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1 Introduction

A relevant inverse problem arising in nondestructive testing of materials is the
one of determining, within an isotropic, linearly elastic three dimensional body
), the elastic properties of the body from measurements of traction and dis-
placement taken on the exterior boundary of the domain Q.
This leads mathematically to the formulation of the following boundary value
problem for the system of linearized elasticity

{ div(CVu) = 0inQ C R3, )

u = 1 on I,

where (2 is an open and bounded domain, Vu denotes the strain tensor Vu :=
L (vu+ (vu)T), i € HY2(99) is the boundary displacement field, and C €

L>(€) denotes the isotropic elasticity tensor with Lamé coefficients A, p:
C=M3® I3+ 2ullsym, a.e. in Q

where I3 is 3 X 3 identity matrix and Ig,,, is the fourth order tensor such that
IsymA = A, The strong convexity condition is assumed

w>a9>0, 2u+3X> 5y >0 ae. in Q.
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Under the above assumptions problem () has a unique weak solution u € H' ()
and the Dirichlet-to-Neumann linear map (DN map), Ac, is well defined

Ac i € HY?(Q) = (CVu)v|oo € H/?(09)

where v is the exterior unit normal to 9€).

The inverse problem consists in determining C, i.e. A and pu, from knowledge of
the DN map Ac.

This problem is closely related to the conductivity inverse problem arising in the
modelling of EIT (Electrical Impedence Tomography). For the mathematical
treatment of this problem we refer to the fundamental papers [All],[AP], [Na]
and [SU].

Unfortunately, the mathematical approach used to investigate the conductivity
inverse problem fails partly when dealing in the elasticity framework. This is
due to the fact that we have to deal with an elliptic system instead that with a
scalar equation and we have to recover two parameters A and p instead of the
sole conductivity parameter. As a consequence of these difficulties only partial
results to this inverse problem are known and mainly concern the uniqueness
issue. More precisely, the study of the problem was initiated in the 90’s by
TIkeata in [Tk] who considered a linearized version of it. In two dimensions Aka-
matsu, Nakamura and Steinberg in [ANS] and for dimension n > 3 Nakamura
and Uhlmann in [NU] showed that one can determine uniquely and in a stable
way C°(Q) Lamé parameters A and p and their derivatives on the boundary of
a smooth domain 2 from the DN map. Local uniqueness has been proved in di-
mensions two by Nakamura and Uhlmann in [NUT] for C*°(£2) Lamé parameters
assuming that they are both close to positive constants. In three dimensions
and higher Nakamura and Uhlmann in [NU2] and Eskin and Ralston in [ER]
proved local uniqueness for smooth Lamé parameters whenever p is close to a
constant.

To our knowledge no result concerning stability estimates is known. Based on
the results obtained by Alessandrini in [All] who proved, logarithmic stability
estimates for the conductivity inverse problem in the case of smooth conduc-
tivities and the example of Mandache in [M] who proved the optimality of this
estimate also for the inverse elasticity problem in the case of smooth Lamé pa-
rameters logarithmic stability estimates or even worse ones are expected.
These considerations lead in recent years to look for different a priori assump-
tions on the unknown parameters which take into account the applied context
from which the problem arises and give rise to better stability estimates ([V],
[ABV], [BE], [BEV], [ABE],[BdHQ]). An attempt in this direction has been
done by Alessandrini and Vessella in [AV] with for the conductivity inverse
problem for unknown conductivities depending only on a finite number of pa-
rameters. In [AV] they proved Lipschitz continuous dependence from the DN
map for conductivities that are constant on known subdomains, assuming ellip-
ticity and C1® regularity at the interfaces joining contiguous domains.



In this paper we propose to consider L () elasticity tensors of the form

N
C(x) = > (N3 ® Is + 211 Tsym) XD, (7)
j=1
where the D;’ s, j =1,---, N, are known disjoint Lipschitz domains represent-
ing a partition of Q and Aj, p5, j =1,---, N, are unknown constants.

We will prove that if C' and C2 are of this form, assuming that the boundaries
of D;’s and of €} contain flat portions, we have

H(Cl - (C2Hoo < CllAer - AC2||L(H1/2(agz),Hfl/z(agz))-

where the stability constant C appearing in the estimate depends on various
parameters like g, By, on the regularity bounds on € and on the D;’ s and on
their number N. In particular, the constructive character of the proof allows us
to establish an estimate from above of the constant C.

We want now to emphasize that several significant examples fit in our analy-
sis. Polyhedral partitions of 2, appearing in any finite-element scheme used for
effective reconstruction of the Lamé parameters (see for example [BJK]; and a
layered configuration of the sets D;’s arising in the study of composite laminates
[Mi] and in geophysical prospection, [BC].

Our approach is based on the use of the following key ingredients: existence of
singular solutions and study of their behaviour close to the flat discontinuity
interfaces of the D;’s, regularity estimates and quantitative estimates of unique
continuation of solutions to system ().

As already pointed out in [BF] a relevant difference with respect to the scalar
case treated in [AV] is the issue of existence of singular solutions. In fact, in
the case of strongly elliptic systems with L™ coefficients in dimension n > 3,
existence of the fundamental solution and of the Green’s function cannot be in-
ferred without additional assumptions. In [HK] Hofmann and Kim prove their
existence under the additional information that weak solutions of the system
satisfy De Giorgi-Nash type local Holder estimates. It is clear that in the case
of a polyhedral partition of €2 solutions might not enjoy Hélder regularity at
edges. On the other hand, in order to obtain our result, it is enough to con-
struct singular solutions and analyze their behavior in a Lipschitz subset K at
a given positive distance from edges. Nevertheless, while for the scalar (even
for the complex valued treated in [BF]) conductivity equation is fairly easy to
get a solution of the equation close to a flat interface by using the fundamental
solution for the Laplace equation and suitable reflection arguments, this seems
not to be possible for the Lamé system. In order to construct singular solutions,
we make use of special fundamental solutions constructed by Rongved in [R] for
isotropic biphase laminates. Furthermore, looking at solutions of the elasticity
system in K we can use the results of [CKVC] and of [LN] deriving regularity
estimates for the solutions which allow us to obtain Holder estimates of unique
continuation in K.

We would like to point out that our proof is based on the use of solutions having



boundary displacement fields supported in the flat portion ¥; of 9. Hence,
our stability result also holds replacing the full DN map with the local DN map
that we will define in Section 2. Moreover, we expect to derive similar stability
estimates also the case of domains D;’s with C portions of interfaces and this
analysis will be object of a forthcoming publication.

Finally, we would like to emphasize that Lipschitz stability estimates have be-
come crucial also for the effective reconstruction of the unknown coefficients. In
fact, recently, in [dHQS1] and [dHQS2], de Hoop, Qiu and Scherzer have shown
that Lipschitz type stability estimates imply local convergence of iterative re-
construction algorithms and the radius of convergence of the iterates depends
on the stability constant and hence an explicit determination of the dependence
of such constant from the a-priori parameters, in particular from the partition
number N, is crucial.

The plan of the paper is the following: section 2] contains the description of
the main result. In paragraph 2.1l we introduce the notation and main defini-
tions. In paragraph we state the main a priori assumptions and the main
result. We also reformulate the inverse elasticity problem in terms of the non-
linear forward map F acting on a finite-dimensional subset of R*" and recall
a general result (Proposition 28] that will let us show that F' has a Lipschitz
continuous inverse.

Section Bl contains some auxiliary results. In particular, in paragraphB.2] we
collect some properties concerning the fundamental solution in biphase elastic
isotropic materials introduced by Rongved in [R] and we prove existence of sin-
gular solutions for our Lamé system. In paragraph 3.3 we state some regularity
results and estimates of unique continuation concerning solutions of piecewise
constant Lamé systems.

In section [ we give the proof of our main result by verifying that the forward
map F' corresponding to our inverse problem, satisfies all the assumptions of
Proposition thus concluding the proof.

Finally, in the Appendix we recall some known results concerning solutions
to Lamé systems with constant coefficients and the proof of the estimate of
unique continuation stated in section
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2 Main result

2.1 Notation and main definitions

For every € R3 we set z = (2/,23) where 2/ € R? and z3 € R. For every
x € R3 7 and L positive real numbers we will denote by B,(z), B.(z") and



Q,.1.(z) the open ball in R? centered at x of radius r, the open ball in R? centered
at 2/ of radius r and the cylinder Bl.(z') x (x5 — Lr,x3 + Lr), respectively;
in the sequel B,(0), B.(0) and @, (0) will be denoted by B,, B. and Q, 1,
respectively. We will also denote by R} = {(2/,z3) € R® : z3 > 0}, R® =
{(2/,23) € R® : 23 <0}, B} = B,NR3, and B, = B, NR3.

For any subset D of R? and any h > 0, we denote by

(D), = {x € D| dist(z,R*\ D) > h}.

Definition 2.1. Let Q be a bounded domain in R3. We shall say that a portion
3 C 0 is of Lipschitz class with constants rg > 0, L > 1 if for any point P € X,
there exists a rigid transformation of coordinates under which P =0 and

QN Qo = {(2',23) € Qry rlzs > Y(2')}.

where 1 is a Lipschitz continuous function in B, such that
$(0) =0 and [[¢[|cor(py, ) < Lro.

