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1. INTRODUCTION

In the last few years, micro-electro-mechanical systems devices vibrating at high frequencies (RF MEMS) (ranging
from 1 MHz to 60 GHz) have increasingly been used in various industrial fields. Low-frequency MEMS devices
are normally operated at very low pressure in order to minimize the damping due to the internal friction of the gas
(viscous damping). This need can be overcome when MEMS devices vibrate at relatively high frequencies, since
gas compressibility and inertial forces lead then to another damping mechanism which is related to the propagation of
sound waves generated by high-frequency oscillating micro-structures. Very recently, it has been proved in Desvillettes
and Lorenzani (2012) for a single-component gas that sound waves propagating between the micro-device walls
induce a resonant/antiresonant response of the system. The occurrence of an antiresonance is particularly important
since if the device is operated close to the corresponding frequency, the damping due to the gas is considerably
reduced. Since gas resonances take place for each value of the rarefaction parameter (inverse Knudsen number), the
RF MEMS devices can perform well also at atmospheric pressure, greatly reducing the need for (and cost associated
with) vacuum packaging. In the current investigation, we extend the previous analysis carried out for a single species
gas (Desvillettes and Lorenzani, 2012) to a gas mixture, by using the unsteady kinetic equation based on the linearized
version of the relaxation model of BGK-type presented in Groppi and Spiga (2004). This BGK approximation has
already been used as a consistent tool to investigate other physical problems, such as condensation and sublimation
in gas mixtures (see Kosuge, Mizuno and Aoki, 2007, Kosuge, Aoki, Inoue, Goldstein and Varghese, 2012). The
evaluation of damping forces exerted by different gases assumes a basic relevance in all MEMS fabrication processes.
In fact, during the wafer bonding process a gas mixture of noble gases (like Ar, Kr, or Ne) and getterable gases (like
N2, O, or CG,) is usually backfilled into the MEMS sensor package to set its operating pressure, which should
exactly match the damping requirements of the micro-device design (“backfilling process”).



2. LINEARIZED BGK MODEL FOR A BINARY MIXTURE

The evolution of a mixture ofV elastically scattering gases is usually described by a sat oftegro—differential
equations of Boltzmann type for the species distribution functjdiis x, &) (s = 1,..., N) (Chapman and Cowling,
1970). It is well known that suitably weighted integralsfdfover the molecular velocit§ provide the main macro-
scopic fields of physical interest, as number densitymass velocity*, temperaturd™, viscous stress tensét’,
heat fluxq®. At global equilibrium, all distribution functions are Maxwellians
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for some common velocity, and temperaturé). Since Boltzmann equations are quite awkward to deal with, con-
sistent simpler models have been proposed in the literature. Among them, the McCormack model (1973) has been
over the years the most widely used to study a great variety of problems, such as Couette and Poiseuille flows, thermal
creep, and heat transfer for mixtures, since all transport coefficients (i.e., viscosity, thermal conductivity, diffusion,
and thermal diffusion ratio) can be correctly obtained from it applying the Chapman—Enskog procedure. Moreover,
McCormack derived a model for the cross-collision operator of a general multicomponent monatomic mixture, not
restricted to Maxwell molecules, but applicable also to other intermolecular force laws. Instead, in the present paper
we have chosen to perform our numerical analysis by using the BGK relaxation model proposed in Andries et al.
(2002) and generalized in Groppi and Spiga (2004) even to nonconservative collisions, that has been proven to be
well posed from the mathematical point of view (correct Boltzmann collision invariants and Maxwellian equilibria
are properly recovered, and theorem is fulfilled). Even if the BGK-Boltzmann equation for mixtures generally
cannot match all the transport coefficients simultaneously (as it occurs for a single-component gas BGK-model), for
the specific problem at hand, the BGK equation has been shown to be a valuable tool for investigation, at least in
the case of a pure monatomic gas (Desvillettes and Lorenzani, 2012), giving results in close agreement with those
obtained with more refined kinetic models. Furthermore, the use of the BGK model equation allows one to detect, by
a simple visual inspection, if the equations derived for describing the sound wave propagation in a gaseous mixture
are formally correct, since when the binary mixture reduces to a single gas, one should recover the same equations
reported in Desvillettes and Lorenzani (2012).

