
Detecting the vulnerability of groundwater in semi-confined aquifers
using barometric response functions
1. Introduction
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singly critical issue for
uality regulations (e.g.

ore stringent, and pres-

waste (e.g. hydrocarbon related compounds, radioactive waste, 
etc.) is becoming increasingly urgent.1

1.1. Groundwater vulnerability in semi-confined aquifers
defined 

of groundwater. In this context, the need to protect aquifers from as a function of the nature and thickness of the overlying confining 

surface sourced contamination, including agricultural products
(e.g. fertilizers, pesticides, fungicides and herbicides) and industrial
layers, the depth to the water table and the characteristics of the 
aquifer materials (e.g. Boland et al., 1999). Methods for assessing 
groundwater vulnerability are well established and are under con-
tinuous development. In practice, however, the reliability of 
groundwater vulnerability assessment is limited by quality and

1 BRF – barometric response function, BE – barometric efficiency, SBE – static
barometric efficiency, Bp – barometric pressure, WL – borehole water level.
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quantity of available data, e.g. geological maps, borehole records, 
geophysical data and estimates of hydraulic conductivity. Assess-
ing groundwater vulnerability of aquifers that are partially pro-
tected by heterogeneous semi-confining layers is particularly 
problematic (Foster, 2007). A particularly common example is 
aquifers semi-confined by glacial sediments. Large areas of North 
America, Europe and Eurasia down to 40� N were ice-covered at the 
Pleistocene Glacial Maximum (Ehlers and Gibbard, 2007) and have 
an intermittent cover of highly heterogeneous Quaternary glacial 
sediments ranging from coarse sands and gravels to clays (Johnson 
and Menzies, 1996). These sediments form semi-confin-ing layers 
for a number of major aquifers, such as the Cretaceous Chalk and 
Permian Sandstone Aquifers of North Europe (e.g. Allen et al., 1997; 
Kilner et al., 2005), the Silurian–Devonian lime-stone aquifers of 
USA (e.g. Olcott, 1992; Yager, 1996) and the Northern Great Plains 
Aquifer of Canada (e.g. Vogelsberg, 2007). For such semi-confined 
aquifers, an appreciation of not only the distribution of sediment 
types at the land surface but also of the degree to which highly 
conductive sediment bodies contribute to potential pathways for 
contaminants from surface to aquifer, is important. The hydraulic 
conductivity (K) of aquifer confining lay-ers at field scale has 
traditionally been estimated from pumping and slug tests (e.g. 
Kruseman and de Ridder, 1994). These render predominantly 
horizontal rather than vertical K which is most rel-evant to 
groundwater vulnerability. Estimates of vertical K of con-fining 
layers can be obtained from aquifer pumping tests when leakage 
from the confining layer occurs (e.g. Hantush, 1956). How-ever, to 
accurately estimate vertical K from such leakage effects often 
requires pumping tests performed over time intervals of some tens 
of hours which are not routinely undertaken for obser-vation 
boreholes.

The above problems with obtaining good, high quality data for 
the characterization of confining layer properties limit the accu-
racy and resolution of groundwater vulnerability assessment. In 
this context, improved information on the occurrence and location 
of fully (or partially) penetrating, highly conductive bodies within 
confining layers that present potential pathways for contaminants 
would be of value. A key objective of the present work is to explore 
the use of barometric response functions (BRFs) determined from 
borehole water level (WL) and barometric pressure (Bp) records in 
detecting such pathways.
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1.2. Barometric efficiency and the barometric response function

That water levels in boreholes tapping confined and semi-con-
fined aquifers respond to barometric pressure is well known (e.g. 
Jacob, 1940). Fig. 1 shows the aquifer system structure here
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Fig. 1. Diagrammatic cross-section showing aquifer, confining layer, borehole and
flow directions in response to changing barometric pressure.
considered and the dynamic effects induced by barometric pres-
sure change. In the case of a fully confined aquifer (where the con-
fining layer has negligible hydraulic conductivity), changes in 
barometric pressure are transmitted virtually instantaneously to 
the aquifer where they are distributed between the aquifer skele-
ton and pore waters. The same pressure changes are instanta-
neously transmitted in total to the water surface in the borehole 
(e.g. Jacob, 1940; Batu, 1998). This process generates a pressure 
imbalance between an open borehole and the aquifer so that an 
increase in barometric pressure causes a decrease in borehole 
water level and vice versa. Where the confining layer is uniformly 
impermeable, the ratio of change in borehole water level to change 
in barometric pressure is a constant termed the static barometric 
efficiency (SBE) of the aquifer (Jacob, 1940). The SBE of an aquifer is 
related to its elastic properties through specific storage, Ss (Jacob, 
1940):

SBE ¼ nb=ðaþ nbÞ ¼ qgnb=Ss ð1Þ

where n is formation porosity, b is the compressibility of water, a is 
the compressibility of the aquifer matrix, q is the density of water 
and g is the gravitational constant.

When the aquifer is semi-confined (i.e. where the confining 
layer has significant permeability) or semi-unconfined (i.e. where 
there is a thick unsaturated zone and/or an unsaturated zone of low 
permeability), barometric efficiency (BE) becomes frequency 
dependent (e.g. Weeks, 1979; Furbish, 1991) and the response of 
borehole water level to barometric pressure is described by a baro-
metric response function (BRF). Fig. 2 depicts a typical BRF in the 
frequency domain in terms of gain (or BE) and phase (representing 
the lag of the response). Phase is plotted according of the sign
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Fig. 2. Illustrative barometric response function (top – gain, bottom – phase)
showing low (A), intermediate (B) and high (C) frequency response stages. Stage A is
controlled largely by the properties of the confining layer, stage B shows behaviour
similar to a perfectly confined aquifer with a gain equal to the SBE of the aquifer and
phase of �180�, and stage C is controlled by borehole radius and transmissivity of
the aquifer.



 
 
 
, 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
, 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
, 
 
 
 
 
 
 
 
 

convention of Rojstaczer (1988) where phase advance is greater
than, and phase lag less than, �180� (which is the lag in the case of a
fully confined aquifer where BE is constant). The BRF can be divided
into the three stages shown in Fig. 2. These comprise low
intermediate and high frequency ranges within the baromet-ric
pressure signal (Rojstaczer, 1988; Hussein et al., 2013). At low
frequencies (stage A), gain increases and phase decreases with
increasing frequency, and the behaviour is controlled primarily by
the properties of the confining layer. At very low frequencies, the
slow rate of change in barometric pressure allows equilibrium to be
maintained between the confining layer, the aquifer and the
borehole and the system behaves as if unconfined (gain and phase
approach zero). At intermediate frequencies (stage B) a plateau
exists at a gain equal to the SBE and a phase of �180�, showing
behaviour resembling that of a fully confined aquifer. At high fre-
quencies (stage C), the BRF is controlled by the rate at which water
can flow in and out of the borehole and therefore by borehole radius
and aquifer transmissivity. As a consequence, stage C is associated
with decreasing gain and phase with increasing frequency. At very
high frequencies, the movement of water cannot keep up with
barometric pressure changes and the aquifer once more behaves as
if unconfined (gain and phase approach zero).

