
INTRODUCTION
Real-time control of autonomous vehicles is an active field of 
research. The main aspects to take into account are: path following 
for a non-holonomic vehicle and collision avoidance.

Path following has been widely studied in the literature. A standard 
formulation is to use a moving coordinate system attached to the 
path: a Fernet reference frame [1] [2]. The in [1] is preferable, 
because the moving frame is uniquely determined by the vehicle 
position and it is not necessary to introduce an additional degree of 
freedom. Although a singularity problem arises when the lateral 
vehicle displacement coincides with the curvature radius of the path. 
This situation is not relevant in our application: a highway curvature 
radius is at least an order of magnitude larger than the admissible 
lateral displacement.

Collision avoidance has been thoroughly studied in the past twenty 
years and many solutions were proposed. Early work in this field 
used potential functions and online searching [3] [4]. These methods 
do not take into account the dynamics of the system and the planning 
phase is independent on the model. To remove these weak points in 
the planning process, some extensions have been proposed in [2] [5] 
[6]. However, some fundamental problems concerning local minima 
and grid discretization are still present [2] [7]. In this paper a model 
predictive controller (MPC) is presented that successfully overcomes 
these problems [7] [8]: in fact, in this control approach an optimal 
control problem is solved over a finite time moving window. 
Unfortunately, nonlinear model predictive control (NLMPC) is still 
an open research field and there is an exiguous number of techniques 

to find a numerical solution [9]. Among those available, an explicit 
technique, the MGRES/Continuation, has been chosen: since, 
conversely to implicit solvers, it uses forward steps to compute the 
solution and no iteration is required. Therefore, the computational 
time is fixed which is a key feature in real-time applications [11].

Recently, predictive steering control for path following has been 
studied and efficiently solved in real time [12] [13] [14]. But this 
control logic requires a collision-free reference trajectory, which must 
be computed on-line and could lead to unfeasible real time 
implementations. Thus to overcome this issue, the authors in [15] 
[16] have proposed a two level hierarchical control scheme composed
of a higher level NLMPC trajectory planner and a lower level
NLMPC trajectory follower. In [15] the authors use a simple
nonlinear system for the planning phase, but the longitudinal velocity
of the simplified system is fixed and the obstacles are modelled using
potential functions. In [16] a single track vehicle model (STVM) in
spatial coordinates is used for the higher level controller. In [11] the
same spatial approach is applied to a more complex model and the
optimization is performed on a single layer NLMPC. However, in
[11] [16] the obstacle is treated as a boundary on the state. Namely,
the vision algorithm has to decide if the obstacle should be overtaken
to the left or to the right. This approach, in cruise highway conditions,
limits performances. For instance, when the vehicle is leaving a
curve, the controller has to decide from which side to avoid the
obstacle based on the lateral velocity, on the positon and on the
gradient of the steering. Furthermore, for cruise driving, speed should
be kept constant except during an overtake when the controller
should accelerate gently to rapidly complete the maneuver as a
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human would do. To achieve this target a change of coordinate is 
proposed where the curvilinear abscissa is a state of the system, and 
not an independent variable as in [11] [16]. Therefore, the velocity 
along the path can be considered within the optimization process. 
This leads to the human-like behavior. Moreover, when dealing with 
a long and complex path, it is not always possible to explicitly 
compute the information necessary for the NLMPC offline. In this 
paper an approach is proposed that overcomes this problem.

Summing up, this paper assumes cruise highway conditions with the 
aim of following a reference path while avoiding obstacles, detected 
with a suitable preview. Thus, no safety maneuvers are considered. 
However, the presented method is able to detect unfeasibility within 
the time horizon. Therefore, the method might be coupled with soft 
collision control logic.

CONTROL ARCHITECTURE
The complexity of a model plays an important role in determining the 
feasibility of real-time problems. For this reason, the NLMPC 
optimization is performed on a simplified model: a Single Point Mass 
Model (SPMM). This approach is possible because the vehicle is 
driving under cruise highway conditions i.e. non critical conditions. 
Of course, there are differences between the dynamics of a real 
vehicle and the simple system; therefore it is required to adjust the 
input computed by the NLMPC using a correction factor based on a 
Single Track Vehicle Model (STVM). This quantity is computed in 
the preview distance block that is the novel control strategy presented 
in this paper. It is interesting to notice that the NLMPC and the 
preview distance block are at the same level, meaning they are 
discretized with the same sampling time.

Figure 1. Control architecture.

The single point mass model (figure 1) is governed by the following 
equations:

(1)

where V and θ are the velocity vector magnitude and angle 
respectively. The chosen control inputs are V and u.

Figure 2. Free body diagram of the single track vehicle model.

Clearly, the dynamics of a real vehicle is not entirely captured by the 
single point mass model. A more accurate one is needed to test the 
solution of the NLMPC problem. To achieve this goal, a single track 
vehicle model is used which, under cruise condition, is considered to 
be sufficiently accurate to describe the real system dynamics. The 
equations of motion are derived from Newtons law.

(2)

(3)

(4)

where the variables xi and yi are a function of the longitudinal and 
lateral tire-road contact force:

(5)

(6)

(7)

(8)

The slip angle α is defined as the angle between the longitudinal axis 
of the wheel and its velocity:

(9)

(10)

The lateral wheel force is considered proportional to the slip angle as 
defined in [17]:

(11)



(12)

Finally the longitudinal force is considered proportional to the torque:

(13)

R being the wheel radius. The input variables of the single track 
model are the torque T and the steering angle δ.

