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Abstract

We consider the modified phase-field crystal (MPFC) equation that has recently been
proposed by P. Stefanovic et al. This is a variant of the phase-field crystal (PFC)
equation, introduced by K.-R. Elder et al., which is characterized by the presence of
an inertial term B¢y. Here ¢ is the phase function standing for the number density of
atoms and 8 > 0 is a relaxation time. The associated dynamical system for the MPFC
equation with respect to the parameter ( is analyzed. More precisely, we establish the
existence of a family of exponential attractors Mg that are Holder continuous with
respect to (.
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tors, robustness, Holder continuity.
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1 Introduction

In this paper, we consider the following modified phase-field crystal (MPFC) equation (see
e.g., [16,24126]27]):

B + ¢ = A[A%¢ +2A¢ + f(¢)], in Q x (0,+00), (L1)

where the nonlinearity f is given by

f@)=¢"+(1—e)o (1.2)

and the domain @ is supposed to be @ = (0,1)" C R™, n < 3. The phase function ¢
approximates the number density of atoms in the material occupying Q. The positive
parameter (3 is the relaxation time and € is a positive constant such that e ~ T, — T, with
T. being the equilibrium temperature at which the phase transition occurs. Equation (1))
is considered in the periodic setting for the sake of simplicity and it is subject to the initial
conditions

Pli=o = do(x), Gt|i=0 = ¢1(), r € Q. (1.3)
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Recently, the so-called phase-field crystal (PFC) approach has been employed to model
and simulate the dynamics of crystalline materials, including crystal growth in a su-
percooled liquid, dendritic and eutectic solidification, epitaxial growth, and so on (see,
e.g., [L6L7,T0,11122,23]). The corresponding PFC equation takes the following form

by = A[A%2p +2A¢0 + f(¢)], in Q x (0,+00). (1.4)

As before we endow the equation with periodic boundary conditions and we assume an
initial condition for ¢:

(Zﬁ‘t:() = (250(1'), T € Q. (15)
The PFC equation (4] can be viewed as a (conserved) gradient flow generated by the

Fréchet derivative of the following (dimensionless) free energy functional (cf. [6L7]), that
is,

£@) = [ (G807 ~IV6P + F(6))ds (1.6

with
B 1—c¢

2

Equation (L4) describes the microstructure of solid-liquid systems at inter-atomic

F(¢)

2 1 4
¢ + 10" (1.7)

length scales and provides a possibly accurate way to model crystal dynamics, espe-
cially defect dynamics in atomic-scale resolution (see, for instance, [I1] and the references
therein). However, it fails to distinguish between the elastic relaxation and diffusion time
scales (cf., e.g., [1,24]). The MPFC equation (I.I) was proposed in [24] in order to over-
come this difficulty and to incorporate both the faster elastic relaxation (e.g., in a rapid
quasi-phononic time scale) and the slower mass diffusion (see also [14L[15l25] and [I1], Sec-
tion 3.1.1.2]). The MPFC equation (LI) can be viewed as a singular perturbation of the
PFC equation (I.4]). We recall that (singular) perturbations of this kind have been derived
in the phase-field literature to take large deviations from thermodynamic equilibrium into
account (cf., e.g., [BLI3]). The presence of the inertial term [S¢y is a nontrivial modifica-
tion from the mathematical point of view. Indeed, contrary to the sixth-order parabolic
type equation (L)), solutions to (II]) do not regularize in finite time. Besides, the MPFC
equation (LI does not have a gradient structure in general, i.e., there is no Lyapunov
functional for (ILI]) for general initial data, which is decreasing in time (see [18] for further
technical details).

The MPFC equation (L.I]) has been studied numerically in [2,[8L[16,27] (see also, e.g.,
[1417,19,28] for the PFC equation (L4])). In particular, the authors have derived different
types of unconditionally energy stable finite difference schemes based on a suitable convex
splitting for the free energy E. Concerning the theoretical study of the MPFC equation
(L), existence of a weak solution and of a unique strong solution up to any positive
final time T" > 0 were proven in [26] by using a time discretization scheme and taking
the special initial value of ¢; (equal to zero) in order to ensure the mass conservation
property. Recently, existence and uniqueness of energy solutions to the MPFC equation
(LI without any restriction on the initial value of ¢; has been established in [I8] (see
Theorem [4.1] below). We recall that such solutions are natural and more general than the



weak ones. Moreover, in [I§], the authors have also proven the existence of global and
exponential attractors as well as the convergence of single trajectories to single stationary
states for any fixed parameter 5 > 0. In this case, it is worth noting that the mass is
conserved only asymptotically and the corresponding (dissipative) dynamical system is no
longer a gradient-like system (i.e., there is no Lyapunov functional).

An interesting open issue is the construction of a robust family of exponential attractors
with respect to the relaxation time g (see [2I], Section 3.3] for this concept and references
therein). This is precisely the goal of the present paper, that is, the existence of a family
of exponential attractors depending on 5 > 0, which is (Holder) continuous with respect
to 8. Such a result essentially says that the non-transient dynamics of the MPFC equation
(L) is close to the one of the PFC equation (I4]) in a quantitative way. The proof of
this result is based on a general argument devised in [20] for the damped semilinear wave
equation, in which the singular perturbation can be treated by using a simple scaling
argument. However, in the present case, the problem is much more complicated because
of the additional difficulty related to the high (spatial) regularity gap between the phase
function ¢ and its time derivative ¢;. More precisely, the crucial estimate on energy
norms of the difference between the solutions to the MPCF and the PFC equations,
respectively, requires the construction of a sufficiently smooth invariant attracting set
for the corresponding dynamical system (see Proposition [5.1]).

The plan of this paper goes as follows. In the next section, after some preliminaries, we
state the main result of this paper (see Theorem 2.1]). Section [3]contains the basic uniform
a priori estimates. The dissipative dynamical systems associated with MPFC and PFC
equations are analyzed in Section [l Finally, the main theorem is proven in Section Bl

2 Preliminaries and main result

2.1 Notations and functional spaces

loc

We denote by HIC”(Q), m € N, the space of H]” (R™) functions that are @Q-periodic.
For an arbitrary m € N, H}(Q) is a Hilbert space with respect to the scalar product
(W V)m = Xjxj<m fQ D*u(z)D"v(x)dx (k being a multi-index) and the induced norm
ullm = v/ (1, u)p. For m =0, H)(Q) = L(Q) and the inner product as well as the norm
on L2(Q) are simply indicated by (-,-) and || - ||, respectively.

The mean value of any function u € L2(Q) is denoted by (u) = |Q|™! fQ udx and we
set @ = u — (u). The dual space of H}'(Q) is denoted by H,™(Q), which is equipped
with the operator norm given by || T1|—m = supjy,,=1, uemp (@) |7 (w)|. For m =1, we
introduce an equivalent and more convenient norm associated with the inner product

(u,0)-1 = (Vu, Vibo) + (u)(v), Vu,v € H,'(Q),

where 1, (respectively 1),) is the unique solution with zero mean to the elliptic equation
in Q) subject to periodic boundary conditions:

—At)y = u — (u).