Barometric response functions can be determined from time
series of open borehole water levels and barometric pressure
recorded at regular intervals of around four hours or less for time
periods of around one year or more (Hussein et al., 2013). Auto-
matic monitoring of borehole water levels at time intervals of one
hour or less is becoming increasingly common so that the often
dense networks of monitoring boreholes that exist in many major
aquifers can potentially provide ready-made data sets suitable for
this approach. Hussein et al. (2013) showed through numerical
simulations that the presence of a highly conductive pathway
through a confining layer is reflected in the head variation induced
by barometric pressure in the aquifer. Here the work of Hussein et
al. (2013) is furthered through a study of BRFs for aquifers with
heterogeneous confining layers. Through a suite of numerical
simulations, the feasibility of using BRFs to detect the presence of
possible pathways for contaminants within semi-confining layers is
investigated and the potential implications for groundwater
vulnerability assessment practice are discussed.

1.3. Estimating confining layer properties from barometric response 
functions – previous work

During the late 1980s and early 1990s, techniques for determin-
ing BRFs from borehole water level and barometric pressure records
were established for the time domain (Weeks, 1979; Furbish, 1991;
Rasmussen and Crawford, 1997; Rasmussen and Mote, 2007; Toll
and Rasmussen, 2007) and the frequency domain (Welch, 1967;
Rojstaczer, 1988; Galloway and Rojstaczer, 1988; Rojstaczer and
Riley, 1990; Evans et al. 1991) and BRFs were evaluated for a variety
of confined and semi-confined aquifer systems. System properties
including vertical diffusivities of confining layers can be estimated
from the BRF through calibration using an appropriate analytical
model (e.g. Weeks, 1979; Rojstaczer, 1988; Evans et al., 1991; Butler
et al., 2011). Diffusivities estimated com-prise both unsaturated
zone pneumatic diffusivity and saturated zone hydraulic diffusivity
the latter defined as the ratio of hydraulic conductivity (K) to
specific storage (Ss) or transmissivity (T) to  storativity (S). For
semi-confined aquifers, a number of analytical models for
predicting borehole water level response to barometric pressure
have been developed both in the time domain (Butler et al., 2011)
and in the frequency domain (Hsieh et al., 1987; Rojstaczer, 1988;
Evans et al., 1991; Ritizi et al., 1991) and used to estimate confining
layer and aquifer properties (Rojstaczer, 1988; Galloway and
Rojstaczer, 1988; Rojstaczer and Riley, 1990;
Quilty and Roeloffs, 1991; Evans et al., 1991; Beavan et al., 1991; 
Acworth and Brain, 2008; Butler et al., 2011). BRFs have also been 
used to correct borehole water level response for barometric pres-
sure effects (Quilty and Roeloffs, 1991; Rasmussen and Crawford, 
1997; Spane, 2002; Toll and Rasmussen, 2007) and the influence of 
river-stage fluctuations (Spane and Mackley, 2011) where these 
mask groundwater flow characteristics of interest, e.g. in the esti-
mation of hydraulic gradient or the analysis of pumping test data. 
The sensitivity of BRFs to conditions in the immediate vicinity of 
the borehole (e.g. aquifer transmissivity, borehole radius and skin 
effects) has been analysed in the time domain by Rasmussen and 
Crawford (1997) and Spane (2002) and in the frequency domain by 
Rojstaczer (1988).

BRFs have been used in the past to investigate the degree of 
aquifer confinement which relates closely to intrinsic aquifer vul-
nerability. Sensitivity to confinement was demonstrated by Hare 
and Morse (1997, 1999) for open boreholes within and outside the 
areal extent of a containment system consisting of a clay cap and 
impermeable cut-off wall where they used BRFs as a means of 
monitoring the performance of the containment system. BRFs have 
been used to investigate the continuity of confining layers over 
distances of up to 700 m (Rasmussen and Crawford, 1997; Butler et 
al., 2011). Acworth and Brain (2008) demonstrated that a thin 
weathered zone (<2 metres) in fractured granite can result in a 
response of borehole water level to barometric pressure indicating 
confined behaviour and used this response to investigate 
groundwater-surface water interactions. Hussein et al. (2013) pre-
sented BRFs demonstrating a range in behaviour for an aquifer 
confined by heterogeneous glacial sediments and related these to 
groundwater vulnerability. These authors suggested a measure of 
vulnerability incorporating the thicknesses and diffusivities, esti-
mated from BRFs, of the unsaturated and saturated zones within 
the confining layer. They also demonstrated, through numerical 
simulations, that the BRF reflects the properties of a confining or 
semi-confining layer over an area extending some hundreds of 
metres from the monitoring borehole.
2. Modelling the impact of high conductivity pathways on 
barometric response functions

Analytical models that link the BRF with system properties (e.g. 
Butler et al., 2011; Hsieh et al., 1987; Rojstaczer, 1988; Evans et al., 
1991; Ritizi et al., 1991) assume that both aquifer and confining 
layer are vertically and laterally homogeneous. In the case where 
the confining layer is heterogeneous, the properties obtained from 
these models are interpreted as representative parameters which 
incorporate the effect of the heterogeneity on the average system 
behaviour. Of particular interest from the point of view of ground-
water vulnerability is the impact on the BRF of a body of high con-
ductivity material penetrating a low conductivity confining layer. 
Here the initial work of Hussein et al. (2013) on the influence of a 
high conductivity pathway within a confining layer is furthered 
through three-dimensional, transient groundwater flow simula-
tions. The output of the numerical simulations is used to calculate 
the BRF for a low conductivity confining layer containing a high 
conductivity body. These BRFs are then compared to those gener-
ated by the modified analytical model of Rojstaczer (1988) 
described in Section 2.1, which assumes a homogeneous confining 
layer, to explore the potential use of BRFs to detect high flow path-
ways for contaminants through confining layers.
2.1. The analytical model

Rojstaczer (1988) developed an analytical model in the 
frequency domain for the response of the water level in an open
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borehole to barometric pressure forcing, in a semi-confined aqui-
fer. The model output is the BRF in terms of gain (BE) and phase. 
Details of the model of Rojstaczer (1988) are given in Appendix A. 
The model considers three flow processes shown in Fig. 1 that arise 
from a change in barometric pressure; i) vertical air flow in the 
unsaturated zone from the Earth’s surface to the water table, ii) 
vertical groundwater flow within the confining layer, and iii) 
horizontal groundwater flow between the aquifer and the bore-
hole. The model contains nine parameters, i.e. static barometric 
efficiency of the aquifer (SBE), confining layer pneumatic and 
hydraulic diffusivities (Dunsat and Dcon), confining layer thickness 
(Lcon), unsaturated zone thickness within the confining layer 
(Lunsat), aquifer transmissivity (Taqu), storativities of the aquifer and 
confining layer (Saqu and Scon) and borehole radius (rw).