We say that S is of Lipschitz class with constants ro and L if 02 is of Lipschitz
class with the same constants.

Remark 2.2. We use the convention of normalizing all norms in such a way that
all their terms are dimensionally homogeneous. For example:

[¥llcorcmy,) = IVllLecsy,) + roll Vil Le(ay,)

Similarly, denoting by D?u the vector which components are the derivatives of
order ¢ of the function u,

1

k
2 . .
ull 20y = (T03/9u2) s uller@) =D ro' 1D ul| oo o,

=0

el ey = 752 (Z 21/|DZUIZ> ,

and so on for boundary and trace norms such as || - || 1 where

HZ(09) - HH*?(@Q)
Q2 is a bounded subset of R3 whose boundary is smooth enough.

We will also make use of the following notations for matrices and tensors: for
any 3 x 3 matrices A and B weset A: B = Z” 1 Ai;B;; and A= 1(A+AT).
By I3 we denote the 3 x 3 identity matrix and by Igy,, we denote the fourth
order tensor such that IgymA = A.

In the whole paper we are going to consider isotropic elastic materials, hence
the elasticity tensor C is a fourth order tensor given by

C(z) = M2)Is ® I3 + 2u(x)lgym for a.e. zin Q, (2)



where € is a bounded domain in R? of Lipschitz class, and the real valued
functions A = A(x) and p = p(z) € L*°(N2) are the Lamé moduli. We will also

use Poisson’s ratio v(z) = m

An elasticity tensor C is strongly convez if there is a positive number &y such
that, for almost every x in €Q,

C(x)A: A> &|AP*  for every 3 x 3 symmetric matrix A. (3)
In the isotropic case (), the strong convexity condition takes the form
w(x) > ap >0, 2u(x)+3A(z) > Gy forae zin Q. (4)

In these case, the Poisson’s ratio has values in an compact subset of (—1, %)
More precisely we can estimate

2
Boo <v(z) < 1 % for a.e. z in Q. (5)

-1
+ -2

In the sequel we will make use of the following norm in the linear space of
isotropic tensors:

IClloe = max {[[A]| Lo (o) Il ooy } -

This norm is equivalent to the usual L* norm for tensors in the space of isotropic
tensors.

Our boundary measurements are represented by the Dirichlet to Neumann
map. As a matter of fact, since we will restrict our measurements to boundary
data that have support on some subset of the boundary, we will make use of a
local Dirichlet to Neumann map.

Definition 2.3 (The Local Dirichlet to Neumann map). Let Q be a bounded
domain of Lipschitz class and let ¥ be an open portion of 0Q2. We denote by

Hclo/2(2) the function space
HY2(D) = {¢ e H'Y2(89) : supp ¢ C 2}

and by H;)l/z(E) the topological dual of Hclo/Q(E) We denote by < -,- > the
dual pairing between Hc10/2(2) and chlﬂ(E) based on the L?(X) scalar product.

Then, given i € Hif(z), there exists a unique vector valued function u €

HY(Q) weak solution to the Dirichlet problem

div((C@u) = 0inQ, (6)
u = Y on If.

We define the local Dirichlet to Neumann linear map AE as follows:

AZ :1p € HY2(S) = (CVu)nly € HL2(D).



Note that for X = 902 we get the usual Dirichlet to Neumann map. For this
reason we will set A¢ := Agﬂ.

The map A% can be identified with the bilinear form on Hclo/ 2(E) X Hgo/ 2 (%)
by

RE@,9) i=< Ay, 6 >= /Q C¥u: $v (7)

for all ¢, ¢ € HC10/2(E) and where u solves (@) and v is any H'(£2) function such
that v = ¢ on 0X.

We shall denote by | - ||, the norm in £ (Hclé (%), Hag" 2(2)) defined by
”TH* = Sup{< Ty, ¢ > |"/Ja ¢ € Hclo/2(2)7 ||¢HH01({2(2) = ||¢HH01({2(2) = 1}
for every T' € L (H§O/2(E), H;)l/z(E)).

We finally recall an extension to systems of Alessandrini’s identity [AIl], [Is].
Let u; and us be the solutions to

div(C*Vuy,) = 0 in Q

for k = 1,2 respectively and with C*, k = 1,2, satisfying (3). Then
/((Cl — (C2)§u1 : %UQ =< (A(Cl — Acz)u2,u1 > (8)
Q

where A1, Ag> denote the Dirichlet to Neumann map corresponding to C!, C2
respectively.

2.2 Main assumptions and statement of the main result

Let A, L, ag, Bo, N be given positive numbers such that N € N, ag € (0,1),
Bo € (0,2) and L > 1. We shall refer to them as the a priori data. Let ro be a
positive number.

Our main assumptions are:

(A1) Q C R? is an open bounded domain such that

19 < Arg,
and we assume that
Q=u;_, Dy,
where Dj, j = 1,..., N are connected and pairwise non overlapping open do-

mains of Lipschitz class with constants g, L.



We also assume that there exists one region, say D; such that 0D; N 9N
contains an open flat portion ¥ and that for every j € {2,..., N} there exist
J1y---54m € {1,..., N} such that

Dj, =Dy, Dj, =Dj,

and, for every k=2,..., M

oD r\al)h

Jk—1
contains a flat portion ¥ such that

Y, CQ, Vk=2,..., M.

Furthermore, for £k = 1,..., M, we assume there exists P, € ¥ and a rigid
transformation of coordinates such that P, = 0 and

kN Qryzr = {v€Qy 3L ¢ 3 =0},
D]k m QTO/3,L = {./L' E QTO/3,L : ‘T?) < 0}7
Dj, . NQrysr = {x€Qy 31 : v3>0};

where we set X1 := X.

For simplicity we will call D;,,...,D;,, a chain of domains connecting D
to D;. For any k € {1,...M} we will denote by ny the exterior unit vector to
6Dk in Pk.

(A2) We assume the tensor C to be isotropic piecewise constant of the form

€= Cixn,@) (9)

where
Cj =713 ® I3+ 2pu5ll5ym

with constant Lamé coefficients \; and p; that satisfy

ao<pj<agt, N <op', 2w 43\ =6, j=1,...,N. (10

For j =1,...,N, we denote the Poisson’s ratio by v; = Note that

each v; satisfies (@]).

Aj
2N +uj) "

In the sequel we will introduce a number of constants that we will always
denote by C. The values of these constants might differ from one line to the
other.

Theorem 2.4. Let Q and ¥ satisfy assumption (Al). Then there exists a
positive constant C depending on L, A, N, g, By only such that, for any CF,
k = 1,2 satisfying assumption (A2), we have

IC = C*|loe < ClIAZ: — AZ2 |4 (11)



A better evaluation of constant C is given in Remark 47

In order to prove Theorem 2.4] we will first state it in terms of the forward
map that maps Lamé parameters to the corresponding Dirichlet to Neumann
map. Then, we will apply to the forward map the following general result:

Proposition 2.5. Let My and Ms be positive numbers and d € N. Let A and K
be an open subset and a compact subset of R® respectively. Assume that K C A,

dist (K, R\ A) > My, and K C B, (0).
Let B be a Banach space and let F': A — B be such that:
(i) F is Frechét differentiable;

(ii) the Frechét derivative F' : A — L(R?, B) is uniformly continuous with a
modulus of continuity o1(-);

(iii) F| is injective;

(w) (F)~ " : F(K) = K is uniformly continuous with a modulus of continuity
02(');

(v) F' is injective in K, namely there is a positive number qo such that

i F'(z)[h]ll 5 > qo;
peiin [ @)Alls 2 go;

then we have

|lz1 — x2l|ge < C||F(x1) — F(x2)|lg for every x1,x2 € K,

M . , —1

where C = max{afl(él), q%}, for 61 = L min{do, Mz} with 6o = o7 ' (£2).
This proposition holds also in infinite dimensional spaces. For a proof of

Proposition 2.5 in finite dimensional space we refer to [BaVl, Prop.5 ].

Let us now introduce the forward map corresponding to our problem. In
order to represent the set of Lamé parameters, we will use the following notation:
let L := (A1,..., AN, i1, ., un) denote a vector in R?Y and denote by A the
open subset of R?Y defined by

A={LeR* :p; >0, 2u; +3)\; >0, j=1,...,N}. (12)

For each vector L € A we can define a piecewise constant isotropic elastic tensor
Cpr (asin (@) with Lamé parameters A\; and p; for j =1,...,N.
In this case, ||Cp ||« is equal to the norm in R?V given by

1L = max {max{|\s], 511}

.....

The (nonlinear) forward map can be defined as follows:



Definition 2.6. Let Q and ¥ satisfy assumption (A1).
Let us define F : A — E(Hclo/2(2), ch,l/z(E)) by

F(L) = AZ, -

We can identify F with F: A — B such that F(L) = A%L (defined in (@),

where B is the Banach space of bilinear form on H§O/2(E) ><3‘Iclo/2 (3) with the
standard norm.
Let v and ¢ € HC10/2(E) and let ur be the solution to

div((C£§u) = 0inQ
u = 1 on I,
and vg, solution to
div((C£§v) = 0in Q
v = ¢ on J9,

then
F(L)(4,6) =< F(L)(®), 6 >= /Q CLVuy : Yoy

In the sequel, we will write F' and A%L instead of F and ]X%L.

