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Abstract

We consider a Cahn-Hilliard equation which is the conserved gra-
dient flow of a nonlocal total free energy functional. This functional
is characterized by a Helmholtz free energy density, which can be of
logarithmic type. Moreover, the spatial interactions between the dif-
ferent phases are modeled by a singular kernel. As a consequence,
the chemical potential i contains an integral operator acting on the
concentration difference ¢, instead of the usual Laplace operator. We
analyze the equation on a bounded domain subject to no-flux boundary
condition for 1 and by assuming constant mobility. We first establish
the existence and uniqueness of a weak solution and some regularity
properties. These results allow us to define a dissipative dynamical
system on a suitable phase-space and we prove that such a system has
a (connected) global attractor. Finally, we show that a Neumann-like
boundary condition can be recovered for ¢, provided that it is supposed
to be regular enough.
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1 Introduction

The Cahn-Hilliard equation was proposed long ago as a diffuse interface
model for phase separation in binary alloys subject to a cooling process (see
[T, 12], cf. also [18] 28| 29] and references therein). Since then it has been
studied theoretically by many authors (see the pioneering contributions [15]
16}, 17,27, cf. also the review paper [13]). More recently, it has been observed
that a physically more rigorous derivation leads to a nonlocal equation (see
[22, 23]). In this case, one can still view the Cahn-Hilliard equation as a
conserved gradient flow of the first variation of a suitable total free energy
functional E. However, E has the following form

B(e) = / / (c(2) — e(y))?h(z,y, 7 — y) dzdy + / F(elz)) da.

Here ¢ denotes the (relative) concentration difference of the two components,
Q) C R™ is a bounded domain with a C?-boundary 92 (where n € {1,2,3} in
applications), k is the interaction kernel and f is the Helmholtz free energy
density. The latter, which accounts for the entropy of the system, is given
by (see [12])

fle) =

NN AN

(I+c¢)ln(l14+c)+(1—c)In(l —¢)) — %02, (1.1)

where 6,6, > 0 are given constants. We remind that f is usually approxi-
mated in the literature by a more tractable fourth-order polynomial double
well. Moreover, we note that f is convex if and only if § > 6.. In this case
the mixed phase is stable. On the other hand, if 0 < 6 < 6., the mixed phase
is unstable and phase separation occurs.

The chemical potential p is the first variation of £ and the Cahn-Hilliard
equation can be then written as follows

Oic=V - (m(c)Vpu), (1.2)

where m(c) is the so-called mobility. Here we assume for simplicity that m(c)
is independent of ¢ and, for simplicity, equal to one. When k(z,y,x — y) =
J(x —y) and J : R" — R is a sufficiently smooth (and even) function,
equation (C2) has been analyzed in [20, 21, 23| 24] 25] (see also [6, [7, [14]
for constant mobility and/or regular f). But in this case the mathematical
properties of solutions are very different from the usual so-called local Cahn-
Hilliard equation. More precisely a second order differential operator in the
equation for the chemical potential is replaced by a compact operator in this
case. As far as we know, such an equation has never been studied when k



is singular (see, however, [26] for a fractional Allen-Cahn equation). This
is the goal of the present contribution. Therefore we consider the following
problem

Orc = Ap in © x (0, 00), (1.3)
p=Lec+ f'(c) in Q x (0,00), (1.4)
Ot =0 on 02 x (0,00), (1.5)
C‘t:() = Cp in Q, (16)
where L is a non-local linear operator defined as follows

Lu(e) = p.v. [ (u(e) = uly) (o, voa = )y (17)

= lim (u(z) — u(y)k(z, y,x —y)dy

e—0 Q\Be(z)

and k: R" x R” x (R™"\ {0}) — R is (n+ 2)-times continuously differentiable
and satisfies the following conditions (see [I]):

k($7 Y, 2) = k(ya z, _2) ’
|8ﬂavaék(l‘>y7 Z)| < Cﬁ,v,5|z|_n_a_|6‘ )

Ty Tz

colz] T < k(x,y,2) < Colz| 7. (1.10)

for all z,y,z € R", 2 # 0 and 3,v,0 € Nj with |8| + |y| + |6] < n + 2 where
« is the order of the operator. Unless specified otherwise, throughout this
paper we will always consider the case o € (1,2). An example for k(-,-,-)
is given by k(x,y,2) = w(z,y)|2| " and w € CJ*?(R"). Note that the
definition of the operator £ depends on 2. Formally, in the case 2 = R" and
k(x,y,z) = |2| 7™ one has £ = const x (—A)2 where (—A)? is a fractional
power of the Laplace operator. If ) is a bounded domain, the operator £
has the same form as the generator of a censored stable process (cf., e.g., [9])
and it is also known as regional fractional Laplacian.

Our main result is the well-posedness of the weak formulation of prob-
lem (L3)-(LH) together with a natural boundary condition for ¢, which will
be part of the weak formulation. In the above (strong) formulation (L3])—-
(L6), a boundary condition for the variable ¢ is missing. A further result is
concerned with the characterization of such a condition, provided that the
weak solution is smooth enough (say, ¢ € CY#(Q2)) and k fulfills suitable
assumptions. More precisely, we prove that

Ve(zg) - n,, =0,



where n,, depends on the interaction kernel k (see (6.2]) below).

This condition reduces to the usual homogeneous Neumann boundary
condition for ¢ for symmetric kernels (cf. Theorem [6.1] and Remarks [6.2] and
below). Unfortunately, we are unable to prove that a weak solution is
indeed as regular as it is required for this characterization. Nonetheless, our
weaker regularity results allow us to prove that the dissipative dynamical
system generated by (L3)-(.6]) has a (connected) global attractor.

The paper is organized as follows. In Section 2 we introduce some basic
notation and function spaces as well as we account for some preliminary
results. Section[3is essentially devoted to the computation of the subgradient
of the (convex) functional

// 2k, y. 2 — 1) dxdy+/ﬂ¢(c(x))dx

and to the characterization of its domain. Here ¢ is the convex part of f
(see Assumption 2.1] below). Combining the results of Sections [ and B we
give the proof of the well-posedness theorem in Section Bl The existence of
the global attractor is established in Section Bl Finally, in Section [6] we show
that a regular weak solution ¢ does satisfy the above boundary condition.

2 Basic tools and well-posedness

Given a set M, its power set will be denoted by P(M). Moreover, we denote
R? ={z € R": z, >0} and Ry = RL. If X is a (real) Banach space and
X* is its dual, then

<fug>5<f7g>X*,X:f(g)7 fEX*,gEX,

denotes the duality product. Moreover, if H is a (real) Hilbert space, (-, )y
will indicate its inner product. In the following, all Hilbert spaces will be
separable.

2.1 Function spaces

Throughout the paper 2 C R" will be a bounded domain with C2-boundary.
Let LP(Q2), 1 < p < o0, be the set of p-integrable (or essentially bounded)
functions f: Q — R and set || - ||, = || - |[zr@). Moreover, H™(Q2), m € N,
indicates the usual L2-Sobolev space of order m and H*(2) is the closure of
Cyr(Q) in H™().



Given f € L'(Q), we set

1
mi) = o | r@
and, for m € R we define

Ly (Q) = {f € L*(Q) | m(f) = m},

so that Pyf = f — m(f) denotes the orthogonal projection onto L%O)(Q).
We then introduce

Hyy = Hi(Q) = {ce H'(Q) | m(c) = 0}
equipped with the inner product
(C d)Hl (Q (VC Vd)LQ(Q C, de H(lo) (Q)

Observe that H (1 (Q) is a Hilbert space due to Poincaré’s inequality. More-
over, let H (0)1 = H (B)I(Q) H(lo)(Q)* and consider the Riesz isomorphism
R: H(lo)(Q) — H (Q) given by

(Re, d)H(—O)l = = (c, d)H(lo) = (Ve,Vd) 2, c,d € H(lo)(Q),

i.e., R = —Ay is the Laplacian with Neumann boundary conditions in the
variational sense. Therefore we equip H (6)1((2) with the inner product

(fa g)H(*O)l = (VA]_Vlfa VA]_\/lg)L2 = (A f AN g)H(lo)-

MoreoYer, we embed H(lo)(Q) and L%O)(Q) into H(B)l(Q) in the canonical
way, that is,

(e Py, = [ cdpla)da, Vi € Hiy(@).c € Ly (@),

Finally, we need to introduce the so-called fractional L2-Sobolev-Slobodeckii
spaces as follows. Let s € (0,1). Then, for any u € L*(Q), set

Ju(z) — u(y)?
2o = [ull2 + / / yws dady

H(Q) ={f e L*(Q) | |I/|
Let us denote by H{(§2) the closure of CP(Q2) in H*(Q2), while H*(2) and
H ;5 (€2) will be the dual spaces of H*(§2) and H (€2), respectively. We refer

the reader to [3] for the interpolation results for such spaces which will be
used hereafter.

[[u]

and

Hs(Q) < OO}



2.2 Weak formulation and main result

Before introducing a weak formulation of our problem we state our assump-
tions on f which are satisfied by the physically relevant case (LII). Namely,
we suppose

Assumption 2.1. f: [a,b] = R, a < 0 < b, is a continuous function, which
is twice continuously differentiable in (a, b), such that

lim f'(s) = —o0, 1iir11) f'(s) = o0,

S—a
and f”(s) > —d for some d > 0.