The frequency dependent fluctuation of the water level in a 
borehole due to changing barometric pressure is given, as a com-
plex function, by Rojstaczer (1988):

x0 ¼ �A=qg þ p0=qg � s0; ð2Þ

where x0 is a complex function describing the fluctuation of bore-
hole water level (measured as positive upwards), p0 is a term 
describing the influence of the confining layer (defined in Eq. (A.2)), 
and s0 is a term describing the influence of the borehole (defined in 
Eq. (A.4)). A is the frequency-dependent amplitude of barometric 
pressure. The first term on the right hand side of (2) governs the 
amplitude of the water level fluctuations, the second term governs 
the influence of the confining layer (unsaturated and saturated 
zones) and the third term, the influence of the borehole on borehole 
water level fluctuations. The BRF in term of gain (BE) and phase (h) 
is then given by:

BEðxÞ ¼ jx0qg=Aj; ð3aÞ

hðxÞ ¼ argðx0qg=AÞ; ð3bÞ

where x is frequency.
In the model of Rojstaczer (1988), propagation of the pressure

wave through the saturated confining layer is given by the analyt-
ical solution to pressure propagation through a semi-infinite solid, 
i.e. the pressure at a depth corresponding to the base of the confin-
ing layer embedded within a layer of infinite thickness (see Appen-
dix A). This solution represents a simplification of the more 
rigorous solution comprising pressure propagation in a composite 
solid of finite thickness (representing the confining layer and aqui-
fer). In the following, the model of Rojstaczer (1988) is revisited 
and reformulated to incorporate such a composite, finite solid 
model for the pressure propagation in the saturated confining layer. 
This is done by adapting the solution for heat conduction in a finite 
composite solid provided by Carslaw and Jaeger (1959, Section 3.7), 
as detailed in Appendix A. A comparison between the BRFs from 
the original model of Rojstaczer (1988) and the modified model 
presented here is shown in Fig. 3. These BRFs are based on the input 
parameters listed in Table 1, typical for an aquifer with a confined 
layer composed of glacial sediments. The effect of incorporating a 
confining layer of finite thickness is seen in the increased steepness 
of both gain and phase curves at low to intermediate frequencies. 
These results clearly show that the slope of the curves at low 
frequencies is dependent on the conceptual model selected for 
pressure propagation in the confining layer. For most cases, a 
composite finite, solid model where a confining layer of finite 
thickness overlies an aquifer of finite thickness is the most 
appropriate choice. This is the modelling framework employed in 
this work.

The influence of the borehole and of the saturated and unsatu-
rated zones of the confining layer on the BRF can be investigated by 
evaluating separately the contribution of the terms appearing in 
(2). Fig. 4 shows the analytical solutions, based on the
reformulation described above, for the BRF gain and phase associ-
ated with i) the entire system (saturated and unsaturated zones of
the confining layer, and borehole of finite radius; solid black curve in
Fig. 4), ii) confining layer (saturated and unsaturated zones) only
omitting the influence of the borehole radius (i.e. assuming a
borehole of infinitely small radius; dashed grey curve in Fig. 4), and
iii) saturated zone of the confining layer alone (i.e. with no
unsaturated zone and with a borehole of infinitely small radius;
dotted black curve in Fig. 4). Comparing the solid curve with the
others in Fig. 4, it can be seen that, for a borehole radius of 0.075 m
(typical of monitoring boreholes) or less, the influence of the
borehole radius is restricted to high frequencies, above 1 cpd (cycle
per day). The influence of the unsaturated zone on the BRF can be
seen to be relatively minor by comparing the dotted and dashed
lines in Fig. 4, which differ only by a small reduction in the peak
height of the gain curve when the influence of the unsat-urated zone
is included.

2.2. The numerical model

The effect of the presence of heterogeneities in a confining layer
of finite thickness on the BRF is explored through a suite of
numerical simulations, employing MODFLOW 2000 (Harbaugh et al
2000) in the Visual MODFLOW� environment. The model domain
shown in Fig. 5, is 2 � 4 km in the horizontal plane and 30 m thick
The domain is discretized into a uniform grid with a cell size of 50 �
50 � 2 m. The top ten layers represent a confining layer of 20 m
thickness and the lower five layers, an aquifer of 10 m thickness
Barometric pressure is modelled through time dependent hydraulic
heads, representing changing barometric pressure, applied to the
top layer of the system while all other model boundaries are set to
no-flow conditions. Due to the symmetry of the problem, a plane
passing through the centre of a single heterogeneity within the
confining layer represents a plane across which no flow occurs; thus
it is only necessary to model half of the full domain. A region
representing half of a high diffusivity heterogeneity with a square
horizontal cross-section is placed at the centre of the left hand edge
of the model, either fully or partially penetrating the confining layer
as shown in Fig. 5. The confining layer is assigned a uniform
hydraulic conductivity and specific storage from a range
representative of glacial sediments (clay-rich till, silts and alluvium)
The aquifer is assigned a uniform high hydraulic conductivity and
low specific storage typical of fractured chalk. The localised
heterogeneity in the confining layer is assigned uniform K and Ss

values representative of sands and gravels. Table 2 lists all layer
properties used in the model.

For simplicity, only pressure changes and flow in the saturated
confining layer and aquifer are modelled in this investigation. As
discussed above and shown in Fig. 4, the omission of the influence of
the unsaturated zone has limited impact on the BRF for the case
studied here. An actual recorded barometric pressure signal from
East Yorkshire (UK), expressed as metres of equivalent water head
and with the mean removed, is used as a boundary condition for 770
stress periods of 16.75 h duration (total simulation time of c. 537
days). The initial head conditions were set to 0 m through-out the
domain and the results associated with the first 20 days of
simulations were omitted in the analyses to avoid the influence of
the initial conditions. Computed head values were recorded for each
stress period through a series of 9 observation boreholes of infinitely
small radius screened in the aquifer, placed at a range of distances
from the edge of the heterogeneity, as shown in Fig. 5.

BRFs are determined from time series of water level, WL, in
each monitoring borehole. Assuming that equilibrium is main-
tained between borehole and aquifer, WL is given by:

WL ¼ haqu � Bp; ð4Þ
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Fig. 3. Comparison of BRF gain (left) and phase (right) curves for the analytical model of Rojstaczer (1988) which employs a semi-infinite solid model for the saturated 
confining layer (solid black curve), and the modified analytical model which employs a finite, composite layer model for the saturated confining layer and aquifer (dashed grey 
curve). The modified analytical model results in steeper gain and phase curves at low frequencies.

Table 1
Input parameters for Fig. 3.

Parameter Value

Barometric efficiency, BE (–) 0.5
Saturated confining layer thickness, Lcon (m) 18
Unsaturated confining layer thickness, Lunsat (m) 2
Confining layer hydraulic diffusivity, Dcon (m2/d) 50
Confining layer pneumatic diffusivity, Dunsat (m2/d) 10
Aquifer specific storage, Ss(aqu) (m�1) 2.76 � 10�6

Confining layer specific storage, Ss(con) (m�1) 6.71 � 10�4

Well radius, rw (m) 0.075
where haqu is the simulated head in the aquifer at the location of the 
observation borehole and Bp is the barometric pressure (as equiva-
lent water head) at each stress period.

