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Abstract

We introduce and analyze the nonlocal variants of two Cahn-Hilliard type equations
with reaction terms. The first one is the so-called Cahn-Hilliard-Oono equation
which models, for instance, pattern formation in diblock-copolymers as well as in
binary alloys with induced reaction and type-I superconductors. The second one
is the Cahn-Hilliard type equation introduced by Bertozzi et al. to describe image
inpainting. Here we take a free energy functional which accounts for nonlocal in-
teractions. Our choice is motivated by the work of Giacomin and Lebowitz who
showed that the rigorous physical derivation of the Cahn-Hilliard equation leads
to consider nonlocal functionals. The equations also have a transport term with a
given velocity field and are subject to a homogenous Neumann boundary condition
for the chemical potential, i.e., the first variation of the free energy functional. We
first establish the well-posedness of the corresponding initial and boundary value
problems in a weak setting. Then we consider such problems as dynamical systems

and we show that they have bounded absorbing sets and global attractors.
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1 Introduction

Consider an incompressible isothermal and isotropic binary solution of constant molar
volume which is initially homogeneous. If the temperature is rapidly quenched under a
critical value T, the two solutes, A and B, begin to separate from each other and the
domain is split in A-rich and B-rich subdomains. The early stage of this process in which
the solution is called spinodal decomposition. In order to descrive this phenomenon,
a well-known mathematical approach was introduced by J.W. Cahn and J.E. Hilliard
(see [9]) who introduced an appropriate free energy functional. More precisely, given a
bounded domain Q C R? with d < 3 occupied by a binary mixture of components A and
B with a mass fraction of p4(z) and pg(z), respectively, setting ¢ := pa — g, the free

energy functional is given by
g2 )

The term §|ch|2 is a surface tension term and ¢ is proportional to the thickness of the
diffused interface. F is a double well potential energy density which favors the separation
of phases, that is, the formation of A-rich and B-rich regions. Although the physically rel-
evant potential F is logarithmic (see [9, (3.1)]), in the literature it is usually approximated,
for instance, by the following polynomial function

F(s) = %(52 —1)% (1.2)

Once an energy is defined, the spinodal decomposition can be viewed as an energy min-
imizing process. Thus, the evolution of the phenomenon can be described as a gradient

flow (cf. [10], see also [22] [46])
o — V- (M()Vur) =0, in Qx (0,7),

on a given time interval (0,7"), T' > 0, where M(y) is called mobility and the chemical
potential uy, is the first variation of F, that is,

§E
= — = F'(p) —*Ao.
=y () —e"Ap

This is the well-known Cahn-Hilliard equation which has been widely studied by many
authors. Here we just mention some pioneering works [19] 20, 43, 52] for the case with
constant mobility, while for nonconstant (and degenerate at pure phases) mobility the
basic reference is [21] (cf. also [49] for nondegenerate mobility). For further references
see, for instance, [16, [45], 46].

However, the purely phenomenological derivation of the Cahn-Hilliard equation is
somewhat unsatisfactory from the physical viewpoint. This led Giacomin and Lebowitz to



study the problem of phase separation from the microscopic viewpoint using a statistical
mechanics approach (see [28] and also [29]). Performing the hydrodynamic limit they
deduced a continuum model which is a nonlocal version of the Cahn-Hilliard equation,
namely, they found the following

oo =V (M(p)Vp)), in Q x (0,7),

where p is defined by

,u::% =a(z)p + F'(¢) — J * ¢, in Q x (0,7), (1.3)

where J : R — R is a convolution kernel such that J(z) = J(—z) and a(z) == [, J(z —
y)dy. In this case, the free energy functional £ is given by

&) =1 [ [ I =)o@ = cw)dady +n [ Flola)ds

It is worth observing that E(p) can be recovered from E(y) using Taylor expansion
for the term (¢(z) — ¢(y)) and supposing that J is sufficiently peaked around zero. Thus
the original Cahn-Hilliard equation can be seen as an approximation of its local version.
Furthermore, as discussed in [30], the corresponding sharp interface model is the same as
the local Cahn-Hilliard equation.

The nonlocal Cahn-Hilliard equation with degenerate mobility and logarithmic poten-
tial was first studied rigorously in [30]. Then more general results were proven in [26]. The
longtime behavior of single solutions was studied in [35, 36], while the global longterm
dynamics (say, existence of global and exponential attractors) was investigated in [27].
The case of constant mobility and smooth potential was treated in [4] [5].

More recently, some works have been devoted to study the nonlocal Cahn-Hilliard
equation coupled with the Navier-Stokes system (see [I8, 24} 25]). This is a nonlocal vari-
ant of a well-known diffuse interface model for phase separation in two-phase incompress-
ible and isothermal fluids (model H). All such contributions produced, as by-products,
further results on the nonlocal Cahn-Hilliard equation.

Taking advantage of some of these results, here we want to introduce and study two
nonlocal Cahn-Hilliard equations with reaction terms which have already been proposed
and analyzed in the local case: the Cahn-Hilliard-Oono (CHO) equation and the Cahn-
Hilliard-Bertozzi-Esedoglu-Gillette (CHBEG) equation (see also [17, 40] for other types
of reaction terms).

Let us introduce the former first.

In [31] the authors introduce a reaction between the molecules or the polymers in
the mixture in order to stabilize and control the length of the patterns during spinodal
decomposition. Let us suppose that the mixture consists of molecules or polymers of

r
type A and B and that a chemical reaction A —Tk B is induced during the spinodal
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decomposition. Here I'y and I'y are, respectively, the temperature dependent forward and
backward reaction rates. By defining ¢ as the difference between the concentrations, the
following Cahn-Hilliard type equation is proposed (see [31])

L - Fz). (1.4)

N —F+F<—
Pt L (1 2)90 T+ 1,

This equation is known as the CHO equation and was introduced in [2] (cf. [48], however)
for phase separation in diblock copolymers (see also [47]). It can be viewed as a gradient

flow generated by the energy functional:

1) =5 [19el+ [ o)+ 5 [ [ 6o - miet) - m),

where m € R, o and € are two positive constants and G is the Green function of —A with
either periodic or no-flux boundary conditions, i.e.,

—AG(z,y) = d(z —y), in .

This energy differs from the one in ([I.T) just in the last term, which is nonlocal, and prefers
rapid oscillations between the two polymers (see [50] for the one-dimensional case).

It has been observed that far from the domain border, pattern are not influenced by
the boundary conditions. The most commonly used ones are either periodic or no-flux.
The latter can be mathematically expressed as follows:

0_@20 and %

on o 0, on 0 x (0,7).