We also set H)'(Q) = {u € HJ'(Q) : (u) = 0} and, for any u,v € LI%(Q), we define
(u, )1 = (Vipu, Vo) and  [Jull 1 = [[Vebull.

Then we observe that Ag = —A : Hg(Q) > Lg(@) is a positive operator and its powers
Aj (s € R) are well defined. In particular, for s = —1,

1 1 1
()1 = (Ag*u,v) = (u. Ay o) = (A9 *u, Ay Pv) and [lullr = |4, Zul|.
Finally, for any given 8 > 0, we introduce the product spaces

Xy = HX(Q) x VBHHQ), X{ = H3(Q) x V/BLAQ),
X5 = HY(Q) x VBHLYQ), X = H3(Q) x /BH(Q).

These spaces are complete with respect to the metrics induced by the following norms,
respectively,

1 1
1w, 0)llgs = (llull3 + BllolZ0)2, 1w, v)llgs = (luls + Bllvl*)z,

1
1(w, 0)llgs = (lulli + BllvlD)z, 11w, )llge = (lulf + Bllvll3)2.
2 3

=

We note that for § = 0, the second component of Xf (1 =0,1,2,3) is simply set to be the
null space {0}.

We also recall the definitions of the Hausdorff semidistance as well as the symmetric
Hausdorff distance of two subset Uy, Us of a Banach space V' with metric d, namely,

disty (U1,Us) = sup inf d(uq,us),
u1 €Uy u2€U2

diSt?m(Ul, Ug) = max{distv(Ul, Ug), diStv(Ug, Ul)}

In the remaining part of the paper, if it is not otherwise stated, we indicate by C or
C;, 1 € N, generic positive constants depending only on structural quantities, independent
of the parameter 3. The symbol cg will denote some embedding constants depending only
on the domain @). Moreover, we denote by Q(-) or Q;(-), i € N, a continuous, nonnegative
monotone increasing function depending on structural quantities, but independent of 5.
The constants C' or the functions Q(-) may vary from line to line and even within the
same line. Any further dependence will be explicitly pointed out if necessary.

2.2 Main result

Now we state the main result of this paper.

Theorem 2.1. Suppose that n < 3 and By > 0 is an arbitrary but fixed constant. For each
B € 10,50] and M,M' > 0, there exists an exponential attractor Mg for the semigroup
Ss(t) defined by the global energy solutions to problem (LI)-(L3) if 5 > 0 or problem

[CA)—-@H) if 8 =0 (cf. Theorems[4-1 and[{-Z below) on the phase space

XM= {(u,0) € X5 2 [B) + (u)| < M, [(v)] < M},
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which satisfies the following properties:

(P1) Mg is positively invariant, bounded in Xg and Xgo with bounds that may depend
on By but are independent of 3.

(P2) The rate of attraction is uniformly exponential: for every bounded set B € Xéw ’M/,
there exist Kp > 0 and vp > 0 independent of B such that

distys (S(t) B, Mp) < Kpe 8! Yt >0, (2.1)

where distys denotes the Hausdorff semidistance of sets with respect to the Xg—metm'c.
0

(P3) The fractal dimension of Mg in Xg is uniformly bounded with respect to (3, that
is, there exists a positive constant K independent of B, such that dimysMp < K.
0

(P4) The map B — Mg (B € [0, Bo]) is Hélder continuous in (3, namely, it holds
dist™ (Mg, , M) < C(By = Bo)o,  for 0< < B < fo.
0

Remark 2.1. For the sake of simplicity, in this paper we only treat the nonlinearity f of
the physically relevant form (L2). Moreover, in the subsequent analysis, we do not have
to impose the restriction o :=1—€ > 0 as in [26-28]. Actually, our results hold for more
general (possibly non-convex) nonlinearities. For instance, we can take f € C12 O’Cl(R) such

that
o )
f(0) =0, liminf f'(s) >0, liminf —= = 400
|s| =400 [s|=>+o0 S
We note that the physically relevant nonlinearity f(y) = y> + (1 — €)y with € € R fulfills
the above assumptions.

Remark 2.2. We note that the choice of periodic boundary conditions is realistic since
in the crystalline materials the patterns of the nanostructures statistically repeat through-
out the domain, which is much larger than the length-scales of atoms. Nevertheless, our
theoretical results also hold for homogeneous Neumann boundary conditions, as well as for
mized periodic-homogeneous Neumann boundary conditions. Of course, there is no loss of
generality in choosing the unit period for any spatial direction.

3 A priori dissipative estimates

In this section we derive some a priori dissipative estimates for the solutions to prob-
lem (LI)—(L3]), which are uniform with respect to 5. The subsequent calculations are
performed formally. However, they can be justified by working within a suitable Faedo—
Galerkin approximation scheme (cf. [I8]) and then passing to the limit.

We first recall how the PFC equation (L.4]) and the MPFC equation (I.I]) behave with
respect to the (total) mass conservation. Integrating the PFC equation (I4]) with respect
to time, we see that the following mass conservation property holds

(o(t)) = (o), Vt=>0. (3.1)



However, the mass conservation may fail for the MPFC equation (L.I]). Nevertheless, it
still obeys a kind of conservation law, namely,

B(i(t)) + (¢(t)) = B{d1) + (¢o), Vi=0, (3.2)
so that (cf. [18])

(Gu(t) = (dr)e 5, (6(1)) = Blr) + (do) — Blor)e 7, V>0, (3.3)

Remark 3.1. It is easy to see that if (¢, dt) is a solution to problem ([LIN)—(L3]) with
initial data ¢y satisfying the zero-mean assumption (¢p1) = 0, then (¢:(t)) = 0 and, in
particular, the mass conservation (¢p(t)) = (po) holds for allt >0 (cf. [26,[27]).

First, we can show the uniform dissipative estimate in Xg :

Lemma 3.1. For any § € (0, o], suppose that (¢, @) is a regular solution to problem
(CI)-(@3). Then the following dissipative estimate holds:

lo@)3 + Blige®) 121 < QUlIdollz, [|¢1]-1)e™ + ph, V=0, (3-4)

where the positive constants po, py may depend on o, €, (1), (¢o) and |Q|, but are inde-
pendent of ||poll2, ||¢1]|—1, the parameter B and time t.