Note that observation boreholes in the numerical model are 
simply locations at which heads are recorded and are equivalent to 
boreholes of infinitely small radius. Eq. (4) therefore ignores any 
storage effects due to exchange of water between borehole and 
aquifer and thus the influence on the BRF of finite borehole radius 
at high frequencies is not modelled. The influence of the borehole 
radius on the BRF affects the higher frequencies (Hussein et al., 
2013). As shown in Fig. 4, for the borehole radius of 0.075 m 
(typical for monitoring boreholes) and the aquifer transmissivity 
used in the numerical model, a finite borehole radius would only 
influence the BRF at frequencies greater than 1 cpd.
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Fig. 4. Modified analytical model BRF curves (left – gain, right – phase) showing the co
confining layer saturated and unsaturated zones only (dashed grey curve), and the full
aquifer transmissivity (solid black curve). The curves show that confining layer satura
borehole radius and aquifer transmissivity influence only high frequencies above 1 cpd.
The numerical model does not include the influence of the elas-
tic properties of the solid aquifer matrix, so that changes in baro-
metric pressure are transmitted in their entirety to aquifer pore 
waters. Thus, the results are confined to the case of an incompress-
ible aquifer matrix where the static barometric efficiency (SBE) 
equals 1. Here, it is noted that the effect of SBE on borehole water 
levels is to scale the magnitude of water level changes induced by 
barometric pressure. This corresponds to a scaling of the BRF gain 
by a factor equivalent to SBE while the phase remains unaffected 
(Rojstaczer, 1988; Hussein et al. 2013). SBE of aquifers covers the 
range from 0.2 to 0.8 (Batu, 1998). The effects of an SBE value less 
than 1 can be represented by simply scaling the changes in bore-
hole water level by SBE, so that the water level in an open borehole 
(WL) is then given by:

WL ¼ ðhaqu � BpÞSBE ð5Þ

In the analysis presented here, a typical SBE of 0.5 is assumed.
The computed time series of borehole water levels obtained 

from the numerical model, together with the barometric pressure 
time series employed as a boundary condition, were then used to 
determine the BRF. This was accomplished by deconvolving the 
water level signal by the barometric pressure signal through the 
technique of cross-spectral deconvolution by ensemble averaging 
(Welch, 1967), as described by, e.g. Rojstaczer (1988), Rojstaczer 
and Riley (1990), Beavan et al. (1991), Quilty and Roeloffs (1991) 
and Hussein et al. (2013). Details of the technique as applied here 
are given in Hussein et al. (2013) and a brief description is given in
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ted and unsaturated zones influence only low frequencies below 1 cpd while the
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Fig. 5. The numerical model showing a confining layer of 20 m thickness containing
a high diffusivity heterogeneity, overlying an aquifer of 10 m thickness. A series of
monitoring boreholes record head variation with time in the aquifer.

Table 2
Input parameters on layer properties for the numerical model (K – hydraulic
conductivity, Ss – specific storage, D – hydraulic diffusivity). D is the primary model
parameter and K and Ss are chosen to provide the values of D below.

Material K (m/d) Ss (m�1) D (m2/d)

Confining layer A 1.57 � 10�3 1.57 � 10�3 1
Confining layer B 9.53 � 10�3 9.53 � 10�4 10
Confining layer C 3.35 � 10�2 6.71 � 10�4 50
Aquifer 1 2.76 � 10�6 3.6 � 105

Heterogeneity 1 1.0 � 10�4 1.0 � 104
Appendix B. BRFs, valid over the frequency range 0.017–0.7 cpd, 
together with one standard deviation error bars for gain and phase, 
were determined (see Appendix B). This is similar to the frequency 
range of BRFs of 0.015 to 0.8 cpd with additional points at 1 and 2 
cpd, determined by Hussein et al. (2013) from borehole water level 
field data. The frequency above which borehole effects are 
significant (around 1 cpd) lies above the frequency range of the 
BRFs calculated in the simulations (0.017–0.7 cpd) so that the lack 
of an explicitly modelled borehole in the numerical simulations 
does not affect the results.
3. Modelling results

The numerical model was used to determine BRFs over the fre-
quency range 0.017–0.7 cpd for a series of model scenarios com-
prising varying confining layer properties and degrees of 
penetration of a high diffusivity heterogeneity. By determining the 
best fit analytical model to the numerical model curves, effec-tive 
parameters (confining layer hydraulic diffusivity and BE) are 
estimated and compared to numerical model input.

3.1. Comparison of numerical and analytical models

Fig. 6 compares BRFs derived from the numerical simulations 
and the corresponding modified analytical models for a homoge-
neous confining layer. For hydraulic diffusivities of up to 100 m2/d, 
the BRFs from the numerical simulations show small error bars and 
good correspondence with the analytical model. The numerical 
model curves tend to lie slightly to the right (towards higher fre-
quencies) and, with increasing hydraulic diffusivity, the gain curve 
peaks become progressively lower than those predicted by the 
analytical model. For the higher diffusivities of 103 and 104 m2/d, 
numerical and analytical model results show reasonable corre-
spondence for the gain. However, for the phase, all numerical 
model curves coincide closely and lie well to the left (towards
lower frequencies) of the analytical model curves. Note that the 
analytical model of Rojstaczer (1988) is specifically for semi-con-
fined aquifers where the confining layer has a significantly lower 
hydraulic diffusivity than the aquifer, although he does not com-
ment on the range of ratios for aquifer to confining layer hydraulic 
diffusivity for which his model is valid. In the absence of the influ-
ence of the borehole (i.e. when the borehole radius is very small 
and/or aquifer transmissivity high), the analytical model produces 
gain curves that approach the SBE at high frequencies for all values 
of confining layer hydraulic diffusivity. However, in the case of a 
truly unconfined aquifer, the gain should be very low at all fre-
quencies (Hussein et al., 2013). The numerical model curves pre-
sented here suggest that, for the present set of parameters, the 
modified analytical model is representative for confining layer 
hydraulic diffusivities of up to 100 m2/d.

3.2. Impact of distance from fully and partially penetrating high 
diffusivity heterogeneities

The BRFs (with one standard deviation error bars) obtained 
from the numerical simulations for a range of observation borehole 
distances from a fully penetrating heterogeneity of horizontal 
dimensions 100 � 100 m are shown in Fig. 7. The most striking fea-
ture emerging from these results is that gain decreases with respect 
to the homogeneous case with decreasing distance between the 
monitoring borehole and the edge of the heterogene-ity. At 
locations in the aquifer directly under the heterogeneity itself (i.e. a 
distance of 0 m), the gain curve is almost flat at a BE of less than 0.1. 
The variation with distance from the heterogeneity displayed by 
the phase curves in Fig. 7 is much less marked than for the gain 
curves, with only a slight increase in phase seen as the 
heterogeneity is approached. In all cases, the phase curves lie much 
closer to the curves for the homogeneous case with the lower 
confining layer diffusivity than those for the higher heterogeneity 
diffusivity (see Fig. 7). With increasing distance from the 
heterogeneity, both gain and phase curves become indistinguish-
able from those of the homogeneous case. Comparison of the plots 
for confining layer diffusivities of 1, 10 and 50 m2/d (Fig. 7a–c) 
shows that the distance at which the BRF gain and phase curves 
become indistinguishable from the homogeneous case decreases as 
confining layer diffusivity increases. Using the one standard 
deviation error bars as a guide, this distance ranges from 325 m for 
a confining layer diffusivity of 1 m2/d, to 225 m for a diffusivity of 
10 m2/d and 125 m for a diffusivity of 50 m2/d.

Fig. 8 shows the impact on BRF gain and phase of heterogene-
ities with horizontal dimensions ranging from 50 � 50 m to 800 � 
800 m, for two distances from the heterogeneity edge (25, 125 m). 
This figure shows that heterogeneity size has a lesser impact on 
BRFs than distance from heterogeneity edge. However, increasing 
heterogeneity size tends to enhance the impact of the 
heterogeneity on the BRF with an overall decrease in the gain and 
increase in the phase as size increases. The impact of heteroge-
neity size is largest for lowest confining layer hydraulic diffusivity 
(1 m2/d). At the highest diffusivity of 50 m2/d, heterogeneity size 
has only a minor effect (Fig. 8c). Similar to Fig. 7, the impact on the 
gain curves is more marked than on the phase curves.