If we integrate equation (L4]) on the domain € with such boundary condition we have

d

S =—o(p-m) (15)

where ¢ = ﬁ Jo, - This equation is a linear ODE with solution ¢(t) = ¢(0)e " + m.
Note that, when o > 0, then ¢(0) = m implies the conservation of the total mass is
conserved. This happens in phase separation of diblock copolymers. Instead, if ¢(0) # m
then ¢(t) converges to m exponentially fast.

More information and results about the CHO equation and its application can be
found in [2] [11], 12} 14, 13| B1], B4} 37, [41], 42}, 4], 47, [51] and references therein (see also
[32, 33] for hydrodynamic effects). It is worth noting that the pattern formation process
differs from the one associated with the classical Cahn-Hilliard equation (see [I]). As far
as well-posedness and global longtime behavior (i.e., existence of global and exponential
attractors) are concerned, we refer to [39] (cf. also [§]).

The CHBEG equation can be viewed as a generalized version of the CHO equation.

It has been introduced by Bertozzi et al. to model image inpainting, i.e., the restoration
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process of damaged images and super-resolution (see [0l [7]) with regard to binary images
or images with high contrast. As in the case of phase separation, the double well potential
tends to separate the mixture in pure phases, so it does with binary images by separating
the two colors of the image without many shades.

The CHBEG equation reads as follows

pr = A=A+ F'(¢)) = Ma)(¢ — h(x)),  inQx(0,7).

Here € is a two-dimensional domain representing the whole image, with no-flux boundary
conditions. The function F' is still a double well potential, with two minima ¢; and o,
that is, the two colors of the image. The function h represents the image that needs to
be restored (h(z) = @;(z) where the color is ¢;, i = 1,2. The function \ is a penalization
parameter which forces the restored image ¢ to be equal to h outside the damaged region.
The numerical simulations carried out in [6] show that the implemented method is faster
then its main competitors and it gives satisfactory results.

Existence and uniqueness of a weak solution to the Cahn-Hilliard equation for the
CHBEG equation have been proven in [7], while the longtime behavior of its solutions
has recently been analyzed in [15].

On account of what we have observed concerning the derivation of the nonlocal Cahn-
Hilliard equation, it seems natural to study the nonlocal variants of CHO and CHBEG
equations.

More precisely, we consider first a nonlocal CHO equation with a transport term
which accounts for a possible flow of the mixture at a certain given (averaged) velocity
field u : Q x (0,T) — RY, that is

pr+o(e—@ )+ V- (up)=Ap+g,  inQx(0,7). (1.6)

where p is given by (L3)) and ¢ is a given external source. Here we have set all the
constants equal to one but m which has now been denoted by ¢* on account of ().
Then, in the same spirit, we introduce the nonlocal version of the CHBEG equation,
that is,
ot + ANz) (@ — h(z)) + V- (up) = Ap+g, in Qx (0,7). (1.7)
As for the CHO equation, we include a transport term which can be used to improve the

inpaint of the image and an external source. Therefore we consider the following initial
and boundary value problems

(00 + V- (ug) +o(g— @) =Ap+g nQx(0,7)
pw=ap—Jxp+ F'(p) in Qx (0,7)

(1.8)
2—5:0 on 092 x (0,7
L(0) = ¢o in Q



and

(01 + M2)(p — h(2)) + V- (up) = Ap+g inQx (0,T)
p=ap—Jxp+ F(p) in Qx (0,7)

oy (1.9)
%:0 OnaQX(O,T)

JP(O) = ¥o in Q.

The first goal will be to define a notion of weak solution to problems (L&) and (L.9)
and to establish their well-posedness under suitable conditions. This will be done in
Sections Pl and Bl Then, in Sections M and B, we will analyze nonlocal CHO and CHBEG
equations equipped with no-flux boundary condition as dynamical systems on suitable
phase spaces. In particular, we will prove the existence of a (bounded) absorbing set as
well as of the global attractor. The former result will require some care (especially for the
CHBEG equation) to handle the bound on the spatial average of ¢ which is not conserved
in general.

We also expect to prove further results. for instance, the existence of more regular
solutions, the regularization of weak solutions and the existence of exponential attractors
as shown in [27] (see also [23]). These issues will possibly be the subject of a forthcoming
paper. A more challenging question appears to be the following: does a solution converge
to a single equilibrium? This happens for the nonlocal Cahn-Hilliard equation (see, e.g.,
[27] and references therein), but it is open even for equation ([L4]).

2 Nonlocal CHO equation: well-posedness of (L8

Here we show that there exists a unique weak solution to problem (L)) under suitable
assumptions on u, g, J and F. We also prove that any weak solution satisfies an energy
equality and it depends continuously with respect to the initial datum in a suitable norm.
We adapt the strategy used in [18].

2.1 Notation

The space L*(€) will be denoted H and the space H'(Q) will be denoted V. Furthermore
we will set:

0
V2:{UEH2(Q): a—ZzO onﬁﬁ}.
By || - || and (-, ) will be denoted respectively the norm and the scalar product in L?().
The linear operator A = —A : Vo — H is self-adjoint and non-negative. Moreover,

it is strictly positive if restricted to Hy = {¢» € H : ¢ = 0}. Then we will also set



| A=%2(.) || and we observe that the norm || - |4 defined as

1
_ _9\ 2
lall = (ll =212, +22)°,

is equivalent to the usual norm of V”.

Furthermore, ¢ will indicate a generic nonnegative constant depending on J, F, €,
o, ¢*, g, A\, h and u at most. If it is necessary to distinguish between such constants,
then we will use C;. Occasionally we will point out if such constants also depend on other
quantities but time. If there is a further dependence on 7" and/or the initial datum ¢y,
then we shall use N. The value of ¢ and N may vary even within the same line.

2.2 Assumptions and statements

Let us introduce first the assumptions following [4] and [I§] (cf. also [39]):
(HO) © c R%, d < 3, open, bounded and connected with a smooth boundary.

(H1) J € WEY(RY) is such that:

J(x) = J(—x), a(x) := /Q J(x—y)dy >0, a.e.x € Q.

(H2) F € C}1(R) and there exists ¢y > 0 such that

F"(s) +a(z) > cy, VseR, aex el

(H3) There exist ¢; > 1[|J||z1(rey and ¢ € R such that

F(s) > c18° —cy, Vs €R.

(H4) There exist ¢3 > 0 and p € (1, 2] such that
F(s)P < es(|F(s) | +1), VseR

(H5) u € L2(0,T; (L() 1 HY()").

(H6) o is a given positive constant.

(H7) ¢* € R is a given constant.

(H8) g € L2(0,T; V).



