. Considering estimate (47) and the first interpolation
estimate of (24), we conclude that

A 12 , N tn 1/2
mi<o( f1Qika) (X [ - malidr) < Chlrlionit, mmaop -0
0 n=1 t 1

Considering the first estimate in (26), the estimate (47), the Lipschitz continuity property of the function
[ke(:)] 71, recalling that || div Q] ||k = |[VQ] ||k and || div 74|k = ||V7h| k, and applying a trilinear Holder
inequality, we obtain

N tn 12 , N ln 1/2
mio(X [ k- ikl avaia) (X [ I19mlar)
n=1 1 n=1 1
N 1/2 , N 1/2
<o(Srlavail)  (SAvmik) o
n=1 n=1
While, by considering estimate (30), we get
N 1/2 , N 1/2
mi<o( e -a ) (X rimik) o
n=1 n=1

Thanks to the first estimate in equation (26), estimate (33), and by applying a trilinear Holder inequality,
we are able to write

N tn 12 , N ln 1/2
|I4§C<Z / ||v;;vz—1||%<||div[q2qz—11%(dt) (Z / ||v7h|%<dt)
n=1 1 n=1 1
N 1/2 , N 1/2
<o( X rlaiar-ap k) (S rAvnli) o
n=1 n=1

Considering (29) and the second interpolation estimate in (24), we get
2

T 12 , N ln 1/
ml <o [ira) (S [ It - mullied) < Chlrlr, . o -0
0 n=1 1

Note that for this estimate we need to restrict the test functions to be in L2(O,T;HKeTh [H2(K)]?).
Density arguments ensure that the limit points satisfy the continuous weak formulation also for = €
L*(0,T; 1 ger, [H' (K)]?). Thanks to the first estimate in (31), we have

N tn 12 N Uz
|16|sc(z / |pz—pz—1||%<dt) (> [ lavrizay*”?
n=1 T n=1 g
N 1/2 , N 1/2
sc(zr||pz—pz—l|%<) (Zrndwm%{) S0,

n=1 n=1



Considering the second estimate in equation (30) and the sixth interpolation estimate of (24) we obtain in
a similar manner that |Z;| — 0, |Zs| — 0 and |Zg| — 0.
Let us consider now the second equation of system (46). The left hand side converges to

T T
/dlvq, V) gdt — /&;U V) kdt,
0 0

as a direct consequence of the convergence results in (47) and (53). We now show that the terms in the
right hand side converge to zero for (h,7) — 0. Let us denote these terms by the notation Zy, - - -, Z3. Using
(47) and the third interpolation estimate of (24), we have

1/2

I 12 , N tn
i< ([ravagia) (S [ 1o-wlka) < Chlvlliaon,,, mu 0
0 n=1 try

Note that we are again restricting the test functions to L2(0,T; H!(K)); density arguments extend the
result to ¢ € L2(0,T; L*(Q2)). Estimate (33) allows us to write

N 12 , N 1/2
Iz<(27|div[qz—qzln|%<) (Zvnwhn%{) So.

n=1 n=1

Considering estimate (53) and the third interpolation estimate of (24), we also have that

1/2

T 12 , N i
i< ([loviiea) (S [ o= vldt) < Chvllaort o, mocy 0.
0 n=1 T

For what concerns the third equation of system (46), the left hand side converges to the limit

T
/(q -1, p)axdt.
0

This is a direct consequence of the convergence result in (47). We now show that the terms in the right
hand side converge to zero for (h,7) — 0. Let us denote these terms by the notation Z;, Z,. Using estimate
(47) and the fifth interpolation estimate of (24) we have that

T 1/2
T < ( / |Q£~n|?(dt> (
0

The term |Zz| = 0, since pp, € Pp.
Let us proceed with the fourth equation of system (46). The left hand side converges to the limit

1/2
Z / lp— ph”BKdt) §0h||p”L2(O,T;HKE7_h w32 (k) — 0.

nl

T T T T
/(Otu,qb dt—l—/Vu Vo dt—/qu Vo dt—l—/@tv @)d
0 0 0 0



For all but the third term this is a direct consequence of the convergence results (50), (51) and (53). The
third term can be rewritten as

T T T
/ (Q[UT, V)it = / (U7, Ve)dt + / Q] — lUf. Vo).
0 0 0

Since Qj — q strongly in [L?(2)]?, and since U] is weakly convergent in L?(0,T; H(f)), the term on
the right hand side converges to the desired limit. The second term on the right hand side is zero, since
Ul € L>(Q) and Q] — q strongly in [L?(Q2)]?. Hence, the left hand side of the fourth equation of system
(46) converges in the distributional sense to the fourth equation of Problem Ps.

