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1 Introduction

The Cahn—Hilliard equation is a cornerstone in Materials Science since it gives a fairly good
description of phase separation processes in binary alloys (see, e.g., [(L40,4I] and references
therein). The early stage of such a phenomenon is called spinodal decomposition. A modifi-
cation of the Cahn—Hilliard equation has been proposed in [I§] to account for rapid spinodal
decomposition in certain materials (see also [19,20]). This modified equation reads as follows

extt +xe — Ap =0,

where € > 0 is a relaxation time, x represents the (relative) concentration of one component

and p is the so-called chemical potential given by

p=—Ax~+ ax: + f(x)-
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Here o > 0 is a viscosity parameter accounting for possible presence of microforces (see [39]) and
f is the derivative of a given double-well potential. We recall that the classical Cahn—Hilliard
equation corresponds to the case ¢ = o = 0. The case ¢ > 0 and a = 0 is a very challenging
equation (see [28-30L[44], cf. also [4,2I15253] for the 1D case) which becomes much nicer in
presence of viscosity (cf. [203[5,22,[34]) In particular, in the latter case, solutions regularize
in finite time. Moreover, when (e,a) tends to zero and « dominates ¢, then the modified
viscous Cahn-Hilliard equation (MVCH) is very close to the standard one in a rigorous way

(see [3,BL22]). A non-isothermal version of MVCH equation has been proposed and analyzed
in [27] (cf. also [46], 9.1.5]), namely,

@+x)+V-q=0, in Qx(0,00), (1.1)
oq: +q= -V, in Qx(0,00), (1.2)
exst +xt — Ap =0, in Q x (0,00), (1.3)

(1.4)

p=-Ax+ax+f(x)—0  in Qx(0,00),

where 6 represents the (relative) temperature, q is the heat flux which is given by the Maxwell—
Cattaneo’s law (L3), o > 0 is a further relaxation time and Q C R? (d = 2,3) is a bounded
domain with a smooth boundary T.

System ([I)-(T4]) has been endowed in [27] with no-flux boundary conditions. Here we
want to consider the same system subject to the following boundary conditions

q-v=0,u=0, on I x (0,00), (1.5)
Xt — Arx + dux + g(x) =0, on I x (0,00), (1.6)

where v stands for the outward normal unit vector on the boundary and Ar stands for the

Laplace—Beltrami operator. The system is also subject to the initial conditions

0(0) =6, a(0)=ao, x(0)=x0, xt(0)=x1, in Q. (1.7)

We recall that dynamic boundary conditions like ([IL6]) have been proposed by physicists to take
into account possible interactions between the binary alloy and the container walls (see, e.g., [10
I135]). From the mathematical viewpoint, the Cahn—Hilliard equation with dynamic boundary
conditions has been analyzed in a number of papers (cf., e.g., [817,23]241[36]37, 4348, 51], see
also [12LI3LI5,[16] for the non-isothermal case). However, the MVCH equation with dynamic
boundary conditions has only been considered in the isothermal case. In [6] the authors studied
a slightly more general equation with memory which reduces to the MVCH equation if the kernel
is a decreasing exponential. They proved well-posedness, regularity, and the existence of global
and exponential attractors. More recently, the construction of a family of exponential attractors
which is robust with respect to the relaxation time (say ¢) has been established in [14].

Here we want to extend the results proven in [27], namely, well-posedness, existence of the
global attractor and convergence to a single equilibrium. More precisely, we first establish the
existence and the uniqueness of global (bounded) energy and weak solutions. We recall that
bounded energy solutions are more general than weak solutions (cf. Definition [Z1] below). In
addition, in the present case a regularizing effect for y is missing due to the presence of the
dynamic boundary condition (6]). This entails that the equation (I3]) must be understood in



a more generalized way with respect to [27] (see Remark 24 below). In this case the application
of the Lojasiewicz—Simon technique is also more complicated than in [27] and it seems necessary
to work with weak solutions (cf. (5.28) and (5.29) below).

The plan of the paper goes as follows. In the next section the main assumptions as well
as the notions of energy and weak solutions are introduced. In Section Bl some a priori energy
and higher-order uniform estimates are obtained. Then, existence and uniqueness of energy and
weak solutions are proven. Section [dis devoted to establish the existence of the global attractor
for the semigroup acting on the energy phase space. Finally, in Section [l the convergence of a
weak solution to a single equilibrium is analyzed. Among the open issues it is worth mentioning
the existence of a family of exponential attractors and its robustness with respect to o, € and «
(see [22] for the isothermal case).

2 Preliminaries

Due to the presence of the Laplace-Beltrami operator Ap, in order to deal with system (LIJ)-
(L), it is convenient to introduce the unknown function £ := y|r defined on the boundary I'.