Since f is defined on an interval [a,b], we also extend f(x) by +oo if
z ¢ [a,b]. Hence E(c) < oo implies ¢(z) € [a,b] for almost every z € €.
Note that, although f is in general non-convex, it can be considered as a
perturbation of a convex potential. Indeed, thanks to Assumption 2.1 we
have that there exists a positive number d > 0 and a continuous, convex and
twice continuously differentiable in (a,b) function ¢: [a,b] — R such that
the potential f can be decomposed as f(s) = ¢(s) — gs2. This will be the
key point in the following analysis, which is based on a decomposition of the
associated operators in a monotone operator plus a Lipschitz perturbation.
The condition lim._,, ¢'(c) = —oo, lim. ., ¢'(c) = oo will force ¢ to take
values in the interval [a, b] and ensures that the subgradient of the associated
functional is single-valued with a suitable domain.

Let us introduce the symmetric bilinear form associated to £

L//’ 1)) (0(z) — (@) k(4,5 — ) dz dy

for all u,v € H*(
The notion of Weak solution to problem (L3])-(I4]) is given by

Definition 2.1. Let ¢y € H*?(Q) such that E(cy) < oo be given. A pair
(c,p) is a global (weak) solution to (L3)-(L6) if u € L*(0,T; HY(Q)) for

all T > 0, c € L®(R*; Hy(Q)) and dc € L*(R*; Hyy(Q)) hold, if (c, )

satisfies
(O0c0) M) =2, = — (Vi) Vi) (21)
(u(t), )z = E(c(t), ) + (f'(c(t)), )2 (2.2)

for all n € H(lo)(Q), all p € H**(Q) and a.e. t > 0, and if

lim¢(t) = ¢ in H*(Q).

t—0



The main result of this paper is the following.

Theorem 2.2. Let Assumption (21 hold. For every co € H?() with
E(cg) < oo, there is a unique (global) solution ¢ € BC([0,00); H*?(Q))
to (L3)-(LA) in the sense of Definition (21 which satisfes the energy identity

T
BT) + [ 19000 dt = Pleo) (2.9
for all T > 0. Furthermore, the following reqularity properties hold

k¢ (c) € L¥(R™; L*()),
kp € L®(RY: HY(Q)), and
KOc € L(RY; Hpl(Q)) N LA (RT; Hg (),

where K(t) = (l%rt)5 In addition, if n < 3, then there is some 3 > 0

depending only on n, such that
ke € L*(RY; CP(Q)).
Finally, setting Z,, = {¢€ H*?(Q)| E(¢) < co,m(¢) =m}, where m €

(a,b) is given, the mapping Z, > ¢y — c(t) € HE’m)(Q), v < 5 is strongly
continuous.

2.3 Evolution equations with monotone operators

We refer, e.g., to Brézis [10] and Showalter [31] for results in the theory of
monotone operators. In the following we just summarize some basic facts
and definitions. Let H be a real-valued and separable Hilbert space. Recall
that A: H — P(H) is a monotone operator if

(w—z,x—y)g =0  forallwe A(x),z € Ay).

Moreover, D(A) = {z € H : A(z) # 0}. Now let p: H — R U {+o0} be
a convex function. Then dom(p) = {x € H : ¢(x) < oo} and ¢ is called
proper if dom(p) # (). Moreover, the subgradient dp: H — P(H) is defined
by w € dp(z) if and only if

0(&) = o(x) + (w, 6 —x)y  forall & € H.

Then Jy is a monotone operator and, if additionally ¢ is lower semicontin-
uous, then dyp is maximal monotone, cf. [10, Exemple 2.3.4].

The proof of Theorem is based on the following result for the evolution
problem associated to Lipschitz perturbations of monotone operators (see,
e.g., [2, Theorem 3.1])



Theorem 2.3. Let Hy, H, be real, separable Hilbert spaces such that Hy is
densely embedded into Hy. Moreover, let ¢: Hy — R U {+occ} be a proper,
conver and lower semicontinuous functional such that ¢ = v1 + @, where
vy = 0 is conver and lower semicontinuous, dompy, = Hi, and p1|g, is
a bounded, coercive, quadratic form on Hy and set A = Op. Further-
more, assume that B: Hy — Hy is a globally Lipschitz continuous func-
tion. Then for every ug € D(A) and f € L*(0,T; Hy) there is a unique
u € WH0,T; Hy) N L*>(0,T; Hy) with u(t) € D(A) for a.e. t > 0 solving

Wy 4 A®) 5 Bu®)+ f(t) forae te O,T)  (24)

dt
u(0) = wug (2.5)

Moreover, p(u) € L>(0,T).

2.4 Results on the nonlocal operator £

Assumptions (L8)-(LI0) allow us to deduce the following norm equivalence
results.

Lemma 2.4. Let u € H**(Q). Then there exist two positive constants c and
C such that

oy < 1MW) 2+ E (1) < Cllulongy Vu € HP(Q).
Corollary 2.5. The following norm equivalences hold:

E(u,u) ~ | ¥ Hg (), (2.6)

2
|u||H<C“O/)2(Q)
E(u,u) + [m()? ~ ull}onq) Y H(Q). (2.7)

We now consider the variational extension of the nonlocal linear operator
L (see (7). More precisely, abusing the notation, we define £: H*/?(Q) —
H=(Q) by setting

(L, ) f-ope o, = E(u, p)  forall p € H2(Q).
In particular we have
(Lu,1) =E(u,1)=0
by definition.

Remark 2.1. This definition of £ agrees with (I.7)) as soon as v € H}

loc(Q) N
H*?(Q) and ¢ € C°(9), cf. [I, Lemma 4.2].



We will also need the following regularity result, which essentially states
that the operator L is of lower order with respect to the usual Laplace oper-
ator.

Lemma 2.6. Let g € L%O)(Q) and @ > 0. Then the unique solution wu the
problem

— «9/ Vu-Vo+E(u,¢) = (9,9)2 in , (2.8)
0
for all p € H(IO)(Q), belongs to HE ()N H(lo)(Q) and satisfies the estimate

Ol VullZ: + lullfa < Cllgllze,
where C' is independent of 6 > 0.

Proof. Existence and uniqueness of a solution u € H(lo)(Q)to [2.8) easily
follow from the continuity and coercivity of the bilinear form £(-,-) through
the Lax-Milgram theorem. Also, the estimate can be obtained by choosing
¢ = u. The claimed inner regularity v € HZ_(£2) can be shown by arguing
as in [I, Lemma 4.3]. O

The following regularity result is more involved. Its proof is obtained by
using ideas of the proof of [I, Lemma 5.4].

Lemma 2.7. Let 052 of class C? and let u € H= () such that ¢'(u) € L*(Q)

and

E(u, ) +/ng'(u)g0dx = /anpdx Vo e H?(Q) (2.9)

for some given g € HY(Q). Then u € C?(Q) for some 3 € (0,1) depending
only on n and there is a constant C' > 0 independent of u and g such that

lullas@ < C (gl + lullpar@) + 116/ (w)llzaw) - (2.10)

Proof. Let us consider first the case of a half-space 2 = R". We will prove
that v € H2(R,; HY(R"')) N L*(R,; H'**/2(R"!)) by approximating the
tangential derivatives by difference quotients. Then, using the interpolation
inequality .

1f | zres oy < CIFI

1—2s
H1+%(Rn71) ||f||H1(c]¥Rn*1)

and direct estimates, one obtains

[e3

= Hf(RJr;Hl(Rnil)) N L2<R+;H1+%<Rn71))
o HES (R Y (RY) o C(Ry, 7 (R) — C(RT),
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for any 0 < s’ < s < ¢ — 3, where we have used [32, Corollary 26].
We denote

T f (@) = flatsey), A7 f(x) =1nf(x)=f(x), AL f(x) = fx)=7-nf(x),

for h > 0, where e; is the j-th canonical unit vector, 7 = 1,...,n — 1.
Replacing ¢ by —h™*A;,p with s € [0,1], j € {1,...,n — 1} in 2.9), we
obtain that v, = h_SA;fhu solves

Elone)+ 0 [ AL eds = ~En(rane)— [ gh A, 0de
Q Q

for all ¢ € C(2), where &, is the bilinear form with kernel h=*(k(z +
he;,y + he;j, z) — k(x,y,2)). Note that by (L9) the latter kernel is bounded
by C|z|~4~* uniformly in h > 0.

First we discuss an auxiliary estimate, which will be needed to deal with
some terms in the localization procedure. To this end let s € (3,%). Then
choosing ¢ = vy, using (2.7) and

/QA;fh(gZ)'(u))A;fhu dr =
/Q (¢ (u(z + hey)) — &' (u(x))) (u(z + he;) — u(x)) dz >0
we conclude
Jon12 5 g < € (192 10 A5l zzqey + NenlBaqes) + l3ore

We now use the inequality

1= AGw 2@y < Cllwlliey) < Clwllys gy
which follows from interpolation of ”h_lAj,thm(Rg) < Cllwl|g gy and
||Aj,hw||L2(R1) < 2||w||L2(R1). Hence, we have

—2s + \2
o [ ] ay) < lonllgs gy < € (W9l + Nulore) )
which implies that v € L*(Ry; B3 (R*™)) — L*(Ry; H'(R*™)) (cf. [8,
Theorem 6.2.5]). Also, we get

5w 00,0l gy < C (e + Nl

.....
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Next we choose s = 1 in the definition of v, and we obtain similarly

lolsny < € (s 1009lan, + lonlres) + e

.....