Remark 2.1. Assumption (H2) implies that the potential F' is a quadratic perturbation
of a strictly convex function. Indeed F' can be represented as

*

F(s) = G(s) — % s (2.1)

with G € C*Y(R) strictly convex, since G" > ¢ in Q. Here a* = ||a|| =) and observe
that a € L>(Q2) derives from (H1).

Remark 2.2. Since F' is bounded from below, it is easy to see that (Hj) implies that F
has polynomial growth of order p', where p' € [2,00) is the conjugate index to p. Namely
there exist ¢4 > 0 and c5 > 0 such that

|F(s)] < cals?” + cs, Vs € R.
Remark 2.3. The potential (L2) satisfies all the hypotheses on F'.
Remark 2.4. It is easy to show that (H4) implies
F(s)] < e(|F(s)| +1), Vs €R
furthermore (H3) implies that
|F(s)] < F(s)+2max{0,c}, VseR.

Remark 2.5. Take for simplicity u = g = 0 in equation (LO) and observe that it can
formally be rewritten as follows

et =V ((F"(¢) +a)Vy) + V- (Vap) — VJ * ¢+ o(m — )
from which the crucial role of (H2) is evident. This remark also holds for (LT).

We can now give our definition of weak solution to problem (L8]):

Definition 2.1. Let ¢y € H such that F(py) € L'(Q) and T > 0 be given. Then ¢ is a
weak solution to problem (L) on [0,T] corresponding to @y if:

© e L™(0,T; H)NL*(0,T;V), ¢, € L*(0,T; V"),
p=ap—Jxo+F(p) e L*(0,T;V);

and, setting

p(x, ) = a(x)p + F'(p), (2.2)
we have
(1, V) + (Vp, V) + (0(p — ¢%),¥) = (VI x 0, V) + (up, Vi) + (g, ¥);
©(0) = o, (2.4)

for every v € V' and for almost any t € (0,T).
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Remark 2.6. Since p =+ J * ¢, we have p € L*(0,T;V). Besides p € C([0,T]; H).

Remark 2.7. Observe that if we choose ¥ =1 in [23]) and we set f := g+ op*, then we

obtain J
pPtoe="f
Thus the total mass is not conserved in general.

Existence and uniqueness for problem ([L§)) is given by:

Theorem 2.1. Let py € H such that F(pg) € L'(Q) and suppose(HO)-(H8) are satisfied.
Then, for every T > 0 there exists a unique weak solution ¢ to problem (L) on [0,T]
corresponding to po. Furthermore, F(p) € L>(0,T; LY(Q)) and setting

&)= [ [ It - pn ) dody + [ Flelwt)dn.  (25)

the following energy equality holds for almost every t € (0,T):

%5(90(75)) HIVal® + (o = ¢, 1) = (up, Vi) + (g, ). (2.6)

Furthermore, we have:

Proposition 2.1. Let the hypotheses (H0)-(H8) hold. Then the weak solution to (L)
continuously depend on @y with respect to the || - || x-norm.

2.3 Proof of Theorem 2.1] and of Proposition [2.1]

This section is divided into three parts. The first part is devoted to the existence of a
weak solution. The energy identity (2.6) is shown in the second one and the continuous

dependence estimate is deduced in the third.

2.3.1 Existence of a solution

Existence of a weak solution is carried out following closely [I8]. We will first prove
the existence of the solution when ¢y € V5. Then we will recover the existence of a
solution when ¢y € H such that F(pg) € L'(Q2) by a density argument. We also assume
u € C([0,T); (L*°(Q) N HY(2))4) and g € C([0,T]; V') for the moment.

As usual in the Faedo-Galerkin method, we consider the family {;};, C V5 of the
eigenvectors of the self-adjoint, positive, linear operator A + I : Vo — H. Let us define
the n-dimensional subspace ¥,, := (¢, ...,1,) and consider the orthogonal projector on

this subspace P, := Py, . We then look for two functions of the following form:
enl®) =D B Ove, nt) =Y (1)
k=1 k=1

9



that solve the following discretized problem

(s V) + (Vpu, V) + (0 (0 — 07),¥) = (upn, V) + (VI % 0, V) + (g,9)  (2.7)
Pn = a()pn + F' (), (2.8)
tin = Polpn — J * n), (2.9)
©n(0) = Yon, (2.10)

for every ¢ € U,,, and where @q, := P,pq.

By using the definition of ¢, problem (Z.7)-(2I0) becomes equivalent to a Cauchy
problem for a system of ordinary differential equations in the n unknowns bz("). Thanks
o (H2), the Cauchy-Lipschitz theorem yields that there exists a unique solution b™ €
CY([0,T?]; R™) for some maximal time T € (0, +o00].

Let us show that T = 400, for all n > 1. Indeed, taking ¢ = p, as test function in
([210) we get the following identity:

(901n7 ,Un) + <Vpna V,Ltn) + <0<90n - @*)7 /~Ln) = (wpna vﬂn) =+ (VJ * Pn, V,un) + <g7 Mn)a

which can be rewritten as follows

4 / [ 9= o) = en)+ [ Flen)) + 19l + lon = ),1m)
(VI %0, Vi) — (VBT % 94)), Vi) + (upn, Vi) + (g, fn)- (2.11)
It is easy to see that
1

and

1
(VT 5 @n, Vin) < 2V pall* + lonl* 11

By means of (H3), we can deduce the existence of a positive constant « such that o <

2¢; — ||| 1) Therefore we have

5 [ [ 7= ento) - o) drdy+2 [ P

~lagull+2 [ Fow) = (on T v ) 2 a(lonll? + [ Ple) e @13

Thanks to Remark 2.4] and to the identity

(Pu(=J % n +apy),1) = (=J % o, + ap,, 1) =0



we get

Jie
Q

(07" ) < 07 (1) < ol | Flow +1) (2.15)

By using (H5), it is easy to show that

= [(F'(¢n), /\F’ ©n) <c/F(g0n)—|—c. (2.14)

Thus we obtain

1
(wpn, Vitn) < [[ulle= [V inlll@nll < SIVaall + 2llulz<llion ] (2.16)
On account of (H8) and using the Poincaré-Wirtinger inequality, we have
_ 1
(9, 1tn = i) < Mlgllvellppn = Bullv < (14 C)[Vamlllglhve < ellgllvr + gl Vaal®. (2.17)
Besides, from (2.14]) we get that
(9. < ¢ [ Flen) 1) gl (218)
Q
Collecting ([2.I7) and (2I8) we deduce
1
(9, 1) < llgllin + SNV anll® + ellgllv /Q Fpn) + ¢ (2.19)
On the other hand, thanks to (H6), we have

(0%n, Hn) = (0n, a0n + F'(0n) = J % on) = (000, F'(0n)) — ol T [l 110 | 0nll*.