Setting &y := xo|r, we can rewrite the original system as

@+x):+V-gq=0, in Qx(0,00), (2.1)
qi +q=—V0, in Qx(0,00), (2.2)
Xut + Xt — Ap =0, in Qx(0,00), (2.3)
pw=—Ax+ax:+ f(x) -6, in Q x (0,00), (2.4)
q-v=0,u=0, on I x (0,00), (2.5)
& — Arf+0,x +9(§) =0, on I'x(0,00), (2.6)
0(0) = 0o, a(0) =dao, x(0)=x0, &(0)=%&, xt(0)=x1, in Q. (2.7)

For the sake of simplicity, here and in the remaining part of the paper we assume ¢ = ¢ = 1.
Besides, we will consider only the viscous case a > 0 even though existence of an energy solution
can be proven also in the case a = 0.

Notations and functional spaces. We denote by || the Lebesgue measure of Q2 and by
IT'| the n — 1-dimensional measure of I". For a given real Banach space X, its norm is indicated
by |- ||x. The symbol (-,-)x x+ stands for a duality pairing between the Banach space X and its
dual X*. We denote by LP(2) and LP(T") (p > 1) the standard Lebesgue spaces with respective
norms || - || » (o) and |- HLp(p For s > 0, H*(Q2) and H*(T") stand for the Sobolev spaces normed
by || | &5 @) and | - || rs(r)- Bold letters are used to denote the corresponding vector spaces, for
instance, L(Q) = (L2(Q)) , HY(Q) = (H'(Q))~.

For the sake of brevity, the norm in L?(Q2) and L2(Q2) will be simply indicated by || - || and
the inner products in L?(Q) and L?(T") will be denoted by (-,-) and (-, *)L2(r), respectively.

Besides, we set

H=1I1*Q), Hyr=1IL*T), V=H(Q), W=H\),
Vo={veH Q) : v v|p =0},

HO:{veH:(w::]Q\_l/dex:O},



and we introduce the Hilbert space L3, () and its inner product
Liy(Q) ={a e L*(): V-q € L* ()}, (an.ai)rz_ (@ = (@122 + (V- a1, V- a2)2(0)-

It is well known that if q € L2, () then q-v € Hfé(I’) (cf. [38]). Hence we introduce the
following closed subspace of L3 ()

W = {q € L3,(Q) : q-v|r =0}

We have W < L2(Q) < (Wj)* with dense and continuous embeddings.

The Laplace operator with Neumann boundary condition and its domain are denoted by
A=—-A:D(A) C H— Hy, D(A)={veH*Q):d,v=0o0nT},

and we indicate with Ag its restriction to Hy. Note that Ay is a positive linear operator. Hence,

for any r € R, we can define its powers Af, and their domains D(AZ), setting
Vg = D(A3), with inner product (vy,va)vr = (Agv1, AGva).

Taking any u € V* with (u) = 0, then v = A Lu is a solution to the generalized Neumann
problem for A with source u and the restriction (v) = 0. Hence, for any u,w € V* with
(u) = (w) =0, we have
(u, Ay w)ye y = (w, Ay tu)y- v = /(VAalu) (VA 'w)da.
Q

We endow V* with the equivalent norm |[v]|2.. = VA, (v — (v))]|? + [(v)|?, for any v € V*.
Moreover, if u € H'(0,7;V*) with (u) = 0, then

_1d‘
C2dt

Next, we introduce the product spaces

2., ae te(0,7).

(ug, Ay 'u)y= v |ul

H=H x Hp, H(Q)x H"(T)
and the subspaces of H"(Q) x H"(T)

H ={(x,§) e H'(Q) x H'(T) : £=xIr}, Vr> %

with the induced graph norm. We note that h = (u,v) € H will be thought as a pair of
functions belonging, respectively, to H and to Hp. If we do not have additional regularity, the
second component of h (i.e., v) is not necessary to be the trace of the first one (i.e. u). The
elements of H" will be considered as pairs of functions (x, x|r) such that H" is identified with a
(closed) subspace of the product space H"(2) x H"(T"). For r; > ry > %, the dense and compact
embeddings H" < H" hold. Finally, we introduce the closed subspaces of H and H" as follows

Ho = {(u,v) € H: (u) =0}, o ={(u,v) e H" : (u) =0}, Vr>%.

According to the structure of system (2.1))—(2.7)), we define the product spaces

X=HxHxH!x V*, Y=V xVyxH xV,



endowed with the following norms

%/*7 (28)

(21,22, 23, 20, 28) % = [leall + llZ2llgp oy + (23, 20) g + 2515

(21,22, 23,28, 25) 1% = lleall* + llz2l® + | (23, 20) llFn + ll2s]

It is easy to see that the continuous embedding Y — X holds.
Assumptions on the nonlinearities. Let us now list our assumptions on f and g.