Hence v;, = h*IAIhu, h > 0, is uniformly bounded in H %(Ri) and therefore
Op,u € Hz(RY).

In order to prove the statement for a bounded domain €2, it is sufficient to
show that for every z € Q and for some open neighborhood U of x we have
that u € C#(QNU). Let Uy be an open neighborhood of  and F: R® — R
be a C%diffeomorphism which maps Uy N 2 onto ]RT?F N Vg for some open set
Vo. Moreover, let 1 € CP(Uy) with 1» = 1 on some neighborhood U; € Uy
of 7, let V; be an open set such that V; NR% = F(U; N Q) and let F*l(z) =
[(F(z)) denote the pull-back of [ by F. For ¢ € C§°(R"}) we obtain that

vi=F5"(yu) € HO% (R%) solves

E(v, o)+ | Ppwde
E(Wu, F(¢)) = E(u, () + (£, ]u, F*(9)) 120
= (9, 0F"(9))120) + ([£, ¥]u, F* () r2(0)
= <§790>L2(R1 (£, P]u, F*(¢)) L2 L2(Q)

where
o) = [, [, (o)~ )W) ~ V)R~ ety 211
Hr,2) = K (), 7 (9), Al y)2)lo)o(y), (2.12)
and

A(x,y) / DF (1 — s)y + sz)ds,

g(a) = g(F ' (z))w(z),  w(z)=det DF~' ().
Moreover, L denotes the integral operator associated to E. Tt is not difficult
to prove that k € K*(R') for some R' = R'(R,F). Now all terms on the

right-hand side of the equation above define a functional on L*(R’) (see [I|
Lemma 3.6]). Hence v € L?*(R,; H'(R"!)) by the first arguments in the
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case R”. Choosing now another ¢» € C3°(U;) such that ¢» = 1 on an open
neighborhood U, € U; of x, one obtains that v := F*~(¢u) solves

5(1}, ()0) = (g7 @)LQ(Ri)) - (77“7 [‘Cv w]F*(90>>L2(Q) + ([‘671/}](1 - 77)’“7 F*<()0))L2(Q)
= (3. 9)r2my) — (7, [£,0)0) 2 + ([£,8](1 = m)u, F*(9)) L2

for all ¢ € CF(R?Y), where n € C¥(U;) with n = 1 on supp, and ) =
Fo71 (1), n = F*~'(n). Let us replace ¢ by —h~'AZ, . We obtain

w80+ [ AL @ ) ds
= (7005 = (DR A, )z = (AL (L)) e

+ (v, KA jh,[ @) reny + (BHAT FPTHL, 911 = n)u), ) r2wn)-

Observe now that

\h~ 1A] nd — Th<¢,(v))h_1A;:thL2(Ri) ¢ (Haﬂ%gHLQ r) + [16'(0) | ey )
C (gl o) + 19/ (W)l 120 -

On the other hand, since 0, (7v),0,;g € L*(R%), then h™'AY, (7v) and
h~ 1A+hg are bounded in LQ(R”) Moreover, we have

(£, 9)(1 — nyu)(x) = xca—n>x@
_ /¢) )1 — () uly)k(z, g,z — y) dy

NN

because of 1)(1—n) = 0, where ¥)(1—n)k € C*(Qx Q) since supp ¥y Nsupp (1 —
n) = 0 and k(x,y,z — y) is continuously differentiable for x # y. Therefore
([£, ¥](L = n)u) € CH(Q) and

WAL F L 91— nu) € LA(RY)

is uniformly bounded. Finally,

A5 [L0)le = [L,h7 A dlle + 8, (L, 274, lle
= [Z, h_l(Aj_,h@/N))Tj,—h]<P + Wa Zj_,h]%

where E]’h is the integral operator with kernel h='(k(x + he;,y + he;, 2) —

k(z,y,2)) and by (L9) the latter kernel is bounded by C|z|79~* uniformly
in A > 0. This implies that

1P AT L e @y < Cliglmere
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uniformly in A > 0. Hence choosing ¢ = hflA;fhv one obtains arguing as
in the half-space case that d,,v € H%(Rﬁ), j=1,...,n— 1. This entails
Holder continuity of u in a neighborhood of x. Estimate (2.1I0) thus follows
from the estimates obtained in this proof. O

3 Subgradients

Let ¢: [a,b] — R be a continuous function and set ¢(x) = +oo for x & [a, b].
Then fix 6 > 0 and consider the functional

Fy(c) = g/Q|Vc\2d:c + &(c,0) —i—/ﬂqﬁ(c(:c))d:c (3.1)
where

domFy = {ce H*?*(Q)N L}, (Q): ¢(c) € L'(Q)},
dom Fy = H'(Q)Ndom Fy if 9 > 0.

for a fixed m € (a,b). Moreover, let
Ep(u,v) = 9/ Vu-Vodz + E(u,v)
Q

for all u,v € H'(Q) if § > 0 and u,v € H¥?(Q) if § = 0.
We denote by 0Fy(c): L%m)(Q) — P(L%O)(Q)) the subgradient of Fy at

¢ € dom F in the sense that w € 0Fy(c) if and only if
(w, ¢ — )2 < Fy(d) = Fyle) V¢ e L, ().

Note that L%m)(Q) is an affine subspace of L*(€)) with tangent space L?O)(Q).
Therefore the standard definition of OF for functionals on Hilbert spaces
does not apply. But the definition above is the obvious generalization to
affine subspaces of Hilbert spaces.

First of all let us prove the following

Lemma 3.1. Let ¢: [a,b] — R be a continuous and convex function. Then,
for any 0 > 0, Fy defined as in [BJ)) is a proper, lower semicontinuous,
convex functional.

Proof. We only need to prove the lower semicontinuity. The case 6 > 0 may
be handled as in [2, Lemma 4.1]. On the other hand, if § = 0, let ¢, €
L%m)(Q) be such that limy o ¢, = ¢ in L2(2) and liminf, . Fy(cp) < oc.
By adding a suitable constant to ¢, we can reduce to the case ¢ > 0. Up
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to a subsequence, we can assume that ¢, € dom Fy and ¢ — ¢* in H a/Q(Q).
Hence ¢ — ¢* in L*(Q) and almost everywhere in Q. Thus we get ¢ = c*.
Moreover, Fatou’s lemma and the (weak) continuity of £ imply ¢ € dom Fj
and Fp(c) < liminfy o Fp(cg). O

Corollary 3.2. Let ¢ and Fy be as in Lemmal31] and let m = 0. Then, for
any 0 = 0, OFy is a maximal monotone operator on H = L%O)(Q).

Proof. In view of Lemma[3.1], this fact follows from Corollary 1.2 and Lemma
1.3 in [31), Chapter IV]. O

We now state our main result on the following characterization of OF(c):

Theorem 3.3. Let ¢: [a,b] — R be a convex function that is twice continu-
ously differentiable in (a,b) and satisfies lim,_,, ¢'(z) = —o0, lim,_, ¢'(z) =
+o00. Moreover, we set ¢'(x) = +oo for x & (a,b) and let Fy be defined as
in BJ). Then

D(0F,) = {c € H () N H*(Q) N L}, (Q) : ¢(c) € L*(Q),3f € L*(Q) :
(e, p) +/ﬂ¢'(c)<p dz = /Qﬁp dr Ve Ha/2(sz)}
if0 =0 and
D(OF,) = {c € HE (Q NHY(Q) N LE,, Q) : ¢(c) € LA(Q),3f € L*(Q) :
file)+ [ d@pdn= [ fode vpe (@)
if >0 as well as
OFy(c) = —0Ac+ Lc+ P0¢/(c) m D/(Q) for 6 > 0.
Moreover, the following estimates hold
Ollelz + llelZess + 1@ < C (10Fa@I + el +1) (32
| [ @eta)) = oetu)eto) = ekt o — ) dady
(I0Fs(c) 3 + el + 1)

(IR (I3 + el + 1)

<

0/gb”(c)|Vc|2dx<
0

Q Q

for some constant C' > 0 independent of ¢ € D(0Fy) and 6 > 0.
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Proof. We will follow the same strategy as in [2, Theorem 4.3]. Let us in-
troduce first some technical tools and simplifications. If we replace ¢(z) by
é(r) = c¢(z) — m and ¢ by é(c) = ¢(c + m), we can assume w.l.o.g. that
m =0 € (a,b). Moreover, replacing ¢(c) by ¢(c) = ¢(c) + byc(x) +ba, b; € R
means changing F' only by an affine linear functional, for which the subgra-
dient is trivial. In this way, we may also assume that ¢'(0) = ¢(0) = 0.
Furthermore, we define ¢, (c) = ¢(c) if ¢ > 0, ¢;(c) = 0 if ¢ < 0 and
¢_(c) = ¢(c) —p+(c). Then ¢p1: R — RU{+o0} are convex functions, which
are continuously differentiable in (a, b).