We now exploit the convexity of the function F(s) + a(z)s? (see Remark 2.])
(@pn Plon) +a'n) 2 0 [ (Plon) +a'¢2) = ol9IF(0)

SO we can write

(0@n, fin) = U/QF(%) — ol @llenl* —c. (2.20)

If we integrate (2.10]) with respect to time between 0 and ¢ € (0,7), taking (Z12)-(2Z13),
(ZT13), @I6), ZI9), 20) into account, we find

a(lea®l+ [ Fen)+ [ 19l dr
<o+ [ K@ (leal+ [ Flon) ar 221)

which holds for all ¢ € [0,T), where
M =1+ lgoll + [ Flen) +lalforn).
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K = max (2]|J[lwr1 + ol| ]| r) + 2llullZe (), e(1 + llgllv) € L*(0, 7).

Here, we have used the fact that that ¢y and ¢, are supposed to belong to V5. We point
out that M and K do not depend on n.

Thus, inequality (Z2II) entails that 7)) = +oo, for all n > 1. As a consequence,
21)-(ZI0) has a unique global-in-time solution. Furthermore, we obtain the following
estimates, holding for any given 0 < T < +o0:

lonll ooy < N (2.22)
IVunllzz .1y < N (2.23)
1 F'(en) |l oo,y < N (2.24)
where N is independent of n.
Recalling ([2.9), we get
% 2 1 2 Co 9 9
7 IVenll” + C—OHVunH 2 (Vin, Vion) 2 [V ou|” = cllenl (2.25)
and 222), @2Z3), [@Z3) yield
lenllz20,mvy < N. (2.26)

The next step is to deduce a (uniform) bound for g, in L?(0,T;V). Let us observe that,

thanks to (214) and ([224)), we have

/unﬁ‘/un
Q Q

The Poincaré inequality implies

< c/Q}F(%)\ +c<N. (2.27)

1
'un - —/Mn < | Viall, (2.28)
€9 Jo
and from (223) and ([227) we deduce that
ltnll20,mv) < N. (2.29)

Observe now that

15ull5 = 11t + PulT = )15 < 20lally + 20111 + IV L) lonll?,

so that from (Z29) we immediately get

[onllL20.7v) < N. (2.30)

Furthermore, recalling (Z.8)) and invoking (H4), we obtain

1/p
HMWQSmww+wwmm@sm+4Lw%w <N,

12



which yields the bound
| pnll Lo (0,12 () < . (2.31)

We finally provide an estimate for the sequence ¢! . We take a generic test function ¢ € V/
and we write it as ¢ = 1, + 1y, where ¥, = P,y € U, and ¢y = 1) —¢p; € UL, It is easy
to see that

[(Von, V)| < IV onl[ IV < ([Vpnll[[ V], (2.32)

|(wpn, Vi) < lull oo [Vl enll < Nllullze< [[9]lv-

The reaction term can be treated as follows
[ oton=001] < (19409 + ollcal) lnll < VIl

and for the source term we have

(g.90)] < gl lnllv-

By using Young’s lemma we infer

[ 975 0n90| < Wl IV Tlo@lea < NIV Tlo@lil.  (233)

From ([27), owing to (232))-(2Z33), we have that
(e D)l < (N + IVl + llgllv) [ ¢l

which gives

l6nll20, vy < N. (2.34)
Collecting estimates (Z22), (226), [229), (Z30), 231), [234), we find
© € L®0,T; H)N L*(0,T; V)N H'(0,T; V"), (2.35)
pe L*0,T;V), (2.36)
p e L*0,T;V),

p € L>(0,T; LP(2)),
such that, up to a subsequence,

©n — ¢ weakly™ in L>=(0,T; H), (2.37)
on — @ weakly in L*(0,T;V), (2.38)
¢n — ¢ strongly in L?(0,T; H) and a.e. in Q x (0,7) (2.39)
o — p1 weakly in L*(0,T;V), (2.40)
pn — p weakly in L?(0,T;V), (2.41)

p weakly® in L>(0,T; LP(Q2)), (2.42)

P —

13



¢, — ¢; weakly in L*(0,T; V). (2.43)

We can now pass to the limit in (2.7)-(21I0). First of all, from the pointwise convergence
([Z39) we have p, — ap + F'(p) almost everywhere in Q2 x (0, 7). Furthermore, for every
v e U, every j <n with j fixed and for every x € C5°(0,T), we have that

[ @ = [ Gronio)

Passing to the limit in this equation, using (2:41]) and (2:42]), and on account of the density
of {¥;},>1 in H, we get (-, ) = p(-, ) = ap + F'(¢p) recovering ([2.2). Moreover, since
tn = Po(pn — J * ¢y,), then, for every v € ¥;, every k < j with j fixed and for every
X € C3°(0,T), there holds

/0 (pnlt), (1)t = / (oo — T % o ()

By passing to the limit in the above identity and using the convergences ([2.39), (240
and (2Z42), we eventually get

p=ap—Jxp+F(p)=p—Jx*.

It still remains to pass to the limit in (27) in order to recover (23)). To this aim we
multiply (7)) by x € C§°(0,T) and integrate in time between 0 and 7. Using now

23%), 239), @41), Z43) and observing that (Vp,, Vi) = (Vp,, V1)), where we can
use ([2.41]), we get

/0 (¢ O)x(t) di + / (V). Voo)x(t) di + / (oo — @), )x(t) dt

- / (up, Vp)x(t) dt + / (VT %, V)X (t) di + / (9, )X (1) dt.

This identity holds for every ¢ € ¥;, where j is fixed, and every y € C§°(0,7). Thus a
standard density argument entails that

(e, ) + (Vp, V) + (a(p — 9%), %) = (VI x ¢, V) + (up, V) + (g, ),

for every ¢» € V and almost everywhere in (0,7'), that is (Z3]). The initial condition (Z4))
can be easily recovered in a standard way.

Let us now assume that ¢y € H such that F(pg) € L'(2). Arguing as in [I8, Proof
of Theorem 1] we can show that there exists a solution also in this case. Of course, it

is easy to realize that assumptions (H5) and (HS8) suffice. In particular, on account of

215), @16), 2I9) and [220), from 2I3) we deduce that F(p) € L>(0,T; L*()).
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2.3.2 Proof of the energy identity (2.0
Let us take ¢ = p(t) in equation (2.3). This yields
(. 10) + (0 = &% 1) + [IVal® = (up, Vi) + (g, 1) (2.44)

By arguing as in [I8] proof of Corollary 2] we obtain

(o) = {prap+ F() = T v @) = TE(o(1)

which holds for almost every ¢ > 0. Then (2.6]) follows from (2.44]).