We now show that the terms in the right hand side converge to zero for (h,7) — 0. Let us denote these
terms by the notation Zj,---,Zg. Thanks to (51) and the fourth interpolation estimate in (24), we may
write

2

z 12, N =z 1/
T < ( / |atU,:||2dt) (Z [ 1o~ qshn%zt) < CH|6 120,z 2y — 0.
0 n=1 tnfl

Similarly, we obtain |Z2| — 0 by considering estimate (53), and the fourth interpolation estimate of (24).
Using (50) and the fourth interpolation estimate in (24) we can write

T , 12 , N ln ) 1/2
Tl < ( [ dt) (Z [ 199-val dt) < Chlll oo remo(eny — 0.
0 n=1 T

Note that we have to restrict the test functions to ¢ € L?(0,T; H?(f2)). Density arguments ensure that the
limit points satisfy the continuous weak formulation also for ¢ € L?(0,T; H}(€2)). Considering (27), we have
that

N 1/2 , N 1/2
Zl < <Zr||wz - wz*n?) (Zrnww) o,
n=1 n=1

Thanks to estimate (47) and the fourth interpolation estimate in (24), we obtain

1/2

A 12 , N tn
mi<o( [1aira) (X [ 196-TaulPa) " < Chlolomamay o
0 n=1 to1

While, by using (30),

N 1/2 , N 1/2
|z6|<c(ZT||qz—qzl||2) (ZanhnZ) o,

n=1 n=1

This bound can be used in a similar way to show that |Zg| — 0. The second part of (26) and the estimate
(47) allow us to state that

N 1/2 , N 1/2
zgc(zfnuz—uz-lw) (ZTIWW) o,

n=1 n=1



Finally, we consider the fifth equation in (46). The left hand side converges to

T T
/(&v, 0)dt € /(r(u) — H(v),0)dt.
0 0

This is a direct consequence of the convergence results (50) and (51) (which imply strong convergence of Uy ),
equation (53) and the properties of the map H(-). Hence, the left hand side of the fifth equation of system
(46) converges in the distributional sense to the fifth equation of Problem Ps. For what concerns the terms in
the right hand side, let us denote them by the notation 7y, ---,Zs. We have already demonstrated that Z;
— 0 if € L*0,T; H}(Q)). Exploiting the Lipschitz continuity of the function 7(-), estimate (50) and the

fourth interpolation estimate in (24), we get

T 12, N ln 1/2
|z2|gLr( / ||U,:|2dt) (Z / ||9—eh|2dt) NP
0 n=1 T

While, thanks to the Lipschitz continuity of r(-) and the second part of the estimate (26),

N 12 , N 1/2
IBSLT(ZTHuZuZ*HQ) (ZTW) o,
n=1

n=1

The boundedness of the map H(-) allows us to write

N i 1/2
mi<o(X [ 10-tuPir) < Chlblsormson 0
n=1 t1

Finally, thanks to the Filippov selection method, we have that ||H (V") — H (v} ")|| < Ly |lul —u} ™| (note
that if v;'~" = 0, then also v! = 0). Hence, |Z5| < |Z3| — 0. Which provides the last result and completes
the proof. O

3. A numerical example

In this section we present a test case concerning the numerical solution of Problem P4. There are three
basic ways of solving discontinuous differential problems. The first is to eliminate the discontinuity by
using a suitable smoothing operator, which typically depends on a single parameter. The main limitation
of this approach is that the solution depends on the value of the parameter and a compromise must be set
between accuracy and stiffness of the regularized problem. A second technique consists in simply ignoring
the discontinuity and relying on adaptive stepping schemes. The error indicator associated to several time
advancing scheme will detect the discontinuity and refine the step in its vicinity. The drawback here is
that the refinement may be extremely fine, with the resulting computational cost, and it may be difficult
to maintain the order of accuracy. Moreover, both techniques may fail, or give unsatisfactory results, in
the case of sliding motion, i.e. when the solution after reaching the discontinuity surface, slides onto it [6].
A third approach is based on detecting when the solution reaches the discontinuity and select its behavior
according to Filippov theory [9]. These methods, often called event driven methods, may guarantee optimal
convergence at reasonable computational cost, and allow for the resolution of sliding motions. We employ a
numerical procedure based on the event driven method for DRH systems [8], applied to the Euler explicit
scheme in (25): this time-discrete scheme decouples the transport from the reaction and the Darcy terms. At



each time step n we advance in time with the reaction term. If the trajectory meets the discontinuity surface
at an instant t* inside the current time step, we localize the intersection between the trajectory and the
surface and restart the integration from ¢*, after having selected the corresponding element of the set H (vy,)
according to the Filippov prescription (6). The Darcy equations are then solved by static condensation, and
the Darcy field is used inside the advection—diffusion—reaction equation for uZH. We compare the results
obtained by the application of the event driven method with those obtained by the regularization approach
of the right hand side introduced in [15], which is given by representing the Heaviside function through a

linear interpolation

0 if v<0,
Hs(v)=<( v/d if 0<v<g,
1 if v>4,

where § is a small positive parameter which, in order to guarantee the convergence property of the discrete
scheme to the continuous weak solution, must satisfy the condition § = O(At%), for some 0 < a < 1. The
problem is set in a square 2D domain 2 := (0,1) x (0, 1), with a Dirichlet boundary I'p :={y: =0, y €
(0,1)} and T'y := 9Q\T'p. Moreover, the viscosity is set to ;1 = 1 and precipitation is modeled as r(u) = u.
We set the following initial conditions:

ulg=o =1 in (z,y) € Q,

Vo = 0.8 in (z,y) € Q,
TPTl0 in(wy) €0\ 9,

where Q,C Q, Q,:={(z,y) : 04 <z <0.6, 0.4 <y<0.6}, and solve Problem P%on the time interval
t € [0, 1], with a time step At = 0.01. We choose two different values for the positive parameter ¢: a small
value § = 0.005 with respect to At, and a value § = At'/?2= 0.1, which satisfies the condition § = O(At?)
introduced in [15]. Weset I'1:={y:2 =0, y€ (0,1)}, To:={x :y=0, z € (0,1)},3:={y:x =1, y€
0,H}andTy:={z:y=1,2€(0,1)},and p=05,u=0 on I';,;p=0,Vu-n=0 onT3,q-n=0,Vu-n
=0 on I';UTy. The domain is discretized with a structured triangular grid of 10 000 elements.

The evolution of cation and precipitate concentrations and magnitude of the Darcy velocity are repre-
sented in Fig. 1, both for the cases of the application of the event driven method and the regularization
approach with a small value 6 = 0.005. The solution exhibits an attractive sliding motion on the disconti-
nuity of the Heaviside function in © \ €, where, as a consequence, the precipitate concentration v remains
constant and equal to 0. Note that the regularization approach fails at representing correctly the sliding
motion on v = 0. This is due to the fact that, being At > § (which violates the requirement § = O(At%)
introduced in [15]), the solution can exceed the threshold value and start oscillating around it. This causes
spurious oscillations in the time evolution of the magnitude of the Darcy field as well. In Fig. 2 we show
the evolution of the difference between the cation concentration values calculated with the event driven and
the regularization with 6 = 0.005 methods (v DRH—u Smooth), and between the precipitate concentration
values calculated with the two methods (v DRH-v Smooth). We can note that, after the first time step, (at
time ¢t = 0.01 [s]), the regularization approach exceeds the threshold value by a quantity equal to 24. The
oscillations around the threshold value decrease in time, and the concentration values calculated with the
regularization method approach those calculated with the event driven method as time advances.

In Fig. 3 we show the evolution of cation and precipitate concentrations and magnitude of the Darcy
velocity for the case of the application of the regularization approach with a § = At!/2=0.1. In this case
the precipitate concentration v exits the sliding motion on the discontinuity of the Heaviside function in
Q\ Q,, due to the wide thickness of the regularization layer in Hs(v). Better results would be produced by
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Fig. 1. Cation concentration (u), precipitate concentration (v) and velocity magnitude |q| at times 0.03 [s], 0.6 [s], 1 [s], in the case
of the application of event driven method (ED) and regularization approach with § = 0.005 (Smooth).
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Fig. 2. Difference between the cation concentration values calculated with the event driven and the regularization with § = 0.005
methods (v DRH—u Smooth), and between the precipitate concentration values calculated with the event driven and the regular-
ization methods (v DRH—v Smooth), at times 0.01 [s], 0.06 [s], 0.2 [s].
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Fig. 4. Streamlines and magnitude of the velocity field q at times 0.3 [s], 0.6 [s], 1 [s], in the case of the application of event driven
method.

considering smaller values of At, at the same time maintaining the requirement that § = O(At*). We thus
conclude that the event driven method gives good results without requiring to decrease the value of At.
The dependence of the numerical solutions on the ratio between At and 4, and the order of convergence

of event driven and regularized methods for explicit and implicit first order and higher order schemes will

be studied in more detail in a forthcoming work.
The magnitude of the Darcy velocity q and its streamlines are reported in Fig. 4, for the case of the

event driven method. The decrease of cation concentration u causes dissolution in §2,. The variation of v

corresponds to a porosity change, and, consequently, to a change in the permeability in time. It can be
noted that the velocity q increases in (), as the precipitate dissolves. The streamlines superimposed in Fig. 4

show that the precipitate concentration forms at the beginning of the simulation an obstacle for the flow

that is then gradually eroded.

4. Conclusion

In this paper we have shown for the first time the well-posedness of a simple model for dissolution—
precipitation coupled with Darcy flow. We have treated the presence of thresholds in the reaction term
without resorting to regularization. This has led to a problem that may be cast as differential inclusion.



We think that this result is rather important since it gives ground to event-driven numerical schemes
for this class of problems that are able to properly treat the thresholds and allow to maintain the order in
time of the basic scheme used for numerical integration. Even if we have used a very simple model for the
dissolution process, numerical tests, which are the subject of forthcoming work, show that the technique
of treating thresholds as discontinuities without regularization is not only a viable solution, but in several
cases provides an effective numerical tool capable of giving accurate results in an efficient way.
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