Proof. We rewrite the equation (L.I]) into the following form

Bou + ¢ = —Ao(A%¢ + 286 + f(6) — (f(9))). (3.5)

Testing (3.5) by Ay '¢u(t)+m Ay *é(t) with 1 > 0 being a small constant to be determined
later, we get

SN+ Die) < R (1) (36)

where

Moo= SIBZ B + B ) + LB
D = (L—mp)éel2y +mlAs|* + 77/@f(¢)(¢ — (B{¢1) + (¢0)))dz,
_t
Ri = (=md)ione [ s+ om Vol
Using integration by parts and the Cauchy—Schwarz inequality, we get
2 1 2 2
IVoI" < IAgllIgl < ZIIASI + Il (3.7)
Recalling (L7)), we easily see that F' is uniformly bounded from below
Lo 2 1 2 1 2
> - - (12> (11—
F(@) 2 7 (6*+(1-9) —71-9?= -1 -2 (3.8)

Besides, we infer from the Sobolev embedding H%(Q) — L*(Q) (n < 3) and Young’s
inequality that

C(I8l) > B(@) > 71A0]” + 6] — Cu. (39)
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On the other hand, the Cauchy—Schwarz inequality yields

mB|@0 81l < LIG2 + 2811 (3.10)

As a result, for n; € (0, ﬁ), we obtain

_ — 1
B -1, [61) 2 310) = UGl + TIAGI + 0l —Cr (3.11)

Next, on account of (L.2) and (L.7)), we get

2
162 < & /Q F(6)dar + Ce,, /Q F(@)lde < & /Q F(6)d + Ce,,
and

/Q FB)(& — (Bldr) + (bo)))da
> —Collé— (Bldr) + (do))I + Cs /Q F(¢)da — Cy
> 20,6 + C /Q F(@)dx — (Cs +2C2(Bld1) + (60))?)

> (=206 + C3) /Q F(¢)dz — (Cy + 2C(B(¢1) + (o)) + C¢, ).

Let k1 > 0 be a small constant to be chosen later. Then we have

Dl(t) — /Qlyl(t)
= (1=mB=5B) 182+ (m — 5 ) 1861% + il Vo]

k1 2
o [ S0~ Myde sy [ Fodr — B 1o,
(1=mB=58) B2 + (m — 5 ) 14612 + I Vo|?

+(C3m1 — 2C26m — K1) /Q F(¢)dx —m (Ca+202(B(¢1) + (d0)* + C¢) -

v

Next, for & > 0, using the Young inequality and (3.7, we can see that

Rilt) < |{r)e 5| /Q (@) + 2m | V6|2
2
< )] (52 [ P+ 052> A g 22
Q 2 &2
2
< <\<¢1>152 ; "151) [ Py + S0P + Calton)] + i,
&2 Q 2 2
Choosing 7 € (0, ﬁ) and k1,&1,& > 0 satisfying
1_77150_%50207 771—%—52%207
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2mé& -0

Cam — 20261 — k1 — [(¢1)]& — g 20

we have, for all 8 € (0, B,
Dy(t) — Ra(t)

> w1 Vi(t) —m (Ca+2C5(B(d1) + ($0))* + Ce,) — Ce,|(¢1)] — 2

T G

Collecting the above estimates together, we infer from inequalities (3:6]) and (B8] that
d
Eyl(t) +r(t) < C, (3.12)

where C5 may depend on @, 8o, €, |{¢o)| and [{(¢1)|. Then we get

C
Vi) € Vi(0)e™ + =2, Vi>0,
K1
which together with (B.I1]) yields our conclusion. The proof is complete. O

Then we can proceed to prove the higher-order dissipative estimates in X? :

Lemma 3.2. For any 8 € (0, o], suppose (¢, ¢¢) is a regular solution to problem ([I.II)-
(L3). Then the following estimate holds for t > 0:

t
160081 < Q6o o)lgp)e™ + [N a)ds, (319
t+1
sup [ lon (@I < Q6o 00l (3.14)

where the positive constants ,oj,p;- (7 = 1,2,3) may depend on Py, €, {(¢1), (¢o) and |Q)],
but independent of the X?—norm of initial data, B and time t.

Proof. We first consider the case j = 1. Testing (L)) by ¢¢(¢) + n2¢(t) with 1 € (0, ﬁ)
to be determined later, we obtain

%m) +Dy(t) < Ralt), (3.15)
where
1
YV, = §||¢t||2+§\|m¢||2—||A¢H2+6n2/Q¢t¢dx+"—§||¢H2,
Dy = (1—mB)ledl? + el VA,

Ry — / AF(@)drdz + 2] A + o / f(6)Agd.
Q Q

The uniform dissipative estimate (3.4]) together with the Sobolev embedding H?(Q) —
L>*(Q) (n < 3) yields the (uniform) global boundedness of ¢, that is,

o)1 7 < CQu(llgoll2, I61]-1)e™* + Cpa, W > 0.



As a consequence, thanks to (IL2) and to the Young inequality, we have

— 1
(913, l6ell) = Ya(t) > 7(Blloell* + [VAG|F) = Cligl5. (3.16)

Using the Sobolev embeddings once more, we are able to estimate the terms in Ro as
follows

| Af@sds < Sl + 5lar@)?
Q
1
< Sl + 2l

| M| + s /Q F(6)Addz < ens((6]2 + 1£(6)2) < Q(l6]]2).

Then for k9 > 0 to be determined later, we have

Do(t) — kada(t) — Ra(t)

1 Ko 3 K2
> (5 -mB = )6l + (me - Z2)IVAGIE - Q(¢l2).
Choosing 72, ko > 0 satisfying
1 /45250 1 K2
- — P 2>
92 77250 4 = 47 2 4 = 07

we deduce that the following inequality holds

d
L92(8) + 2101 + raae) < Q).

where Q is a continuous monotone function satisfying Q(0) = 0. Applying the Gronwall
inequality and the dissipative estimate ([3.1]), we conclude that

t
YVa(t) < Va(0)e =" + /0 29 Q| 4(s)||2)ds,

which combined with ([B1]) and (BI6) easily yields the dissipative estimates (B13]) and
@),

The higher-order dissipative estimates for j = 2,3 can be obtained in a similar way.
For instance, for j = 2, we can test the equation (I.I)) by —A¢:(t) —n3A¢(t) with suitably
small constant 13 > 0. For j = 3, we apply the operator A to (LI]) and test the resultant
by A¢y(t) + nyAgp(t) for some 1y > 0 sufficiently small. Repeating the above argument
and making use of the dissipative estimates obtained in the previous step for j — 1, we
can reach our conclusion. The proof is left to the interested reader and thus is omitted
here. O

We conclude this section with a bound on the second order time derivative ¢y, which
will be useful in the last section.