2.3.3 Proof of Proposition [2.1]

Here we generalize [24, proof of Proposition 5.

Let 1 and ¢y be two solutions to problem (L§]) (cf. Definition (21I)) whose initial
values are @1 ¢ and s, respectively. Setting ¢ = @1 — 9 and p; = ap; + F'(¢;) — J * i,
we easily find that ¢ solves

(e, ) + (Vi — p2), V) + (09,0) = (up, Vi) (2.45)

for every ¢ € V' and almost everywhere in (0,7"), with initial datum ¢y = 1,0 — 2,0.
Choosing 1 = 1, equation (2:45]) yields

d
GPtToe= 0 (2.46)

with @(0) = @o. Thus we have
o] < |@ol-
From (2.453)) and (2.46]) it follows
<§0t - @t7w> + (v(pl - p2)7 v¢) + 0-(90 - @7’1/}) = <VJ * @, Vw> + (UQO, V'l/}),
for every 1 € V and almost everywhere in (0, 7). Choosing ¢ = A™1(¢ — @), we obtain
1d 9 9 _
sl —PlIZitale = olZ + (o1 = P20 = )
= (J* ¢, = @) + (up, V(A (p — 9))). (2.47)
The convective term can be estimated as follows
—1 — - 2 =112 o 2
(up, V(=2)" ¢ = 9)) = llullz=llellle = @l < ellullz<llio = 2lIZ + llell™  (2.48)
while the convolution term can be controlled in this way

_ Co _
(J*xp,p—9p) < lesoll2 +clle — oll-1
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Furthermore, on account of (H2), we have

(p1 — p2, ) = (ap + F'(01) — F'(p2), ) = collll*. (2.49)

On the other hand, recalling Remark 2.4] we have

(p1 = p2,9) = (ap + F'(¢1) — F'(¢2), 9)
<tolle+e( [ Flen+ [ Fen) + lallel] (2.50)

Thus we infer the estimate
_ _ _ Co _ _ Co
(p1 = 2, @) SIPIN +c@” + Llloll” < Nigo| + e2” + el
Using (2.48)-([2.350), it follows from (2.47)) that

d _ Co _ _ _
Zle=2lZi+ S lel® < (Nl + ¢2”) + cllullz e — 21121
Also, we have
¢ =—20p> <0.
Therefore we obtain
d _ _ Co _ _ _
= (o= 21121+ ) + Zlel> < et + ulli) (7° + e = 12,) + Ngo
and Gronwall’s lemma entails the continuous dependence estimate
le = @121 + &% < (85 + llvo — GollZ1 + Nigol)e”

which provides uniqueness.

3 Nonlocal CHBEG equation: well-posedness of (L9)

Here we generalize Theorem 2] to problem (L9)). We use a fixed point theorem. Unique-
ness is proven under stronger assumptions on F'.

3.1 Assumptions and statements

In addition to (H1)-(H5) and (H8) we assume the following:
(I6) X € L>(Q) is a non-negative function and X\* = ||A[| L (q).

(I7) h € LA().
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Definition 3.1. Let g € H such that F(py) € L'Y(Q) and T > 0 be given. Then ¢ is a
weak solution to problem ([L9) on [0,T] corresponding to ¢y if:

@ € L>(0,T; H)NL*(0,T; V), ¢, € L*(0,T;V'); (3.1)
p=ap—Jxp+F(p) € L*0,T;V),
and

(o6, V) + (Vp, V) + (A = h), ) = (V] % 0, V) + (up, Vip) + (g, 9); (3.2)
©(0) = o,
for every i € V' and for almost any t € (0,T). Here p is given by (2.2]).
Remark 3.1. Observe that, thanks to hypotheses (HS) and (16)-(17), if ¢ € L*(0,T; H)
then g — X(¢ — h) € L*(0,T;V").
We are now ready to state the existence theorem:
Theorem 3.1. Let vy € H such that F(po) € L'(Q) and suppose (H0)-(H5), (HS),
(16)-(17) are satisfied. Then, for every given T > 0, there exists a weak solution ¢ to
problem (L) on [0,T] corresponding to po. Furthermore, F(p) € L>(0,T; LY(Q)) and
the following energy equality holds for almost any t € (0,T):
d
ZE@®) + IVl + (M = h), 1) = (up, Vi) + (g, ), (33)
where & is defined by (2.3]).

We are able to prove uniqueness of weak solutions under stronger assumptions on F,

namely,
(I8) There exist cg > 0 and ¢; > 0 such that
F(s) > cgs* — ¢y, Vs €R.
Furthermore, we require the existence of a constant cg > 0 such that
|F'(s) — F'(r)] < cg(1+s*+712)|s —7r|, Vs,reR.

Remark 3.2. It is easy to show that (I18) implies (H3). Moreover, it is straightforward
to check that (18) is satisfied by the standard double well potential (L2) used in [6] (see

also [] and [15]).
We have:

Theorem 3.2. Let p;o € H such that F(pio) € L' (), i = 1,2 and suppose that (HO)-
(H2) and (H4)-(H5), (HS), (16)-(18) are satisfied. Then, for any given T' > 0, denoting by
w; a weak solution to problem ([L9) on [0,T] corresponding to v;, there exists a positive
constant N such that:

loa(t) = @2(O1% < loro — paollae™,  VE€(0,7). (3.4)
Remark 3.3. Assumption (I8) implies that ¢ € L>=(0,T; L*(12)).
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3.2 Proof of Theorem [3.1]

We employ the Schauder fixed point theorem in one of his many variants. Let us consider
the following problem

(01— Ap+ V- (up) = G(¢) in Qx(0,T)

p=ap—Jxp+ F(p) in Q x (0,7)

(3.5)
g—'Z:Q on 09 x (0,7
L ¢(0) = o, in Q.

where G(¢) = g(z) — M(z)(¢ — h). For any given ¢ € L*(0,T; H), Theorem 2] entails
that there exists a unique weak solution ¢ € L2(0,7; V)N L>(0,T; H) to ([B.35) (just take
o =0). Let X7 = L*0,T; H), set A(¢) := ¢ for all $ € X7, and denote by Bgr(T) the
closed ball of X of radius R centered at 0.

3.2.1 A: Bg(T*) — Bg(T*) for some 7% > 0

Here we show that there exists 7* > 0 such that A : Bgr(T*) — Bgr(T*). Suppose
¢ € Br(T). Then the energy identity (2.0]) gives

%5@(75)) +HIVull? = (ue, Vi) + (G(9), ). (3.6)

Adding and subtracting i to p in the last term of the energy equality (B.0) yields

A@)(@ = h), 1) = A @) (@ = h), = i) + (M) (¢ = h), ).

