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Abstract

We consider a diffuse interface model of tumor growth proposed by A. Hawkins-
Daruud et al. This model consists of the Cahn-Hilliard equation for the tumor
cell fraction ¢ nonlinearly coupled with a reaction-diffusion equation for v, which
represents the nutrient-rich extracellular water volume fraction. The coupling is
expressed through a suitable proliferation function p(yp) multiplied by the differ-
ences of the chemical potentials for ¢ and . The system is equipped with no-flux
boundary conditions which entails the conservation of the total mass, that is, the
spatial average of ¢ + 1. Here we prove the existence of a weak solution to the
associated Cauchy problem, provided that the potential F' and p satisfy sufficiently
general conditions. Then we show that the weak solution is unique and continu-
ously depends on the initial data, provided that p satisfies slightly stronger growth
restrictions. Also, we demonstrate the existence of a strong solution and that any
weak solution regularizes in finite time. Finally, we prove the existence of the global

attractor in a phase space characterized by an a priori bounded energy.
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1 Introduction

Modeling tumor growth dynamic has recently become a major issue in applied mathe-
matics (see, for instance, [0, [19], cf. also [2, 24]). The models can be divided into two
broad categories: continuum models and discrete or cellular automata models (however,
see, e.g., [9, Chap.7] for hybrid continuum-discrete models). Concerning the former ones,
the necessity of dealing with multiple interacting constituents has led to consider diffuse-
interface models based on continuum mixture theory (see, for instance, [8 23] 28] and
references therein, cf. also [5], 10, [I7]). Such models generally consist of Cahn-Hilliard
equations with transport and reaction terms which govern various types of cell concen-
trations. The reaction terms depend on the nutrient concentration (e.g., oxygen) which
obeys to an advection-reaction-diffusion equation coupled with the Cahn-Hilliard equa-
tions. The cell velocities satisfy a generalized Darcy’s (or Brinkman’s) law where, besides
the pressure gradient, there is also the so-called Korteweg force due to the cell concentra-
tion. Numerical simulations of diffuse-interface model for tumor growth have been carried
out in several papers (see, for instance, [9, Chap.8] and references therein). Nonetheless,
a rigorous mathematical analysis of the resulting systems of differential equations is still
in its infancy. In particular, to the best of our knowledge, the first related papers are con-
cerned with the so-called Cahn-Hilliard-Hele-Shaw system (see [20], cf. also [4] 26, 27]) in
which the nutrient is neglected. Moreover, a very recent contribution (see [7]) is devoted
to analyzing an approximation of a model recently proposed in [16] (see also [29]). In
this model, velocities are set to zero and the state variables are reduced to the tumor cell
fraction ¢ and the nutrient-rich extracellular water fraction . The corresponding PDE

system is given by

or = Ap+p(p) (W — 1) (1.1)
p=—Ap+ F(p) (1.2)
Ve =AY — plp) (b — p) (1.3)

in Q x (0,00), where 2 C R? is a bounded smooth domain. Here F is the typical
double-well associated with the Ginzburg-Landau free-energy functional, while p is a
proliferation function which must be nonnegative and may have, for instance, the form
p(s) = po(1 —s?)x—1,1(s) for s € R, pg > 0. Here x[_1,1] represents the indicator function
of [—1,1].

System ([LI)—(T3)) is equipped with the no-flux boundary conditions

Opp = Oppt = 0p =0 on 092 x (0,00), (1.4)
and initial conditions

0(0) =wo,  ¥(0) =t in (1.5)



In [7] the authors consider a relaxed model in which the chemical potential p contains a
viscous term ay, a > 0 and equation (L)) has an additional term ay; which requires a
further initial condition. For this model, existence and uniqueness of a variational solution
is proven under very general conditions on F', while p is supposed to be globally bounded
and Lipschitz continuous. Then, imposing substantial restrictions on F' (e.g., polynomial
growth of order 4), the authors prove the existence of a sequence {a,} and a sequence
of solutions which converges to a solution to problem (LI)-(LH) as «,, goes to 0. Such a
solution is more regular and unique provided that g is smooth enough.

Here we want to analyze problem ([LI)-(LH) without any regularizing term. More
precisely, it is not difficult to check that system (LI)—(L3)) with (4] is characterized by
the total energy balance law (see [16, (10)])

dt
where the energy &£ is given by

Elp) =3Il + 3161 + [ Pl (17)

15(% V) + IVall* + Ve + /ﬂp(w)(u —4)* =0, (1.6)

Therefore, it seems natural to find a solution assuming that the initial data have just
finite energy. This is our first result, namely, existence of a weak solution of finite energy.
The assumptions on F' and p are more general than the ones in [7] for the case a = 0.
In particular, in the present contribution p can have a polynomially controlled growth.
Concerning F, we can take any C? and \;-convex potential satisfying |F’| < Ao F + A3 for
some nonnegative constants A, Ag, A3. For instance, F'(s) = exp(s) or I’ with arbitrary
polynomial growth. Also, with a further restriction on the growth of p’ and assuming F'
to have a polynomially controlled growth, we can establish the continuous dependence on
the initial data (and so the uniqueness of weak solutions).

The proof is obtained by suitably approximating the potential I with a coercive
sublinear potential F;,, and finding an approximating solution of such a problem through
a Faedo-Galerkin scheme. The crucial point then consists in obtaining appropriate a priori
estimates to pass to the limit via compactness results with respect to m. In particular,
a bootstrap argument is used in order to derive the optimal regularity estimate for ¢,
which is necessary in order to prove the continuous dependence estimate as well as for
the analysis of the global longtime behavior.

Then we prove a regularity result which helps us to investigate the global longtime
behavior of the solutions. Concerning this issue, observe that conditions (L4 imply the

conservation of the total mass
| et+90) = [eorw). wezo (18)

However, we are not able to obtain independent global bounds for the spatial averages of
©(t) and 9 (t). On account of this fact, we can show that (ILI))-(L4)) generates a dynamical
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system taking as phase space a bounded set in the finite energy space with a constraint
on the total mass. We can thus prove that such a system has a global attractor.

This is just a preliminary step towards the theoretical analysis of more refined models.
For instance, one may include the fluid velocity either given as a datum or satisfying a
generalized Darcy’s (or Brinkman’s) law. Also, one should take a logarithmic potential
F', which is physically more relevant, and nonconstant (possibly degenerate) mobility in
the Cahn-Hilliard equation. On the other hand, the free energy functional may contain a
nonlocal spatial interaction in place of the usual term |V|? giving rise to a convolution
operator acting on ¢ in place of Ay in ([L2)) (see, for instance, [28], cf. also [13| [14]).
These are just some examples of challenging extensions of the simplified model expressed

by (LI)-(L3).