Corollary 3.1. For any (3 € (0, 5o], suppose that (¢, ¢¢) is a reqular solution to problem

(CI)-@3). Then we have
t+1

sup Bllge (1)1 1dr < ([l (o, ¢1)lls)- (3.17)
t>0 Jt 3



Proof. Testing (3.5 by Ag¢y(t) and integrating by parts, we get

_— B B g
(S IBI+ (82,50, 42(80, B) + (£(9), 30| + Bligall

= (A, Ady) —2(Vor, Vo) + (f'(0)dr, bt)
< Cligellz + Cldll2) el

Integrating the above inequality with respect to time and using the uniform estimates
BI3) and ([B14]) with j = 3, we easily infer (BI7). The proof is complete. O

4 The dissipative dynamical system

4.1 Well-posedness

Based on the uniform estimate (B.4]), existence and uniqueness of global energy solu-
tions to problem ([I)—(L3)) has been proven in [I8, Theorem 4.1] via a suitable Galerkin
approximation for arbitrary but fixed § > 0. Namely, there holds

Theorem 4.1. For any § > 0 and initial data (¢, p1) € Xo, the MPFC equation (I.II)-
([L3) admits a unique global energy solution (¢, P:) such that

¢ € C*([0,T); H, ' (Q)) N CH([0,T]; H, ' (Q)) N C([0,T]; Hy(Q))
satisfying

ATV (Bou + d1) + A2p + 206 + £(0) — (f(4)) =0,
in D(AyY), a.e. in (0,T), (4.1)

Bli—o = do in HY(Q),  dtli=o = é1 in H ' (Q). (4.2)

Moreover, the following energy identity holds for all s, t € [0,T] with s <t

E(t) = E(s) - / 1) |2 1dr + / (fr)e 5 /Q F(é(r))dudr. (4.3)

From the energy identity (4.3]), we are able to check that the solution (¢, ¢¢) is indeed
uniformly Lipschitz continuous on bounded balls of Xg , for any fixed T' > 0:

Corollary 4.1. Suppose 3 € (0, Bp]. Consider two pairs of initial data (¢oj, $15) (j = 1,2)
in a bounded set of Xg, ¢; being the solution to problem (LI)-(L3) corresponding to the
initial datum (¢oj, ¢15). The following continuous dependence estimate holds

t
161 = 6201 = ) )12 + [ 162 = o)) P

< Lie"T||(¢10 — ¢20, 611 — ¢21)H§§§, Vie[0,T). (4.4)

where L1, Lo are positive constants depending on ||dojll2, ||é15]-1 as well as on By, €, Q
and f, but independent of B and t.
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Proof. Denote the difference of solutions by ¢ = ¢; — ¢o. In [18], we have shown that

Eo(d(1), Bu(1)) + | (BB 2 + /0 1e(r) 2y dr
< E(d0.d1) + ClUBONE +C /O E0(3(r), Bu(r)) + | (B(r)) [2dr,
where A
E0(th, 1) 1= DI, + SIAGIP — [V + S IBIR (4.5)

and A > 0 is a sufficiently large constant.
Thus, using the fact

(@(1)) = B(d1) + (do) — Bldn)e 7,

Tl

we conclude (£4) from by the Gronwall inequality. The proof is complete. O

The previous results imply similar results hold for the limiting case f = 0 (with an
even simpler proof):

Theorem 4.2. For any initial data ¢o € H}(Q), the PFC equation (LA)-(L5) admits a
unique global energy solution

¢ € C([0,T); H}(Q)) N H'(0,T; H, ' (Q)).

Besides, the following continuous dependence estimate holds for all t € [0,T]

t
1 () — 2(2)]|3 + /0 [(p1¢ — d20) () |2 1d7 < Lre™2T || 1o — b0 |3, (4.6)

where Ly, Lo are positive constants depending on ||¢olle as well as on €, Q and f, but
independent of t. Moreover, ¢ € C*°((0,+00) X Q).

The Associated Semigroups. We can now associate with problem (LI)-(L3]) a family
of strongly continuous semigroups Ss(t) : Xg — Xg , B € (0, Bo], by setting

u(t) = Ss(t)ug, Vt>0,

where u(t) = Sg(t)ug is the unique energy solution given by Theorem [£1] corresponding
to the initial data ug = (¢, ¢1) € Xg.
Similarly, for the limiting case 8 = 0, we can define the strongly continuous semigroup
So(t) : X§ — X by setting
u(t) = So(t)ug, Vt>0,

where ug = (¢9,0) € X9, u(t) = (¢(t),0) and ¢(t) is the unique energy solution given by
Theorem corresponding to the initial datum .
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4.2 Absorbing sets

Thanks to Lemmal[3.1] we can state some dissipative properties of the dynamical system
(Ss (t),Xg ) defined on a suitable phase space. Recalling the conservative identities (B.1))
and (B.2), we have to work on the following (closed) subset of Xg :

XM = {(u,v) € X5 ¢ [Bl0) + (w)] < M, |(v)] < M},

Then we conclude the existence of a bounded absorbing set in Xé\/l M grom the dissipative
estimate (34]) (cf. Lemma B.1]), namely,

Proposition 4.1. Let 8 € [0, 5y]. We indicate by Bo(R) a generic ball in Xé\/‘[’M/ of radius
R. There exists Ry > 0 that may depend on Q. ¢, f, Bo, M, M’ but independent of 3, such
that for all R > 0, there is a tg > 0 such that

Sg(t)B()(R) - Bo(Ro), Vit >tg. (47)

Remark 4.1. Since By(Ry) is also a bounded set in Xéw’Ml, then there exists tr, > 0
such that
Ss(t)Bo(Ro) C Bo(Rp), Yt>tg,.

For g € |0, o], we note that tr, may depend on By but is independent of 5. Set for any
ﬁ € [0760];

B
Xo

vy = |J Sst)Bo(Ro) - (4.8)
tE[O,tRO}

We can see that Yg is a complete bounded metric space with respect to the metric of Xg.
Moreover, the following properties holds:

Sp(t)Ys C Yy and [Ss(t)uolys < C(Ro), Vt>0, Yuge Yy
0
The constant C(Ry) may depend on By but is independent of 3.

In what follows, we shall work on the (positively invariant) phase space Yg (cf. (A8)).
On the other hand, using the higher-order dissipative estimates in Lemma[B.2], we are able
to prove the existence of absorbing sets in more regular spaces, i.e.,

Y=Y nx? i=1,23.
Indeed, we have

Proposition 4.2. Let § € [0, 5o]. We denote B;(R) (i = 1,2,3) a generic ball in Yf of
radius R > 0. There exist Rg > Ry > Ry > Ry (Ry is given in Proposition [{.1]), that may
depend on Q, €, f, Bo, M, M" but are independent of B, such that B;(R;) are absorbing sets
n Yiﬁ (1 = 1,2,3), respectively. Namely, for any bounded set B; € Yf, there exists tp, > 0
such that

Sg(t)Bi C BZ(RZ), Vit > tp,-
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Proof. For any (¢q, 1) € By, we infer from the definition of Yf that
lo(t)]2 < C(Ro), Vt=>0.