For a mixture of two gases with particle masse§ m?, the BGK model presented in Groppi and Spiga (2004)
reads as
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wherev, are suitable collision frequencies (independent f&grand M, are Maxwellian attractors
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Auxiliary parameters , T (with subscripts) are determined in terms of the moments of the distribution functféns

that isn®, v*®, T (with superscript), by imposing that the exchange rates for species momenta and energies given
by the BGK operator reproduce the exact corresponding rates calculated by the Boltzmann operators for Maxwell
molecules. Skipping intermediate details, their final expressions written in compact forsn{fihr2) are
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wherep!? = m!m?/(m!+m?) standdor the reduced mass, ang” are suitably weighted integrals of the differential
cross sectiow®” relevant to collisions between particles of speciesndr:

vy = 271/0 o*"(x) (1 — cos®x) sinx dx (6)

whose values for intermolecular potentials of inverse power type are reported in Chapman and Cowling (1970). For
the special case of the Maxwell molecule interparticle force law
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wherer, is the distance between particles alid” is the interparticle force law constant, the microscopic collision
frequencies, relevant for the present analysis, are explicitly given by
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with A4, (5) ~ 0.422, A5(5) ~ 0.436being the dimensionless collision cross sections reported in Chapman and
Cowling (1970). In a binary mixturgg ' and K22 can be written in terms of the simple gas viscosity coefficigfits
(s = 1, 2) with aid of the first Chapman—Enskog expressions for these quantities:
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In order to specify the force constam&s!! and K22, the experimental data on the viscositigsof the single gases

at the temperatur@ = 300 K, given in Kestin et al. (1984), have been used. Finally, the con&fadhthas been
determined from the method of the combination rule
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previously considered by McCormack (1973).

A useful tool in the sequel will be the linearization of BGK equations (2) around the equilibrium configuration
given by Eq. (1), where we have assumed that 0 without loss of generality. In particular, we sEt= f5(1+ h®)
with |h®| < 1, and we neglect higher order terms. It can be easily checked that
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Introducingnow the normalizations
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(where M1, = m!'/m? is the mass ratio) we get the linearized version of the BGK collision term, given by the
right-hand side of Eq. (2):
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whereT'! = (v12u!?)/(vim!')ng, T? = (vi2ul?)/(vam?) nd, while pt, p?, vi, v2, v, v are the macroscopic

fields for the two gas components given by Egs. (25)—(30). The values of collision frequenciesare determined

by imposing, as additional constraint, that the (linearized) BGK model reproduces the (linearized) exchange rates for
viscous stress tensof#j andej prescribed by Boltzmann equations. Skipping calculation details, such a constraint

yields
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3. PROBLEM FORMULATION

Let us consider a binary gaseous mixture confined between two flat, infinite, and parallel plates located-dy/2
andz’ = d/2. Both boundaries are held at the same constant temperature. The upper wall of the channel (located
atz’ = d/2) is fixed while the lower one (located at = —d/2) harmonically oscillates in the’ direction (normal
to the wall itself) with angular frequenay’ (the corresponding period beify = 27t/w’). The velocityU,, of
the oscillating plate depends on tinfethrough the formulaU;, (') = Uy sin(w’t’), where it is assumed that the
amplitudel}| is very small compared to the characteristic molecular velocity of the mixture giveny,/2kT, /m,
with & being the Boltzmann constamt, being the mean molecular mass of the mixture, &nbtleing the equilibrium
temperature of the mixture. Under these conditions, the Boltzmann equation modeling the gaseous mixture motion
inside the channel can be linearized by representing the distribution function of each spea@sanentioned in the
previous section. Then, the system of the BGK-Boltzmann equations after the projection (Desvillettes and Lorenzani,
2012) reads
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where all variables have been rescaled as follotvs: t//01, z = 2//(v}01) with v} = \/2kTy/m!, and©, =