Plan of the paper. In Section[2lwe define the notation and we recall a useful inequality.
In Section Bl we prove that Problem ([I)-(LH) admits a unique weak solution (which
continuously depends on the data) under proper assumptions on the nonlinearities F* and
p. In Section [] we establish a regularity result for Problem (LI)—(LH) that holds under
the same condition on p which ensures uniqueness. This result turns out to be crucial in

order to eventually prove the existence of the global attractor.

2 Notation and preliminaries

Let Q be a sufficiently regular, bounded domain in R?, let 7> 0 and set Q = Q x (0, 7).
Then we define H := L*(Q)) and V := H'(Q2) and denote by || - ||, (-,-) the norm and the
scalar product in H, respectively. If X is a (real) Banach space, the notation (-, ) will be
used to denote the duality pairing between X and its dual X’. For every f € V', f will
stand for the average of f over €2, i.e., f := [Q|7'(f, 1). Here || is the Lebesgue measure
of Q.

We also introduce the operator A := —A + I with homogeneous Neumann boundary
condition. It is well known that A : D(A) C H — H is an unbounded linear operator in
H with domain

D(A) = {p € H*(Q): Oap =0 o0n 9Q},

and that A=' : H — H is a self-adjoint compact operator on H. By a classical spectral
theorem there exist a sequence of eigenvalues A\; with 0 < Ay < Ay < --- and \; — oo,
and a family of eigenfunctions w; € D(A) such that Aw; = A\jw;. The family of w; is an
orthonormal basis in H and it is also orthogonal in V' and D(A).

We shall repeatedly use the following Gagliardo-Nirenberg inequality in dimension 3
(see, e.g., [3, Il 12, 22] for more details)



Lemma 1. Let 1 < py,py <00, 0<r < (r,l € N) and assume that

0= 3/m =3/ = v € [r/l,1).
3/p2—3/p1—1
Then
[ullwrm@y < ellull oo lullfyim ), Yu € WH2 0 LP(9). (2.1)

3 Existence and uniqueness of weak solutions

In this section we prove that Problem (LI)—(L3]) admits a weak solution, provided that F’
and p have polynomial growth with given orders p and ¢, respectively. The upper bounds
on p and ¢ in Theorem [l ensure the existence of a weak solution with optimal regularity
for ¢, i.e., ¢ € L*(0,T; H*(2)). Such assumptions can be relaxed if only existence of the
weak solution is required (cf. Corollary [I). An additional restriction on the proliferation
function p allows us to prove uniqueness as well as a continuous dependence estimate on
the initial data for weak solutions. In any case, our assumptions on I and p are more
general than those made in [16] (cf. also [7] when oo = 0).

Let us begin with the existence result, which will be proven, for the case where the
growth p of F'is greater than 4, by means of a double approximation procedure, namely
by first exploiting the Faedo-Galerkin scheme to prove existence for p = 4 and then by
approximating F with a sequence of potentials having growth which is at most 4.

The assumptions we need for the existence are the following

(F) F € C?*(R) satisfies

[F"(s)] < (1 + |s]772), (3.1)
F"(s) > cy|s|P72 — cs, (3.2)

for all s € R, with ¢y, o, ¢35 > 0 and with p € [4,17/3).
(P) p € CPl(R) satisfies
0 < p(s) < ea(1+ s]?), (3:3)
for all s € R, with ¢4 > 0 and with ¢ € [1,9).

Before stating the existence result, let us introduce the definition of weak solution to

Problem (LI)—(LH).

Definition 1. Let o9 € V, 1y € H and 0 < T < oo be given. Then, a pair [p, 1] is a
weak solution to (LI)—(LH) on [0,T] if

0 € L0, T; V)N L*0,T; H*()), ¢, € L"(0,T; D(A™Y)), (3.4)
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pi=—Dp+ F'(p) € L*(0,T; V),
Y€ L0, T; H)yN L*(0,T;V), 1, € L"(0,T; D(A™Y)), (3.6)

for some r > 1, and the following identities are satisfied

(o6, x) + (Vi VX) = (p(0) (¥ — 1), x),
(e, €) + (VU,VE) = —(p(e) (¥ — ), €),

for all x,& € D(A) and for almost allt € (0,T"), together with the initial conditions (LHl).

—~
w w
(SN

Remark 1. Notice that the regularity properties of weak solution imply that
p € Cu([0,T;V), ¥ € Cu([0,T];H).
Hence, the initial conditions (L5 make sense.

Theorem 1. Assume that (F) and (P) are satisfied. Let oo € V and 1y € H. Then, for
every T > 0, Problem (LI)—(LH) admits a weak solution on [0,T] such that

o € L*(0,T; H*(Q)), (3.9)
F(p) € L*(0,T; L1(Q)), /pe)(p—1) € L*(0,T; H), (3.10)

which satisfies the following energy inequality

t t
E(p,v) +/ (IVpl® + !\VIP!\Q)dT+/ /Qp(w)(u —¥)? < E(pos o), VE>0,
0 0
(3.11)
where & is given by (LT). Furthermore, if ¢ < 4, then we have
i, € L2(0,T; V'), (3.12)

and BII) holds with the equal sign. Moreover, in this case the weak formulation (B.1),
B8) is satisfied also for all x,§ € V.

The following lemma will turn to be useful in the proof of Theorem [ (cf. Step II).
Indeed, it allows to suitably approximate a regular potential having general p—growth (in
particular in case p > 4) and satisfying conditions ([B.1]), (8.2 with a sequence of regular
potentials having sublinear growth.

Lemma 2. Assume that F satisfies 31) and [B2) for some given p > 2. Then, there
exists a sequence of F,,, € C*(R) with each F,, having sublinear growth, such that F,(s) —
F(s) pointwise for all s € R and satisfying, for every m € N, the bounds

[Em(s)] < [F(s)|, [EL(s)l < RalF'(s)], [F(s)] < kol F"(s)], Vs e€R,  (3.13)



and the equi-coercivity condition
Fo(s) > ks|s| — kg, Vs €R, (3.14)

where k;, 1 =1,--- 4, are some positive constants which do not depend on m (they depend

on F and p only).

Proof. Let us first choose an auxiliary function 7, € C?([0,00)), where o > 1 is fixed,
such that 1,(0) = 1, 7,(0) = n2(0) =0, 0 < n,(s) < 1 for all s > 0, n,(s) = 1/s*~* for all
s > o and satisfying

a2

a1
< —= < =
max 15 (s)| < — Srg[gf]l n,(s)] < et

where ay, as are positive constants independent of o.
A possible construction of a function satisfying these conditions may be given, e.g., by

bys° + byst + b3s® + 1 0<s<o
770(5) =

sp—1 S Z 0-’

where by, by, b3 are determined in such a way that 7, € C?([0, 00)).
Then, for every m € N define 6,, as the even extension on R of the following function

< s <
0:;(5):{1 0<s<m

Nm(s—m)  s>m.