Observe now that
1
A@)(@ = h)p— ) < Xl = plllo = 2l < ACE(IIF +1R17) + ZIVal®, (3.7)
and (cf. (214))
(a6 = ) < alA o = Al < Il + 10D ( [ P +1). (38)
)
Thus [B.7) and ([B.8)) yield
1
(A@)(@ = h), ) < e+ clllf +1R17) + IVl + c(lol + HhH)/ﬂF(@)- (3.9)
Similarly, we have
(gor) < -+ gl -+ ZIVAIP +<llll | Fieo) (3.10)
9)
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By exploiting (216), on account of ([B3) and (BI0), we obtain from (B.0) the following

inequality

d 1
G+ FIVuE < covellgll + el + Il + gl (1+ [ F)). (31

Observe that
(o) < cllgoll + [ Fln) < N

Furthermore, by arguing as in the proof of Theorem 2.1] to obtain (2.I3]), we know that
(H3) entails that there is a > 0 such that

£(e(t) 2 a(lletl + [

Q

F(1)) - c.

Thus, integrating (BI1]) with respect to time between 0 and ¢ € (0,7), we get (cf.(I7)
and (I8))

oo+ [ Fe@) + [ 19uolkar
SM(1+t)+c/0 K(T)(|y<p<7)u2+/QF<¢<T)))dT, vie 0,7,
where K = max(1, ||¢|| + ||h| + ||g]|v/) is such that

1K || 20y < max{VT,evVT(1+ R)}. (3.12)

Then, an application of the Gronwall lemma provides

o(lelF + [ Pew)) + [ {IVuFar < NT + e ([ K
Using (H3) once more to control F'(p), we end up with (cf. (3.12))
le@IF < e+ N1+ T)exp (VTIK |2 ), Vi€ [0,T],

so that A : BRr(T*) — Bgr(T™*) for some T > 0.

3.2.2 A is continuous and compact

Let {¢,,} be a bounded sequence in Xz« and consider ¢,, = A(¢,,). Then, it is easy
to prove that every ¢,, satisfies the energy equality (3.6 with G(¢,,) and p,, = agp,, +
F'(¢m) — J % @ Also, by arguing as in the previous subsection, we find that ¢,, also
satisfies ([B.IT]) for every m € N. In particular, we have that

a(lon(®17+ [ Flon(®)) + 5 [ [Vnn(r)IPar
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< N(+ T exp (VT K| ey ) = N,

where N is independent of m.
As a direct consequence of ([B.13), we have that

| om Lo 0,1%5) < N7,
1 (0m) | 0,721 )) < N7,
|V bt || 20,750y < N

for every m € N. Thus, from (2.20), (227) and ([2Z28) we deduce

lonllL2r+v) < N,
| nl 220,070y < N¥.

Then, by comparison in the equation, we find

lemellz20mvny < N*.

(3.13)

(3.14)

(3.15)

(3.16)

From 3I4)-(BI6) we infer the existence of pu € L*(0,7* V) and ¢ € L>(0,T* H) N
L2(0,T* V) with ¢; € L?(0,T*; V"), such that, for a non-relabeled subsequence, we have

Om — ¢ weakly* in L>(0,T*; H),
Om — ¢ weakly in L*(0,T*; V),

¢©m — ¢ strongly in L*(0,7*; H) and a.e. in Q x (0,T%),

o — p weakly in L*(0,T*: V),
Om — @r weakly in  L*(0,T% V).

In particular, the strong convergence of {y,,} proves that A(Bg(7*)) is compact in Xrp-.

In order to prove the continuity of A we just assume that {¢,,} converges to some ¢

in X7«. Then, on account of the above bounds and of the uniqueness for problem (B.3]),

we have that A(¢,,) converges to A(¢). We can thus conclude that A has a fixed point ¢

which is a local weak solution.

3.2.3 The local solution ¢ is global

We know that ¢ satisfies the energy identity (B.3]) on some maximal interval (0, 7).

Observe now that (cf. (8.9) and (3.10))

. 1
(up, Vi) < wllol” + Z[IVal?,

1
(9.0 < e+ gl + FIVAIP +clglve [ F(e)

20

(3.17)

(3.18)



(hp) <t e / F(o)+ 1 IVul?. (3.19)

Furthermore, since (H2) implies (21]), thanks to Remark [Z4] we get

*

F(p)p+ 56" 2 Flg) ~ F(0) + 3¢ (3.20)

On the other hand, we deduce from (3:20) that

o t) > (g agp+ F(9) — T p) = —c— el — X / Fo).  (321)

Then, integrating (B.3]) with respect to time from 0 and ¢ € (0,75) and by exploiting

BID), BI]), 3I19) and ([B.2]), we obtain
Ee0)+ 7 [ IVa(r)ar
<t e+ [ Nanlfdr+e [ e@IPar+e [ 0+ lo@lv) [ Fletrar

This gives, on account of (I8), that T, = T'. In particular, note that F/(p) € L>(0,T; L'(Q)).

3.3 Proof of Theorem

Consider two solutions, ¢; and ¢, to (LI) with initial data ¢ and s, respectively.
Set p = 1 — @2, p; = ap; + F'(p;) — J *p;, i = 1,2, and observe that

for any ¢» € V' and almost everywhere in (0,7), with initial condition ¢(0) = @10 — ¥2,0-
Taking ¢ = 1, equation (3.22]) yields

d —
— @+ Ap=0.
dt(p+ ¥

Therefore we have
(o1 — @, ) + (Vi — p2), V) + (A — X, ) = (ug, V).

Let us take ¢y = A71(¢ — ). This gives

1d

57l =PI+ (1 =2, 0 =) + o = A, A9 = @) = (wp, V(AT (= 9)))- (3.23)

In order to estimate the reaction term we observe that
A=A, Ao — @) = Mg, A (9 — @) — Ao — @)
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so that
- B C
(e = A, AN e — @) < §0||90||2 + cllell4*

Furthermore, there holds
- 2, “ 2
(ap, ) < co”+ gl
and, owing to (I8), we have
(F'(1) = F'(2),8) < eolp(1 + 0} + ¢3), 9)
Co _
< g”‘PHQ + e’ (1+ ”‘Pl”iél(n) + H%Hiﬂn))-

Assumption (I8) also entails ¢; € L>(0,T; L*(f)), i = 1,2. Thus we obtain

- B . C
(F'(1) = F'(¢2), @) < Nollol| < N@* + LIl (3.24)
Collecting (2.48)-([2.49) and (B.23)-([3.24)), we get
ld 112 Co 2 12 2
—— — — <N — . 3.25
2dt”(p PlIZ + S llel” = Nllle = olIZ + ¢7) (3.25)
Besides we have that
d _d _ - Co 2 ~2
—p°=20—p < 2 Ao < — . 3.26
59 =259 <20 [ do < Dol + o0 (3.26)

We add now ([B.26) to ([3:25) and we find

a
dt
so that Gronwall’s lemma yields (B.4]).