With the above notation, Theorem [2.4] can be stated as follows:

Theorem 2.7. Let Q and ¥ satisfy assumption (A1) and let K C A be the
compact subset

K::{LEA:aogujSaal,)\jgaal,2uj+3/\jZﬁo,jzl,...,N}. (13)

Then, there exists a positive constant C, depending on L, A, N, ag, Bo only such
that
IL' = L?|| o < O|IF(LY) = F(L?)]|
for every L', L? in K.
Notice that Theorem 2.7 means that F' is invertible on K and its inverse is
Lipschitz continuous.

In Section M we will show that the forward map of definition satisfies

all the assumptions of Proposition 2] for A and K defined as in ([I2)) and ([I3)

respectively and B is the space of bilinear form on o2 (X) x o2 (X). Then,

Theorem [2.7] is a consequence of Proposition

3 Preliminary results

3.1 Further notation and definitions

In order to prove the main theorem we need to introduce some further notation
and definitions.

10



Construction of an augmented domain and extension of C.
First we extend the domain €2 to a new domain €y such that 9 is of Lipschitz
class and B, /c(P1)NY C Qo, for some suitable constant C' > 1 depending only
on L. We proceed as in [Al-Ro-R-Vel Sect. 6]. Set

3v1+ L2

p1 =19/Cr, where Cp, = 7 , (14)
and define, for every 2’ € B’%0
& for |2'| < £,
YH(@') =4 p1—2L[/| for £ < |a'| < L1,
0 for |2'| > £

Observe that, for every 2’ € By, [¢*(2')] < & and |V,pT(2')] < 2L. Next,
3
we denote by

Do={z=(2",23) € Qrys3r | 0<zs<vt(a)},
Qo = QU Dy.
It is straightforward to verify that
i) 0 has Lipschitz boundary with constants 7, 3L.

ii)

Qo D Qry/arcy,L-

Let C be an isotropic tensor that satisfies assumption (A2). We still denote
by C its extension to )y such that Cjp,A = 2A for every 3 x 3 matrix A. This
extended tensor is still an isotropic elasticity tensor of the form

N
C = ZCjXDj (x) (15)
=0

where each C; for j =0,..., N has Lamé parameters satistying (I0).

Construction of a walkway

Letusfixj € {1,..N}andlet Dj,, ..., D;,, be achain of domains connecting
Dy to Dj. For the sake of brevity set D, = Dj, , k=1,...M.

By [Al-Ro-R-Ve| Prop. 5.5] there exists C; > 1 depending on L only, such
that (Dy), is connected for every k € {1,..M} and every h € (0,r0/C}).

Denote by
. To To L1
ho = — = 16
. mm{G,O,L,s Lt (16)

where py is as in (I4).

Let us introduce the following sets:

11



i) Quy, k = 1,..., M, is the cylinder centered at Pj such that by a rigid
transformation of coordinates under which P, = 0 and Xj belongs to
the plane {(2,0)}, is given by Q) = Q,, 4z, Moreover we denote

Qi = Quy N Dar—1;
ii) KC is the interior part of the set Ui]\ial D;;
iii) K = UG (Di),,, for every h € (0, hy);
iv)
M-1

Kn =Kp U QY U Qr); (17)

k=1

v)
Ky = {:v €Dy | dist(z,00) > %}

It is straightforward to verify that XCj is connected and of Lipschitz class for
every h € (0, hg) and that (in a suitable coordinate system)

P1 P1
Koo B, ,,(P1) % (g, Z) . (18)

3.2 Existence of singular solutions

3.2.1 Fundamental solution in the biphase laminate

In our proof of Lipschitz stability estimates, as in the approach used by Alessan-
drini and Vessella for the conductivity equation [AV], a crucial role is played by
singular solutions for the Lamé system. As a matter of fact we are not only in-
terested in the existence of such singular solutions, but also in their asymptotic
behavior close to the interfaces.

In the scalar case, this tool is granted by the existence of Green functions
and by explicit expressions for solutions in the presence of an interface.

Unfortunately, the existence of the Green matrix cannot be inferred for el-
liptic systems with bounded coeflicients in dimension 3 or higher.

Moreover, whereas for the scalar (even complex valued) conductivity equa-
tion is fairly easy to get a solution of the equation close to a flat interface by
using the fundamental solution for the Laplace equation and suitable reflection
arguments, this seems not to be possible for the Lamé system.

In order to construct singular solutions, we make use of special fundamental
solutions constructed by Rongved in [R] for isotropic biphase laminates.

Consider the isotropic tensor

Cy = C¥xps +C xpe
where C* and C~ are constant isotropic elastic tensors given by

Ct=AM3®Is+ 2ulyym, C =NIs® I3+ 2 Toym,

12



with A and g and A and p’ satisfy ([0). Denote Poisson’s parameters by v and
7

In [R] an explicit formula for a fundamental solution I' : {(z,y) : z € R3,y €
R3,z # y} — R3X3 of

div (Cﬁr(-, y)) = 5,1,

is given. Here J, is the Dirac distribution concentrated at y.

This explicit formula is quite involved and some alternative formulations in
more convenient tensor form have been proposed, for example in [MeRe].

For the purpose of the present work we need to point out some properties
of biphase fundamental solution. First of all, it is a fundamental solution, in
the sense that I'(z,y), is continuous in {(z,y) € R3 x R3 : x # y} and I'(z,-)
is locally integrable in R3, for all € R?, and, for every vector valued function
¢ € C§°(R3), we have

[, €9t 9o = ol

Furthermore, for every z,y € R3, x # y, we have

[(z,y) =T(y,z)7, (19)
C
I'(z,y)| < )
M) < T
and, for any r > 0,
r <o 2
IVEC ) lzewrm o < iz (20)

where C' depends on ag, 5y only.

We will also need to use the explicit representation of the some components
of biphase fundamental solution. In particular, we will make use of explicit
expression of the third column of T'. For z = (z1,22,23) with 3 > 0 and
y = (0,0, ¢) with ¢ > 0, from [R] we have,

0 B I5;
3 —4v 1 1 1
F((E, y) -3 = 0 - x3 Bl‘z + ﬂ12 5 (21)
4(1 —v) B 4(1-v) B.. Bo
where ) ) - 2e( )
—4v c(xs + ¢
B=—<{—+a + :
4 p { 1 [ Ry R3 ]}
1 c (3 —4v)
=< — ——— —~log(R
B T 1+a = 7 log( 2+$3+C)”,
with ,
- F 0 N 929
« l(luﬂluay) M+(3_47/)MI, ( )



41 —v)p {(1 —20)(3—4) — 2::;; u’}
w4+ (3 =4

")/:FQ(,U,,U/,V,V/> = ; (23)

Ry = (27 + 23 + (3 — 0)2)1/2 ,and Ry = (a3 +3 +(s + 0)2) .

It is worth noticing that, for C* = C~, the matrix I" coincides with the free
space fundamental matrix for constant isotropic elasticity tensor.

3.2.2 Singular solutions

With the aid of the biphase fundamental solution I', let us construct singular
solutions with singularities in some subset of the domain. Since I' is defined
only in the case of a flat interface, we will need to keep away from interfaces
that are not flat.

For this reason we need to set the following notation: let F be the union of
the flat parts of U;-VZO(?Dj. By flat parts we intend that they can be represented
as the graphs of a constant function in at least a ball of radius % (as ¥ in
assumption (A1l)). Let D = Uj-V:OZ)Dj \ F. The set D contains the non flat
parts of the interfaces.

Let C = Z;V:() C;xp, with tensors C; satisfying (A2) for all j. Let y € Qo\D
and let r = min(ro/4,dist(y,D U 9Qp)). Then, in the sphere B,(y) either C
is constant, C = C; or, by a suitable choice of the coordinate system, C =
Cj+ (Cjy1 — Cj)X{as>a) for some j =0,1,---, N and some a with |a| < r. Let

C, — (Cj if(C:(Cj in Br(y),
v Cj + (Cjy1 — Cj)X{as>ay  Otherwise,

and consider the biphase fundamental solution to
div(C,VI(-,y)) = 8,5 in R>.

Proposition 3.1. Let Qo and C satisfy assumptions (A1) and (A2). Then,
fory € Qo\D, there exists a unique function G(-,y), continuous in Q\ {y} such
that

A (C@G(-,y) : §¢ = ¢(y), for every ¢ € C5°(Q).

and such that
G(,y)=0 on 0.

Furthermore, if dist(y, DU Q) > ro/c1 for some c1 > 1,
HG(ay)_F(vy)HHl(Qo) < CTO_1 (24)

1G9 (o\Br () < C(rr0) Y2, (25)

where C depends aq, Bo, A, L and, increasingly, on c1. Furthermore,

G(z,y) = Gy, 2)T  for every x,y € Qo\D. (26)
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Proof. Let us set
G(z,y) =T(z,y) +w(z,y),

where w is solution to
{ div («:@w(-, y)) = div((C - C,)VI(,y)) in Qo 7
’LU(,y) = _F(uy) on aQO

Since C—C, = 0in B,(y) and I'(-,y) is smooth and bounded in Q¢\ B, (y), then
f = (C—C)VT(y) € L), divf € H-1(Qy) and T(-,y)lon, € HY2(00),
hence this problem has a unique solution w € H*(£).