Om(s) < 1forall s € R, 0,(s) - 1 as

We can then check that 6,, € C*(R), 0 <
| <a /m max,cg |07 (5)| < az/m?.

m — oo for all s € R, and maxeg |6/,(s)
Let us now set

Fo.(s) == F(s)0(s).

Then, it is easy to see that, thanks to assumption (F), the sequence of F},, constructed
in this way satisfies all the required conditions, in particular (3.I3) and (B3.14). Let us
check, e.g., (3.13),. Using (B.1) and (3.2)) we first have, for m < s < 2m

[F(5)6,(s)] < T-C(1+[2m]) < C(1+]s]7) < CLF/(s)], (3.15)

where C' denotes a positive constant which depends on F' and p only, but is independent

on m. On the other hand, for s > 2m we have

1+ |s|?

G my < C(1+2°). (3.16)

|F(s)0,(s)] < C

Hence, collecting ([B.15) and (B.IG) we get

IF ()] < [F'(s)| + [F(5)0,,(s)| < CF'(s)], Vs € R, Y.
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Inequality (3.I3), can be checked in a similar way. Finally, as far as the equi-coercivity
condition (3.I4]) is concerned, noting that from (3.2)) we have F(s) > c,|s|? — ¢}, for all
s € R, then, for s > 2m

/ /

chls)” —
Fm(s)Zm_ chls |_W’

and, for 0 < s < 2m we have simply F(s)0,,(s) > —c40,(s) > —c5. Hence, we immedi-

ately get (B.14)). O

Proof of Theorem[d. Step I (case p=4).

Let us first prove the existence of a weak solution with optimal regularity (3:9) under
the assumption that F' has growth 4 at most. We shall use a Faedo-Galerkin approxima-
tion method. Let us then take the family {w,};>; of the eigenfunctions of A as a Galerkin
basis in V', and let P, be the orthogonal projectors in H onto the n-dimensional subspace
W, = (wy,---w,) spanned by the first n eigenfunctions. For n € N fixed, we look for
three functions of the form

Zak Wg,  Yn(t) Zbk Wgy, (T ::ZCZ(t)wk
k=1

that solve the followmg approximating problem

(& w;) + (Viim, Vwy) = (p(0n) ($n — i), w5),
(tn w;) = (Vipn, Vwy) + (F'(pn), w;),

(¢, w;) + (Vibn, Vwy) = = (p(@n) (n — pin), w;),
©n(0) = @on,  ¥n(0) = thog,

for j =1,---  n, where g, := P, and 1y, := P,y (prime denote the derivative with
respect to time).

It is easy to see that solving the approximate problem (BI7)—(B320) is equivalent to
solving a Cauchy problem for a system of 2n ordinary differential equations in the 2n
unknowns af, b7. Since F' € C' and p € C’loo’c1 , the Cauchy-Lipschitz theorem ensures
that there exists T, € (0, 00] such that this system has a unique maximal solution a™ :=
(al,---,a"), b" = (b},---,b") on [0,7F) with a”,b"* € C'([0,T);R"). Hence, the
approximate problem (B.I7)—(320) admits a unique solution ,,, ¥, pt, € CL([0, T); W,).

We now deduce the basic estimates on the sequence of approximating solutions. In
particular, these estimates will guarantee that 7 = oo for every n € N.

Multiply then (B.I7) by ¢}, (B.I8) by a}’, (3.19) by b7 and sum the resulting identities
over j = 1,--- ,n. We get the following energy identity satisfied by the solution of the
approximate problem

d /1 1
__vn2 _n2 F(p, vn2 vn2 n n_n2:O-
5 GITeul? + 310l + [ Po) + IVmall 4190007+ [ )t =)

(3.21)



By integrating (8:2]]) in time between 0 and ¢, using (F), (P) and the assumptions on the
initial data we immediately deduce the following estimates

ey < O, lnll Lo o,mm)nL20m5v) < C, (3.22)
”V/inHLQ(o,T;H) <C, va(@n)(i/fn - Mn)Hm(O,T;H) <C, (3-23)
| F (¢n)| oo (0,701 (2)) < C- (3.24)

where henceforth C' = C(||o|lv, [|¢o]|) denotes a nonnegative constant depending on the
norms of the initial data (and on F, Q).

Let us now control the sequence of the averages of p,. From (B.I8) we get

(o, D = [(F"(spn), D] < 05 (Fpn), 1) + 6 < C, (3.25)

where c¢s5, cg are two nonnegative constants depending only on F, 2 and where we have
used assumption (F) and (B:24]). Therefore, the sequence of 1, is bounded in L>°(0,T)
and this bound, together with the first of (3.23)) yields

| tnll 220,73y < C. (3.26)

We now prove that the sequence of ¢, is controlled in L>(0,T;V) N L*(0,T; H3()).
Indeed, notice first that ([B.18)) can be written as

tn = —Apn + P F' (p,). (3.27)

Observe now that [|P.F'(pn)|l < ||[F'(¢n)||. Thus, the sequence of ¢, is bounded in
L>=(0,T; L%(£2)), we deduce from (B the bound

IE" (@n)l| oo,y < C. (3.28)

Hence, (3.27)) and (3.26) entail that the sequence of —Ayp,, + ¢, is bounded in L*(0,T; H)
and, on account of the homogeneous Neumann boundary condition for ¢,, a classical
elliptic regularity result implies

l¢n | Lo (0,75 )0 20,2 (0)) < C- (3.29)

By using inequality (2.]), we deduce from (3.29) that the sequence of ¢, is bounded in
L'°(Q) and moreover the sequence of Vi, is bounded in L>(0,T; H) N L?(0,T;V) <
LY3(Q). On the other hand, we have

IV (PuF" (0u)) Il S NIAYV2PuF" (00) | = |1 PaAY2F (00) | < IVF (@) | + I1F" ()
and hence (3.0 together with (3.28)) and (3.22)), entail
1P () |20y < 1F" (0n) Veonll L2y + 1F (en)l 2@)
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< E"(en) s @ IVepnll o) + 1 (o)l 220
< (L4 llenllZo@) IVeenll iors ) + 1F'(#n) | 2(q)
<C.

By comparison in (3.27)), using (8.26) and the elliptic regularity result again, we infer

l@nll Lo 0,7:v )2 0,153 () < C. (3.30)

We now deduce the estimates for the sequences of time derivatives ¢/, and ;,. Take
X € D(A) — L*>*(Q) and write it as x = x1 + X2, where x1 = P,x € W, and x» €
(I —P,)x € Wi (recall that x;, x» are orthogonal in H, V and D(A)). Then, from (3.17)

we have

(s X) = (ns x1) = =(Vitn, V1) + (p(2n) ($n — fn), x1). (3.31)
and a similar identity follows from (3.19). Observe that
| (P(2n) (Wn = pn), X1) | < IPCon) o/ llton = pinllzoey X1 2@
< cllp(en)ll sy [¥n = pinllzo@ Xl D).