In the following, we would like to evaluate the directional derivative of
Fy(c) along ¢'(c). Formally, this requires the estimate of ||¢'(c)||2, but we
cannot do this directly due to the singular behavior of ¢. Therefore we
approximate ¢/, (and analogously ¢’ ) from below by a sequence f," of smooth
potentials as follows. Since ¢ is continuous and monotone, ¢'(0) = 0, and
lim,,; ¢'(c) = +o0, for every n € N sufficiently large there is some ¢, € (3,b)
such that ¢'(¢,) = n. Therefore we can define

@' (c) for c € [g, Cn)
f;[(c) =<n+¢"(c,)(c—¢,) forc>c,
0 for c <0

for ¢ & (0,2). Moreover, we can extend f,/ to R such that f;: R — R
are C'-functions with 0 < f;F < ¢. and with first derivative bounded by
M, = supgc,<c, ¢" (7).

We have to work in the subspace L%O)(Q). Then we will use “bump func-
tions” supported in suitable sets to correct the mean value of functions. For
this let ¢ € H(lo)(Q) be fixed and let I C [a,b] be an interval such that
{c(z) € I}] > 0. We say that ¢ is a bump function supported in {c € I}
it o € H{(Q) N L=(Q), ¢ = 0, p(x) = 0if ¢(z) ¢ I and if m(p) = 1.
Such a function can be constructed as follows. Choose a smooth function
¢: R — [0,1] with bounded first derivative such that ¢(s) = 0 if s & I and
¥(s) > 0 otherwise. Then ¢ = m%(a)) has the stated properties. Further-
more, we note that, if I = [a,d’] with ' € (a,b), then we can choose v
such that ¢/(s) < 0. This implies that the constructed function ¢ has the

property

(Ve, Vo)) = m/gd)’(cﬂVdex <0 (3.3)
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as well as
1
Elee) = 2m(¥(c)) /Q /Q@(x) — c(y)) (W(c(x)) — Y(c(y)k(z,y, z — y) dedy
1 , ) B )
~ 2m(y()) /Q/Qw (E)(c(@) = c(y))k(z,y, v —y)dedy <O (34)

where £(z,y) is a measurable function which is bounded above and below
by max{c(z),c(y)} and min{c(z),c(y)} respectively. Given such a bump
function ¢, we define M,: L*(Q2) — H'(Q2) N L>(Q) by

(Mg f)(@) =m(f)e,  [e€LQ).
Then f— M,f € L?O)(Q) and

| My fllm < C‘/Qf(a:) dz YV feL*9). (3.5)

Observe now that

felo) o>}l < 5 [ (eto) — oo = L2
t /g t
for ¢ > 0 since ¢ € L%O)(Q). This implies that [{c < 2}| > HLW|Q| > 0.
Hence the interval I = |a, g) is admissible for the construction of bump
functions supported in {c € (a, 2)}.
After these preliminary considerations, let ¢ € D(0Fy). We define ¢ (x),
0<t< Mln, x € €, as solution of

e(z) = c(z) — tf, (G(x)), (3.6)

which exists by the contraction mapping principle. Then é&(x) = c(z) if
¢(x) < 0since f7(¢(x)) = 0 in this case. Moreover, we have that 0 < &(x) =
c(x)—tfr(e(x)) < c(z) if e(x) = 0. More formally, ¢ can be expressed in the
form é(x) = F*(c(z)), where F*: [a,b] — [a,b] is a continuous differentiable
mapping with F"(z) — z, (F")(z) — 1 as t — 0+ uniformly in [a,].
Hence, if > 0, ¢ € HY(Q) and ¢ — o ¢ in H'(2) and almost everywhere.
If else § = 0, we deduce & € H*?(Q) and & —,_,0 ¢ in H**(Q) and almost
everywhere.

Since, in general, ¢ (x) ¢ L%O)(Q), we set ¢, = & + tM,(f,7(¢)), where
¢ is a bump function supported in {c(z) < 2} satisfying (3) and (B4).

Then ¢; € L%O)(Q). Furthermore, ¢;(x) = ¢&(z) and [ (c(z)) = f7(¢(x))
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if c(z) > 2 and ¢(2) = &(x) + tMy(f,f () € [a,30] if c(z) < % and if
0 <t < 12 where M), = supyc,c;, fif (t)]|¢]|co. We denote d; = M, (fF(é)).
We now assume that w € 0Fy(c). Thus we have

Fg(C) — Fg(Ct) < t(w, f:(ét) — dt>L2(Q).

Moreover, if ¢ > 0 is sufficiently small, a direct computation involving the
definition of F' and the above construction gives

FQ(C) — Fg(Ct)
= /Q (d(c(x)) = dler(x))) dz + 04(Ve, V £,7(¢)) 2 — 0tm(f,) (&) (Ve, Vo)

6V (@) — )3 — e — e —c)
1 / / (@) — 1 @) e() — )k, v,z — y) dady
(£ (@) / / (0(z) — p())(c(z) — c(y))k(z,y, 7 — y) dzdy

Therefore, we deduce
Fg(C) — Fg(Ct)
>t/ ¢'(ce(2)) ;) (er(2)) da + t/ (¢(c(x)) — ¢(c(x) +tdy)) da
{c(2)>35} {e(@)<3}

+/{ ) (gb(c(x)) — ¢(G(x) + tdy)) da + 0t(Ve, V [, (&)

o] fose

—&(c—c,c—¢) — QEHV(JC:(&T?) — dy)|[7

3 + to\c-

(@ (y))(c(x) = c(y)k(z,y,z — y) dedy

Hence
Fy(c) — Fy(cr)
st pHal@) Ao 00Ve V£ @)~ 0519 () — i)
{c(z)>3}
n / (6(e(@)) — Blex) + tdy)) dz — E(c — ere — )
2Le(x)

{§<c(x)<S}

—i—t/ﬁ/ﬂ(fﬁr(ét(:c)) — @) (c(x) — c(y)k(z, y, z — y) dedy,
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where we have used that ¢(c) — ¢(c;) > ¢/(ct)(c — ¢;) and ¢; < cif ¢ > &,

¢'(cr) = fif(ce) as well as (33), (3.4) and ¢(c) — p(c+td;) > 0 if ¢ < § and

a
t< 537 AT . Hence we deduce

(w, f;7 () — di) 120
> / @) e+ 0V, @) — 05 V(i (er) — do)
>§}
+ / / (@) - £ @) (e@) — cw)k(z, v, 2 — ) dady
~ SO (@) o 7(6) — d)
w6 - o) + ) da,
{g<c(a)<b)

which yields for ¢ — 0
(w, ££(0) = My(£F(0) 120
> Fe(z))? do

/{c(m%}f (c(@))

s [ S el)) = Mol £ () da
{&<c(z)<s}

+0 (Ve, Vi (c ))
/ / (f (el () (e(x) — cy)k(z,y, = — y) dady

~ | =

since lim;_,o& = ¢ in HY(Q) for § > 0 (in H**(Q) for §# = 0) and almost
everywhere and since ¢(c) is continuously differentiable in [£, 2b]. Observe
now that

0 (Ve VIH(e),, =0 / () (c()|Ve(@)P dz > 0,
/Q / (i (e(@)) — 1 () elz) — e(w)k(z, y, 2 — ) dady
= [ [ e = )k = ) dady >

where £(z,y) is a measurable function which is bounded above and below
by max{c(z),c(y)} and min{c(x), c(y)}, respectively, and use the fact that
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| My(fH(e)ll2 < C|lfif(¢)|l2 on account of (B4]). Therefore, we get
1£2 (ONZ20) +9/Q(f§)/(0(37))\vc(37)\2d5€
He(x)) = fiF (e c(z) —c z,y,x —vy)de
b [ [0 e = D)) = el =)

<C [ JwlZaey + / 1 (c(2)Pde + 1
{&<c(x)<t}

<’ <||w||%2(9) + /Q c(x)|* do + 1)

by Young’s inequality and letting n — oo we infer

16, (0) 122 >+9/¢ DIVe(a)? da
+ / / (&, (c(@)) — &', (cy)))(c(z) — cw)k(z, v,z — y) drdy

<C (JwlBaa + el +1) (37)

by Fatou’s lemma. By symmetry the same is true for ¢_ instead of ¢, and
therefore also for ¢.

In particular, ¢'(c) € L*(Q) implies c¢(z) € (a,b) almost everywhere in
Q2. Thus |{c(x) € (a+6,b—9)} > 0 for sufficiently small § > 0. Because
of this, we can use a bump function ¢ supported in {c(z) € (a + §,b — 0)}
for some fixed 6 > 0. Moreover, let 1;: R — [0,1], M € N, be smooth
functions such that ¢y (s) = 0if |s| > M + 1, ¥p(s) = 1if |s| < M, and
[64,(9)] < 2. Set xar(z) = Yar(6/(e(x))). Then xar € HY(©) and xar(z) = 0
if ¢'(c(x)) = M + 1. Moreover, xp —m—o0o 1 almost everywhere and in
LP(€2), 1 < p < co. On the other hand, we have

V(xar)) 2@ = (Ve, xar Vi) r2(q)
/ o (ela)) [Vela) P )ty (6 (@) da

for all v € C=(Q) if § > 0. Since ¢"(c)|Ve|> € LY(Q) due to ([B1) and

Wi (@' (c(x))) = pm—oo 0 almost everywhere, we conclude

Jim (Ve, Vo)) 2y = (Ve Vi)ize Vi € C2(Q) (3.8)
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as soon as 6 > 0. Analogously, for all 1) € C*(Q), we also have

E(e, xm)
/ / (2)(x) — xar (9) () k(. 0 — ) darly
L / / () — ey xar(@)W(e) — b))k, v,z — y) dedy
/ / (2) — xar @) (y)k(z, . 7 — y) dzdy.