Furthermore, if dist(y, D UdQ0)) > ro/c; for some ¢ > 1,

()l @) < CUFC D100 + ITC D /2 0000) < Crg!

where C' depends on «yp, Sy A and ¢;. This proves (24). Estimate (28) follows

from (24)) and from (20).
The symmetry of function G follows by standard arguments of potential
theory [E]. O

3.2.3 Two useful properties of the biphase fundamental solution.

Let Cy, Cp be given by
Co=Ctxms +Cxpz, CTo=Cxps +C xgs,

where C*, C~ and C  are constant and strongly convex isotropic tensors whose
Lamé coefficients satisfy (@)
Let I'c, and I'z, be the biphase fundamental solutions relative to operators

div (Cbﬁ) and div (@,@), respectively.

Proposition 3.2. For every [,m € R? and every y,z € Ri, y # z we have

/R3((Cb — Eb) ﬁfcb(,y)l : @F@b(-, z)m = (F@b(y, z) — I's, (y, z)) m- 1.

Proof. Let us fix [,m € R3 and y, 2z € Ri, y # z and denote by
u="Tc,(y)l ,v=Tg(,2)m.

Let g9 > 0 such that B.,(y), Be,(2) C R} and B.,(y) N Be,(z) = 0. Since
Cp =Cp in R%, we get trivially

/3\( . (EC;,)—@,) Vu:Vo=0, foreverye e (0,e).
]RJr B.(y)UB.(z

15



Hence

/ ((Cb - @7) Vu:Vo= / ((Cb - @b) Vu @v, for every € € (0,¢q).
R3 R3\(Be (y)UBe

(2))
(28)
Integration by parts in R?\ (B.(y) U B.(2)) yields, for every ¢ € (0,¢),

/ CyVu: Vo = —/ (Cbﬁu) n-v-— / ((Cb§u> n-v, (29)
R3\ (B (y)UBe (2)) 9B (y) 0Bc(2)

where n is the outward unit normal to 0 (B.(y) U B:(z)). Now by definition of
fundamental solution we have

lim BBe(y)((vau> nev=u(y)1 and lim BBe(z)((vau> n-v=0. (30)
By 29) and B0) we have
lim CyVu: Vo= —v(y) - L. (31)

=20 R\ (B. (y)UB.(2))
In a similar way, we get

lim CyVu: Vo = —u(z) - m. (32)
S0 IR\ (Be (y)UB: (2)

By 2]), (3I)), and (32) we have

/Ra(((jb—@b)§u:@v:u(z)~m—v(y)~l:F@(z,y)l~m—F@(y,z)m-l.

By ([@@) the thesis follows. O

Proposition 3.3. Let h, k be real numbers and let H be the fourth order tensor
H(z) = (h 13 ® I3 + 2k Lsym) xgs ().
For every I,m € R® and every y, z € Ri, y # z, we have

~ ~ d
HVFCb('uy)l : VFCb('uz)m = (EFCbJ"tH(y?Z)m. l)
RZ li=0
Proof. Let us fix I,m € R® and y,z € R%, y # 2. Let ¢y be a positive number
such that for every t € (—tg,to) the tensor Cy, + tH is strongly convex.

Since H(z) = 0 for every x € R} we have trivially

w(l,m) (yv Z) = /}HI@F(Cb('a y)l : 6F(Cb('v Z) m = ISHI§FCI;('7 y) l: 6F(Cb('a Z) m.
RS R
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Hence, for every t € (—to,to) \ {0},
1 ~ ~
WM .) = [ (€ 1H) =) FTey ()1 T, (o am = (39)
1

— 7 [ (€t 1)~ ) FTe a1 T 2)m -
R3

_/3 H (6r@b+tH(-,y)z - ﬁncb(-,y)z) . Ve, (-, 2)m.
RZ

By (33) and by Proposition B2 we get

PO (y2) = 1 (To vy, 2) - Te,(3,2)) mo1 (34)

- / H (ﬁerHH(-,y)z - %rcb(-,y)z) L Ve, (-, 2) m.
RZ

Now, by straightforward calculation on the biphase fundamental solution given
in [R], we have, for every x € R3 |

%I_I)% (ﬁrchrtH(xv y) I - ﬁr(cb (ZE, y) l) =0, (35)
and, for every ¢ € (—to, to),
‘H (@I‘CbHH(x,y) l— @I‘Cb(x,y) l) : %I‘Cb (z,2) m‘ < Cmin{|z|™*, 1}, (36)

where C depends on «g, 5o, y, 2, I and m only. By B8], (B0), and applying the
dominated convergence theorem, we get

lim [ H (ﬁrCmH(., y)l— VT, (., y) z) Ve, (., 2)m=0.  (37)

t—0 Jr3

Finally, by (37) and ([34) the thesis follows.

3.3 Some estimates for solutions to the Lamé system

In this section we collect some properties concerning solutions to the linearized
elasticity system with piecewise constant elasticity tensor that will be crucial to
proe our main result.

First we state a regularity result for solutions of elliptic systems in composite
materials from [LN] and [CKVC]. Afterwords we use this result in order to
obtain Proposition B3] which is then used to prove a quantitative estimate of

unique continuation for solutions of systems satisfying assumptions (A1) and
(A2).
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Proposition 3.4. Let C* and C~ be two isotropic elasticity tensors with con-
stant Lamé coeffcients \, pn and X, ' respectively, satisfying assumption (A2),
let R >0 and Cp = CJFX]Ri + C~xgs . Let v e H'(BR) be a weak solution to

div(C,Vv) = 0 in Bg.

Then, for every multiindez ', Dfl/v € C°(Bg) and v € C®(B%). Moreover for
any 6 >0 and k>0

1/2
R¥|D*o|| e 5= < CR™3/? U |v|2d:z] (38)
Br

i(175)1%) -

where C = C (4, k, ap, Bo)-

Note that, by v € C* (B_ﬁ) we intend that v has a C*° extension to By
R

and v has a C°° extension to B}
B

R
Observe that, in particular, we have

1/2
||1;HLOO(§(176)R)§ OR73/2 |:/B |’U|2d{E:| . (39)

R

Beside this regularity result, the principal ingredients for proving estimates
of unique continuation are the three sphere inequality, some stability estimates
for the Cauchy problem and a smallness propagation estimate in a cone. All
these results holds for constant elasticity tensors and are precisely described in
the Appendix.

The flatness assumption on interfaces allows us to get a better estimate
for the Lipschitz constant. The reason is the fact that solutions to the system
with piecewise constant elasticity tensor have analytic extension beyond the flat
interface. This property is stated in the following Proposition.

Here we use the notation of section B2Z1] and assumptions (A1) and (A2).
Proposition 3.5. Let v € H. (K) be a solution to

div ((C%) -0 in K. (40)
Let us fix k € {0,...,M}. Then there exist two positive constants C1 and C,
depending only on oo, Bo and L, such that v|p, can be extended by a function
v in the set Dy U Ekci-p where
Ekci-l = {I € Dy UDgy1 UXy : dist (ZE, Bro/ﬁ (Pk) N Ek) < %} (41)
1
and

190 21, < Clol ooy (12)
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Proof of Proposition
It is not restrictive to assume that P, = 0, 3j belongs to the plane {z5 = 0}
and B;Z/?) C Dy, BT_O/3 C Dgy1. By Proposition B4 we know that vjp, €
C*(Dy UXg) and vp,,, € C*(Dgy1 U Xyg). Since C is a constant tensor in
each domain, for every 8’ € (NU{0})?, Df,/v is a solution to (0.
Denote by R = 7@ and vy := gt For any xg in ;N Bpg , Df,v € C° (Bg(0))

R
—+

Bhwo) € €7 (Br(0)-

Let us recall the following Caccioppoli inequality ([BBEM| pag.20]): let u
be a solution to [@Q]) then, for every x¢ € Xx N Br

and v

C
[ owmrs [ (43)
By, (o) (p2 = p1)* /B, (x0)
for 0 < p2 < p1 < R where C depends on ap and Sy only.
Denote by

’ / / aer ’

B') = vy(,0) and Y(&') = TE(,0) (44)
T3

We now prove that ¢ and ¢ are analytic in X3 N Br and we estimate the
derivatives Df,/(b and Df,/dJ from above on Bp,4(zo) for every g’ € (NU {0})?
and for every zg € ¥ N Bg.