The term (1, — 1) is controlled in L?(0,T; L(€2)), then we need to control the sequence
of p(¢y) in L7(0, T; L%5(€)) with some ¢ > 2 in order to get the control of the sequences
of @/, in L"(0,T; D(A™")) with some r > 1. From assumption (P) it follows

Ip(enllzeozsrsi@y < A1+ 10nl Lo zepousian): (3.32)

But we know that the sequence of ¢, is bounded in L>(0,T;V) N L?(0,T; H*(Q)) (cf.
(330)), and, thanks to inequality (1), we have the following embedding

L=(0,T; V)N L*(0,T; H3(Q)) — L¥=9(0, 7, L°(Q)), for 6 <h<oo.  (3.33)
Hence, choosing § = 54/5, we obtain
||(,0n||L18(0’T;L54/5(Q)) < C, (334)

and, recalling that ¢ < 9, we have L'¥(0,T; L**/>(Q)) — L°%(0,T; L59/>(2)) for some
o > 2. Summing up, we have proven the following bounds

||S0n||LT(OTD( y < C, [k | zro,rp(a-1)) < C,  for some r > 1, (3.35)

where we have used (3.32) and (B3:23), in (B.3I)) to get the first bound and (3.32) and
(3:22)), to obtain the second bound.

We now deduce from estimates ([3.22), ([3:26), (330) and (B:35) the existence of
three functions ¢ € L>(0,7;V) N L*(0,T; H3(Q)), v € L>(0,T; H) N L*(0,T;V) and
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w e L*(0,T;V), with ¢y, € L7(0,T; D(A™Y)) which are the (weak) limits (up to sub-
sequences) of ¢,, ¥, u, and ¢/, ¢! respectively. In order to pass to the limit in the

approximate problem, we first observe that thanks to the compact embedding
L0, T; V)N W (0, T; D(A™)) s C([0,T]; L*(Q)), 2<k<6

given by the Aubin-Lions lemma (see, e.g., [18]), we deduce that, up to a subsequence,
©n — @ pointwise almost everywhere in Q =  x (0,7"). Then, since (1, — p,,) converges
weakly to (¢ — p) in L2(0,T’; L°(9)), in order to pass to the limit in (p(¢n)(¥n — ptn), ;)
on the right hand side of (BI7) and (BI9) it is enough that p(y,) converges strongly to
p(p) in L2(0,T; L5/°(2)). But ¢, converges to ¢ weakly in L'8(0, T; L>/°(Q)). Hence, by
also using the pointwise convergence of ¢, to ¢, we get

©n — ¢, strongly in L*(0,T; L°(Q)), 2<a <18, 2<3<54/5. (3.36)

Thus, on account of (B32) (written with ¢ = 2) and of assumption ¢ < 9, by means of
the generalized Lebesgue theorem we infer from (3.36]) that

p(pn) — (), strongly in L2(0,T; L5/2(Q)). (3.37)

This convergence, combined with the weak convergence (u, — ¥,) — (u — ) in
L?(0,T; L°(Q)), allows us to pass to the limit in the nonlinear term on the right hand side
of BI7) and (BI9) (recall that w; € C*°(2)). By means of the convergences deduced
above we can therefore pass to the limit in the approximate problem (B.I7)—(B.20) and
deduce that ¢, ¢, u satisfy ([B.7)—(B.8)). The argument is standard and the details are left
to the reader.

The energy inequality (BI1]) can be proven by integrating in time (3.2I]) between 0
and t and passing to the limit as n — oo in the resulting identity. The only nontrivial
point is the following inequality

/ / 0)? < liminf / / p(0n) (i — ). (3.38)

We know from (B.33) written for § = 14, that the sequence of ¢, is bounded in L'*(Q)
and hence, on account of (P), the sequence of /p(,) is bounded in L?®/9(Q). Since
©n — ¢ also pointwise a.e. in @), then we have \/p(p,) — /p(p) strongly in L7(Q), for

every 7 < 28/q. In particular we have /p(©,) — +/p(¢) strongly in L3(Q). Therefore,

we have

P(2n) (pin — ) = V/p() (1 — ), in L?(Q),

and, due (3:23),, this last weak convergence is also in L?(Q). Hence, (3.38) follows.
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Moreover, if ¢ < 4 we can easily deduce the regularity oy, v; € L*(0,T;V’) by com-
parison in the variational formulation of (LI and (L3]). Indeed, estimating the term

p(p)(Y — ) in V', we get
Ip(0) (W — w)llvr < ellp(e)ll zarzo 19 — el Lo (@)- (3.39)

But, since ¢ < 4 and ¢ € L>(0,T; L%(f2)), then assumption (P) implies that we have
p(p) € L>=(0,T; L*?(Q)) and therefore, on account of ([B3.5) and of (3.6),, (3:39) entails

p(e) (¥ — ) € L*(0, T3 V).

Hence, (3.12)) follows immediately.

Finally, by choosing p and ¢ as test functions in the variational formulation of (I.TI)
and (L3) (with test functions now in V'), respectively, and using the regularity for ¢y, ¢,
and the chain rule applied to the product (¢, F'(p)) (see [6, Proposition 4.2]; notice that
([B2) ensures that F' is a quadratic perturbation of a convex function), we obtain

GGVl + 510+ [ F@) 41Tl + 1901+ [ )= 0. (340
By integrating the energy identity (8:40) in time between 0 and ¢ we deduce ([B.I1]) with
the equal sign for all ¢ > 0. This completes the proof of the theorem for the case p = 4.

Step II (case 4 < p < 17/3).

In this case we first approximate the potential F' with a sequence of potentials F;, €
C?(R) satisfying the conditions stated in Lemma

Let us now consider problem ([LI)—(LH) with F replaced by F,, and call it Problem P,,.
Since F,, satisfies condition (F) with p < 4 (F}, has sublinear growth on R) then, for each
m € N, Step I ensures the existence of a weak solution [, ¥,| to Problem P, such that
Om € L0, T; V)N L*(0,T; H3()), ¥y, € L>=(0,T; H) N L*(0,T;V), ptm € L*(0,T;V)
and satisfying the energy inequality (B.11]).

Due to (BI0)) (written for each solution ¢, ¥, with F}, in place of F'), assumptions
(F) and (P), (813), and (B.14), we can argue as for the Faedo-Galerkin approximating
solutions [, ¥,] (cf. Step I) and we can still recover the basic estimates (8.22)), (3.26))
for the sequences of ¢, and 1, (notice that in Problem P,, the initial conditions are not
approximated).

We now show that the sequence ¢, is still controlled in L>(0,7T; V)N L*(0,T; H3()).
This bound will be achieved through an iteration argument.