Recalling that ¢’ is monotone and |1, (s)| < 2, for any positive and bounded
1 we have

[(c(@) — e(y)) (xar(x) — X0 (W) (W)k (2, y, 2 — y)
< 2(c(z) = e(y)(¢(c(x)) — & () (y)k(z, y, 2 — y)

and therefore we deduce

(e(z) = () (@) = xar (W)Y (Y)k(z,y, 2 —y) € L'(Q x Q).

Moreover, xa(x) — xa(y) — 0 almost everywhere in  x Q and yp(x) — 1
almost everywhere in €2, so that by the dominated convergence theorem we
obtain, for all § > 0,

Jim E(e,xuth) =E(c, ) Vi€ CX(Q). (3.9)

We now set ¢M = ¢ — txyh + tM,(xut), ¥ € C®(Q), t > 0, M € N.
Then ¢ € dom Fj for sufficiently small ¢ > 0 (depending on M) and

t<w7 XMy — Mtp(XMw»m
>Fy(c) — Fy(c}")

:/ (¢e(x)) = é(e" (@) dx + 06(Ve, Vxmrt) = My(xart))) 12
{#'(c(z))<M+1}

9 2
IV G~ MGl

—t25 (Xt — Myp(xm®), Xm0 — My (xart))
T / / e xar @) (e(z) — )k, y, & — y) dady

~ tm(xar) / / o(z) — o)) (e(x) — c(y))k(z, y, = — y) dady.
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Dividing by ¢ and passing to the limit ¢ — 0, we conclude

(w, xp® — My(X)) 2

/ &(e(2)) xarth — My (xar)) dz + 0(Ve, ¥ (xart) — My (xarth)))
/ / xar (@) — xar(W)$))(e(x) — )k, v,z — y) dudy
—— / / (p(x) — () (c() — ely)k(z,y, 7 — y) dady

for all v € C*(Q)). Replacing 1 by —1, we obtain equality in the above
inequality. Finally, letting M — oo, we get

(waw)ﬂ(ﬂ) = (¢/(0)7 ¢)L2(Q) +0(Ve, V¢)L2(Q) + E(c, 1)
for all » € C>®(Q), m(v)) = 0, where we have used (3.5), (3.8), (3.9), and

lim [ xy¢de= lim [ (xy—1de=0  if m(y)=0.
M—oo [q M—oo [
Hence —0Anc+Le =w—Py¢'(c) € L (0 (). Using Lemma2.6l we deduce
0'2c € H2 (), c € HE () N H?(Q) and

1
0% |l + llc|| gor < Cl[¢']]2 + Cllw]f2.

Using this and (3.7), we obtain (8.2). Moreover, the previous observations
imply that 0Fp(c) = —0Ac + Lc + Py¢/(c) is single-valued and D(0Fp) is
contained in the set on the right-hand side of the identities for D(0F}) (see
statement of this theorem).

Conversely, recalling the definition of subdifferential, the properties of
coercive bilinear forms (Vu,Vv);. and €(u,v) as well as the convexity of
¢, it can be easily checked that —0Ac + Lc+ Py¢'(c) € 0Fy(c) for any c in
the set on the right-hand side of the identities for D(0Fp). This finishes the
proof. O

Corollary 3.4. Let 0 > 0 and let Iy be defined as above. Extend Fy to a
functional Fy: H(o) (Q) = RU {400} by setting Fy(c) = Fy(c) if ¢ € dom Fy

and Fg(C) = +o0 else. Then Fy is a proper, convezx, and lower semicontinuous

functional, OFy is a mazimal monotone operator with 6}";(0) = —ANOFy(c)
and

D(0Fy) = {c € D(OF,) | 0Fy(c) = —0Ac + Lo+ Podf(c) € Hig) ()}, (3.10)
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Proof. The lower semicontinuity is proved in the same way as in Lemma [3.1]
Then the fact that 0F} is a maximal monotone operator follows from Corol-
lary 1.2 and Lemma 1.3 in [31, Chapter IV].

First, let ¢ € D(@E) and w € 8?’;(0), ie.,

(w,d — C)H(—O; < Fy(d) = Fy(c)  forall ¢ € H(B)I(Q) (3.11)

Then let pp = —Ay'w and choose ¢ € L?(€2). Thus we have
(:LL07 ' — C)L2
= — (Vio, VAV (< — €)1z = (VAR w, VAR — )2
=(w,¢' = ¢) 1 < Fy(¢) = Fole) = Fy(¢') = Fy ()
for all ¢ € L*(Q2). Hence pg = —0Ac+ Lc+ Pyd'(c) € D(OFy). On the other
hand, pp = —Ay'w € H(lo)(Q). This implies that 0Fy(c) = —An0Fy(c) and
D(9Fy) C {c € D(OFy) | o = —0Ac + L+ Py (c) € Hiy ()}

Conversely, let ¢ € D(0Fy) such that pyg = —0Ac+ Lc+ Py¢'(c) = 0Fy(c) €
H (10)(9). Then one easily verifies that w = —Ayp satisfies (B11]) arguing as
above. Hence ¢ € D(0Fy) and (3.10) follows. O

4 Proof of Theorem

We first prove the existence of a weak solution. Let us consider the regularized
(formal) problem

&gc@ = A/,L@ in Q x (0, OO)

Uo = —GACQ -+ £CQ + f’(C@) in Q x (0, OO) (4 1)
Oyptg = Oycg =0 on 0 x (0, 00) '
Coli=0 = Cog in

where 6 > 0 is a (small) positive real number.
Without loss of generality we suppose

1
m(cop) = @/ﬂcog dz = 0. (4.2)

As in the previous section we can reduce to this case by a simple shift.
Since (4.2) and the definition of £ imply that any solution of (LIl as in
Theorem satisfies

d
—/ce(a:,t)d:c:/A,ugdx:O,
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we conclude m(cy(t)) = 0 for almost all ¢ > 0.
Problem (£1]) can be formulated as follows (see [2, Theorem 1.2])
OiCo + AQ(CQ) + By = 0, t>0, (43)

Co |t:0 = Cog

where

(Ag(co), S0>H( HY = = (Vg, V)2 with g = —0Acy + Lcg + ¢'(c)

<BC@, >H(_();7H(10) = d(Vce, V(p)LQ

for all ¢ € H, () and
Ag) = {ce H@C(Q) N Hl( ) | c(x) € [a,0] Va € Q,¢/(c) € L*(Q),

/ / 8 (c))(el(z) — c(w))k(z,y, — y) dady < oo,

|vc|2 € Ll( ), OFy(c) € H'(), d,¢lan = 0}
D(B) = H}, )(Q) C Hgl(9).

In other words
Ag(c) = —An(—0Ac — Le+ Pyd'(c)), Be = —dAyc,

where Ay : H(lo)(Q) C H(_O)l(Q) — H(_O)l(Q) is the Laplace operator with Neu-
mann boundary conditions as above, which is considered as an unbounded
operator on H (5)1(9) Moreover, the initial datum cyy appearing in (1)) is a
regularization of the given original datum for problem (L3])-(L6). In partic-

ular, we need cpy to satisfy
m(cog) = m(co), limO|cogllsn =0 and  lim cop = co in H7*(Q).
0—0 0—0

This can be obtained by considering cpg = W) * co where W, is a suitable
mollifier (e.g., a gaussian kernel) and €(6) is chosen to be sufficiently slowly
convergent to 0 if # — 0. Finally, we also introduce a suitable regularized
energy for system (A1), namely,

Ey(c) = &y(c,c) + /Q fle(x)) de

In order to apply Theorem [2.3] for ¢ strictly positive we recall that, on
account of Corollary 3.4, A = O0Fp is a maximal monotone operator with
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/-F\g:@l‘l“@%
0
a0 =5 [ 1Vela)de +Ee.e), domi = (@),

ea(6) = | oleta) da
dom ¢y = dom ¢y = {c € H(lo)(Q) | ¢ € [a,b] a.e. in Q}

Obviously, 1] HY (@) is a bounded, coercive quadratic form on H (10)(9).

We apply Theorem 2.3] with H; = H(lo)(Q), Hy, = H(B)l(Q), f =0, and

©1, P2 as above, where we assume that ¢(c) > 0 without loss of generality.
As a consequence there exists a unique solution c: [0, 00) — Hy to (A3))-(Z4)
such that ¢ € W3 (0, T, Hy) N L>=(0,T; Hy), ¢(c) € L=(0,T) for every T > 0
and c¢(t) € D(Ay) for almost all £ > 0.