Fig. 9 shows the impact of high diffusivity heterogeneities of 
horizontal dimensions 100 � 100 m which fully and partially pen-
etrate the confining layer, for the case of the lowest confining layer 
diffusivity of 1 m2/d. Two partially penetrating cases, where the 
heterogeneity penetrates 50% and 90% of the confining layer, were 
considered. The resulting gain and phase curves are shown for four 
distances from the heterogeneity edge (0, 25, 125 and 225 m). Fig. 9 
reveals that when the heterogeneity penetrates 50% of the 
confining layer, the BRF curves are indistinguishable or very close 
to those for the homogeneous case, even at locations in the aquifer
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directly beneath the heterogeneity. In the case of a 90% penetrating 
heterogeneity, some influence on the BRF is detected. However, the 
effect is significantly less marked than that of a fully penetrating 
heterogeneity.
3.3. Estimating static barometric efficiency and confining layer 
hydraulic diffusivity

SBE and confining layer hydraulic diffusivity (Dcon) are esti-
mated by fitting the modified analytical model to the BRFs derived 
from the numerical simulations. Model calibration is performed 
using the methodology presented in Hussein et al. (2013) which 
employs a combined hybrid genetic (GA) and pattern search (PS) 
algorithm (Alsumait et al., 2010; Liuni et al., 2010). Model param-
eter estimates are obtained by minimizing the sum of square dif-
ferences between observed and model BRFs in the complex plane. 
Fig. 10 shows the best fit estimates for SBE and confining layer 
hydraulic diffusivity (Dcon), with their root mean square errors 
(RMSEs) as a function of distance from a fully penetrating 
heterogeneity of horizontal dimensions 100 � 100 m. As the edge of 
the heterogeneity is approached, the estimated SBE reduces by up 
to a factor of 100 and estimated Dcon increases by up to a factor of 3 
(Fig. 10). RMSE increases for both gain (by up to a factor of six) and 
phase (by up to a factor of 60) as the heterogeneity is approached 
(Fig. 10) and is greatest for the highest confining layer hydraulic 
diffusivity (50 m2/d). This indicates that when BRFs are influenced 
by the presence of a high diffusivity heterogeneity within the 
confining layer, they deviate increasingly from the ana-lytical 
model, which assumes a homogeneous confining layer, as the 
heterogeneity is approached.

The BRF for an observation borehole in the aquifer beneath the 
heterogeneity itself would be expected to indicate an unconfined 
aquifer (gain approaching zero and phase approaching �180�). 
However, the numerical results show that while the gain is reduced 
to low values as expected (Fig. 10), the phase remains relatively 
close to curves appropriate for the lower diffusivity of the bulk of 
the confining layer (see Fig. 7). Thus, the gain curve largely reflects 
the diffusivity of the heterogeneity while the phase largely reflects 
the diffusivity of the bulk of the confining layer. Calibrating the 
analytical model (where confining layer and aquifer are assumed to 
be homogeneous) to these results tends to result in estimates for 
hydraulic diffusivity which reflect the bulk of the confining layer 
rather than the heterogeneity but with a much reduced SBE, 
resulting in fits of reduced quality (i.e. larger RMSE values) as the 
heterogeneity is approached (Fig. 10).
0

20

40

60

80

100

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0 200 400 600

D
co

n 
  (m

2 /d
)

SB
E

distance (m)

A (BE)           A (Dcon) 
  B (BE)           B (Dcon) 
  C (BE)           C (Dcon) 

Fig. 10. Variation in best fit values of static barometric efficiency, SBE, and confining l
100 � 100 m (left), and their RMSEs (right). The best fit values were obtained by calibrat
shown for three values of confining layer diffusivities; A (1 m2/d), B (10 m2/d), and C (50
approached.
4. Discussion

4.1. Detecting high diffusivity pathways using barometric response 
functions

The results of the numerical simulations depicted in Figs. 7–10 
show that the principal effect on the BRF of a fully penetrating, high 
diffusivity heterogeneity within a confining layer is to reduce the 
gain across all frequencies. This influence diminishes with 
increasing distance from the heterogeneity edge until the BRF gain 
and phase curves approach those of a homogeneous confining layer 
(Fig. 7). The maximum distance from the monitoring borehole at 
which the BRF is significantly influenced by the presence of a high 
diffusivity heterogeneity is controlled by the hydraulic diffusivity 
of the bulk of the confining layer. The pressure signal within the 
aquifer directly beneath the heterogeneity, generated by changing 
barometric pressure, travels radially outwards from the 
heterogeneity within the aquifer, becoming attenuated with 
increasing distance. In addition, the signal may also dissipate 
through transmission upwards into the confining layer, further 
enhancing signal attenuation. This latter effect is greater for higher 
bulk confining layer hydraulic diffusivities. As a consequence, the 
BRF is affected by high diffusivity heterogeneities at greater dis-
tances from the borehole when the contrast between heterogene-
ity and confining layer hydraulic diffusivities is large (e.g. a 
heterogeneity of sands in a confining layer of clay rich tills). For the 
case of a fully penetrating heterogeneity with horizontal 
dimensions of 100 � 100 m and a hydraulic diffusivity of 104 m2/d 
(typical of sands), the maximum distance at which the BRF is 
detectably influenced by the heterogeneity ranges from 325 m for a 
confining layer hydraulic diffusivity of 1 m2/d (typical of clay rich 
tills) to 125 m for a hydraulic diffusivity of 50 m2/d (typical of silts). 
Increasing heterogeneity size generally enhances the above effects 
on the BRF, but has a smaller impact on the BRF than dis-tance 
from the heterogeneity. Partially penetrating heterogeneities have 
virtually negligible impact on the BRF, even when they almost 
completely penetrate (e.g. 90%) the confining layer. Thus, the BRF is 
particularly sensitive to the presence of fully penetrating 
heterogeneities that form potential pathways for contaminants 
from the land surface to the aquifer, and could potentially be used 
to detect the presence of such pathways up to some hundreds of 
metres from a monitoring borehole.

Estimating system properties by fitting the considered analyti-
cal model (which assumes a homogeneous confining layer) to BRF 
gain and phase curves influenced by a fully penetrating heteroge-
neity results in values for SBE that are much lower than the true
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Fig. 11. Three BRFs estimated from water level records belonging to boreholes in the semi-confined Chalk Aquifer of East Yorkshire, UK; Ben – Benningholme, ThM –
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Table 3
Borehole details, thickness of confining layer (glacial sediments), water level record length and resulting best fit estimates of BE and Dcon determined from BRFs.

Borehole Thickness of glacial sediments (m) Record length (days) BE (–) Dcon (m2/d) RMSE gain (–) RMSE phase (deg)

1. Benningholme 16.2 799.1 0.49 10.0 0.063 6.4
2. Thornholme Moor 19.0 312.0 0.39 310.0 0.027 5.7
3. Bracey Bridge 9.5 309.6 0.00 2.0 � 104 0.024 61.2
SBE of the aquifer. Estimates of confining layer hydraulic diffusivity 
based on the analytical model are likely to more closely reflect the 
hydraulic diffusivity of the bulk confining layer than the high dif-
fusivity heterogeneity. Only when the borehole is very close 
(within a few tens of metres) to the edge of the heterogeneity, does 
the estimated hydraulic diffusivity more closely reflect the high 
diffusivity heterogeneity. Close to a fully penetrating heterogene-
ity, the quality of fits of the BRF to the analytical model also 
become poorer, being associated with large RMSE values. Thus, 
estimated values of SBE which are low compared to the expected 
true SBE of the aquifer may be indicative of the presence of a fully 
penetrating high diffusivity heterogeneity within the confining 
layer in the vicinity (within a few hundred metres) of the borehole. 
An estimated high hydraulic diffusivity and a poor fit of the BRF to 
the analytical model, may indicate the presence of a fully penetrat-
ing, high diffusivity heterogeneity very close (within a few tens of 
metres) to the borehole.