Notice first that the fact that the sequence of ,, is bounded in L>°(0,T; L%(2)) and
B together with the second of (BI3]) imply that the sequence of F! (¢,,) is bounded
in L°°(0,T; L%®*=Y(Q)). Hence, from ([2) and ([B3.26) we infer that the sequence of
—Ap,, + ©m is bounded in L2(0,T; L%*~1(Q)), and due to the homogeneous Neumann
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boundary condition for ¢,,, by using elliptic regularity theory (see, e.g., [1, 15, 21]) we
get

<C. .
HgomHL°°(O,T;V)OL2(O,T;W2’%(Q)) =C (3.41)

Thanks to inequality (21I), we deduce from (B41]) that the sequence of ¢, is bounded
in L2O=7)(Q). Moreover, Vi, is bounded in L>(0,T; H) N L?(0, T; WH5/(=1(Q)) —
L2O=P)/3(Q). Therefore, using [(3.13), and (B.1) we get

IV E(#m)

1o0@) < kol F"(om) Vol Lo @)
< ks HF”(SOm) ”L2(9*p)/(pf2)(Q) H VipmHL2(97p)/3(Q)
—2
S C(l + H@m’ /2,2(9fp)(Q)) HVSOmHL%%p)/B(Q)

2 _
<0 s=2970)
p+1

Notice that so € (1,2] since p € [4,17/3). In addition, owing to (313),, (31 and
(B4, the sequence of F! (¢,,) is bounded in L>=(0,T; LS/(P=1(Q)) and hence also in
L>(0,T; L*°(2)) (since 6/(p — 1) > sg). Thus we obtain

17 ()

By comparison in (L2]) and using (3:20) and elliptic regularity again, we deduce

Leo(0rwheo@) < C.

m | oo 0,75 )nL50 (0,75 350 (02)) < C- (3.42)

We can now repeat the argument above and improve the estimates for the sequence
of ¢,, by means of a bootstrap procedure performed for a finite number of steps. Indeed,
observe first that, thanks to (2.1]), we have (for any s € (1,2])

X, := L>(0,T; V)N L0, T; W**(Q)) — L™(Q), (3.43)
Y, = L®(0,T: H) N L*(0, T; W**(Q)) — L3°(Q). (3.44)

Taking (3.42)—(3.44)) into account, the sequences of ¢,, and Vi, are bounded in L™ (Q)
and in L™/3(Q)), respectively. Hence, by means of (3.1)) and (B3.13)),, we have

HvFrIn«Om)”L“O/(P‘H)(Q) S k2HF”«Om)v@mHL7so/(p+1)(Q) S C.
On the other hand, we also have (for any s € (1,2])
Z, = L¥(0,T; L (Q) N L0, T W () = LIH(Q) = Lin*(Q),

and since F) (¢y,) is bounded in Zg, thanks to (342), B41), (31) and BI3),, F),(om)
is bounded in L7*/(*+1)(Q). We therefore deduce that
7

rorwie) < O, s i= pyn 7 S0-

17 (m)

13



If 57 > 2, then by comparison in (L2)) and using (3:26]) and elliptic regularity, we get the
desired bound for the sequence of ¢, in L=(0,T;V) N L*(0,T; H3(Q)). If s; < 2 then,
by comparison in (L2) and using (3:26) and elliptic regularity, we infer

mll oo 0.0 L1 (0,75w 301 (0)) < C-

Repeating the argument we now have the sequences of ¢,, and Vi, bounded in X, and
in Yy, , respectively, and hence ||V E} ()| 1751641 () < C. Moreover, we know that the
sequence of F!' (¢.,) is bounded in L7/(P*D(Q). This implies

7 2
IFn(en)llinorainay <O 5= (25) s

Again, if s5 > 2 we get the desired claim; otherwise, by using elliptic regularity we infer
that the sequence of ¢,, is bounded in X;, and we repeat the previous argument. By
iterating the procedure k times (assuming in particular that sy < 2) we get

7 \k
F/ m s . ,8 < C’ = (—) s
1 F5 (o)l 1 k(0,T;Whsk (Q)) = Sk 1 So

and after a finite number of steps, as soon as we get s, > 2, the bootstrap procedure ends
yielding the bound of the sequence of ¢,, in L>°(0,T; V)N L*(0,T; H3(2)) (which cannot
be improved since the regularity of ,, is related through (L2) to u,, € L*(0,T;V)).

As far as the estimates for the sequences of time derivatives ¢/, ¢/ are concerned,
the argument is exactly the same as for the sequences of time derivatives ¢!, ¢/ of the
Faedo-Galerkin approximating solutions (cf. Step I). Hence, (8.35]) still holds for ¢/, 17

Finally, the passage to the limit in Problem P,, (notice that F) (¢.,) — F'(¢) point-
wise almost everywhere in @), the proof of the energy inequality ([B.I1]) for ¢ € [1,9), the
proofs of (B:12]) and of the energy identity for ¢ < 4 can be carried out along as done at the
end of Step 1. O

The existence of a weak solution without the the optimal regularity ¢ € L*(0,T; H3(Q))
can still be ensured under a more general assumption on F', provided we impose a slight
restriction (i.e., ¢ < 7) on the growth of p.

More precisely, we have the following
Corollary 1. Assume that F € C*(R) satisfies
(F)1 F"(s) =2 =,

(F)2 [F'(s)] < A2 F'(s) + As,

for all s € R, where A\i, Ay, A3 are some nonnegative constants. Moreover, assume that
p e CYN(R) satisfies B3) with q € [1,7). Let oo € V and 1y € H. Then, for every T > 0

loc

Problem (LI)-(LH) admits a weak solution on [0, T] satisfying (3.4)-B.6), B.I0) and the
energy inequality BI)). Finally, if ¢ < 4, then we have BI12) and BII) holds with the

equal sign.
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Proof. We can follow the Faedo-Galerkin approximation procedure in Step I of the proof
of Theorem [}, assuming first that ¢, € D(A) in order to control the sequence of [, F'(¢on)
in the identity obtained by integrating (B:21]) in time. Existence of weak solution in the
case g € V can then be recovered by means of a density argument. The basic estimates

B22)—(3.24) still hold, as well as the controls (B.25)), ensured by (F)s, and (3.26). As

far as estimate (3:29) is concerned, this can now be recovered by using (F);. Indeed,
multiplying (B.27) by Ay, in H we get

[AG]1? = —(ptn, An) + (PaF (n), Agn)

= —(ftn, Apr) — /QF”<(Pn>|v§0n‘2a
which yields
1A@al* < [lpall® + 22| Ven]|*.

Estimate (3.29) then follows from this last inequality by using (B.26]), the first of (3.22])
and elliptic regularity.

Next, in order to get the control of the sequences of time derivatives ¢! , 1! in the space
L"(0,T; D(A™Y)), for some r > 1, and in order to pass to the limit in the approximate
problem ([BI7)-(3:20) we can still argue as in Step I of the proof of Theorem [, with the
difference that now we can only rely in the control given by (B8.29), together with the
following embedding

L=(0,T; V)N L*(0,T; H*(Q)) — L= (0, T; L"), for6 <n<oo.  (3.45)

Indeed, by using ([B40) with n = 42/5 we can easily see that, since ¢ € [1,7), estimates
(B35) and the strong convergence (B.37) still hold.