(le —@ll>, +@%) < N(lle — @l + ¢°)

4 Nonlocal CHO equation: the global attractor

Let us take g = 0 for the sake of simplicity and suppose that hypotheses (H0)-(H2) and
(H4), (H6)-(H7) hold. Furthermore, replace (H3) and (H5) by, respectively

(H9) There exist ¢y > 0, ¢ > 0 and ¢ > 0 such that

F"(s) 4+ a(x) > cy|s]* — cyo, Vs €R, ae. x € Q;
(H10) u € (L>=(2) N HL ()"

Then, on account of Theorem 2] and Proposition 2] for any o € L*(£2) such that
F(po) € LY(Q), there exists a unique global weak solution ¢. As a consequence we can
define a semigroup on a suitable phase space.
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More precisely, we define
Y:={peH: F(p) € L'(Q)},

and we equip it with the distance

1

2

o) = ko= all + | [ Plon = [ Fle)

Then, for any ¢y € ), we set
p(t) == S(t)o,
¢ being the unique global solution to (LS]).
We will show that the dynamical system (), S(¢)) is dissipative, that is, it has a
bounded absorbing set. Then, following the strategy outlined in [24], we prove that the

same system has the (connected) global attractor.

4.1 Bounded absorbing sets

Proposition 4.1. Let (H0)-(H2), (H}), (H6)-(H7), (H9)-(H10) hold. Then (¥, S(t)) has

a bounded absorbing set.

Proof. We adapt [18] proof of Corollary 2]. By exploiting (2.15), (21d), [2.19) and (2.20)
in the energy equality (2.6]) (with g = 0), we obtain

d 1
GO + 319l < Gl + Ca | F(e)+C (12)
Observe that
1
(Co+1)(p, 0 —p) = (Co+ 1) (pn— 1, ) < ZIIVMII2 + C2(Co + 1)l (4.3)

On the other hand, taking ¢» = 1 in (Z3)), we get

d
P+ op=0F"

Therefore, recalling Remark 2.2 we deduce that for every bounded set B of ) there exists
to = to(B) > 0 and a positive constant cg such that

_, a _ .
F(¢)+5H90—<p|!2§a loll? + e, ¥t < to, (4.4)

L, o _ .
F(@) + S lle —@l* < allpl® + Ca, V> to. (4.5)
Then, on account of Remark 2], using (£.4)-(Z.4) we get

[ P@ie=a 2 [ Fo)- [ F@) - Fle=alP 2 [ Ple)-allol - 1o,
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where H(t) = Cp for all t € [0,ty] and H(t) = Cy for all t > t;. Therefore we have

(Cot Do =) 2 3600 + (Gt 3 ) [ Flo) - CalllolP +Hw). (40

By putting together (L3 and (6] we obtain

Sl +Ca |

[ Plo)+5 [ Flo) < ZI9ulP + Callll + 76t

Then, on account of (H9), we find

Sl + Calt + H0) 2 3(e(0) + G [

C10
Fi)+ % [ oP* - Crllol?
Q Q

so that

1
JIvulP + G ) 2 ¢

1 c
F(g)+ 5€0(0) + CullolP + 52 [ ol (@)
Q Q

Finally, we combine (£2)) with (A7) and obtain

d 1
5E@(0) +5E(0(t) < Co(1+H(2)). (4.8)
Then the thesis follows from Gronwall’s lemma applied for t > t,. O

Remark 4.1. From 213)), ([EX) and (HI) we also deduce that p € L>(0, +o00; L*T21(Q)).

4.2 Global attractor
Theorem 4.1. Let (H0)-(H2), (H4), (H6)-(H7), (H9)-(H10) hold. Then (), S(t)) has a

(connected) global attractor.

Proof. Recalling [24] and taking Proposition 1] into account, we can show that S(t) is
an eventually bounded semiflow in the sense of [3]. Therefore, we just need to prove that
it is compact (see Ball’s result [3] reported in [24] Theorem 2]).

Let {¢;(0)}, be a bounded sequence in },,. Observe that, by definition of S(t), every
@;(t) := S(t)p;(0) satisfies the energy inequality ([4.2]). If we integrate it with respect to
time between 0 and t € (0,7) with T generic, and use (Z13), thanks to the Gronwall
lemma we obtain the bounds (222)-([2.24) for some N > 0 independent of j. Besides,
arguing as in the previous sections and using (Z25]), [227)), ([228)), we deduce the further
bounds (2.26), (2.29) and ([2.34]). Therefore, we can find ¢, u, p, p which satisfy (2.35])
and (23] such that, for non relabeled subsequences, convergences (2.37)-(2.40) and (2.43))
hold. We can now follow [24, Proof of Theorem 3] to show that

E(p(t)) = E(p(t)), a.e. t >0
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where .

E(p(t) = E(p(t)) - / (up, Vi) + 0 / (o= 7" u).

Since t > E(p(t)) and ¢ + E(g;(t)) are nonincreasing in time and continuous on [0, +00)
we obtain E(y;(t)) — E(w(t)),Vt > 0 which yields £(¢;(t)) — E(p(t)), for all t > 0 so
that ¢;(t) — ¢(t) strongly in Y, for all ¢ > 0. Thus the dynamical system has a global
attractor.

Finally, observe that, for every ¢ € [0, 1], ©» € Y we have

a00.0))° < 20l? +2| | Few) = [ PO <2020l +2 [ Few)+2| [ FO)

and, thanks to Remark 2.1l we obtain
[d(0,19)]” < 2¢+ 2t (t + %)||¢||2 + 2t’/ F(u) — / F(O)’ + 4}F(0)’.
Q Q

This implies that ) is connected. Hence the global attractor is also connected (see [3]
Corollary 4.3]). O

5 Nonlocal CHBEG equation: the global attractor

Here we show that problem (L9) can also be viewed as a dissipative dynamical system
which possesses a connected global attractor.

Let us assume that assumptions (HO0)-(H1), (I6)-(I7) and (H10). Then take g = 0 for
the sake of simplicity and set

(I9) F(s):=1(s*—1)2
(I10) w e ((L>=(2) N HE(Q))? such that V -u € L>®(Q).