4.2. Qualitative comparison of simulation results with field scale 
evidence

The results of the numerical modelling study are qualitatively 
compared to three BRFs determined for open monitoring boreholes 
in the semi-confined Chalk Aquifer of East Yorkshire, NE England. 
This case study aquifer and the determination of two of the BRFs 
are presented in detail in Hussein et al. (2013) and brief descrip-
tions are given here, for completeness. The fractured Chalk Aquifer 
(UK’s principal aquifer) in East Yorkshire is semi-confined by Qua-
ternary age, glaciofluvial sediments (Smedley et al., 2004). The con-
fining sediments are up to 50 m thick and are highly 
heterogeneous, comprising sands and gravels, clay rich till and 
alluvium. The area is one of intense arable farming and the aquifer 
is particularly vulnerable to nitrate contamination from agricul-
tural fertilizers (Stuart et al., 2007). Time series of borehole water 
levels and barometric pressure recorded at 15 min intervals over 
periods of 294 to 800 days were collected from boreholes in the 
semi-confined aquifer and BRFs determined over the frequency
range 0.015–2 cpd by the same method to that employed here 
(Hussein et al., 2013). Confining layer properties were determined 
by fitting the analytical model of Rojstaczer (1988) to the BRFs. The 
BRFs with standard deviation error bars and best fit model curves 
for three boreholes are shown in Fig. 11. The corresponding best fit 
values for SBE, hydraulic diffusivity and associated RMSEs are listed 
in Table 3.

The gain curves for the Benningholme borehole in Fig. 11 show a 
typical bell shape and phase that decreases with increasing fre-
quency. The best fit analytical model BRF curves show a good qual-
ity fit (RMSE gain of 0.063, RMSE phase of 6.4�) yielding an 
estimated SBE of 0.49 and confining layer hydraulic diffusivity of 10 
m2/d (Table 3), typical of clay rich sediments. This borehole shows 
one of the highest SBE values determined from BRFs in the area 
(Hussein et al., 2013). Given a compressibility for the Chalk Aquifer 
matrix in this region of 1.27 � 10�10 Pa�1 (Bell et al., 1999; Price, 
2009) and a matrix porosity of 24.5% (Bell et al., 1999), the SBE for 
the aquifer from (1) is 0.48, very close to the SBE value of 0.49 
derived from the BRF. This suggests that the SBE determined from 
the BRF provides a realistic representation of the actual SBE of the 
aquifer. It also implies that the confining layer in the vicinity of the 
borehole (within a radius of around 300 m) has a relatively good 
spatial continuity and that fully penetrating sediment bodies of 
high diffusivity are not present. The BRFs for the boreholes at 
Thornholme Moor and Bracey Bridge both show overall lower gain 
and steeper phase curves than those for the Benningholme borehole 
(Fig. 11). The fit of the analytical model to the BRF for Thornholme 
Moor is of good quality (RMSE gain of 0.027 and RMSE phase of 
5.7�), giving a hydraulic diffusivity (310 m2/d) typical of silt-rich 
alluvium and an SBE of 0.39, the lat-ter being lower than that 
estimated for the Benningholme bore-hole. The fit of the analytical 
model to the BRF for the borehole at Bracey Bridge is much poorer, 
particularly for the phase (RMSE gain of 0.024 and RMSE phase of 
61.2�) and gives a very low estimate of SBE (0.0) and a very high 
hydraulic diffusivity (20,000 m2/d), typical of sands. By comparing 
these parameter estimates with the results of the numerical 
simulations illustrated in Section 3, it is



possible to infer that the lower estimates for SBE and larger 
hydraulic diffusivities for the boreholes at Thorneholme Moor and 
Bracey Bridge may be associated with the occurrence of one or 
more fully penetrating high diffusivity pathways that lie within 200 
to 300 m of these boreholes. The very high value of hydraulic 
diffusivity at Bracey Bridge and the poor fit by the analytical model 
suggest that this borehole lies very close to a fully penetrating het-
erogeneity of high diffusivity.

The borehole logs of all three boreholes show considerable pro-
portions of clay-rich material in the glacial sediments overlying the 
aquifer (Benningholme 42%, Thornholme Moor 84% and Bracey 
Bridge 93%). This suggests very low confining layer hydraulic diffu-
sivities which are in contrast to estimates of hydraulic diffusivity 
from the BRFs at Thorneholme Moor and Bracey Bridge (310 and 
20,000 m2/d, respectively). Geological maps of the glacial 
sediments in the vicinity of these boreholes indicate that while the 
borehole at Benningholme lies within outcropping alluvium 
surrounded by glacial till, the boreholes at both Thornholme Moor 
and Bracey Bridge lie close (70 and 20 m, respectively) to 
outcropping glacial sands and gravels. The geological maps are 
therefore consistent with the conclusion from the BRFs that the 
boreholes at Thornholme Moor and Bracey Bridge lie close to fully 
penetrating, high diffusivity heterogeneities whereas the borehole 
at Benningholme does not. The BRFs for Thornholme Moor and 
Bracey Bridge also indicate that the nearby outcropping bodies of 
sands and gravel fully penetrate the confining layer, something that 
cannot be deduced from the geological map alone. The BRFs for 
these three boreholes therefore suggest low aquifer vulnerability, 
reflecting a relatively continuous low diffusivity confining layer, in 
the vicinity of the Benningholme bore-hole and high aquifer 
vulnerability, due to high diffusivity fully penetrating 
heterogeneities in the confining layer, in the vicinity of the 
Thornholme Moor and Bracey Bridge boreholes.

4.3. Potential contribution to groundwater vulnerability assessment in 
practice

In the numerical simulations, the sole influence on borehole 
water levels is barometric pressure, and standard error bars for the 
BRFs are small (Figs. 7–9). In practical field conditions, borehole 
water level records are also influenced by other forcing terms such 
as recharge, Earth tides and pumping. Although it is possible to 
remove some of these influences (e.g. Earth tides, Rasmussen and 
Mote, 2007), the errors typically associated with BRFs determined 
from borehole water level records are in practice much larger than 
those derived from the numerical simulations presented here. 
These effects will tend to reduce the distance from an observation 
borehole at which the occurrence of a high diffusivity heter-
ogeneity can be reliably detected. The joint analysis of the 
numerical simulation results of Section 3 and the field case study 
presented in Section 4.2, however, strongly suggests that BRFs can 
indeed be used to detect the presence of high diffusivity path-ways 
in heterogeneous confining layers in real cases.

The numerical simulations and the field case study suggest that 
BRFs estimated from monitoring borehole records may be used to 
detect the presence of high diffusivity pathways through a confin-
ing layer up to a distance of a few hundred metres from the bore-
hole. The distance between monitoring boreholes is, however, 
typically around one or more kilometres. For instance, in the Chalk 
Aquifer of East Yorkshire, UK, the spacing between monitoring 
boreholes ranges from 700 m to 3 km in areas with dense coverage 
to around 5 to 10 km in more sparsely monitored areas. At this 
density of monitoring boreholes, BRFs cannot be reliably used to 
detect all existing high diffusivity pathways. However, BRFs deter-
mined from a number of monitoring boreholes could be useful in 
assessing the variation in aquifer confinement across the region. 