01/02 = vo/v1, & = d/(vi0:1) (which is the dimensionless distance between the channel walls as well as the
rarefaction parameter of the species: 1). Notice that in the particular cagd,, = 1, namely if the two gases have
equal particle mass, the equations for the pait, U'!) coincide with the ones fofH?, ¥2) only if I'' = I'? and

©12 = 1, hence only ifn} = n2 and the two gases share even the same viscgsity n2. In Egs. (17)—(20), the
reduced unknown distribution functios® and¥* are defined as
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Assuming the diffuse scattering of gaseous particles on both walls, the linearized boundary conditions read as

% (z,t) =

H'(z=-8/2,c.,t) = (V+2c.) Uy — 2/ e, 6, e % H (2 = —5/2,¢.,1), c. >0 (31)
. <0



2c, 2 . _a -
Hz(z:—é/Z,cz,t):( L—l— c )Uw / dé, ¢, e &/ Mz H?*(z = —6/2,¢,,t), c.>0 (32)
£.<0

Ms  Mia - My,

Ul(z=-58/2,c.,t) = V(2 = =§/2,¢.,t) =0, ¢, >0 (33)
HY(z=5/2,c.,t) = 2/ dé,é.e S HY (2 =8/2,6.,1), c¢.<0 (34)

c.>0

2 )

H%*(z=158/2,c.,t) = —/ dé, &, e /MR 2 (4 = §/2,¢,.1), ¢, <0 (35)

Mz Jz, >0
Ul(z=08/2,c.,t) = U*(2 = 8/2,c.,t) = 0, ¢, <0 (36)

In Egs. (31) and (32)V,, is the dimensionless wall velocity given 1y, (t) = Uy sin(wt) with U,, = U/ /v},
Up = Ujvg, w = 01, T = 2n/w = T'/6,. The time-dependent problem described by Egs. (17)—(20), with
boundary conditions given by Egs. (31)—(36), has been numerically solved by a deterministic finite-difference method.
The region between the plates has been divided into a number of cells of the same size. In MEMS devices vibrating at
high frequencies, high spatial resolution is required in order to capture properly the propagation of sound waves with
short wavelength. Following previous numerical studies (see Lorenzani et al., 2007), the emitter plate displacement
is not taken into account. The gas feels the plate motion only through the boundary conditions (31)—(36). Similarly,
a regular net of nodes has been arranged into a finite domain of the one-dimensional velocity space, large enough to
contain the significant part of the distribution functions at any spatial location. In general, the extent of the velocity
distribution function of species (s = 1,2) in the molecular velocity space is inversely proportiona)/tas. Thus,
a separate grid for each species should be considered. Indeed, due to the normalization adopted in the present paper
[Eg. (10)], we were able to use only one grid in the velocity space since the scaling fQétBF:/mQ = VM,
(which allows one to switch between the grid associated with the first species and that associated with the second
species) appears directly in the equations defining the reduced distribution funéti@sd v° [Eqgs. (21)—(24)] and
the macroscopic fields [Egs. (25)—(30)]. Then, the distribution functions are assumed to be constant within each cell
of the phase space. Further details on the standard (upwind) implicit finite-difference scheme employed in the present
computations are reported in Lorenzani et al. (2007). The convergence of the numerical results presented has been
extensively examined by modifying the number of grid points chosen in phase space. The variation of the components
of the macroscopic fields due to the increase of the grid parameters was the criterion of the calculation accuracy. In
addition, it has been checked that, allowing our data to be reduced to the case of a single monoatomic gas by taking
m! = m? andn! = 1?2, the results presented in Desvillettes and Lorenzani (2012) can be recovered.