As far as the energy inequality (B3.11) is concerned, let us observe that the sequence
of ¢, is now bounded in L*(Q) (cf. 329) and 3.45) with n = 10). Hence, on account
of (33) and of pointwise convergence we have /p(p,) — +/p(¢) strongly in L?(Q), for
every 0 < 20/q. In particular we have \/p(¢,) — +/p(¢) strongly in L3%(Q), which
implies that

Vo(en) (tn = n) = Vple)(n =), in L°(Q).

Due to (B8.23),, this weak convergence also holds in L*(Q)) and still yields (3.38)) and then
BII) as well. 0

The next result is concerned with uniqueness of weak solutions and their continuous
dependence with respect to the initial data. In order to prove such a result assumption
(F) still suffices, but we need to strengthen (P) as follows

15



(P1) Let p € CX(R) be such that p > 0 and

loc
P (s)] < es(1+ |s]77),
for almost any s € R, with 1 < ¢ < 4.
Then we have

Theorem 2. Assume that (F) and (P1) are satisfied. Let oo € V and g € H. Then,
for every T > 0 the weak solution to Problem (ILT)—-(LH) on [0,T] given by Theorem (1 is
unique. Moreover, let [poi, o] € V X H, be two initial data and [@;, 1], i = 1,2 be the
corresponding weak solutions. Then, the following continuous dependence estimate holds

la(t) — w1 (@) |lv + [[P2(t) — o1 () llv + o2 — @rllezo.6v) + 12 — V1l 20,60
< A®) (llpoz — arllv: + [[Yo2 — Yo llv), Yt €[0,T],

where A is a continuous positive function which depends on the norms of the initial data
and on F, p, Q and T.

Remark 2. Notice that the restriction 1 < ¢ < 4 on the growth of p which is needed to
establish the uniqueness is exactly the same condition which ensures the validity of the
energy identity (8.40) which is proven in Theorem [l

Proof. Let us rewrite the chemical potential x4 and ([B.7)—(3.8) in the following form

(o6, ) + (Vi VX) + (1, x) = (p(0)¥ = (p(9) — 1) 11, X), (3.46)
p=Ap+G'(p), (3.47)
(th, &) + (V, VE) + (1, &) = —((p() — )¢ + plo)u, €), (3.48)

for all x,£ € V, where G(s) := F(s) — 5%

We now write system (3.40)—(3.48) for two weak solutions [¢;, 1], ¢ = 1,2, and take
the difference of each equation. Setting ¢ := w9 — @1, ¥ 1= 1y — ¢y and p := g — 1, wWe
have

(e6,x) + (Vi VX) + (1, x)

= ((p(p2) = p(e1)) (W2 = p2) + plp1)¥ = (p(1) — 1), X) (3.49)
p=Ap + G'(p2) — G'(p1) (3.50)
(e, €) + (W} V&) (¥,€)

—((p(2) = pl1)) (2 = p2) = (p(1) = 1) + plr) i, €), (3.51)

for all x,& € V. Let us take y = A7y in (349) and £ = A1 in (BEI) and sum the
resulting identities. Taking also (8.50) into account, we get

1d

, , 1d
s lelv + el + (G'(e2) = G'pr) 0) + 5 NI + 1417
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= ((p(wa) — ple1)) (W2 — p2) + )Y — (p(e1) — 1) p, A‘1<p>
+ ( — (p(p2) — p(@1)) (tha — p2) — (p(1) — )¢ + ple1)p, A‘W)- (3.52)

We now need to estimate the terms on the right hand side. Observe first that

(p(e1)e — (ple1) = 1), A7) < (Ipler) (@ = w)llve + lullv) llllv. (3.53)

We have to estimate in V’ the term p(¢1)(1) — u). Let us first estimate p(¢1)x in V. By
using assumption (P1) we get

lp(0) VIl < e(1 + [[@nllFoe ) IV xI- (3.54)

Moreover, we have

1" (1) Veerxll < [lp'(e) Verll s Ixl o) < 1P (02) Verlls o lIxllv- (3.55)

However, Vi, € L*>(0,T; H) N L*(0,T; H*(Q?)) < L3(0,T; L*(Q)). On the other hand,
w1 € L0, T; V)N L*(0,T; H3(Q)) — L3(0,T; L>(Q)) (cf. [333) with § = 0o). Thus,
thanks to assumption (P1), we also have p/(p;) € L¥@=1(0,T; L>(Q)). Hence, we find

P (p1)Ver € L¥9(0,T; L*()). (3.56)
Moreover, observe that

(o)Xl < ellp(en)lzs@llxllv, (3.57)
and

(1) || za) < (1 + ||<P1||qL3q(Q))- (3.58)

Observing that ¢, € L>(0,T; V)N L?(0,T; H3(Q)) — L3/@=2(0,T; L31(Q)) (cf. [3.33)),
then we have

p(er) € L2(0,T; L3(€2)). (3.59)
By collecting (354)—([359) we get
Ip(e1)xllv < ar(@)lixllv,
where the function oy is given by
ar(t) = c(llp(er()) 2@ + 1017 0y + 1P (02 (D) Veor () o) + 1),
and, since ¢ < 4, we have a; € L?(0,T). Therefore, we obtain
[(p(01) (¥ — 1), )| < (W = 1), p(e)X)] < ax (W)Y = pllvlIxllv,
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which yields

Ip(er) (& = v < ex()[¢ = pllve. (3.60)
By combining ([3.53]) with (8.60) we deduce
(p(1)Y = (p(o1) = D, A7) < an(®)([[0llv + [lellv) llv. (3.61)

For the estimate of p in V', by means of assumption (F) and using the continuous em-
bedding L%/°(Q) «— V', it is easy to see that

ullve < llellv + 1G (92) — G (1) [lve
< el + e(L+ eall a2y + 1927 0-2/20) 1€l 250
< (L4 5 + lleallf 2)||<P||v < Tlelv, (3.62)

since 3(p — 2)/2 < 6, being p < 17/3. In the last inequality we have used (3.4),. In
(B:62) and also in the estimates below, I" denotes a positive constant that depends on the

norms of the initial data of the two solutions, i.e., I' = T'(|[¢o1||v, |@ozllv. |¢o1 ] |02]])
(of course, I" depends also on F' and ). From (B.61)) and (B.62) we get

[(p(1) = (p(1) = 1), A7) | < 041( L (I8 + llellv) llellv
< 10H<PHV+F041( Y115 + elly-)- (3.63)
The next term on the right hand side of ([B.52]) to be estimated is the following

[(p(p2) = pl1)) (W2 — p2), A7 @) | < [[(p(02) — pleo1)) (2 — p2) v Il v (3.64)