In order to prove the equivalence of (23], namely

t
Ey(co(t)) + / |V 1ig(5)||3ds = Eg(cog) for all t > 0, (4.5)
0
we take advantage of the identity

Eo(eo(t)) = Foleo(t) — o3

Because of Lemma 4.3 in [31], Chapter IV], we have

% Fy(eo(t)) = (OFy(co(t)), Oren(t)) st = ~[19uco ()17 = (Bea(t), Drea(t)) -

Moreover, we have
(BCg(t), 8t69 (t))H(?))l == —d(ANCg (t), 8,509(75))1{(6)1 = d(VCg(t), VA]_VlatCQ(t))L2
dd
lea(t)113

Hiy — T odt
due to [33] Proposition 23.23| and H&tc(;(t)HH(-O; = HAN/,L(;(t)HH@; = H,u@(t)HH(lo).

Hence an integration over [0, ¢] yields

= —d{B,cs(1), Ce(t»H@}

et colt) + 5IealOl + [ fleolant)de+ [ [ palo) s

0
— E(awcw) + 5 IVawl + [ lcwla)) do.
Q
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In particular, this implies

dico = Anpg € L*(R™; Hig (), 0'co € L(RT; Hiyy ().

In order to derive higher regularity, we apply 9 to (&3] and take the inner
product with df'cy in H(B)I(Q), where 9 f(t) = £(f(t + h) — f(t)), t,h > 0.
For any 0 < s < t, this gives

1 t t
Sty +0 [ (Voten), otes(r))ssar + [ E@heatr), dhenman
t
1
<d [ oben(rlEs dr -+ g oken(s) Iy
<@ [ NotesE mdr+C [ 110 dr + 10hco(s)]
\2 . t CO H(c:)/)z . t CO H(B)l 9 + Lo H(*O)l’

where we have used Ehrling’s Lemma applied to HZ)/)Q(Q) ey L%O)(Q) —
H(B)l(Q) and
(07 Ao(co (7)), 0 co(T)) yy = 0(07'co(7), O co(T)) i + E(0} co(7), 0jco (7).

Here ¢y > 0 is such that &(u,u) > co||u||§{a/2. Furthermore, since d;cy €

()
L*(RT; H(_O)l(Q)), there holds

1

s+h
Joben(s)lagy <5 [ Norcar) gy dr s W5y
s

for almost every s > 0 and H@fc@|]L2(R+;H(—O)1) < |]8t09HL2(R+;H@1). Hence
9||8f09||ig(37t;H(10)), ||8?69||L2(s,t;H(‘§)/f(Q)) and ||8fce(t)||H(B)1 are uniformly bounded

in h > 0, for all 0 < s < t. On the other hand, we have
afce —hs0 Osco

in L2(RT; H(B)I(Q)) Thus the uniform (w.r.t. A > 0) bounds on dcy yield
that 9,cy € L*(s,t; HZ)/)Q(Q)) N L>(s, t; H(B)l(Q)) for every 0 < s < t.
In order to derive the estimate near t = 0, we again apply 9" to ([f3) and

take the inner product with t0/cy. This gives
tan 2 ' h 2 ' h h
S0ty +0 [ rIVota@Iiar+ [ et oam)ar

t
<c [ @ nolamldr
0
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Proceeding as above, we get

t'20,co € L2(0, 15 Hgy' () N L(0, 1; Hipl ().

This implies sy = kAN Oicg € L°(RY; H(lo)(Q)). Thus (B.2)) yields k¢'(cy) €
L>®(R*; L?(Q2)) since kOFp(c) = kug + rdcg € L®(RY; L*(Q)). All these
norms are uniformly bounded in 6 € (0, 1].

We are now ready to pass to the limit for 6 — 0 in (£3). Indeed, for
any € > 0 we have proven that there exist (unique) functions cy(t) and pug(t)
satisfying

{@Cg = Anptg

(4.6)
(16, 0) 12 + 0(Veg, Vib) 2 + E(co, ¥) + (¢ (co), ¥) 12 = d(co, ) 12

for all v € H (10)((2) and for almost every ¢ > 0. Moreover, from the previous

estimates, for all € (0, 1], we have

co € L®(RT; H ' (Q))
0'/cy € L°(RT; H{(Q))

KOy € L (RY; Higl(Q)) N L2 (RT; Hyy (9))
pe € L2(0,T; HY(Q))  forall T >0
kg € L%(RT H'Y(Q2))

k' (cp) € L°(RT; L?())

where all the bounds deduced are uniform with respect to 6. Therefore,
there exists a sequence {0, }nen, 0, —nsoo 0 such that cq,, pg, and ¢'(cq,)
converge weakly (or weakly*) in the above spaces to ¢, p and y respectively
as 0 vanishes. More precisely, by a suitable diagonal argument on intervals
of the form [0, m], we can assume that also g, — p in L2(0,m; HY(Q)) for
any m € N. We can easily pass to the limit in the first equation of (4.0
deducing
Opc(t) = Au(t) in H(o) (Q), for a.e. t >0

Let 1 € C*(Q) and let s > 0. Thanks to the convergences listed above, for
almost any ¢ > s we can pass to the limit for # — 0 in the second equation

in (£.0) to find
(1(t), )2y + E(c(t), V) + (x(t), V) L2 = d(c(t), ) L2

for almost all t > 0 since s can be taken arbitrarily small.
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In order to prove the existence of a weak solution for (L3)—(L6]) on R, we
only have to identify the (weak) limit y = lim, . ¢'(cy, ). Let 0 < s <t and

m € N be fixed. Thanks to Aubin-Lions Lemma, 0;cs, € L*(0, T} H(B)l(Q))

and ¢y, € L*(0,7; H (ao/;(Q)) uniformly in n for all 7' > 0 imply the conver-
gence cg, — ¢g, (up to a subsequence) in C([0,7T); L%O)(Q)) for any T > 0.
Therefore, we deduce ¢y, (t) — c¢(t) almost everywhere in 2. On the other

hand, thanks to Egorov’s theorem, there exists a set 2, C ) such that

Q| > |Q| — 5 and on which ¢p, — ¢ uniformly. We now use the (uniform

with respect to 6 > 0) estimate on ¢'(cp,(t)) in L?(Q2). By definition, the
quantity
Msn = {z € Q| |eg, (2)] > 1= 5}

is decreasing in 0 for all n € N. Since ¢/(y) is unbounded for y — +1, we set

= inf |¢'(c)] —
Cs ‘c|12111_6\¢(0)| 50 00,

and we have the uniform Tchebychev inequality

/Q 16 (o )P de > E| Myl

From the uniform (with respect to ) estimate on the norm of ¢'(cg,) in
L?(2) we obtain

|Ms,| =0  for 6 — 0, uniformly in n € N.
Therefore, we deduce

(lsir%|{:pEQ | |co, ()] >1 =0} =0 uniformly in n € N.
—
Thus there exists 6 = §(m), independent of n, such that
1
{x € Q| |co, ()] >1—5}|<% Vn € N.

Consider now N € N so large that by uniform convergence we have |cg, —c| <
8. ¥n > N on Q,, and let €, C Q,, be defined by

QL =Qn,N{x e Q| |ey(x)] <1-46}

By the above construction we immediately deduce that [€2,| > |Q| — + and
that |cg,(z)] < 1 — 2 for all n > N and for all = € €. Therefore, by the
regularity assumptions on the potential ¢ we deduce that ¢'(cq,) — ¢'(c)
uniformly on €/ . Since m and s are arbitrary we have ¢'(cg, ) — ¢'(c) almost
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everywhere in € x R*. Finally, the uniqueness of weak and pointwise limits
gives x = ¢/(c) as claimed!]

We now prove uniqueness of weak solutions. To this end let cg € Zy,
j = 1,2, and let ¢;(t) be weak solutions to ([@3)) with initial values ¢;(0) = c).
Set ¢ = ¢; — ¢ and p = p; — po. Then multiplying the equation

Oc = Anp

by ¢(t) in H(B)I(Q) we deduce

2dtll c(®)llf + Ee(t), () + (' (e(®)), e(t)) 2 = dlle(®)]]2-

Using the inequality

4 2
IWM<HH@?WH%“” cwn4+¢w§¢

and the coercivity of £, that is,

%Hc(t)”fqaﬁ < E(c(t), c(t)) + (¢'(c(1)), (b)) 12 »

(0)

we infer )
2 2
thH c(t )”H ! + = H ()| ggar < C”C@)HH(*O)I

Hence Gronwall’s lemma 1mphes
)12 < el (@)
which entails uniqueness whenever ¢} = c2.

Let us now prove the energy identity (2.3)). First we observe that by taking
n=(—Ax)"'cand ¢ = cin ([2I) and (22) respectively we deduce (Z3) for
almost any ¢ > 0 in the same way as in [2, Proof of Theorem 1.2|. In order
to obtain the energy identity for all times, we observe that any weak solution
can be approximated by a family of functions {cy}g~¢ defined by (41]). From
the regularity of the solution ¢, we know that ¢ € C([0,T]; H?(Q)) for all
f < §, Moreover, for all positive times ¢, we have ¢y € C([0,77; H°/(2)) and
therefore cy(t) € H**(Q) with uniform bound in #. Passing to the limit for

Let {f.}nen be a sequence of functions such that f, — f in LP(Q) and that f,(z) —
g(z) for a.e. x € Q. Assume that f # g on a set of finite positive measure €y C 2 on which
g is bounded. By Egorov’s theorem there exists a set of positive measure 21 C g such
that f, — ¢ uniformly in ©;. Therefore, f,, — ¢ in L?(21) and hence f, — g in LP(Q4).
This contradicts the uniqueness of weak limits and therefore implies f = g throughout €.