For example, if estimated BRFs from a specific aquifer system show
a wide range of behaviours with, in particular, estimates of SBE val-
ues significantly lower than the expected true SBE of the aquifer,
this could indicate the presence of fully penetrating high diffusivity
pathways within the confining layer. The characteristics of the
BRFs could then be used together with available geological maps
of confining layer lithology to gauge the likelihood that outcrop-
ping deposits of high diffusivity material (such as sands and grav-
els) form potential pathways for contaminants.

An additional factor in the potential application of BRFs in aqui-
fer vulnerability is that much manual monitoring of borehole
water levels at monthly (or less frequent) intervals has in recent
years been replaced by automatic monitoring using pressure trans-
ducers recording at hourly (or more frequent) intervals. Barometric
pressure is routinely recorded by weather stations at 15 min or
hourly intervals. Therefore there is a growing body of borehole
water level data recorded from open monitoring boreholes for
most major aquifers which could be used to estimate BRFs. The
likelihood of potential high diffusivity pathways through confining
layers derived from BRFs could then be combined with informa-
tion such as seasonal head gradient directions, as well as spatial
and temporal variation in the chemical loading (such as fertilizers
and pesticides) to improve aquifer vulnerability assessment. In
addition, these techniques could be used as a basis for establishing
additional monitoring boreholes in areas of especially high risk
such as groundwater abstraction well protection zones; thus con-
tributing to more effectively targeted policies on, e.g. agrochemical
usage and industrial development.

5. Conclusions

Past studies have shown that barometric response functions 
determined from borehole water level and barometric pressure 
data can be used to estimate confining layer hydraulic diffusivity 
through calibration by an analytical model (e.g. Rojstaczer, 1988). 
Available analytical models treat the confining layer as a homoge-
neous unit, an assumption which, in many semi-confined aquifers, 
is not realistic. In this study, numerical simulations have been used 
to investigate the potential of BRFs in detecting the presence of 
fully penetrating, high diffusivity heterogeneities within otherwise 
low diffusivity confining layers that represent potential pathways 
for contamination to the aquifer. The system behaviour revealed 
through the analysis of numerical simulations has then been 
employed to interpret observed field scale BRFs. The study leads to 
the following major conclusions.

– In the analytical model of Rojstaczer (1988), the solution used 
for pressure propagation in the saturated confining layer con-
trols the slope of the BRF gain and phase curves at low frequen-
cies. A modified model incorporating the solution for pressure 
propagation in a finite, composite (two-layer) model was found 
to be more appropriate than the original model in which a solu-
tion for a semi-infinite solid was assumed.

– Numerical simulations show that the impact on the BRF of a 
fully penetrating, high diffusivity heterogeneity within an 
otherwise low diffusivity confining layer decreases, and 
approaches the homogeneous case, with increasing distance 
from the heterogeneity. The key effect of the heterogeneity is 
the reduction of the BRF gain, with limited effect on the phase.

– Effective parameters obtained by fitting the modified analytical 
model to BRFs derived from numerical simulations show a 
marked reduction in SBE with respect to the true SBE of the 
aquifer, as the monitoring borehole location approaches a high 
diffusivity heterogeneity.

– The maximum distance at which a high diffusivity, fully pene-
trating heterogeneity can be detected is greatest when the bulk 
confining layer hydraulic diffusivity is low. The numerical 
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simulations indicate that this detection distance ranges from
325 m for a confining layer diffusivity of 1 m2/d (e.g. clay-rich
tills), to 225 m for a diffusivity of 10 m2/d (e.g. silts) and
125 m for a diffusivity of 50 m2/d (e.g. silts and fine sands). In
practice, however, BRFs determined from real borehole water
level data have larger errors which will tend to reduce these
detection distances.

– Increasing heterogeneity size enhances the effect on the BRF
but is of secondary importance to distance of the monitoring
borehole to the heterogeneity.

– Partially penetrating heterogeneities have little impact on the
BRF.

– BRFs from borehole water level data from the semi-confined
Chalk Aquifer in East Yorkshire, NE England, confirm that BRFs
may be used to detect high diffusivity pathways through confin-
ing layers in practical applications. The BRFs give information
on the vertical continuity of high diffusivity material within
confining layers, information that cannot be deduced from geo-
logical maps alone.

– An increase in automated monitoring of borehole water levels is
nowadays generating data sets suitable for estimating BRFs.
Although aquifer monitoring borehole coverage will seldom
be sufficient to allow all high diffusivity pathways to be
detected, the range in BRFs estimated from borehole records
across a semi-confined aquifer could be used to assess the con-
tinuity likelihood of low diffusivity lithologies within confining
layers. This could then make a significant contribution to
groundwater vulnerability assessment and also form the basis
for further targeted studies in high risk areas such as abstrac-
tion well protection zones.

Acknowledgements

This research was supported by funding under the EU Marie 
Curie Initital Training network scheme (PITN-GA-2008-212298), 
the University of Leeds (UK), and Politecnico di Milano (Italy).

Appendix A. Theoretical barometric response functions – the 
analytical model of Rojstaczer (1988) and modifications

A.1. The analytical model of Rojstaczer (1988)

An analytical model for the barometric response function 
reflecting water level change in an open borehole tapping a semi-
confined aquifer due to barometric pressure change is given by 
Rojstaczer (1988). In this model, the frequency dependent fluc-
tuation of the water level in the borehole due to changing baromet-
ric pressure is given by:

x0 ¼ �A=qg þ p0=qg � s0; ðA:1Þ

where x0 is a complex function describing the fluctuation of the 
water level (measured as positive upwards), p0 is a term describing 
the influence of the confining layer and s0 is a term describing the 
influence of the borehole. A is the frequency dependent amplitude of 
barometric pressure, q is the density of water and g is the grav-
itational constant. The first term on the right hand side of (A.1) gov-
erns the amplitude, the second term, the influence of the confining 
layer (unsaturated and saturated zones) and the third term, the 
influence of the borehole. The parameter p0 in (A.1) is given by:

p0 ¼ AððM þ iN � cÞ expð�ðiþ 1Þ
ffiffiffiffi
Q

p
Þ þ cÞ; ðA:2Þ

Here, i is the complex number; c = (1 � BE) is the loading efficiency
of the aquifer where BE is the barometric efficiency; and
Q ¼ L2

conx=2D where D is the hydraulic diffusivity of the confining
layer saturated zone, Lcon is the confining layer thickness and x is
frequency. The propagation of the pressure wave through the con-
fining layer is given by the solution to pressure propagation through
a semi-infinite solid, described by the term ½exp½�ðiþ 1Þ

ffiffiffiffi
Q
p
�� in

(A.2). The quantities M and N in (A.2) are given by:

M ¼ 2 coshð
ffiffiffi
R
p
Þ cosð

ffiffiffi
R
p
Þ

coshð2
ffiffiffi
R
p
Þ þ cosð2

ffiffiffi
R
p
Þ

ðA:3aÞ

N ¼ 2 sinhð
ffiffiffi
R
p
Þ sinð

ffiffiffi
R
p
Þ

coshð2
ffiffiffi
R
p
Þ þ cosð2

ffiffiffi
R
p
Þ
; ðA:3bÞ

where R ¼ L2
unsatx=2Da, and Da and Lunsat are, respectively, the pneu-

matic diffusivity of the confining layer unsaturated zone and the
unsaturated zone thickness. The parameter s0 in (A.1) is given by:

s0 ¼ i 0:5Wx0K0ðW2ðS2 þ 1=q2ÞÞ0:25 � expði 0:5ðtan�1ðqSÞÞÞ: ðA:4Þ

Here, K0 is the modified Bessel function, W ¼ x r2
w=T , q = Lconx/

Kcon = 2Q/S where rw is the radius of the borehole, T is aquifer trans-
missivity, Kcon is the confining layer hydraulic conductivity, and S is
the storage coefficient of the aquifer and confining layer.