Let us first control the term ((p(p2) — p(e1)) (W2 — p2) in V. We have, for every y € V,

1{(p(21) = P(2)) (02 — p2), X)) | < [Ip(p1) = plepa) |12 — paall sl x| o
< c[[p(¢1) — p(p2) |2 — p2ll sl x|lv- (3.65)

On the other hand, thanks to (P1), we obtain

lp(02) — ()]l < (1 + ||<P1||q_1 o+ ||<P2||q_1 Dl
1/2 1/2
< c(1+ [lerllfe) + lealfo) Ie IV N2l (3.66)

Moreover, by using (2.1]), we get
1/2 1/4 3/4 1/4 3/4
2]l sy < ellpall 2|2l < ellpallvi uall3* < Tllgalli* a3, (3.67)

where we have exploited the estimate || pz ||y < T'||@2||v, which can be deduced by arguing

as in (3.62). Hence, from (B.65)-(B.67) we infer
1(p(2) — p(1)) (W — p2) lvr < (@) ||l el
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where

an(t) = c(1+ o1 (B9 + 2|9 y) (12()ll ooy + Dlioa) Il () ).
(3.68)

Observe that ap € L*3(0,T) since ¢ < 4. Indeed, both factors in (3.68) are in L¥3(0,T),
recalling that ¢y, ps € L®(0,T;V) N L*(0,T; H3(Q)) < L3(0,T; L>=(2)) and properties
B4A)-(3B4). Hence, from (3.64]) we get

[((p(y2) — ple1)) (¥ — p2), A7) | < an(t) [l [0l
< Sl + o WlelR (3.69)

We now estimate the following term (cf. the right hand side of (3.52)))

|(— (p(e2) — p(p1)) (b2 — p2), A7) | < |l(p(02) — pp1)) (2 — o) v |l v

1/2 1/2
<aﬂWMVHMVHMW

<5 nmn a > el vl
sﬁﬂwv+£“owwmAwwm» (3.70)

We now estimate the last term on the right hand side of (B.52)

|(= (p(1) = 1) + pln) s A7) | < (IIpler) (@ — w)llvr + 9 llv) [l v
< (aall = pllve + 1 [lv) 1 [lv-
< o[9[y, + eaLfleliv Iy
1
< g5llelv +Tai@lIel, (3.71)
where we have used ([B.60) and (3.62]).
Moreover, setting 5 := c3 + 1, we have
(G'(¢2) = G'(p1), ) = —Bllel* = ——||90||v cllelly (3.72)

Finally, plugging estimates (B.63)) and (B.69)—(3.72) into (B.52) yields the following
differential inequality

d
= (Il + 1013 ) + sl + 0 < v (llel + 1615 ). (3.73)

where
vi=T(a?+ay* +1) € LY0,T).

An application of Gronwall’s inequality to (B73) ends the proof.
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4 Strong solutions and the global attractor

Here we establish a regularity result for Problem (LI)—(LH) that holds under the same
condition on p which ensures uniqueness (cf. (P1)). This result will be used to deduce
some uniform in time higher-order estimates which will be crucial in order to prove the
existence of the global attractor.

Theorem 3. Suppose (F) and (P1) hold. Let ¢y € H*(Q) and 1y € V. Then, for every
T > 0, the solution [p,v] to Problem (LI)—(LH) on [0,T] given by Theorem [ satisfies
p € L=(0, T HYQ), ¢ € L*0,T;V),
e L0,T;V),
e L>(0,T;V), 4, eL*0,T;H).
Proof. The proof is carried out by deducing formally some higher order identities and
estimates which can be justified rigorously by means of a suitable approximation procedure

(see the proof of Theorem [I).
Testing (LI)) by u; in H and using (L.2)), we find

S IVHP 196l + [ (o) = (ple)w o).
whence

, 1d 1 [,
HWW + [ Ve + /F’ (@) + = p(s@)u2 = —/p ()i + (P, pe).-
th 2dt o

2
(4.1)
Test now (L3) by ¢; in H to get
1d 1 [,
Il = ~5 IV = 5 [ o045 [ p@ea + plolnb). @)

Summing (A1) with (4£2]) we obtain

1d 2 2 " ld 2
3Vl 196l + [ P+ 55 [ ploln
1d

2y 2 , 1+ a4 2
P+ 3G90+ 55 [ oo

1 d 1
- 5/Qp (o + (SO)W - /QP'(@%W+ Q/Qp’(so)soth,

so that

1d ;
335 (19 1961 + [ plo)n = 62) + 196l + [ Fl)et +
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1 /
—5 [Ferntn— o (4.3
Q
Observe now that

1
5 [Pt =07 < F1 @il = Vs < el @i ln = w1

(4.4)
Moreover, we have (using (1) and (L4))
leelly < (1 +ca) [Vl + \9\1/2\@\
<+ a)IVerl + 7| [ ple)u—0)
< 1+ ea)Viul + g lPNass = Vs, (4.5)

where cq is the constant appearing in the Poincaré-Wirtinger inequality. Hence, by com-

bining ([@4]) with (43, we get
E / (@)l — 02| < el @) IFll + D) orsqayllie = ) (el + 1)

< §HV%H2 +e(L+ 17 (@)17) (el + 1215 + el (1 1p(e) 1 70/5q)- (4.6)

Thanks to (P1) and to (34]), we can see that p(¢y) is controlled in L>(0,7"; H). Moreover,
we know that ¢ is bounded in L'8(0,T; L>*/°(Q)) (cf. ([834)) and ¢ is also bounded in
L*(0,T; L%/5())) since ¢ < 4, Thanks to this bound, assumption (P1) entails that p(¢)
is controlled in L*(0,T; L%°(€2)). Thus we have

I’ ()| oeimry T PO pao,rizers@y < T (4.7)

where henceforth T' = T'(||¢ol|v, [|%0]|) will denote a positive constant that depends on
the norms of the initial data (and on F, p, ). Furthermore, we have

lully < (1 + )l Vall +190Y27] < (1+ )| Val + T, (4.8)
[l < IVl +T.

Plugging estimate (£.6) into (4.3) and using (4.7), (£.8), (£.9) and ([B.2), we get

ld 2 2 2 1 2 2 2
— - <
35 (194 19617 + [ Do) = 6) + Z IVl + l? < called
FT (IR + IRV + Tl + 190 + o). (410)

We now need an estimate for the L?-norm of ¢; in (EI0). This can be obtained by testing
(I by ¢; in H, integrating by parts in Q and using (LZ). This yields

leell? = (1, Apr) + (p(@) (0 — 1), 1)
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1d

= —5 A0 - /Q F'(9)Ve - Vo + (p(0) (¥ = 1), 1)

Hence, we have

1d 1
——lAp|?+ = |l¢ ZS‘/F’WWO-V@
186l + 5l <| [ oo v

< NF" (@)l 2@ I Vel s I Vel + ellp(@) 2w (lully + 10115
1
< 8—03|!V¢t|!2 + | F (@) 720y IV a0y + cllp(@) T (ully + [1911F)- (4.11)

Recalling that ¢ is bounded in L'(Q) (cf (B30) and [B33) with 6 = 14), (F) implies
that F(¢p) is bounded in L7/2(Q) (note that p < 17/3 < 6). Moreover, V¢ is bounded in
LY¥3(Q) (cf. (B30) and (3.44) with s = 2). Therefore the second term on the right hand
side of the last inequality in (£I1]) is bounded in L*(0,T).