It follows from inequality (BI3) (with j = 1) that

t
le@)I3 + Bllee)* < Q(I!cﬁollsallcﬁll!)e_’““r/o e A7 Q(l(s)12)ds,

IN

t
Q(|’¢0|’37 |’¢1|’)€_plt + C(Ro)/ e_pl(t—s)ds
0
< C(Bl)e_plt + C(RQ)

Then there exists tp, > 0 such that
1(6(8); ¢t (D)llys < C(Ro), Vit tp,. (4.9)

We just set Ry = max{C(Ry), Ro}.
Next, for any By C Yg , we can find By C Y? such that Bs C Bj. Using estimates

BI3) (j =2) and ([@3]), we have for t > tp,

t
lo@)IIF + Bllec@)lIf < Q(H¢o|l47H¢1|!1)€_”2t+/0 e 27 Q(|[¢(s)]l3)ds
< CO(By)e ™'+ C(Ry),

which yields that there exists ¢p, > ¢p, such that
1(6(8); ¢t (D)llyp < C(Ba), Vit ip,. (4.10)

Then we can set Ry = max{C(Ry), R1}.
In a similar manner, we can prove the absorbing property in Yg from (BI3) (with
j = 3) and estimate (4.I0). The proof is complete. O

4.3 Attracting sets

A basic step in the existence proof of global or exponential attractors is to show
certain (pre)compactness property of trajectories in the phase space [21]. For the limiting
case f = 0, the PFC equation (I.4]) is a sixth-order parabolic equation whose solution is
smooth for ¢ > 0. However, when 5 > 0, we have to overcome difficulties arising from the
hyperbolic-like nature of the MPFC equation (LI]).

To this end, we try to find a proper decomposition of the semigroup Sg(t) (8 > 0)
into a uniformly asymptotically stable part and a compact part. Let (¢, ¢;) be the unique
energy solution to problem (I)—(L3]) given in Theorem [IIl We split this solution into
two parts, namely,

(&, 90)(1) = (6%, 60) () + (6%, $) (1)
such that

A (B + ¢f) + A26% + 2007 + fr(6?) — (fu(6%)) =0, (4.11)
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&0 = bo(z), Gz = 1 (), (4.12)
and
A (Be5, + ¢5) + A2C + 20¢° + fir(B) — fr(d — ¢°)

—(f1(9)) + (fr(® — ¢°)) = ko — k(¢), (4.13)
¢°li=0 = (¢0()),  dili=0 = (d1(2)). (4.14)

Here, we have set
fi(@) = f(®) + ko

with k& > 0 being a sufficiently large constant to be chosen later. In particular, we require
that the function fi(s) is monotone and nondecreasing in R.

Lemma 4.1. Suppose that 5 € (0, 8] and the assumptions of Theorem[{.1| hold. For any
(¢,01) € Yg, we have

(¢ (t), ¢f(t))\lxg < C(Rg)e™™, Vit >0, (4.15)
where k1 > 0 is a small constant independent of (.

Proof. For any positive constant k, the existence and uniqueness of a global energy solution
(¢, %) to problem (@II)-(EI2) easily follows from the same argument used to prove
Theorem F1] (cf. [18]). Moreover, due to the zero-mean assumption on the initial data
[#12), we conclude that

(1)) = (6 (1)) =0, V>0,
which also yields that ¢?(t) = ¢?(t) and ¢&(t) = ¢&(t).
Testing [@EII) by ¢%(t) + m¢®(t), for some n; € (0, ﬁ), we have

%yﬁmbﬁt)éo, (4.16)
where
Bianz o Ly aqdy2 a2 d
VI o= CYed|2, + = [|Add2 — Vo2 + [ Fi(éh)d
{ o= GIHIE + GIAGE IV + [ Filghas
B, 6%+ 18I
D = (1—7715)H¢?II2_1+771||A¢d\|2—2771\|V¢d\|2+771/ka(¢d)¢ddw,

e+k‘

with Fi(g) = g (%) + (69",

We take k > 0 sufficiently large and satisfying 1 — e + k > 2n; (it may depend on Q, Sy,
€) such that

1 1
U, I9l) = YE®) = 22, + + 1A + Sl (4.17)

For k1 > 0, we find
(1)~ 340 > (1-mp— Y o2, + (B~ E) age”
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Finally, we take k1 > 0 satisfying

K15 K
1 —mB —%>0, ?71—7120-

Then we infer from (£I6) that

d
Ey{l(lt) +rYt) <0, (4.18)

which implies
Vi) < Yi(0)e™".
From (£I7) we deduce that (4.I5]) holds. The proof is complete. O

Lemma 4.2. Let the assumptions of Theorem [{.1] hold. For any (¢, $1) € Yg, we have
1(6°(8), &5 (0))llxes < C(Ro), ¥t >0. (4.19)

Proof. Let the constant k be the one chosen in Lemma [l For the initial data (¢g, ¢1)
belonging to a bounded set in Y7, it follows from the uniform estimates (7)) and (@.I5)
that

1(6°(0), 650 e < C(Ro), ¥t >0, (4.20)

Next, we prove the fact that (¢¢, ¢f) is indeed more regular. We perform some higher-
order calculations that can be justified rigorously by working within a proper Galerkin
scheme as in [I§].

Testing (@I3]) by Ag@f(t) + n2Agpc(t), for some 1o > 0, we get

%yf(t) +DE(E) < RE(1), (4.21)
where

_ 1 k — — -
Y = DGR+ S IVAGI — AKIR + DIV + mB@E ) + R,
Df = (1—mB)||g5]1> + m2l|VAGC|* — 2n2 || Ag°||* + nok || V¢° 2,
RS = / A(f(9) — f(dp — ¢%))dSdx + ny / (f(9) — (¢ — ¢°))A¢da

Q Q

—k/QA¢¢T§da;—n2k/Q¢A¢Cda:.

Arguing as before, for sufficiently large k and small constants 7, k2 (which may depend
on By but not on /), we can easily see that

1,— _
D5(t) = G617 + a5 (t) > C(BIIEI + [l6°13), (4.22)

Due to the Sobolev embedding H?(Q) — L>(Q) (n < 3), the remainder term R can be
estimated by using the uniform estimates (A7) and ([20) as follows

Ri(t) < [HIIAS (D) — (o= NI +n2llf(d) — f(&— o)A
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FRIAGIGE + mok ol |26

SIGEIR + 1A 0) — 76— 6D + R A
FmF(8) — £(6 — 6 MAS] + mslIAs]
SIGEI2 + Ol )

1
5”@?“2 + C(||9oll2; |1l -1, Bo)-

IN

IN

IN

The above estimate combined with (£21]) and ([@22]) yields

d
Eyf(t) + ko5 (t) < C(Ry). (4.23)
As a result, we find
Vi(t) < Y5(0)e "2t + %RO), vt > 0. (4.24)
2

On the other hand, the choice of initial data (4.I4]) indicates that }§(0) = 0. Then, from
@22)) and ([4.24]) we conclude that (4I9) holds. The proof is complete. O

We then deduce from Lemmas 1] and 4.2] the existence of a (bounded) attracting set
for Ss(t) in Yf.