The barometric response function in terms of gain, BE(x) and
phase, h(x) is then given by:

BEðxÞ ¼ jx0qg=Aj; ðA:5aÞ

hðxÞ ¼ argðx0qg=AÞ: ðA:5bÞ

where arg denotes the inverse tangent of the ratio of the imaginary
to real parts of the complex function.

A.2. Modifications to the analytical model of Rojstaczer (1988)

In the modification of the model of Rojstaczer (1988), the solu-
tion for pressure propagation through the saturated confining layer, 
which in Rojstaczer’s model (A.2) is that of pressure propagation in 
a semi-infinite solid, is replaced with the solution for pres-sure 
propagation in a finite composite solid representing the confining 
layer and the aquifer, according to the conceptual picture shown in 
Fig. A.1.

The solution to heat conductance in a solid composed of two 
layers with differing properties and periodic surface temperature is 
given by Carslaw and Jaeger (1959, section 3.7). This is modified for 
pressure propagation in a saturated medium by substituting



pressure for temperature and hydraulic diffusivity for thermal dif-
fusivity to give:

p02
f 02

� �
¼

A1A2 þ B1C2 A1B2 þ B1D2

C1A2 þ D1C2 C1B2 þ D1D2

� �
�

p1

f 2

� �
� expðixtÞ; ðA:6Þ

where pn is the pressure and fn is the flux at the upper face, and p0n
and f 0n are, respectively, pressure and flux at the lower face of the
nth layer, and:

An ¼ cosh
ffiffiffiffiffiffi
Q n

p
ð1þ iÞ

� �
;

Bn ¼ sinh
ffiffiffiffiffiffi
Q n

p
ð1þ iÞ

� �
= Kn

ffiffiffiffiffiffi
Q n

p
Ln
ð1þ iÞ

 !
;

Cn ¼ �K

ffiffiffiffiffiffi
Q n

p
Ln
ð1þ iÞ sinhð

ffiffiffiffiffiffi
Q n

p
ð1þ iÞÞ;

Dn ¼ coshð
ffiffiffiffiffiffi
Q n

p
ð1þ iÞÞ: ðA:7Þ

Here, n = 1 is the confining layer and n = 2 is the aquifer, Ln is the
thickness of the nth layer, and Qn ¼ Ln

2x=2Dn where Dn is the 
hydraulic diffusivity of the nth layer. The required quantity for the 
evaluation of the analytical model (Rojstaczer, 1988) is the pres-sure 
condition at the base of layer 1 (the confining layer), p01 = p2.

Flux, f 02, across the base of the aquifer is assumed to be zero (a 
no-flow boundary). The pressure at the base of the aquifer is the 
obtained from (A.6) as:

p02 ¼ ½ðA2A1 þ B2C1Þp1 þ ðA2B1 þ B2D1Þf 1� � expðixtÞ; ðA:8aÞ

f 02 ¼ ½ðA1C2 þ D2C1Þp1 þ ðC2B1 þ D2D1Þf 1� � expðixtÞ ¼ 0 ðA:8bÞ

thus:

f 1 ¼ p1½ðA1C2 þ D2C1Þ=ðC2B1 þ D2D1Þ�; ðA:9Þ

where p1 is the amplitude of the input barometric input signal.
Following Carslaw and Jaeger (1959, section 3.7), the relation-

ship between pressure and flux at the top and bottom of the con-
fining layer (layer 1) is:

p01
f 01

� �
¼

A1 B1

C1 D1

� �
�

p1

f 1

� �
� expðixtÞ ðA:10Þ

and so the pressure at the base of the confining layer, p01, is:

p01 ¼ A1p1 þ B1f 1: ðA:11Þ

Now substituting for f1 allows (A.11) to be rewritten as:

p01 ¼ p1 A1 � B1
ðA1C2 þ D2C1Þ
ðC2B1 þ D2D1

� �
: ðA:12Þ

Using (A.12) for the pressure at the base of the confining layer
and substituting (A.12) into (A.2) yields:

p0 ¼ p=A expðixtÞ

¼ ½M þ iN � c� � A1 � B1
ðA1C2 þ D2C1Þ
ðC2B1 þ D2D1Þ

� �
þ c

� �
; ðA:13Þ

where p is the pressure at the base of the saturated confining layer.

Appendix B. Brief description of the determination of the BRF 
from water level and barometric pressure records

The barometric response function (BRF) is determined from 
borehole water level and barometric pressure time series by 
deconvolving the water level signal by the barometric pressure sig-
nal through the technique of cross-spectral deconvolution by 
ensemble averaging (Welch, 1967). This technique is described
and applied in Rojstaczer (1988), Rojstaczer and Riley (1990), 
Beavan et al. (1991), Quilty and Roeloffs (1991) and Hussein 
et al. (2013). Details of the technique as applied here are given in 
Hussein et al. (2013) and only a brief description is given below.

In this technique, a number of partially independent barometric 
response functions are determined from overlapping segments of 
the water level and barometric pressure-signals (Bendat and 
Piersol, 2010). This technique is applied to five overlapping fre-
quency bands, each with its own number of segments, N, according 
to the method of Beavan et al. (1991). To obtain values of the BRF in 
the lowest frequency band, a small number of segments must be 
used to maximise segment length, resulting in lower accuracy and 
larger error bars. For high frequency bands, a larger number of seg-
ments can be used resulting in greater accuracy and smaller error 
bars. The results for each set of segments are then averaged to give 
the final barometric response function with one standard deviation 
errors. This procedure optimizes accuracy and smooths the BRF.

Barometric response functions were determined using the 
MATLAB� codes provided as supplementary information in Hussein et 
al. (2013). Before determining the barometric response function, the 
first 20 days of water level and barometric pressure data were omitted 
to avoid the influence of the initial conditions in the numerical 
simulations, leaving time series for borehole water level and barometric 
pressure of 517 days duration. The signals were then detrended (linear 
trend is removed and mean sub-tracted). Eighteen segments with an 
overlap of 0.5 were used for the lowest frequency band in the BRF. The 
lowest theoretically valid frequency in the barometric response function 
is given by the inverse of the largest segment length (here 117 days) 
divided by segment overlap (here 0.5 days), giving 0.017 cpd. The 
highest theoretically valid frequency in the barometric response 
function is around 70% of the Nyquist frequency which is equal to the 
inverse of twice the recording time interval (Gubbins, 2004). With the 
recording interval used in the numerical simulations of 16.75 h, this 
gives a maximum frequency of 0.72 cpd. Barometric response functions 
are therefore determined for the range 0.017–0.7 cpd.
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