In order to compute the damping force exerted by the gaseous mixture on the moving wall of the channel, the global
normal stress,, has to be evaluated at= —5§/2. In the frame of our linearized analysis, the normal component of

the stress tensor of the mixture is defined in terms of the single component paraméters-a®., + P2, where
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The normal stress time dependence is of the known form
|P,.| sin(wt+ ¢)

where|P,.| is the amplitude and the phase. In general, the amplitude of the time-dependent macroscopic fields

is extracted from our numerical results as half the vertical distance between a maximum and the nearest minimum
appearing in the temporal evolution of the macroscopic quantity. Since the parameter range investigated in our numer-
ical simulations is close to the one taken into account in Desvillettes and Lorenzani (2012), about the accuracy of the
BGK approximation we consider valid the same remarks reported in that reference for a single component gas (still

lacking a complete experimental data set).



4. RESULTS AND DISCUSSION

The numerical results presented here refer to the noble gaseous mixture of helium! Hd 0026 au), and xenon,
Xe (m? = 131.29 au) with the same molar concentration. For a single component gas, we have found in Desvillettes
and Lorenzani (2012) that above a certain frequency of oscillation of the lower wall of the channel, the sound waves
propagating through the gas are trapped in the gaps between the moving elements and the fixed boundaries of the
microdevice. In particular, we found a scaling law (valid for all Knudsen numbers) that predicts a resonant response
of the system when the dimensionless distance between the channel walls (measured in units of the oscillation period
of the moving plate)L = &/T, takes a well-defined fixed value. Physically, the origin of this phenomenon can be
traced back to the constructive interference (resonance) or destructive interference (antiresonance) occurring between
the incident and reflected sound waves. Corresponding to a resonant response of the system, the aniplitadle of
z = —b/2 reaches its maximum value (resonance) or its minimum value (antiresonance). Beyond the phenomenon
of sound wave resonances and the scaling law related to it, firstly reported in Desvillettes and Lorenzani (2012), the
nonmonotonic dependence of the amplitudé’of on the periodl” has already been detected for a single-component
gas in several previous papers (see Kalempa and Sharipov, 2009).

In Figs. 1-3, we report the profiles of the normal stress amplitude at the oscillating wall as a function of the period
T, for three different values of the rarefaction paramétdor a single component gas as well as for a He—Xe mixture.
For future comparisons, we have also listed in Tables 1-3 the numerical values of the amplifydaiof = —5/2
as a function of the period for the He—Xe mixture in different molecular flow regimes. The pictures reveal that in
the near-free molecular flow regime£30.1) and in the transitional region £1) the resonant response of the system
occurs also in the gas mixture (although the scaling law found for a single-component gas does not hold any longer),
while in the near-continuum regime €10) the propagation of sound waves in the He—Xe mixture does not show any
resonance. In order to inspect more deeply the physical processes going on in a disparate-mass gas mixture, we report
in Figs. 4 and 5 the velocities of gas componentsf¢r helium andv? for xenon) in the: direction against the distance
across the gap of the channel (at different stages during a period of oscillation). The pictures reveal that for both the
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FIG. 1: Amplitude of the normal stress tensBy, at the oscillating wall versug for 5 = 0.1. Comparison between
the results obtained for a single-component gas (circles) and for the He—Xe mixture (squares).
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FIG. 2: Amplitude of the normal stress tensBr, at the oscillating wall versug for 5 = 1. Comparison between the
results obtained for a single-component gas (circles) and for the He—Xe mixture (squares).

FIG. 3: Amplitude of the normal stress tensBy, at the oscillating wall versug' for 56 = 10. Comparison between
the results obtained for a single-component gas (circles) and for the He—Xe mixture (squares).