Proposition 4.3. For all § € (0, 5y], there exists By (K1) C Yf such that
distxg(Sﬁ(t)Yg,Bl(Kl)) < C(Ry)e=t, Vit>0,
where K1 > 0 and {4 > 0 are independent of 3.

Using the same decomposition of the trajectory (¢,¢:), we can further deduce the
existence of attracting sets that are bounded in higher-order spaces.

Proposition 4.4. For all 5 € (0, 8], there exist a bounded set B;(K;) C Yf (1 =2,3)
such that for any bounded set B; € Yf_l, there holds

distxg (Sg(t)Bi, BZ(KZ)) < C(Ro)e_g't7 Vi >0,
where K; > 0 and {; > 0 (i = 2,3) are independent of S.

Proof. We briefly outline the proof for the case i = 2. Applying Aj to (£I3]) and testing
the resultant by —A@f(t) — n3A¢e(t), for some n3 > 0, we get

d
Eyg(t) + D5(t) < R5(t), (4.25)
where
C 6 C 1 C C k C
Yy, = §||V<25t||2 + §HA2¢ 12— [|[VAQ°|* + §IIA¢ [&
+nsB(V 5, Vo) + 2 Vo2

D5 = (1—mP)VeEI? +nsl A% — 20| VASS|® + ks | Ag°|,
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R§ = / VA(F(8) - F(6 - 6°)) - Vetde — k / VAG- Véida
—773/ A(f flo— ¢c))A¢Cdaz+kn3/ ApAddzx.

Since By € Yf, we have
“(¢c(t)7 ¢§(t))fo < C(R0)7 |’(¢(t)7 ¢t(t))fo < C(R0)7 Vi>0, (4’26)

and the decay estimate (AI3]) still holds. Using the Sobolev embedding theorem, by
the similar argument used in the previous lemma, we can choose n3 > 0 and k3 > 0
independent of 8 such that

d
Eyg(t) + k33 (t) < C(Ro), (4.27)
and
Y5(t) > C(BIVeEl® + Veell3). (4.28)
Since Y5(0) = 0. Then, from (£19), (£.27) and (£28) , we conclude that

1(6°(), (1)) llyee < C(Ro), V= 0. (4.29)
Repeating the above argument, we can further get

16°(0), 650 e < O(Ro), Wt 0, (130)

provided that (¢g,¢1) € Bs C Yg . Together with the decay property (4.I%]), we can
conclude the existence of compact attracting sets. The proof is complete. O

5 Robust exponential attractor

In this section, we proceed to prove the main result Theorem 2.1] i.e., the existence of
a family of exponential attractors for {Sz(t), Xéw A Be[0,80) that are, in particular, Holder
continuous with respect to the relaxation time f.

5.1 Positively invariant attracting set in Y?

First, we recall the transitivity property of exponential attraction (cf. [12, Theorem
5.1)):

Lemma 5.1. Let X be a metric space with distance function denoted by dist. S(t) is
a semigroup acting on X such that dist(S(t)z1,S(t)z2) < Coefoldist(z1, z2), for some
C,K > 0. We further assume that there exist three subsets Bi, By, By in X such that
distx (S(t) By, By) < Cre~*t, distx(S(t)Be, B3) < Cae™ 2!, Then we have

1009

distx(S(t)By, Bs) < C'e= !, where C' = CoCy + Cy and o/ = ———2
istx(S(t)By, Bs) < C'e where 0C1 2 and a Kot oLt og

Thus, we can prove the following
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Proposition 5.1. For all 8 € [0, 5y], we have

(i) there exists a bounded closed set Bs in Yg that exponentially attracts any bounded
set of Yg with respect to the Xg—metm'c;

(ii) there exists a bounded positively invariant set Vg mn Yg, which absorbs the set
Bs and, consequently, exponentially attracts any bounded set of Yg with respect to the
Xg -metric.

Proof. The conclusion (i) follows from Propositions [4.3 and [£.4] and Lemma[5.I]l As far as
(ii) is concerned, we infer from Proposition the existence of a positively invariant and
Xg -bounded set V?)B , which eventually absorbs any Xg-bounded set of data. In particular,
Vg absorbs Bs, and by the definition of Bs in (i), we arrive at (ii). This ends the proof. [

5.2 Smoothing property and Lipschitz continuity of Ss(?)

Proposition [GIlenables us first to confine the dynamics on a regular positively invariant
set Vg in Yg . We note that it is not restrictive to assume Vg to be weakly closed in Xg.
In what follows, we show the asymptotic smoothing property and Lipschitz continuity of
the semigroup Sg(t) on V?)B.

Lemma 5.2. Let 8 € (0, 5y]. There exists t* > 0 independent of B such that, for the map
Sp = Sa(t")

we have
Spugr — Sguge = Dg(ugi, up2) + Kg(ugr, up2),

for every ug, uge € V:?, where Dg and Kg satisfy
105101, wo2)lles < Allwor — wozllys, [ (uo1, oo) s < Afluor —woallys,  (5.1)

for some X € (0, %) and A > 0 that are independent of 3.
Besides, the map (t,u) — Sg(t)u : [t*,2t*] x Vgﬁ — Vg is Lipschitz continuous when
Vgﬁ is endowed with the Xg -topology.

Proof. We can argue as the proof for [I8, Lemma 5.3] with minor modifications (mainly
in order to stress the independence with respect to /). For the reader’s convenience, we
give a sketch of the proof.

For any ug, ugs € Vg, we consider the weak solutions (¢;, ¢it)(t) = Sp(t)ug; (1 = 1,2)
to the MPFC equation (LI)—(L3]) and we set

u(t) := Sg(t)um — Sp(t)uoz = (¥,9e)(t), uo =1 — woz = (Yo, Y1)
As in [18], we write the difference of solution (¢, ¢;) as follows
(¢7 ¢t)(t) = (wd’ Tzz)ztfi)(t) + (Tzz)cv ¢f)(t)7
such that

AgH(BYE + ) + A%p? 290 + kyd =0, (5.2)
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im0 = Po(x),  ¢flimo = P1(), (5.3)
and

A (BYS + ) + A%+ 2A9° + f(é1) — (f(¢1))
—F(6) + (f($2)) = k() — ),
Um0 = (Wo(@)),  Yili—o = (V1 (2)).