PATH FOLLOWING
In order to simplify the problem formulation for the NLMPC, the 
approach proposed by [1] is adopted: a moving point, called Fernet 
reference frame, is attached to the path. Accordingly, the system in 1 
can be rewritten as:

(14)

where γ(s) represents the angle of the tangent vector to the Fernet 
reference frame at the curvilinear abscissa s and y the distance from 
the vehicle to the path. Therefore, the problem of path following is 
reduced to minimizing y.

Figure 3. Fernet reference frame.

To compute an analytic expression for γ(s) and , requested by 
equation 14, the path is approximated with Bezier curves. Namely, it 
is assumed that the control points of the fifth order Bezier curves that 
define the target path are known. This is not a strong assumption 
since these control points can be computed off-line before the 
navigation starts. It should be noted that, since the NLMPC evaluates 
the properties of a point on the path using one Bezier curve, the 
computational time of this approach is independent of the path length 
and complexity.

CONTROL ALGORITHM
The optimization problem is performed on a fixed time window 
which moves in time. Given a system described by:

(15)

where x(t) denotes the states and u(t) the control input. The objective 
is to minimize, over a finite time horizon [t, t + T], the functional

(16)

subject to the following constraint

(17)

It has been shown that upcoming information about the road can 
significantly improve performances in vehicle path following. In [18] 
and [19], previewed road curvature information is used to compute a 
feedforward action that improves the behavior of the vehicle when 
entering or leaving a curve. The proposed controller also exploits this 
feedforward action for improving performances.

The information is provided by the NLMPC. In fact, the optimal 
control problem is solved over a finite horizon and a prediction of the 
input is available. This prediction is used to compute the estimated 
position of the real system ahead of time and it is compared with the 
optimal trajectory of the SPMM to compute an error vector.

Figure 4. Computation of the error vector.

The predicted error is the result of the different dynamics of the two 
systems and it can be used to design a PI controller to correct the 
input. This control strategy, although simple, is sufficient to reduce 
the tracking error under cruise highway conditions.

To guaranty safety the infeasibility region of the state space are 
delimited by an ellipse. However, the Lagrangian multiplier 
associated with the inequality constraint, according to the KKT 
(Karush-Kuhn-Tucker) optimality conditions [21], is set to zero when 
the strict inequity is satisfied. Therefore, this procedure could cause 
the violation of the hard constraint, due to the discretization along the 
time axis. Moreover, there are some issues related with the reactive 
nature of the MGRES/Continuation algorithm (for more details see 
[9] and [20]). In order to overcome these problems, it is possible to
convert the inequality constraints to an equality constraint with a
slack variable Z [20]:



(18)

The semi-axis of the ellipse, A and B, are taken equal to the length 
and the width of the vehicle, plus a safety factor. The position of the 
center of the ellipse is not taken exactly on the path to have a unique 
solution on a straight road.

Figure 5. Obstacle modelling.

Finally, it is assumed that the obstacle is detected before entering the 
horizon so that no sudden change in the control input is required. This 
assumption is reasonable under cruise highway conditions. Moreover, 
it is a necessary condition to be able to apply the MGRES/
Continuation method.

It is now possible to design the cost function to achieve the controller 
goals. In the curvilinear reference system, it is sufficient to minimize 
the lateral distance, y, to follow the path. Furthermore, it is minimized 
the deviation from a target velocity. So the cost function J is defined as

(19)

where the slack variable, Z, as to be included into the cost function to 
avoid bifurcation of the numerical solution [20].

RESULTS
The proposed algorithm has been tested on a 2000m long path. The 
curvature radius has been chosen according to the U.S. Department of 
transportation, i.e. the minimum radius allowed on an highway with 
no super elevation is 200 meters.

Obstacles are positioned randomly and their presence is detected and 
transmitted to the NLMPC block when the distance between the 
SPMM and the obstacle is smaller than 100 meters. Obstacles 
dimensions are illustrated in figure 5. Finally, figure 6a shows the 
imposed path and the obstacle location.

Figure 6. Test track.

Figures 6b-7c show the generated trajectory which minimizes the 
distance between the reference path and the system trajectory 
avoiding the obstacles along the track.

Figure 7. Details of the test track.

It is interesting to notice that the generated trajectory tends to stay inside 
the curve and then widens to reduce the gradient of the steering (figure 
7d). This is a clear advantage of using a model based control logic.

Figures 8a and 8b show the space history of the steering input and the 
torque input respectively. It can clearly be seen that the steering input 
is less than 2deg in absolute value, i.e. the vehicle is working in its 
linear region, and smooth actions on the steering wheel are applied. 
Same conclusions can be drawn for the torque that is below 20Nm.

Figure 8. Control inputs.



Finally, figures 9a and 9b shown the lateral acceleration and the 
tracking error respectively. The lateral acceleration is almost 
everywhere less than 1.35m/s2 meaning that the drive is very 
comfortable and the lateral error is alway less than 0.3m which can 
definitley be considered as an acceptable error.

Figure 9. Control outputs.

CONCLUSIONS
The presented NLMPC is capable of driving autonomous during 
under cruise highway conditions. A simplified system is used to plan 
the ideal trajectory and to compute the optimal input. Then, a 
correction factor, compensating the differences in the dynamics of the 
system used in the planning phase and the real one, is computed 
based on the non-causal information of the NLMPC. The problem is 
formulated using a curvilinear reference system and the obstacle is 
taken into account into the optimization.

The proposed control logic has been successfully tested on a 
simulated highway track showing very good performances in terms 
of tracking errors and driver inputs. A sensitivity analysis on obstacle 
dimensions and an extinction for cooperative driving are envisaged 
for future works.
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