TABLE 1: Amplitude of P,, atz = —&/2 for the He—Xe mixture and = 0.1

T | P2 (2 = —8/2)]|
0.15 1.273
0.20 1.432
0.25 1.234
0.30 0.9294
0.35 0.7288
0.40 0.6411
0.45 0.6245
0.50 0.6447
0.60 0.7308

TABLE 2: Amplitude of P,, atz = —§/2 for the He—Xe mixture and =1

T [Pz (2 = —8/2)]
15 1.228
2.0 1.323
2.5 1.219
3.0 1.045
3.5 0.9143
4.0 0.8399
4.6 0.7998
53 0.7873
6.0 0.7978
6.5 0.8176

TABLE 3: Amplitude of P,, atz = —§/2 for the He—Xe mixture and = 10

T Po(z = —8/2)]
15 1.194
20 1.234
25 1.279
30 1.322
35 1.362
40 1.398
45 1.442
51 1.495
60 1.515

rarefaction parameters taken into account(8.1 andd = 10), two different forced-sound modes are simultaneously
present: a fast and a slow wave. The slow wave is a damped soundlike mode primarily carried by the Xe, while the
fast wave should be associated with the He component of the mixture which plays a dominant role in the appearance
of resonances. Far= 0.1, the fast wave appears to be a single-component gas-based sound mode since the velocity
field v! for helium is the same as that obtained for a simple monatomic gas (Desvillettes and Lorenzani, 2012), while



0=0.1 T=0.2
LS I I I L LA L
=~ =T - |7 o0
0.75 |— \\,‘ - — = ot=n/2
= 7N . —_— ot=n
0.5 _— /’ \\ ot=31/2
025 =7 o .,
- N l \\“ ] el ]
> 0= \\____”J‘ SN
2025 .
0.5 |-
075 = .-
-1 -
p by b by be by by bl ela

25
-0.05 -0.04 -0.03 -0.02 -0.01 0
z

FIG. 4: Variation of the macroscopic velocities of gas components in tiieection across the gap of the channel for
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FIG. 5: Variation of the macroscopic velocities of gas components in ttieection across the gap of the channel for
6 =10andl = 23.

for & = 10, the fast wave in He is not analogous to a sound wave in a pure monatomic gas. These observations are in
agreement with previous predictions about the possibility of several simultaneous sound modes in a disparate-mass
gas mixture at a high enough frequency (Bowler and Johnson, 1985; Huck and Johnson, 1980; Johnson, 1989), but
they deserve further investigation in order to clarify precisely the nature and the origin of these different interfering
modes.

5. CONCLUDING REMARKS

In the present paper, we have analyzed the damping forces exerted by a binary gaseous mixture in micro-electro-
mechanical systems devices vibrating at high frequencies through the kinetic theory of rarefied gases. We have found
that, due to the constructive/destructive interference occurring between the incident and reflected sound waves gen-
erated by the high-frequency oscillating boundary of the microdevice, a resonant/antiresonant response of the system
can be detected in the near-free molecular flow regime and in the transitional region (similarly to the case of a single-



componengas). Corresponding to a resonant response of the system, the amplitidead: = —5/2 reaches its
maximum value (resonance) or its minimum value (antiresonance). The occurrence of an antiresonance is particularly
important since if the device is operated close to the corresponding frequency, the damping due to the gas is con-
siderably reduced. However, contrary to the case of a single-component gas, our numerical results show that, in the
near-continuum regime, the propagation of sound waves in the helium—xenon mixture does not show any resonance.
According to our analysis, this behavior is peculiar to disparate-mass gas mixtures when anomalous dispersion of
forced sound is observed (Bowler and Johnson, 1985). Therefore, we are led to interpret the different behavior of
sound wave propagation in a He—Xe mixture at 10 as related to the existing interference between the sound mode

and another excitation mode of the gas (Bowler and Johnson, 1985). To conclude, our model allows one to study the
nature of the multiple forced-sound modes excited in disparate-mass gas mixtures, thanks to the peculiar character-
istics shown by the sound waves in correspondence of the resonant/antiresonant frequency. In this way, it has been
possible to detect that, in the free-molecular flow regime and in the transitional region (where resonances still occur),
the sound mode associated with the He component of the mixture is a single component gas-based sound mode, while
in the continuum limit the excited mode carried by the He component is not analogous to the sound wave propagating
in a pure monatomic gas. This allows one to clarify the longstanding open question about the precise nature of sound
modes excited in disparate-mass gas mixtures (Bowler and Johnson, 1985; Huck and Johnson, 1980; Johnson, 1989).
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