These further restrictions are due to the peculiar difficulty of this equation, that is, the
uniform control of |@(t)| (see [I5] for the local case). Indeed, the time dependent average
cannot be easily controlled by |¢(0)| as in the case of CHO equation. Clearly (19) entails
(H2)-(H4) and (I8). Such assumptions ensures that for any ¢, € V), where

YV:={peH: F(p) € L'(Q)},

there is a unique global weak solution ¢ owing to Theorems Bl and Thus we can
define a semigroup S(t) : Y — Y by setting () := S(t)po. Here Y is equipped with the
metric ([)).

As in the previous section, we will show that the dynamical system (), S(t)) has a
bounded absorbing set. Then, the same argument used to prove Theorem [£L1] will lead to
the existence of the (connected) global attractor. However, a crucial preliminary step is
the uniform (dissipative) bound of |p(t)| for all ¢ > 0.
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5.1 Dissipative bound for |p(t)|

In this section we extend the approach devised in [I5] for the local CHBEG equation to

prove the following:

Proposition 5.1. Let (H0)-(H1), (16)-(17), (19)-(110) hold. If ||¢o|l < R, then there
exist cg and Cyo such that

p(t)] < cre™ + Cho, V>0, (5.1)

Proof. Choosing ¢ =1 in (B.2)) with g = 0 we find (cf. ([B.1]))

Coip-g=0 (5.2)

Then, let us multiply (5.2) by ¢» € V, integrate over €2 and subtract it to ([3.2]). This gives
(pr = 21,0) + (Vo VU) + (Ao = h) = Ay = 9),¥) = (0w, V). (5.3)

On the other hand, since ap — J * ¢ = 0, we have
(1,0 = @) = (alp=@) = J* (¢ = @) + F'(9), 0 = ¢) = (F'(¢), 0 — @) —cllo—]%. (5.4)

Besides, following [15], we get

(F'(0),p— @) = (F'(¢) — F'(¢), 0 — @) > ck /Q((so — o)+ (0 — 9)%¢%) — clle — ol

Thus (£.4) yields

(b, — @) > Cp /Q((so — o)+ (o — @)%¢%) —clle — @lI*. (5.5)

By arguing as in the proof of Corollary we find
(Me = 9) =My —9). (=8) (¢ = @) < 2llp — @l + clellle — @l +c.
Besides, we have
(up, V(=A) (e — @) <cllellle — &l < clle — glI* +clellle — &l (5.6)
Let us now choose ¢ = (—A)"!(p — ¢) in ([B.3) and exploit (.H)-(E.6). We obtain

1d ) ) L ) ) )
s le - o121 + Ciz /ﬂ((s@ — o) + (e — 9)’¢%) < cllo — > + clollle — @l +c.

Observe now that

_ _ _ _ _ Cll _ _ _
o — @)%, + lle — @lI> + clle — @lI* + @l le — @] < T/g((s@-s@f‘+ (¢ — ¢)°@") +c.
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Therefore we infer
%Ilw — ol +lle = @l + llp — @l + Cuo /Q((<P —@) '+ —9)¢’) < (57)
and using the Gronwall lemma, we deduce that
lo = @121 < llvo — @oll21e™" + Chra.

Let R > 0. Then we can find t5(R) > 0 such that for all ¢y such that ||¢g| < R there
holds
S(t)po € By:={v e V': [ =9[>, <2C1a}, V>t

By integrating (5.7]) with respect to time between ¢ > ¢y and ¢t + 1, we get
t+1
/ / (e =@+ (0= 9)*¢") < Cu3 (5.8)
t Q
t+1
/ lp — @lI* < Chs. (5.9)
t

Choose now ¢ = ¢ — ¢ in (B.3)). This gives

1d _ _ — _ _
5719 = @I+ (Vi V(e =@) + (Me = h) = Mp = h). 9 = ¢) = (pu, V(e = 9)). (5.10)
Since ap — J * ¢ = 0, thanks to (H2) and Young’s lemma, we have

(Vi, V(e — @) = (F'(¢)Ve +aVe+ (¢ —p)Va—VJx* (¢ — ), Vo)
_ 3¢ _
> o[Vl = cl|Velllle — o > TOHVsOH2 — clle — &> (5.11)

Besides, there holds
(Al =h) = A —h), o — @) <c+X(le— ol + lle — ol 2l).
Observing now that
(pu, V(g = 9)) = =(V - (pu), o = ¢) = =(u-Vo,0 = 0) = (¢V - u, 0 — @),
and recalling (I10), we obtain
(pu, V(g =) < cllo—ol* + %IIVPHZ +dellle — ol (5.12)
Taking (B.11))-(5-I2) into account, from (5.I0) we deduce

d ) ) ) ) . Y
£||s0—<p||2+«:ollvs0||2 < clle—@l*+clpllle—p| < c+c/g((s0—<p)4+(<p—so)2s02)- (5.13)
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Then, by means of the uniform Gronwall lemma, on account of (5.8)) and (59), we find
(o= @) < Cuuy,  VE>to+1. (5.14)

Furthermore, by integrating inequality (5.13)) with respect to time between 0 and ¢ < ¢y+1,
we get

t
o201 < G (1+ [ [ (o= 0+ (- 9%9?)
0
and thanks to (57]) we are led to

e —@)O)I* <cr,  VE<to+1. (5.15)

We are now ready to recover an estimate for ¢. Let us rewrite equation (5.2) as

d _ -
54 Np=-MNo—0—h
P T AP (o —@—h),
so that .
o) =M= [ [ No—g-hyds
0 Q
and

_ _ t
20 < e Mgl +e [ [ Ao p - bl ds (5.16)
0 Q
On the other hand, we have

" s _ vt [ 5 _ N2 5,
e QM@—@—hHMSAKW eﬂw—wm%+—j—fHML
0 0

Thus from (5.16) we infer
) ) Lot
P01 < ol + Cuo+ e X0l [ Mo — s (5.17)
0
Finally, for ¢ > ¢y + 1, we can use (5.14]) and (B.I3]) to control the last term of the above

inequality

v A Y o[y
e A*m\z/ Ml — pll ds = e |Q|2/ Ml — o ds
0 0
_ t _ _
+e M0z / |l — @|| ds < A*|Q[2cge 2 CotD) 4 oy (5.18)
to+1

Therefore, from (5.17) and (5.I8]) we deduce (B.J). O
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5.2 Bounded absorbing sets and the global attractor

Thanks to Proposition [5.1] and arguing as in the proof of Proposition 4.1l we can prove
the following

Proposition 5.2. Let (H0)-(H1), (16)-(17), (19)-(110) hold. Then (¥, S(t)) has a bounded
absorbing set.

Finally, adapting the proof of Theorem E.1] we get

Theorem 5.1. Let the assumptions of Proposition hold. Then (Y,S(t)) has the
(connected) global attractor.
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