Starting from (43) and using the same iterative procedure followed to prove
inequality (39) in [BE] we obtain

/ oNy\ 2\
Z/ D5/of? < O(—O) / Jol?,
Bg(mo) R Br(zo)

|8]|=No

for every Ny € N, where C depends on «g and [y only.
On the other side, by Proposition [3.4] we have

HDS”UHL“’(B%(EO)) < C”Dzﬂ’UHLQ(Bg(UEo))'

Hence, proceeding as in [BF], (41)] and applying Proposition B4l to Df,/v, we get

, o ]
D% by <5 () Wllmacenn (15)
4
and

) 181+1

IDE Wl <91 (5) Wollmaen (46)
4

where C' depends on oy and Sy only. By ([@H) and {8) and by the Cauchy-

Kowalevski theorem we have that the solution © to the Cauchy problem

div ((C%) -0
}7(.’ 0) = ¢ onX;NBg,
LL(,00 = ¢ on¥yNBg
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is analytic in the neighborhood Eg}rl of ¥ N Bg. Therefore, taking into account

4), o is the analytic extension of v in Ekcjrl and estimate ([42) follows. O

Finally we state a quantitative estimate of unique continuation.

Proposition 3.6. Let 1, E1 and h be positive numbers, h < hg, where hqg is
defined in ([I0). Let v € H} (K) be a solution to

div ((C@v) =0 in K,

such that
||v||L°°(K0) <en,
and )
dist(z, X T2
lv(z)| < E1 (M) for every x € Ky, /s (47)
0
Then

2 pmm

@ <c () @ )T,
where r € (O, %U), T = Py + g,
e
To
and m, C, 4, 5, 0<0< 1, depend on A, L, agp, By and N.

The proof of the above Proposition is given in the Appendix.

4 Proof of the main result

This section contains the proof of the main result that consists in showing that
the forward map introduced in definition satisfies all the assumptions of
Proposition [2.9]

4.1 Differentiability of F'
Proposition 4.1. The map
F A= LOHP (D), He ' (2)

defined in (2.6) is Frechét differentiable in A and
< F'(L)[H]Y, ¢ >= / HVuc : Voe (48)
Q

where H = Cg.
Moreover, F' : A — L (RQN,E(H%Q(Z),HC_01/2(E))) is Lipschitz continu-
ous with Lipschitz constant Cg: depending on A, L, aq, By only.
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Proof. Fix L € A and let H € R*M such that ||H||~ is sufficiently small. By
@) we have

< (F(L—Fﬁ) - F(L)) U, P >= / H%uLJ’»E : 61@.
Q
Hence, by setting,

n =< (F(L-i-ﬂ)—F(L))w,(b > — H%uLiﬁ’UL: H@(ué_kﬁ—ué):ﬁvé,
Q Q

we have
1l < Crgll Hlloo |V (urrmr — up)llz@) 191 y12 55, (49)

where C' depends on A, L, ag, o only. Let us estimate ||V(urig — ur)| r2(0)-
For, observe that w := ur4+ g — ur is solution to

diV((CL%’U}) = div(H@uErﬂ) in Q, (50)
w = 0 on 99,
hence
/ (CL§w Vuw = / H@uLJrH . V.
Q Q -
By Lax-Milgram Theorem and Korn inequality we get
IVwlizai) < ClHllso | Vurrmlrze) < Crg IH ol ¥l 172 5 (51)
where C' depends on A, L, «g, By only.
By inserting (B1l) into ([@9) we get
[0l < CrolHIZ 1] a2 s 18] 172 s (52)

where C' on depends on A, L, ag, By only, that yields [S]).
Let us now prove the Lipschitz continuity of F'. Let L, L? € A and set

w =< (F'(L2) - F’(Ll)) [HY, ¢ >= / HVu;2 : Voge — / HVu;: : Vo
Q - - Q - -
= / H(@ULZ — ﬁ'l,tél) . 61}&2 +/ H@Uél . (ﬁ’ULQ — @’Uél).
Q Q
By reasoning as we did to derive (52)) we obtain

|w| < CF’T‘OHEHOO”L2 - Ll ”OO||¢||H01({2(2)||¢||Hcléz(2)u

where Cpr depends only on A, L, o, and fSy. |
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4.2 Injectivity of Fix and uniform continuity of (Fjx)™*

In the present subsection we will prove Theorem whose statement is given
below.
Let

logt|~s5 for 0<t<1i
=11 e 53
o(t) {t—%—i—l for tZ%, (53)

where ¢ € (0,1) is as in Proposition The function o is strictly increasing,
concave, and lim;_,o o(t) = 0. We have

Theorem 4.2. For every L', L* € K the following inequality holds true
IL" = L?|loo < CLo™(IF(LY) = F(L)]) (54)

where oV (+) is the composition of the function o(-) defined in (53) with itself N
times and Cy is a constant depending on A, L, ag, Bo, N only.

Remark 4.3. Observe that Theorem provides the injectivity of Fjx and an
estimate of the modulus of continuity of (Fjx)™*.

In order to prove Theorem[Z£.2]we need to prove first some preliminary results.
Let j € {1,..., N} be such that

ICrr — Cpr2llze(p,) = ICL1 — Cpr2|[ 1o (00)

and let Dj,,...,Dj;,, be a chain of domains connecting D; to D;. For the sake
of brevity set D, = Dj,. Consider K, Ky and K}, defined as in Section 3. Let
Wy = Int(U?ZOEj), U, = Qo\Wy, for k =1,...,M — 1. The tensors Cr1 and
Cy2 are extended as in ([I3) in all of . To simplify the notation we will set
C:=Cp1 and C := C2. Finally let K = K, N Wy and for y, z € K, define the

matrix-valued function
Sulw2) = [ (€= C))TG(.m): VEC.2)
k
whose entries are given by

Slgpﬂ)(yvz) = /Z,{ ((C - C)()VG(p)(ay) : VG(q)(,Z) p,q= 17253
k

and where GP)(-, ) and G9(-, z) denote respectively the p-th column and the
g-th columnn of the singular solutions of Proposition B corresponding to the
tensors C and C respectively. From (28) we have that

89 (y, 2)| < C(d(y)d(2)) "2y, 2 € Ky,

where the constant C' depends on the a priori parameters only and d(y) =
d(y,Uy), d(z) = d(z,Uy,). For any fixed ¢ = 1,2, 3 let us denote by S,g"q)(-, 2) the
vector valued function whose elements are S,ip ) (y,2), p = 1,2,3; analogously

we define S,ip")(y, 1), for any fixed p = 1,2, 3.
First we prove
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Proposition 4.4. For all y,z € Kj we have that S,i"q)(-,z) and S,ip")(y,-)
belong to H. .(Kx) and for any fived q € {1,2,3}

din(CVSS V(- 2) =0 in Ky, (55)
and for any fized p € {1,2,3}
din(CYSP) (- 2)) =0 in Ky. (56)

Proof. For seek of simplicity, in the proof we will omit the index k. Let us fix
q € {1,2,3} and let us first show that the vector valued function S¢9(-, 2) €
HL (K) for fixed z € K. Let ¢ € C5°(B,(yo)) where yo € K and B,(yo) C K.
Consider, for fixed p, q € {1,2, 3}

/}65(]”"1)(y72)3j¢(y)dy =
= / { / (C— C)(@) VoGP (2,y) : VoG (2, 2)0;6(y)da | dy.
K Lu
Observe now that by (23) and by the fact that B, (yo) C K we have

/ /|V G (z,y)|?dedy < +o0, / /|V G (z, 2)2dedy < +ooc.
B7 UO B, (y())

Hence, by Schwarz inequality, we have that, for fixed z € K,
(C~ O)(@)VaGP(2,y) : VoG (2, 2)9;0(y) € L' (U % Br(y0)),

so that we can interchange the order of integration and get

/,6 S®D (y, 2)0;0(y)dy =

-,

and using the symmetry of G almost everywhere in U, 28], we get

/ G (z,9)0;0(y)dy = / G (y, 2)0;6(y)dy
Br(yo) Br(yﬂ)
= [ 2,6Yw.a)00)d.
B (yo)

(€~ O) @)V, /B P9y 9.6 o) de
Yo

so that

/ SPD(y, 2)0;0(y)dy =

-

— ~

(€ - D) @)V, /B 0 C D)y 9.6 (w,2)|
Yo
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Now recalling that G(y,x) = w(y,z) + I'(y,x), by the properties of I' and by
the boundary value problem satisfied by 0, w(y,z) for any j = 1,2,3 it is
straightforward to see that V9, w(y,z) € L*(U x Br(yo)) and hence

8, 8P (y, z) = / (C — C)(2)V49,,G P (y,z) : VG (z, 2)dx.
u

Now, arguing as in the first part of the proof and considering now a vector-
valued test function ® € C§°(B,(yo)) and by ([28) we have

~

/ C(y)VySCD(y,2) : V,d(y)dy =
Br(yo)

and since

~

/ C(y)V,GP (y,z) : ﬁyfb(y)dy =0, a.e. inUY
B (yo)
for all p =1, 2,3 we finally have
/ (C(y)ﬁyS("q) (y,2) : ﬁyfb(y)dy =0,
B (yo)

for all ® € C§°(B,(yo)) and since yo is arbitrary (B3] follows. Analogously we

get (B6). O

Proposition 4.5. If for a positive 9 and for some k € {1,--- ,M — 1}

[Sk(y, 2)| < soral for every (y,z) € Ko x Ky (57)
then 2
5/2 /0N 2 c 6 TrTr
N < -1 (To Y 0
Sl <ot (7)) (F) (are (58)

where Y, = Piy1 + ks, 2r = Pep1 + ™ngp1, Pop1 € Zigr, 7,7 € (0,70/C),
_ & _ /7 _\O _

Tr = 9(%) , Tr = 9(%) and 11,C,C1,6,0 € (0,1) depend on A, L, o, Bo

only.