Here, k > 0 is again a sufficiently large constant (not necessarily the same one used in the
previous decomposition). For large k, it is easy to show the decay of Y%, which can be
viewed as the solution to the linear problem (5.2)—(5.3]), namely,

Il @113 + Bllwf ()12, < ClWo(@), 1 (@) Zee™™, Vit =0. (5.6)

Next, applying Ag to (4] and testing the resultant by ¥ (t) 4+ nsv°(t), for some ny > 0,
we get

S Y5(1) + D(1) < RS (1), (5.7)

where

1 k
V§ = §||¢§||2+—||VA¢C||2—||A¢C||2+—||w0||2+n4ﬁ<¢§,w6>+%||wcu2,
DS = (1 —maB)|[ef]* + nal VAYC|2 — 204 ]| AvC||? + nak|| V|2,
R§ - / A((dn) — F(62)b5dz — K /Q N

i /Q (F(61) — f(d2))Adda — muk /Q YA da

The argument used to get ([£.22) easily yields, for sufficiently large k£ and small 1y that
may depend on By but not on 3, that

1 k
D5(t) > < |lvfll® + "4 IVYEI? + kad5(E) > CBIYEIP + 19°]13), (5.8)

for suitably small k4 > 0.
Therefore, using the uniform Xg -estimates of (¢;, ;) and (¢, ¥ ), the remainder term
RS can be estimated by

(& 1 C nk (&
RS < S0P + TNV + Cllldnla, o) 1615,

which implies
d
7 75(0) +Ra5(t) < Cllonll2, [p2l2) 13- (5.9)

Integrating (5.9) with respect to time, we infer from the choice of initial data and the
Lipschitz continuity estimate (&4]) that

Y5(t) < V(0 / 62 (3)]|2s [ 2(5) 1) 1) 3l

19



< C@Io, ¥l (5.10)
Due to (5.6), for any fixed A € (0, 3), we can choose ¢* sufficiently large such that
@I E), (Dl < Ao (@), 91(2))ll s (5.11)
Fix such t* and set
Sp=Sp(t"), Da(uor,ue2) = (¥(t"),¢f ("), Kpg(uor,uoz) = (°(t*), 5 (t)).

It follows from (5.10) and (5.11) that (5.1) holds.

Next, for any ¢, 7 € [t*, 2t*] satisfying ¢ > 7 and uj,us € Vg, we have
15(t)uo1 — 56(7')1102”§g€

< 2[|Ss(t)uor — Sﬁ(t)u02||§§g +2/[Sp(t)uoz — 56(7)1102||§§g, (5.12)

where the first term on the right-hand side can be easily estimated like in (£.4]). Recalling
that the initial datum is in Vg , we have the uniform estimate

155 () w0z lys < C(Huoszg),

which together with equation (II]) also implies || (t)|| -1 < Cp (Cp depends on ). Then
for the second term on the right-hand side of (512]), we infer that

155 (t)uo2 — 5/3(7)1102\@5 = | ga(t) — ¢2(T)13 + Bll g2t (£) — dae (7)124
t 2 t 2
< ([ 1oueds) +5 ([ lom(o)laas)
< Cg|t—7'|2.

As a consequence, we deduce the Lipschitz continuity
IS5 (t)uor — Ss(r)uoa s < C(8,%) (Ior = woallys + 1t — 7).

where C(f,t*) is a constant depending on (3, t* and Xg—norm of the initial data. This
concludes the proof. O

5.3 Rescaled operator and boundary layer estimate

In the spirit of [20], we now introduce a suitable rescaling of the semigroup Sg(t). More
precisely, for 5 € (0, 5y], we define

Ts(u,v) = <u, \/550_11)) : Yf — on, i=0,1,2,3.
For all u = (u,v) € Y? (1=0,1,2,3), we have
Tolgao =l
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Then the rescaled semigroup §5 (t) : Yiﬁ °— Yf © is given by

(5.13)

Sy = TPSOTg (wv), for fe (0,5,
e So(t)(u,0), for = 0.

For any S € (0, 8y] and initial data (¢g, ¢1) € Vgﬁ , it follows from Proposition that
the corresponding solution (¢, ¢¢) = S3(t)(¢o, ¢1) satisfies the uniform estimate

lo(®)lls <C, Vt=>0
and the bound is independent of 5. Denote v = ¢, we can view (L.I]) as
Bup+v=G:=A[A¢+20¢ + f(d)] € Hy',  with v]y—g = 1.

Solving the above equation, it follows that

1 1 t
o(t) = v(0)e 7' + %e_ﬂt/ e%SG(s)ds
0

and

_1
lo@)]-1 < [[o(0)][—1e” 5" + sup [|G(s)] 1
s€[0,t]

(872100, 00)llygp )e 5"+ (sup [lé(s)]ls)- (5.14)
0 s€[0,t]

IN

Using the simple fact limg 4 ﬁ_%e 5= 0, we see that
[ee@®)]-1 <C, Vi1, (5.15)

where the bound is uniform for 8 € (0, Bo].
In summary, we have for all ug = (¢g, ¢1) € V? , it holds

1S5t w0l < C(l[uollyss Bo), ¥t =1, (5.16)
where the bound may depend on Sy but is independent of .

5.4 Holder continuity with respect to

Lemma 5.3. For any 0 < 5y < 81 < Bo, ug € VBO, there holds

[

155, (w0 — Sgu(t)uollysy < Kie"¥ (81— Bo)s, Vi1, (5.17)
where the constants K1, Ko > 0 may depend on By but are independent of 1 and Ps.

Proof. Case 1. We first consider the case S = 0. For any ug = (¢g, ¢1) € Vgﬁ . we denote
by
¢ € L(0,T5 Hy(Q) N H' (0, T; Hy(Q))

the solution to the PFC equation (L4)—(L5]) with initial datum ¢y and by

(@7, ¢2) € L=(0,T; X5 n Whee(0, T; X5
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the solution to the MPFC equation (II)-(L3) with initial data (¢g, /BoB1 *¢1) € Vgl.
Then the difference 1) = ¢° — ¢51 satisfy

U= A%+ 209) = A(f(8°) — f(¢™) + hrdy, in Q. (5.18)
with initial data |—o = 0. Testing (GI8) by Ay 9 (t) € H(Q), we get

1d

S (18012 = 2199 + 2031 + ]2,

= - /Q (F2(60) — £o(6™) = (Fa(6)) + (6™ T + B(Ay * 651, A T0),
where fa(s) := f(s) + 2s. On account of (3.7)), we see that

G((t)) = 1A% = 2IVy [ + 2/ > cqll¥ 3. (5.19)

Using Proposition and the Sobolev embedding theorem H?(Q) < L*>(Q) (n < 3), we
have

1d — — —
59 TPy < OIS 2 10™ )b el -1+ Bull gy -1 ] -1
1 — _
< Il + CURIE + [W)) + Br?llén 124
1
< SI2 +CGE) + ClP + 1l |24

Since 1(0) = 0, then applying the Gronwall lemma with ([I7) (see Corollary [3.]) and the
mass conservation property for ¢° and ¢t (cf. B.1) and ([B.3)), we obtain

CURMIE + 1))

CG() + |)?)