29

6 — 0 and arguing by contradiction, we deduce c(t) € H*?(Q) for all positive
times. Finally, since solution departing from c(t) € H*/?*(f2) are unique and
since we already know that the energy identity holds for almost all times, for
any ¢t > 0 we can find ¢ > t such that the two following identities hold

E(e(D) + / IV a(s)|2ds = B(co)

E(c(?)) +/t IVi(s)l5 ds = E(c(t)).

Taking the difference we deduce for any time ¢

Ble(t)) + / V()2 ds = Eeo),

which is the desired energy identity for all ¢ > 0.

We still have to prove the continuity of the map c¢o — ¢(t). Observe
that the strong continuity in H (B)l(Q) is an immediate consequence of the
continuous dependence estimate (7). Moreover, since

Zy 3 co > c(t) € His(Q) N H iy ()

is a bounded mapping, interpolation yields the continuity ¢y — ¢(t) with

respect to the H&))(Q)—norm with v < §. Because of the boundedness of

[0,00) 3 t = c(t) € H) (), this mapping is also weakly continuous.
Finally, note that the energy equality holding for all ¢ > 0 entails the

continuity of solutions ¢(t) with values in H Elo/;(Q) so that ¢(t) —40 co in
H Z)/)Q(Q) using that weak convergence plus convergence of norms imply strong

convergence. This finishes the proof.

5 Long-time behavior

Here we describe the global asymptotic behavior of the dynamical system
associated with (2I)—(2.2]). As above we can reduce to the case that ¢y has
mean value zero by adding a suitable constant. Let us define the (metric)
phase-space

X = {z € Hyi () - /Qf(z) dz < oo}

endowed with the metric

dx(z1,22) = |21 — ZQHHEZ?(”) + )/Qf(zl)dx —/Qf(ZQ)dx .
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Thanks to Theorem 2.2 and inequality (4.7), we can define a closed semigroup
(see [30]) on X by setting S(t)cy = ¢(t), where ¢ is the unique weak solution
to (2I)—(2.2) with initial datum cq.

Our result is the following

Theorem 5.1. The dynamical system (X,S(t)) has a (connected) global at-
tractor.

Proof. Let us show first that the dynamical system has a bounded absorbing
set. Consider equation (Z2)) defining the chemical potential and choose ¢ as
test function. From this we deduce that

E(e(t), e(t)) + (F/(elt)). e(t)) o = (lt). (1)) ;2 = (pt) — m(p(t)). e(t)) o
<C / Vit )] dr < L VulE+C (5.)

holds for almost every ¢ > 0. Here we used the fact that ¢(¢) has zero mean
and that it is pointwise bounded. Moreover, from the assumptions on the
potential f we have

f(e) = ¢(c) — 5c

where ¢ is convex. By the convexity of ¢ we deduce

¢'(s)s = ¢(s) — p(0) Vs

and therefore we can write
"(e(t)), e(t)) 2 = (¢ (c), €) 2 — dllc() I3
/¢ Do~ [916(0) ~ dle(®)l = | f(e(t)de—C

Substituting this estimate from below in the inequality (5.I) above we get
1
+ [ #et)do < SIVmIE +C.

We now consider the energy identity (2.3)) and differentiate it with respect
to time. This gives

g (5<c<t>,c<t>> R dx) VIR < 0.

Summing the last two inequalities together, we infer

i (e + [ ewyar) + eleo.en + [ semas<c
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for almost every ¢t > 0. Gronwall’s Lemma thus gives

+/Qf(c(t))dx<e_t <5(co,00)+/9f(co) dx) +C

where the constant C appearing on the right hand side is independent of the
initial datum cy. This proves that there is a bounded absorbing set B in X'.

On account of [30, Thm. 2|, we only need to prove that there exists
a divergent sequence {t,} such that a(S(t,)B) = 0 as n goes to oo. Here
a(E) denotes the Kuratowski measure of noncompactness. Actually we prove
more, that is, a(S(t)B) = 0 for all ¢ > 0.

Let {con} C X be bounded and set c¢,(t) = S(t)co,. From estimates
analogous to those deduced in our proof of existence of solutions in Section [4]
and thanks to the existence of the absorbing set deduced above, we have the
following (uniform with respect to n) estimates:

n € L0, T Hyyl (Q)) for all T > 0
Oic, € L*(s, T+ s; H /2(9)) uniformly in s > ¢ > 0, for all 7" > 0
fin € L*(s, T + s; H'(2)) uniformly in s > 0, for all 7" > 0
fl(cn) € L(e,T; L*(Q)) for all T > € > 0.

Arguing as in the proof of existence, up to a subsequence, we deduce that
there exist functions ¢, u satisfying for any fixed € and T’

Ny in L>(0,T; Hyy ()
Oen — Ore in L¥(s,T + s H ()
fn = p lnL(s,TJrs,H(Q))
fen) = f'(e) in L%(e, T L*(Q2))
as n — oo. Here ¢ and p satisfy (2I)—(2.2). On the other hand we also know

that

c, € C([0,T7; H(Q/Q(Q)) forall T >0

with a uniform bound in n. Moreover, the estimate on 0;¢, implies that the
family {c, },en is also equicontinuous with values in H, (QO/)Q(Q) Indeed, this
follows from the following simple computation

cn(t) — cp(s a2
lea®) = ea(s)l e

t t 12
< / 19k (7| ey A < (8= )" ( / ||atcn(7)||§{%2df) .
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Moreover, we know that

Le(t) = p(t) — f(c(t) € L) ()

holds for almost any ¢ > 0. In particular, in the last expression, the right

hand side is uniformly bounded for all t > ¢ > 0. Since L%O)(Q) CC H(B;/Q(Q)
1

a/Q(Q) to HQ/)Q(Q) we

is continuous as an operator from H (6) ©

and since £~
deduce that

c(t) e K. CC HZ)/)Q(Q) forae. t >€e>0

holds with K, independent of ¢. Moreover, thanks to the continuity of the
solutions ¢, taking values in H Z)/)Q(Q) this is true for all t > € > 0. Appealing
to the Ascoli-Arzela Theorem (see, for instance, [I9, Theorem 4.43|), this
implies that, up to a subsequence, ¢, — ¢ in C([¢, T]; H, (QO/)Q(Q)) uniformly
on the interval [e, T]. Applying the above argument to intervals of the form
[m~',m|, m € N and performing a diagonal selection procedure, we finally
obtain

cn(t) — c(t) in H&{;(Q), for all t > 0.

We now consider the convergence

/Qf(cn(t)) dr — /Qf(c(t)) dx for all t > 0.

This follows as a consequence of the dominated convergence on account of
the boundedness of f and pointwise convergence almost everywhere in (2
of {f(cn(+,t))}. The latter is implied by the strong convergence of ¢,(t) in
H Z)/)Q(Q) Summing up we have that, up to a subsequence, ¢, (t) converges to
¢(t) in X for any t > 0. Therefore we are in a position to apply [30, Thm. 2
and Prop. 4] to conclude the proof. O

Remark 5.1. In order to prove the connectedness of the attractor, in [30] (see
comments after Theorem 2) it is assumed that balls of the phase space X
are connected. However, connectedness of the attractor can be obtained by
assuming only that the whole phase space is connected as was shown in [4]
Thm. 4.2 and Cor. .3] (cf. also [5]). In our case, although connectedness
of the balls of X does not seem evident, nonetheless the d-convexity of F
implies that X is connected.
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6 Boundary conditions for variational solutions

In this section we want to discuss the natural boundary condition satisfied
by the weak solution v to the problem

E(u, ) =(g.9),, e H(Q). (6.1)

Here ¢ is a given function with m(g) = 0. Of course, we can confine ourselves
to consider the linear nonlocal equation neglecting the derivative of the po-
tential f. Note that (G.I)) also holds true for all v» € H%?(2) since both sides
vanish on constants. For simplicity we only consider the case {2 = R’. But
the case of a bounded sufficiently smooth domain can be reduced to this case
by standard techniques.
The main theorem is a conditional result, namely,

Theorem 6.1. Let 1 =R’ and 1 < p < oo such that o — 1 > %. Leta>%
and let u € HZ)/;(Q)QHI%C(Q) be a solution to (G.I) with g € Li, (2). Suppose
that u € CY3(Q). If n > 2, we assume that the following lzmzt exists

n,, = lim 51 / / (2 — 9)(05(z) — @s)k(e, .z — y) dzdy  (6.2)

6—0

and is non-zero, where
1— =l e — x| < 6
x) = 0
#s(2) {O otherwise.
Ifn=1, let n,, = 1. Then we have
Vu(zg) -ng, =0 Vg € S (6.3)

Remark 6.1. Observe that (6.I) holds in particular for any ¢ € CJ(Q).
Arguing as in [I, Lemma 4.2] (see also [I, Lemma 3.5]), we have

E(u,v)
=lim & (u(z) — u(y))((x) — Y(y))k(z, y, © — y) dedy

{|lz—y|>e}NQ

—lim = / / o, 8) O y)

e—0 2

+lims [ / o (0~ UV, )y

e—0 2
~tim [ | \Bm(“(z) — u(y)k(e, y, o — y) dy d()da

_ /Q Lu(z)(x) dz
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provided that u € HZ () N H*?(Q). Therefore,

(‘Cuv ¢)L2 = (97 w)LQ

holds for all ¢ € C3°(€2). This implies that the weak solution u to (6.1))
satisfies the equation

Lu(z) = g(x) a.e. v € €.