Proof. Fix z € Ky and consider the function v(y) := S,i"q) (y, z), for fixed q. By
Proposition [£4] we know that v is solution to

div(CVo(-)) =0 in K.
Moreover, from Proposition [3.1] we get

w(y)l < Cirg', y € K,
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where C depends on A, L, ag, Sp only and from (&) we have
lv(y)| <7y teo, y € Ko.

Then, applying Proposition 3.6 for ¢; = ro_leo and Fy = C’lro_l, we have

§r,
— (-q) < —1 T_O 2 €0
[o(yr)l = 18, (g, 2)] < Crg ( r ) <C1 + o '

Now let us consider, for fixed p,

which is solution to
and which satisfies

2
_ < o1 To €0 '
elste(2) (o) L ek

By Proposition B.1] we have

w@n§064<i>1ﬂ<ﬂ§>wi z € Ky,

To To

where C depends on A, L, ag, g only. Hence, applying again Proposition [3.6] to
o(2), we get

- /o2 /102 o (0™%)27p7s
|v@ﬂ|§c”°1(F) (?) (Cr+%)

which proves (G8]). O

Proof of Theorem [{.3
Observe first that ||F(L') — F(L?)||« = ||Ac — Ag||«. Denote by

e:=|F(LY) = F(LY)l-
Then from identity (8)), we derive that for every y, z € Ky and for |I| = |m| = 1.

— ~

/ (C = C)(2)VG(z,y)l: VG (x,2z)mdz| < Cryle, (59)
Qo

where C' depends on ag, 8o, A, L only.
Let

O 1= o??gxk{p\j = Njls [y — g},
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where k € {0,1,---, M}. Recalling that by construction
(C|Do = @|Do

we have that dg = 0. In order to obtain (B4]) we use a recursive argument.
More precisely, we prove that for a suitable increasing sequence {wg(€)}o<k<ns
satisfying € < wg/(e) for every k =0,..., M we have

0k < wp(e) = dk+1 < wpt1(e), for every k=0,..., M — 1.

Without loss of generality we can choose wp(e) = €. Suppose now that for some
kEe{l,---,M — 1} we have

O < wi(e). (60)
Consider

~

&@&%—A<C—©mﬁamw:vmnw

and fix z € K. From Proposition Bl and from (B3)) we get, for y, z € K
C
Sk (y, 2)| < %(5 + wr(e)),

where C depends on A, L, ag, By only. By (B8) and choosing 7 = ¢r with ¢ €
[1/4,1/2] we easily get that there are constants Cp, 6 € (0,1) and 6, depending
only on A, L, ag, By and, increasingly, on M, such that for fixed I, m € R? such
that |I| = |m| =1,

m- ~1(T0)*/? T
Suturszr)mei < Ot ()" (o), 2. (61)

where

s(t,s) = (%)9*5% (62)

Let us choose | = m = e3 and split

Sk(Yr, 27) €3 - €3 = I1 + Ia, (63)
where
I = / (C = C)(2)VG(z,yy) es : VG(z, 27) es dz (64)
By NDg41
and
I, = / (C—C)(x)VG(z,y,) es : VG(x, 27) e3 dx
Uk +1\(BryNDi41)

and where 11 = 72— for Cp as in (I)). Then, from Proposition B1] we derive

immediately that

|Io] < g (65)

To
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By (60) we have that
Ao = Akl < wi(e), [ — ] < wi(e). (66)

and hence, using ([I0),
7k — vi| < Cuwg(e), (67)

where C depends on ag only. Estimates (G6) and (67) together with (24) and
29) give

_ =~ == C C’wk(a)

L] > / CH — CFHY (VT g1 (-, yr) €3 s Vg1 (- 27) €3] — —— — ,
|11 Brl(mgkﬂ b )V k1(yr) es +1(-,27) €3 N .

(68)

where ;41 and Fk+1 are the biphase fundamental solutions introduced iniSec—
tion where the elastic phase correspond to elastic tensors (CIZH and (CIZH
given by

cPtt = Crxra + Cryixrs

~E+1
(Cb

Cixgz + Cra1xae

up to a rigid transformation that maps ¥j11 into 3 = 0. Furthermore by (&1),

©3) and (G5]) we obtain

|| < Crgt <(T70)9/2§ (wk(E), :—0) + 1) : (69)

where C depends on A, L, ag, By only. Hence, by ([69)) and (G8)) and by perform-
ing the change of variables = ra’ in the integral at the right hand side of (&4)),

we have
S 50 (L> 9
To

/7((Clg+1— C§+1)($1)§Fk+l($l, ezles : @f‘kﬂ (2, ce3)es da’

po/T

(70)
where s
") o T T
o ()=l (w05) 7]
Since we have
/ (CEHL — CFYY (2 ) VT hp1 (o e3)es : VTgys (2, ces)es da’ | < c-,
RENBL /r ro

where C' depends on A, L, ag, By only, by ([Z0) and by applying Proposition 3.2
we obtain

— r r
‘(l"k+1(63, 063) — I‘k+1(63, 063)) €3 '63‘ S 50 (E) + C— (71)

To
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For seek of simplicity in what follows we will omit the indices k and k + 1
and write g = g, p’ = prr1 and, in a similar way, define A, X', v, /. We will
bar corresponding Lamé coefficients for C.

Using the explicit form (2I)) of the biphase fundamental solution we have

= 1 1 1
r es,ceszles -eg — I es,cezles ez = ——— | — — =) +
encen)en o = D (eascea)ea - ca = g (=~ 1
N 1 a3 —4v)* =y +3-4v] a[3-47)* -7 +3 - 47]
167m(1 +¢) u(l—v) a1 —v)

+ 4(c+1)3 Lt(l —v) a(l-n)]’

where
a=F(mp,v), a=F@a,v),
’y:FQ(M,p/’y,y/), ﬁ:FQ(ﬂuﬂ/ﬂ;uD/)

and Fy and F, have been defined in (22)) and (23)).
From (1), (66) and (G7) we obtain, by elementary calculation, for every
ce(1/4,1/2]

el < (5 (L) + L +ao) (72)
where

ple) == [4(a —a)(3 — 4v)(1 — v) — (ay — ay)](1 + ¢)* + 4c(a — @)

and C depends on ag only. Now, if wy(e) < 1/e then we choose r = r. where
re = = logun(e)| 7,

where C depends on «yg, Sy, 4, L and 6 € (0,1) is as in Proposition 5 and by
[@2) we get
_a
Ip(c)] < Cllogwy(e)| "%, (73)

for every ¢ € [1/4,1/2], where C depends on «y, 5y, A, L and ¢ € (0, 1).
Otherwise, if wi(g) > 1/e, since p(c) is bounded, we can trivially write

Ip(e)] < Cewy(e). (74)
Estimates (T3) and (74 yields
Ip(c)| < Co(wk(e)), (75)

where C' depends on ag, By, 4, L only.
From (78] we easily get

la —a] < Co(w(e)) s |ay —ay| < Co(wi(e)). (76)
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where C' depends on A, L, ap and .
Now, by simple but tedious calculations, from (76) and (&) we derive

V' = 7| < Co(wi(e)), [N = X| < Co(wn(e), | — | < Co(we))

Hence we have
Ok+1 < wit1(e) i= Co(wk(e))-

Finally, by iteration and recalling that wo(e) = ¢ we get (B4)). O

4.3 Injectivity of F'(L) and estimate from below of Fjy

Proposition 4.6. Let F: A — L( 610/2(2)7 ;)1/2(2)) be the map introduced
in definition[2.0. Let us define

qo :=min {||F" (L) [H]||, |L € K,H € R*" [|H]|| , =1}
we have .
(™) 7 (1/Cy) < qo, (77)

where o(-) is defined by B3) and Cy, Cy > 1, depends on A, L, ag, Bo and N
only.

Proof. By the definition of gy we have that there exist L, € K and H, =
(h0,17 ceey h/O,N7 k0,17 ey kO,N)7 HEOHOO = 1, such that

15" (Lo) [Ho]ll. = qo-
Therefore, by @8] and Proposition L1l we have

HoVG(-, )l : VG(-, 2)m| < ¢ qo for every y,z € Ko, (78)
Q To

for every I, m unit vectors of R?, where C' depends on ag,y L and A only,
Hy = Cp,, G(-,y) denotes the singular solution defined in Section [3.2.2]
From now on vector (0,ho1,...,h0n,0,ko01,--.,ko,n) will still be denoted by
H,.