Cetpy /0 O (Bullo2 12, + Bul(b)[P)ds + CBL% ()

CeC'tpy + CB12. (5.20)

Il ()13

IN A

IA

IA

Besides, we infer from (5.I5) that
o' (t) =0]l-1 < C, ViE>1, (5.21)

where C' is uniform for 8 € (0, 5y]. As a result, it follows from (5.20) and (5.21]) that

16 (80 = So(yuollys, = 11(&% (1), 67" (1)) = (°(8), 0) I3,
< Cte”(Br* + B1)
< Cte®'By, Vit>1, (5.22)

where C' may depend on fy.
Case 2. We consider the case 0 < o < 81 < By. As before, we denote by

(67, 6P) € L0, T; X5 0 Wh(0, T; X5
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the solutions to MPFC equation (II)-(L3) with initial data such that (¢g, /B0 ‘é1) €
Vgi, for i = 1,2. Then the difference (¢, ;) = (¢ — ¢72, fl - 62) satisfies

Botput + b — A[A%) + 2A9] = A(f(¢7) — F(6%2)) + (B2 — B)oy s (5.23)
Vli=0 =0, til=0 = (\/ﬁoﬂl_l - \/ﬁ052_1>¢1- (5.24)

Testing (5.23) by A, '¢(t), we obtain

d
dt

- - /Q (Fa(67) = F2(6%) = (fa(6™)) + (fo(8%))rde

( Bl + Sl - va|12+uw)+mr2_l

H(Ba— B1)(Ag 2 6, Ay T).

Using Proposition and the Sobolev embedding theorem, we have

d — _
& (ZII, +0)) + 1,

< 16" o, 1™ 1) [0l Il + 181 — Aol s [l
1 _

< ST+ COTIE + 1) + 161 — BN 12,
1

< SR+ oo + ol + BB g e,

where G(v) is as in (5.19).

Using the fact 0 < 2 < p1 < [y and the mass conservation property (B.3]), we can
calculate that, for ¢ > 1,

t t 2
B = Bol(dn)? <\/52ﬁ1_1e_51—e_52>

2 2t
< gf (-t e (Vs 1) o
< 52 ‘e B (\/_B\/E)
1 1

< Ct@ 1 (\/_ VB2)(VB1 + v/ B2)
- B1| B 52 b1
< tﬁl 52 51 — B2
- ﬁ1 ﬁl

p1— B2

C

< t ﬁ% )

and, by a similar argument, we deduce

solion)? (VB ~ VBieH — B+ VB )
C<\/E—\/E) +Cpo (e_ﬁ—e_%f
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B — B2
B

< C(BL— B2) +Ct

B — B2
Ct 5

<

We note that in the above two estimates the constants C may depend on [y but are

independent of 51, Bs.
Then by the Gronwall lemma and (B17]), we obtain that (always keeping in mind that

B2 < f1 < o)

IN

IN

IN

<

I (@)II5 + B2l ()12
CGW (1) + (W) + Balle ()12 1 + Bl (eI

CeC By [Ta(O)|? , + O /0 e [‘51 B 516812, + 2] ds
O + Bal (i) ?

_ 2
ceo(y/an = 1) Ton 2, + 2l cecn

B1 — Bo B1 — B2
b1 o 83

Vi>1, (5.25)

A

+C (eCt + t)

B — B2
pg

CteC?

where C' may depend on [y but is independent of 1, 53. As a result, it follows from (5.15))
and (5.23)) that

51 ()10 = S (£)uoll s

= 167 (0) - 6O+ 18765 (1) - B 62 (1)
1RO + 2820l (0)1121 + 2187 — B3 [Pllgy" (£)]1%4

<
< Cte ci P 2ﬂ2+c(51 52)
bi (87 + B2 )
< Cte Ctﬁlﬁ ProPr sy, (5.26)
1

On the other hand, (5.22)) yields that

”gﬁl (t)ao — §52 (’5)110\@50
21155, (t)o — So(t)uoll3s, + 21195 (w0 — So(t)uolls,
Cte'By, Vt>1. (5.27)

IN

A

Using the following elementary inequality (valid for 0 < 82 < 81 < fo)

C»JI»—-

min {ﬁb M} < (B1 — P2)3,
83

we infer from (5.26)) and (5.27) that

H§51 (t)uo — §g2 (t)uO”Xgo < C\/ZGCt(,Bl — ,82)%, Vt>1. (528)
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Combining (5.22)) and (5.28)) and recalling that 51 < 3y, we arrive at our conclusion, that
is, estimate (5.I7). The proof is complete. O

5.5 Proof of Theorem 2.1

After the preparations in previous sections, we are now able to employ the argument
devised in [20] for the damped wave equation. For the reader’s convenience, we briefly
summarize the proof below.

Step 1. Let t* > 0 be the one determined in Lemma (independent of 3) and the
map given by Sg = Sg(t*). Consider the rescaled discrete map

_ { T3SsTs ' (usv),  for 8 € (0, ), (5.29)

Sg(u,v) =
(e, v) So(u, 0), for 5 =0.

Using Lemma [5.2] Lemma [5.3] and the boundary layer estimate (5.10]), we can apply the
abstract result in [8] (see also [9]) to the rescaled discrete semigroup (Sg)™ (m € N) such
that there exists a family of compact sets Mg C Vg positively invariant under Sg and

uniformly bounded in Xgo such that

distys ((Sp)™ V5, M3) < Ce ™™ and  dimys M < C, (5.30)
dist;ygr?(Mgl,M%Q) < C(By — B2)s, for 0< By < B < fo. (5.31)
Step 2. Set

d
Mg= | Sst)Ms.
te(t*,2t]
The positive invariance of ./\/lg indicates that Mg is also positively invariant. Property
(P1) follows from Lemma [£.2 and (5.16]). Proposition [5.1] yields the uniform exponential

attraction property
distxg(S(t)Vg,Mg) <Ke ™, Vt>0. (5.32)

(P3) follows from the finite dimensionality of ./\/lg and the Lipschitz continuity of map
(t,ug) — Sp(t)ug from [t*,2t*] x ./\/lg to ./\/lg given by Lemma At last, the Holder
continuity (5.31]) for the discrete exponential attractor ./\/lg together with the continuous

dependence ([4) (for Ss(t)) and ([G) (for So(t)) yields property (P4).

Step 3. Finally, we prove (P2), i.e., the basin of exponential attraction coincides with
Xéw M (recall (2.1)) instead of the much more regular set Vg . This is a direct consequence
of the uniform exponential attraction property (5.32]), the Lipschitz continuity (4.4]) and
the transitivity of the exponential attraction (cf. Lemma [5.1]).

Thus, the proof of Theorem [2.1]is now complete. d
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