Furthermore, ¢ is also bounded in L8(0,T; L>(2)) (cf. (3.30) and (B3.33) with 6 = o)
and, being ¢ < 4, (P1) implies that p(p) is bounded in L%(0,T; L3(Q2)).

By combining (4I0) with (£11l), also on account of (48)) and (€3], we obtain the

following differential inequality

1
+ §||P(<P)||%3(Q)||M — Pl Zs

%%(HWH? IV + 26| Ag|? + / pl9) (= v)?) + iuwr? + [l
<o (IVal® + Ve ]?) + o, (4.12)
where
o1 = cllp(@) 5@y o2 = lF (@) 22 Vel 2y + Tllp@) 13siy-  (413)

Notice that
loillziory T, loallzior) < T.
Using Gronwall’s lemma and recalling the assumptions on the initial data (in particular,
wo € H3(Q) implies that u(0) € V) from ([AI2) we get that Vu and Ay belong to
L>(0,T; H), vy € L=(0,T;V), Vy; and 1; belong to L?(0,T; H). Also, thanks to (F), we
have that F'(p) € L>(0,T; H). Therefore p € L>(0,T; H) so that
we L*0,T;V). (4.14)

Moreover, due to elliptic regularity result for the homogeneous Neumann problem, we
deduce ¢ € L>(0,T; H*(Q)). From this property and (4.I4) we infer we have also

o € L>(0,T; H*()). (4.15)

Indeed, since ¢ € L>(0,T; H*(Q)), we have F'(p) € L>(0,T;V). From (&I4) we then
get Ap € L*(0,T;V) and (4I5) follows by standard elliptic regularity.

Finally, as far as ¢, is concerned, by integrating (d.I1]) in time between 0 and ¢ we get
@y € L*(0,T; H) and this bound together with the bound for Vi; deduced above imply
oy € L20,T;V). O
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We now show that (LI)—(L4) define a dynamical system on a suitable phase space.
Let M > 0 be given. Set

Wy ={w=[p,¢] eV xH: Ew)< M}
and endow W,,; with the metric

dWM('wQ’wl) = ||902 - 901||V + ||"7Z)2 - 'QZ)1||7 Vw; == [SOMM €Wy, i=1,2,

so that it is a complete metric space. As a consequence of Theorem [Il and Theorem [
assuming that (F) and (P1) are satisfied, we can define a semigroup {Sys () }+>0 of closed
operators on Wy, (cf. [25]) by setting

where [p, 9] is the unique (weak) solution to Problem (LI)—(T3l).

Notice that we have the total mass constraint

lo(t) +¥(t)| = B + Wl < QM), Vt >0,

where henceforth by @ = Q(M) we denote a nonnegative continuous monotone increasing
function of M (which may also depend on F', p and 2). Such function may change even
within the same line.

Theorem 4. Let (F) and (P1) be satisfied. Then the dynamical system (War, {Sa(t)}+>0)
possesses the global attractor.

Proof. Let us write (d.12) in the form

dd 1
St IVl + G < @+, (416)

where
1 1 1
® = SIVHI + SIVOIE + el Sl + 5 [ pledu— wP

and o1 and oy are defined as in ([I3). Notice that, since I' = T'(||¢ol|v, [|0]|) and since
[0, %0] € Wy, then the constant T' that bounds the L'—norm of oy will depend only on
M.

Integrating the energy identity (3.40) between ¢ and ¢ + 1, we get, for all ¢ > 0.

t+1 t+1 t+1
/ IV ulPdr < M, / IV |2dr < M, / / Pl — )P < M. (417)
t t t

Recalling that ¢ < 4, we deduce from (P1) that

t+1
2
[ nor <14 el maman)
t
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< C(l + H@Hiqw(t,wrl v) T ”‘P”H ISR H3(Q))) < Q(M). (4.18)

Moreover, on account of (F) and (P1), we obtain

dT < CHF”< )|’i7/2(t7t+1;L7/2(Q))HV()O|’il4/3(t7t+1;L14/3(Q)) + Q(M)

/\\

= ( + HSOHLW 2)/2(tt+1 L7(p—2)/2 Q))HVSOHLM/S t,t+1;L14/3(Q)) +Q< )

2(p—2
(1 + ||80||L°°(t vy T ||<P||L(2ptt)+1 JH3(Q)) )(HVSDHLoo(t,tH;H) + ||v90||%2(t,t+1;H2(Q)))
2(p—1)
+ QM) < c(1+ @l72 et inwy + 1017 magay) + QM) < Q(M). (4.19)

In (£IR) and (£19) we have used the fact that the L*(¢, t+1; H*(Q))—norm of ¢ can be
controlled, uniformly in time, in terms of ||¢o||v, ||¢o]| and hence of M, when 4 < p < 17/3.
Indeed, we can use the iteration argument outlined in the proof of Theorem [ (cf. Step

IL; if p = 4 no iteration is needed).

Therefore, we have (see (EIT))

t+1 t+1
[ o< v [ 1apmlPar < Q. (4.20)

Thanks to (AI8)-(@20) we can now apply the uniform Gronwall’s lemma to (4.16])

and obtain
O(t) <Q(M), Vt>1. (4.21)
On the other hand, the definition of the phase space Wy, and ([B.2]) yield
le@ e < QM), (¥l < Q(M), Vvt =0. (4.22)
Hence, we deduce from ([A21]) and ([A22]) that
lo(®) ey < QM), Wt > 1. (1.23)
Moreover, ([d.21]) and ([£23]) entail
lu@®llvy < Q(M), Vvt =1.
Also, using (4.23) once more, we have
IVE' (o)l < [F" () Ve @)l < Q(M), vt =1.

The last two bounds, (L.2]) and elliptic regularity imply

o) m3) < QM), Vt>1. (4.24)
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Finally, from (@21 and (d22),, we get
W@l <QM), vt>1. (4.25)

Thanks to (£24) and (£25), we have thus proven that there exists A = A(M) > 0 such
that

By = {w = [p,¢] € H*(Q) x HY(Q) : [[@llmse) < Ay [¥llme) <A, E(w) < M}

is an absorbing set for the semigroup {Sy;(t)}i>0 in Wi Since By, is also compact in
Wi, the conclusion follows from [25, Thm. 2]. I
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