Let us fix j € {1,...,N} and let D;,,...,D;,, be a chain of domains con-
necting D to Dj;, where

max{|ho;l, |ko |} = [|Holl,, =1

For the sake of brevity set D; = D;,, ¢ = 1,..M and order domains and en-
tries in H, accordingly. For every i € {0,...,M — 1} denote by I';+1(-,-) the
biphase fundamental solution introduced in Section where the elastic phases
correspond to the elastic tensor given by

(Cz(,iﬂ)(ff) = Cixrs +Civixps (z).
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Here A\g =0 and po = 1. Now, for any i € {0,..., M — 1} let us denote by
i = Olgggiﬂhoﬂ s |Kopl} -

In order to obtain (7)), we use a recursive argument. More precisely, we prove
that for a suitable increasing sequence {w;(qo) }o<i<nr satisfying go < w;(qo) for
every ¢ =0,..., M we have

ni < wi(qo) = Ni+1 < wit1(qo), for every i =0,..., M —1,
from which, taking into account that we can choose wo(go) = go, we will obtain

@. N
For any i € {0,..., M —1},let W; = Int(U’_, D;), Uy = Q\W;, K = Knn\W;

and, for y,z € K, let Ti(y,z) = {ﬁ(p’q)(y,z)} be the matrix valued
1<p,q<3

function whose elements are given by

7'1_(20711) (y7 Z) = / HO()ﬁG(p)(vy) : ﬁG(q)(a 2)7 p,q = 17 27 3.
U;

Moreover, for any fixed ¢ = 1,2, 3, let us denote by 7;("(1)(-,2) the vector
valued function whose elements are ’7;(10 ) (+,2), p = 1,2,3; analogously we define
7;(;),-)(% 1), for any fixed p = 1,2, 3.

Let us fix [, m unit vectors of R3. By (78) we have, for every y, 2 € K,

[Ti(y,2)1-m| < /Hoﬁc(-,y)z : 60(-,z)m’
Q
S S C C
+ / HOVG(-,y)Z:VG(-,z)m‘ < Zqo+—=—mn
QNW; 70 T0
C
< (g0 +wi(qo)) -

0
where C' depends on ag, By, L and A only.
Arguing similarly to the proof of Proposition 5] we have that there exist

Cy, Cy such that for every r € (0,79/Cp) the following inequality holds true
(recall r = £+ where p; is defined in (14)))

1 (T0\9/2
Telyr, 20 < Oy () slwnlao). /ro), (79)
where ¢ is defined as in ([62]).
Now we have trivially
/ HoﬁG(-,yr)l : @G(-,z;)m = Ti(yr,2z7)l-m (80)
Di+1mBT1
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On the other side we have

C
<=
To

)

/ H()@G(-,y,«)l : %G(-,z;)m
ui\BTl

where C depend on A, L, ag, Sy and M only.
By the above inequality, (80) and (79) we have

< ¢ <1 + (7;—0)9/2 C(wi(QO>aT/TO))

To

/ H()@G(gyr)l : eG(-,z;)m
Di+1mBT1

where C depend on A, L, ag, B9 and M only.
Denote by H the tensor given by

H(z) = (hoi+113 @ I3 + 2ko ir11sym) Xg3 ().

From Proposition B we have, for every ¢ € (1/4,1/2) and choosing | = m = es,

ﬁl%ri_i_l (x,res)es : %Pi.ﬂrl (x,cres) esdx

<o ()5 stwrm) e

To T

<

where C depend on A, L, ag, Sy and M only.
Now, performing the change of variables x = r¢ in the integral on the right
hand side of (BI) we obtain

HVT 11 (€, e3) €3 : VDiy1 (€, ces) ez de| <

()@ (o 2)]

Therefore, for every p € (0,1/C}), we have

\ HVT;41 (- e3) ez : Vi (- ce3) es| < C (91/2 + 072 ¢(wilqo), Q)) ;

RZ

(82)

where C depend on A, L, ag, By and M only. Now, if w;(qo) < e~'/2 then we
1

choose ¢ = 2171 llog wi(qo)|” %%, otherwise if w;(qo) > e~1/2 then we estimate

from above the right hand side of (82) trivially. Hence, by Proposition B3] we

have
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< Co(wi(go)), (83)

d
—T 1, = (e3,ces) es - 63)
‘(dt C, +tH =0

where ¢ is defined by (B3]) and C depends on A, L, ag, By and M only.
By explicit calculation from (2IJ), denoting by

A(t) = Xig1 + thoit1, w(t) = pig1 +tkoit1,
Alt)
u(t) = =t
O =300 + o)
and by
Oé(t) = Fl (Miu /J'(t)a I/i)7 W(t) = F2 (/1'7,7 M(t)u Vi, V(t))7
for Fy and F; as in (22) and (23), we get

1 d
— ( —T ~ .l =
167.‘.#1(1 _ VZ) (dt Ci+1+tH(e37 063)m ) ‘t:O
1

= Txop {[4(1 = 1)(3 = 4)a’ (0) + (a7)'(0)] (1 + €)? + 4/ (0) } -

(
Therefore, from (83) and (Bl we find easily
|a’(0)] < Co(wi(qo));
L 0| £ oty (54

The first condition of (&) gives

‘ A1 = vi)p
(pi + (3 — 4vi)pitr)
hence, by recalling (@) and (I0), we have

< Co(wi())

5 ko,it+1

|ko,i+1] < Co(wilqo))- (85)

Taking into account (5], the second equation of ([B4]) implies

‘ 8(1 — vi) ity
2(Ni1 4 pi1)? (i + (3 — 4vig1 ) i)

hence, again by (@) and (I0),

|ho,i+1] < Co(wi(qo)),

5ho,i+1| < Co(wi(q)),

where C' depends on A, L, ag, By and M only.
Therefore

Ni+1 < wit1(qo) == Co(wi(qo)),
where C' depends on A, L, ag, By and M only.
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Finally, by iteration we get
1=y < Co™(q0) < Co™(qo)

and the thesis follows. O

Remark 4.7. Observe that the above proposition implies that the Frechét deriva-
tive F'(L) is injective for every L € K and hence point (v) of Proposition 23] is
completely proved. Therefore we have

IL' = L?||oe < C||IF(LY) = F(L*)|. VL',L* € K,

B o) =
C.oN (), qo = (O'N)_l (1/Cy), 6 = %min{éo,Mg} and g = ng’F/ and we
recall that C, is the constant that occurs in Theorem 2] Cr: is the Lipschitz
constant of F’ introduced in Proposition 1] and C, has been introduced in

Proposition

where C = max{#%,q%}, M, = min{f—%,ao}, My, =

5 Appendix

For the convenience of the reader, we recall here some quantitative estimates of
unique continuation. Although such estimates have been proved in the general
case where the elasticity tensor is of class C*!, here we give the statements in
the special case we are interested in, namely we assume that

C=XN53Q® 15+ 2/1,]Isym, (86)

where A and p are real numbers satisfying ().

The following theorem is an immediate consequence of [Al-M|, Theorem 5.1]
and standard estimate of smallness propagation [Al-Ro-R-Ve, proof of Theorem
1.10]

Theorem 5.1 (Three sphere inequality). Let u be a solution to the Lamé system
div ((C@u) =0 i Bz,

or some positive number 7. Then, for every ri,r9,r3, such that 0 < r; < ro <
p b y ) ) )

r3 < 7, we have
90 1_90
[owe<el( [ we) ([ we) o ")
B B, Brg

T2
where C' and 0y, 0 < 0y < 1, only depend on «q, Po, :—2 and, increasingly, on
T

r3

The following theorem has been proved in [M-R].
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Theorem 5.2 (Stability estimate for the Cauchy problem). Let C be as in ([34).
Let u be the solution to the Cauchy problem

div (C@u) = 01 B;;/g,
au(xj, 0) = h(xl’) on B/;o/B’
2L(0) = g@') on By,

where h € H%(B;O/g) and g € H_%(BLD/B). We have

<
||U||Loo(3j0/6) + 7”0||VU||Loo(BjO/G) <

01
—0
< Clullyty, (Pl + ol 3 )
’I"O 7‘0 P

where C' and 61, 0 < 61 < 1, only depend on oy, By.

In order to state the following result of smallness propagation in a cone
(Proposition [5.3) we introduce some notation. Given z € R, ¢ € R3, [(]| = 1,
v E (0, g), we denote by

C(z,(7) = {33 € R3| % > cosv}

the open cone having vertex z, axis in the direction ¢ and width 2+ and, for any
p > 0, we denote by

CP(W) =C (07 —€3, /7) N Qp,ku

where H, = ﬁ
Let v1,72,73 € (0, %) be such that v; < 2 < 3.
Denote by
to = H’Ysp
0= T,
1+ sinys
1 —siny
1 —siny’
and, for any ¢ € (0, to], denote by
_ k=1 _
sp=X"""t, wp = —sre3, k€N,

(k)

rgk) = spsin7ys, Ty (k)

= spsinye, r; = sksinyy, ke N. (88)

Notice that we have

BT(k+1) (wk+1) C Br(k) (wk) C BT(k) (wk) C C'p('yg), for every k € N. (89)
1 2 3
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Let r be a given number such that r € (0, xto]. Let ko be the smallest integer
number such that xk_l < % and let

t:= Xf(kofl)r.
Notice that
Xto <t <to
and
Wk, = —Tes, Tgko) = rsin~y;. (90)

Proposition 5.3. Let C be as in [BG) and let u be a solution to the Lamé
system

div (C@u) =0 in Cy(ys).