Hence Lu € LP(Q) since g € LP(2). Unfortunately, we cannot say anything
on the boundary condition due to the lack of information about the regularity
of u. More precisely, we cannot answer to the question: Does u belong to
H{, () with o > 3. In addition, assuming that the limit (6.2)) exists, we do
not know if

Vu(zg) -ng, =0
holds on 02 in the sense of traces under general assumptions.
We can thus just conjecture that u should satisfy (6.3]).

Remark 6.2. The limit (6.2]) exists in many examples of interaction kernel
which are interesting for applications. Among them there are kernels given
by a homogeneous principal part of order o perturbed by lower order terms.
For instance

c¢ —n—o
k(z,y,2—y) = P +o(lz —y[™) (6.4)
or, more generally,
P _ g(z,y) na
(90,?/,$—?/)—W+0(|$—y| )

with ¢ € C(Q x Q). In the latter cases a simple calculation using the homo-
geneity of |x —y|™"" and the continuity of g in (xg, z¢) yields

i, = [ [ o= )i = 10 b, 0. — g) dody.

Remark 6.3. In the case (6.4]), using the higher-order term symmetry, we
have

n, = [ [ &= 0)eae) - i) (an,an, - ) dody. = Co

where v is the unit outward normal to the boundary and C' # 0. Therefore,
in this case we recover the usual Neumann boundary conditions.
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6.1 Proof of Theorem [6.1: case n =1

Before proving Theorem [6.1]in the case n > 2, we first discuss the simpler one-
dimensional case. For R} with n > 2 the same general strategy applies with
the required changes (see Section [6.2). Througout this section we assume
that u is as in the assumption of Theorem and n = 1.

Consider the cut-off function at x = 0 defined by

— 2 forxzel0,0),
w@:{05 )

otherwise.
Observe also that the function s is Lipschitz continuous and hence belongs

to H7(2) for any v € [0, 1] and thus to H**(Q).
Using (6.0]), we obtain

ww%»:/g@mmmx
0
<lglbllesly < Cllgl,s = 0()  as s —o.

We now consider the quantity £(u, ¢s) in more detail. We have

©s)
/ / z) — u(y))(ps(x) — @s(y))k(z,y, x — y) dedy

/OJ(U(x) —u(y)) ((1 — %) - (1 — %)) k(x,y,x —vy)dedy

AL Lo o
_ % /05 /;OW(@ <1 _ _) z,y, x —y)dady
=0+ I» + L. (6.5)

The first integral reduces to

55 [ ] ) =)= k(e = ) dody

By using Taylor series expansion near 0 for u, this integral can be estimated
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I ~—/ / Yy —2)k(x,y,x —y) dedy

+3 / / )"y — 2)k(z,y, @ — y) dady
:——u / / z —y)2k(z,y, 2 — y)dody + O(6*7%),

Here the notation A ~ B means that the quantities A and B are equivalent
for 0 — 0, i.e., that, for ¢ sufficiently small, there exist two positive constants
¢ and C' such that ¢B < A < CB. Indeed, notice that by assumption (LI0),
(x —y)'Tk(x,y, 2 —y) is uniformly bounded away from zero from below and
from above.

In the sequel, w(§?) indicates a quantity which is asymptotical to 67 in
the following sense

, og(0) 9(9)
v < — K — K
g(6) € w(d7) if < hrén_)lglf 5 S hr?jélp 5 S C, c,C > 0.

From the above computations we deduce
I = —u'(0)w(6*) + 0(52+5_°‘).

The remaining two terms 5 and I3 in ([6.5]) are equivalent. Thus it suffices
to observe that

I3 = // )+ (y)(r —y)) <1—%> k(z,y,z —y)dzdy

+/0 (/500@ r)k(z,y, v —y) d:c) ' (y) (1 _ %) dy.

However, the first of these two terms are of order O(6%%~%), while we can
easily estimate the inner integral appearing in the second one as

/6 (y—$)k($,y,x—y)dx~/6 (y—x)|x—y\* “dx
N_/a (z—y)“dz~ —(0 —y)'"~
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where we used the fact that > y always when I3 will be computed. There-
fore we deduce

Iy~ — /06(5 —y)' 7 (y) (1 - %) dy + O(6°+7~%)

1 0
~ 2 [y 0
0
1 _ 3—a |0
~—u'(0) 0=y + 0027 ~ =/ (0)0%7 + O(521F~).
) 3—a |,

Combining all the above estimates we obtain, for some positive constants ¢
and C,

—Cu/ (0)6%7 — C6*P~ < E(u, 5) < —cu/(0)6* + C5*F~,

Because of (6.1I), we have

£, p3) = / " g(@)ps(a)dz

so that
—u’(0)52_0‘ + O(52+5_°‘) = 0(51/"/) as & — 0.

However, since a« — 1 > %, one readily sees that this is possible only if

W'(0) = 0.

6.2 Proof of Theorem [6.1: case n > 2

Here we consider the case n > 2 in the statement of Theorem In this
section, unless otherwise stated, we will denote by By the half ball of center
ro € OR’} contained in the half-space R’} and having radius ¢. Before giving
the details of the proof we prove a useful technical lemma.

Lemma 6.2. Let r be a real number such that r > —1—n. Then the following
relation holds

L= [ el o]~ gl dady = w5 for s 0.
Bf JBf

Proof. First of all by a simple translation we can reduce to the case xy = 0.
Then using the change of variable x = §&,y = §y we obtain

L=t [ eyl - ol dod,
By JBf
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where the last integral can be estimate as

//|a:—y| o] - |y||dxdy<// Y dady < oo

since r+1 > —n. Since the integral on the left-hand side is obviously positive,
the statement follows. O

The main idea of our proof is to consider an appropriate family of test
functions concentrating at one point of the boundary. Let us consider the
bilinear form

=3 [, ) ) kv - sy

Let zo be a point belonging to the boundary of R” and consider the test
function s € C(R™) N H'(R?) C H*(R") defined by

1 -5 if |z — 29| < 6 and x € R?,
wa(x)z{ ’ "

0 otherwise.

In particular, we have by (6.1))

(sl = | [ glo)gala)do

< lgllzr@n sl ) -

Moreover, there holds

|z — 2] % o'

0 n [
ny = 1— d ~ O
||S06||LP(R+) (/B} < 5 ) x)

Observe now that

(u, ps) / / Y)(ws(z) — ws(y))k(z,y,r — y) dedy

— / + / (o) = uly) e — 0] — ly — 0l) i, — ) dadly

/B+ /B+ v) <1 N @) k(z,y,x —y) dedy
/B+ /B+ )<1_ |y_5x0|) k(z,y,z —y) dedy
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Here Bi s denotes the set
Bf; ={z e R} | |x — zo| > &}.

We must evaluate the asymptotic behavior of J;, Jy and J3 as 6 — 0. Con-
cerning the first one, using Taylor expansion, up to the first order we can
write

u(x) —uly) = Vu(eo) - (¢ — ) + O)e —yl  for 2,y € By
where we have used
u(w) — uly) — Vulw) - (x — y)
= [ Vute+sty =)~ Vatao) - (o - ) s
—0()le |

for all z,y € Bs. Therefore, we obtain

1
7= L Vu(a)- / / (2= ) (j7 = 20| — |y — 20]) k(z, g, — y) dady

+ O<51+5+n7a) )

We are now left to analyze J, and J3 (see (6.6)). This can be done
similarly as in the case n = 1. Indeed, we have

iy [, 0w (1= ke ey
:%Vu(:co) - /B; </B;5<x ) (1 _ @) k(2. y, 2 — 1) da:) dy
+0(56)/Bé+ </B+ lz — y] (1— |x;x0|)k(:c,y,x—y)dx> dy

>4
= Jo1+ Jopo

Thus, in this case, we only have to bound integrals of the form

Jy i/ </ |z — y\l_o‘_" (1 — L,_:CO‘) dy) dx
B B+ 5

L)

>4

ot

|z — gyl dy) dz.

ot
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Let us set

L= [ Claegienay
Bt

>4

and observe that

—+o0
Jxé/ |y|1°‘”dy=/ p~*dp~ (6 — |az[)'”
By (5—|a]) d—|x|

Then we have

1 1
J<Cx [ (5 - |2 da = oMo / (1= 1201 gt ~ gin—a.
0

5 B;
From such estimates we deduce
Jy = Ja1 + O(é”mn*o‘).

The quantity Js is controlled in the same way, just interchanging the role of

x and y.
E(ups) = | Lulaos(s)do
R"

Recalling that
and using the above estimates for Ji, Js and J3, we get

u(zo) // r—y)(ws(x) — @s(y))k(z,y,z — y) dzdy
Jr0(51+6+n ay (5%)

Since the double integral belongs to w(4'™~*) by Lemma B2, on account
of (6.2), and 1 +n —a < 3 (which is equivalent to o — 1 > -7), we finally
deduce

Vu(xg) - ng, = 0.
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