Assume that

[ mweses [ wpse o)
Btsin'yl(wl) Cﬂ(’y3)

where €, E are given positive numbers such that ¢ < E. Then we have

C
|u(—res)| < —TB/zganlfnr7 (92)
where B
N
()
" t

C and 0, 6 € (0,1) depend on ag, Bo, y1, y2 and 3 only.

Proof of Proposition[5.3
Let rl(k) for i = 1,2,3 be as in (88). By Theorem [5.1] we have, for every k € N,

0 1-60
[weself W) ([ ) o e
Brék) (wr) Br(lk)(wk) Brék)(wk)

where C and 6, 6 € (0, 1), depend on ag, Bo, 71, 72 and 73 only.
Denote by
o = E_z/ |u|?.
B ) (wi)
1
Since, by (89), B ) C B -1, we have
1 2

o < E*Q/ lu|?,  for every k > 2. (94)
B

Ték—l)(wkfl)
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By the second inequality in ([@]) and by ([@3) and (@4) we get

o < Cozfl, for every k > 2.

Iterating the last inequality and taking into account the first inequality in (@)
we get

—k—1
2

0
(e
o, < (C1-7 (ﬁ) , for every k > 2.
Now, we choose k = kg in the above inequality and notice that

—]i}()—l
9 2 n’l‘7

hence
/ lu?> < ce?mr g2i=m)
B (ko) (Wko
"1

where C' depends on ag, Bo, 71, 72 and 73 only.
Finally, by ([@0)) and by the estimate ([B9)),

2 c 2
0 (s o) S T ul?,
reiny (7rea) ) (rsinyi)” S By, (res)
where C' depends on «g and Sy only and ([@2]) follows. O

We finally end this appendix by proving our main result on quantitative
estimate of unique continuation for solutions of Lamé system with piecewise
constant coefficients. In this proof the elasticity tensor C is of the form (IT).

Proof of Proposition
Denote by Cy = max{6,4LCL,4C1, Q,LL(?} and by py = g—(;, where Cr, and C4
are defined in ([Id]) and in Proposition B0l respectively and hy is defined in (I6).
Notice that Cy does not depend on 7y and that ps < f—é. It is not restrictive to

assume nq, = e3. Let us denote xg = Py + ny %pl. We have by (I8)

Ko > Bl (Py) x (% %) > B, (w0).

Moreover, by Proposition we have that the function v, p1y can be
Isz(Pl)X(O’ i )

extended analytically to a function vo on By, (P1) x {— &, %) and
<
||U0||L°°(B;,2(P1)><(—%7[T01)) < C(Er +e), (95)

where C depends on A, L, ag, o and N only.

Let us construct a chain of spheres of radius p2/4 such that the first is
B, /4(x0), all the spheres are externally tangent and the last one is centered at
P + %in. We choose such a chain so that the spheres of radius py concentric
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ro
4074

spheres of the chain is certainly smaller than a constant m; depending on L, crg
and [y only.
By an iterated application of three sphere inequality &7) with r1 = 22,7y =

322 rg = p2 and by (@) we have

. The number of

with those of the chain are contained in Bj,, (P1) x

my

0 —om
||vo||L2(33p2/4(p1+%2n1)) < Cel® (By+e) %, (96)

where 6y, 0 < 0y < 1, depends on «gy and Sy only and C' depends on A, L, ag
and Sy only. Since ng2/4(P1 + £n1) D B,,(P1), by [@8) we have trivially

my

6 _pgmi
||v0||L2(Bp2/4(P1)) S 0610 (El +51)1 0, . (97)

By the above inequality and by Caccioppoli inequality, [BBEM| pag.20], we have

C 2 _pm1
||V”0||L2(B,,2/8(P1)) < %510 (B1+e1) b, (98)

where C' depends on A, L, ag and Sy only.
By ([@7) and (@8] we get the following trace inequality
A~ my m
(P Froll(CV o) | SO (Brter) ™. (99)

lvoll 25

_1
P2 /16 H™2(B)_,.6(P1))

Now, let us recall the following transmission conditions

V|p, = V|p, on X1 , ((C@U)‘D ny = ((C@U)ID ni on Xi. (100)

Let us denote by B;2/32(P1) = D1 N B,,/32(P1). By Theorem 5.2, (I00), [@9),
1) and the Caccioppoli inequality we have

8010 (El +€1)1—0196n17

(101)
where 6y € (0,1) and 61 € (0,1) depend on ap and By only and C depends on
A, L, ap and 5y only.

Now, we prove by induction what follows: given msy = and

= (64)7%+2 there exist a constant C dependlng on A, L, ag, Bo and (increas-

ingly) on M, such that for every k € {1,2,..., M — 1} the following inequality
holds true

los | Loe s~ cpyy T T0lVOD oo =C

p / Pl)

/22(

3A(64)’*<N*2>c’*

||“le||L°°(B,;,M/32<Pk>> +T0||V“le||L°°<Bf aP) S

0 07n1+(k 1)7712

_pkpmi+(k—1)mag
< CS (El + 61)1 019

(102)

If k =1 then (I02) is proved in ([I0I). Now, assume that (I02)) holds true for

k,1 <k <M —2. Let us denote by v, the analytic extension of UIR g 2N Di to
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(/Eho/z N Dk+1) U (Ekcjrl N Dy) where hyg, Eho/g and Ekcjrl are defined by (14,

(I7) and () respectively. Let us denote xx = Py — 4.ng. By the induction
hypothesis we have trivially

071696’”‘1+(k*1)m2

1_gkgmit(k—1)m3
||'Uk||L2(B%+1/64(mk)) <C¢ b

(E1+¢1) , (103)

where C' depends on A, L, o, Sp and (increasingly) k only.

Let us construct a chain of spheres of radius pg41/4 - 64 such that the first
is B,,.,/464(2k), all the spheres are externally tangent and the last one is
centered at Pjii + Z’f&l ngr1. We choose such a chain so that the spheres of
radius pg+1/64 concentric with those of the chain are contained in IEhO/Z N Dy.
The number of spheres of the chain is certainly smaller than a constant ma.

. . . . . . _p
By an iterated application of three sphere inequality (87) with r; = 24+,
ro = Sp’j%’ T3 = Pg+1 and by (m) we have

||vk||L2 By /4(Pry1) = HkaLQ By /a(Pe1+ 5 i) =
+ +

kpmi+kmo
ok o7

< Cegy

k
1—ghgritrme

(Er +¢1) ,

where C' depends on A, L, o, Bp and (increasingly) N only.
Now, proceeding in exactly the same way followed to prove (I0I]) we have

loipellies; e T 0IVODG e, ey <

071€+108"1+km2

< Cey

1—pFttgratime

(Er +e1) ,

where C' depends on A, L, «g, Sy and N only. Therefore, inequality (I02) holds
true for every k € {1,2,.... M — 1}.
In particular by ([I02)) we have

||UIDM—1 ||Loo(B;M/32(PM)) + TOHVU‘DAI—I ||L°°(B,;M/32(PM)) <

91»[7197711«#(1&{72)7712
1 0

< C¢,

179{\4719?1+(M*2)m2

(E1+¢1) (104)

Now by a rigid transformation of coordinate under which we have Py; = 0 and

ny = ez we have Q(M) = B;1/4L X (O, %). In what follows, first we derive an

error smallness estimate in a ball contained in the cylinder B; TR (O, %) and
then we apply Proposition 53lin the cone C,,, /s1.(73), where 73 = arctan 5. In
order to make precise such a step we adopt all the notation introduced before

— — P1 3
such a proposition. Therefore we denote H,, = 2L, to = {1 e Since
: 1
Sinys = —pegy We have

P VAP
T 41+ VaLE+ 1
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Let 1,72 be such that
siny; = 1 sinvys, sinvy, = 1 sin y3

and set

_ 1l—siny,  4V4L2+1-3

X1 siny aVAZri—1
Let r € (0, xto) be fixed and

t:= Xf(kf’*l)r
where ko is the smallest integer number such that x*~! < . Moreover let

P = Py + tnyy. Proceeding as before, by ([I04) we get

GM—10ml+(1W—1)m2
1 0

1_gM—1gm1+(M—1)mg
=i < = 1 0
1l L2(s,,, 4 6uP)) < €2 1= Cc

(El —|—€1) ,

where C' depends on A, L, ag, By and M only.
Now denote by p = min{pys/4-64,tsinvy;}. By applying Theorem [E1] with
r1 = p, o = tsiny; and r3 = tsinys we get

0 —6
||v||L2(Btsin'yl P)) <egg:=Cey? (El + 62)1 2

where C, 62, 0 < 03 < 1 depend on L, ag and By only. Now we use Proposition
and we get

- ro\2-% N
o(#)] gc(f) 1 (By + e) (105)

where & = Py + rnys, C depends on A, L, ag, By and (increasingly) N only
and

|log 02|
r

1 = 02 (;) e (106)

Finally, denoting by 0 = min {61,02,05} and T = max {m1 + 1,ma + 1} we get

2- i
(@) SC(%O) 3 6(19 M"T(El—i—al)l_‘g M
and by t > xto the thesis follows. O
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