(H1) f, g€ C*(R),

(H2) Dissipative condition: liminf f/(s) > 0, liminf ¢’(s) > 0,

[s|—>+o0 [s|—>+o0
(H3) Growth condition:
"W < er(T+ylP), 19" (W) < eg(L+1[yl?), VyeR,

for some generic positive constants cy, ¢, independent of y, with ¢ € [0, +00) and p € [0, 1]
when n = 3, while p € [0,400) for n = 2.

Remark 2.1. Consider the potential functions F(y) = [J f(s)ds and G(y) = [J g(s)ds, y € R.
It is easy to check that assumptions (H2)—(HS3) yield the following properties (cf. e.g., [15]):
(1) there exist co,c1 > 0 such that

f'y) 2 —co, Fly)=—-c1, VyeR,
(2) for any My € R, there exist ca,c3 > 0 and a sufficiently large ¢4 > 0 such that
(y — Mo)f(y) = caly — Mo)® + c3F(y) —ca, Vye€R,
(3) Ve >0, there exists cc > 0 sufficiently large such that
[f() < eF(y) +ce, Yy eR.

Similar results hold also for the potential G(y).

Remark 2.2. One can verify, for instance, that the classical double well potential F(y) =
%(y2 —1)2 and the corresponding function f(y) = y> — y satisfy (H1)-(H3) while g can be any

polynomial of odd degree with a positive leading coefficient.
We are ready to introduce the variational formulation of problem (Z.I)—(21).

Definition 2.1. Let T' € (0,+00). The set of functions (0,q,x,&, xt) satisfying

(eaq’XagaXt) S LOO(O,Ta X)a (29)

0, € L0, T;V*), q € L*0,T;(Vo)*), (2.10)

xt € L2(0,T:V*), a2y € L*(0,T;H), & € L*0,T;Hy), (2.11)
_3

xet + x¢ € L(0,T;D(A, ?)), (2.12)

is an energy solution to problem ZII)—-Z3) with initial datum (6y,qo, x0,%0,x1) € X, if the
following identities hold, for a.e. t € (0,T),

(0 +x)e, w)v+v — (a, Vw) = 0, (2.13)



(at +a,v)vg v, — (0, V-v) =0, (2.14)

(A (xee + xt), D)vev + (1, )=y =0, (2.15)
(,P)vv = (VX, Vo) + (Vré, Vrv)rery + alxe, ¢) + (§,v) 2
+(f(X)a QS) + (9(5)’U)L2(F) - (9, ¢)’ (216)

for any w € V, v € Vg and (¢,v) € H' with v = ¢|r.
If) imn additi0n7 (907CI07X07§07X1) €Y and

(0,9,x,& xt) € L*>(0,T;Y), (2.17)

0, € L=(0,T; H), q; € L*(0,T;L*(Q)), (2.18)

X € L*(0,T; V), azxy € L*(0,T; H), & € L*(0,T; Hy), (2.19)
_1

xit +xt € L0, T D(Ay ?)), (2.20)

then (0,q, x,&, xt) is a weak solution to problem (ZII)—(235).

Remark 2.3. We note that, due to the reqularities [29)—-212]), an energy solution belongs to
the class Cy([0,T]; X), where the space Cy([0,T]; X) (X being a real Banach space) is defined

as

Cu([0,T); X) == {v € L=(0, T3 X) : (¢,0(-))x-,x € CU[0.T]), Vo € X"}

Therefore, any energy solution can be evaluated point-wisely in time and initial conditions have
a well-defined meaning. The same property holds for weak solutions.

Remark 2.4. Note that in case of homogeneous Neumann boundary conditions we can recover
the additional regularity x € L*(0,T; H?(Y)) for an energy solution (see [27, (2.18)]). Thus
equation (2I0) can be written in the standard weak form (see [27, (2.6)]). However, in the
present case, it seems that this reqularity does not hold. On the other hand, such a property
is crucial to prove that solutions to the isothermal MVCH regularize in finite time (see [2], cf.
also [27] for the non-isothermal case with Fourier heat conduction). We also point out that the

present notion of weak solution is a quasi-strong solution in the terminology introduced in [30)].

3 Well-posedness

3.1 A priori estimates

Conserved quantities. Integrating (Z1]) and (23] over €2, we deduce from the no-flux bound-
ary condition (Z5]) that the following relations hold

[ 60 +x®)iz = [ 0+ xo)ds, vezo (3.1)
Q Q
[ Cat)+ x@nds = [ (a+xohds, 0. 3:2)
Q Q
The second relation ([3.2) is an ODE for (x(¢)), then we have

(x(1)) = (xo) + (x1) — e {xa), (xel®)) = e (xa)- (3.3)



It is easy to see that if (x1) = 0, then the so-called mass conservation relation holds

/Qx(t)dx:/ﬂ)mdx.

Based on the above observations, in order to obtain dissipative estimates of the solutions to
problem (2I)—(2.7), it is convenient to introduce the new variables

b=60-(0)., x=x-(0. {=xr=¢&-M), (3.4)
which imply that
Xe(t) = xe(t) — (x¢(t)) = x(t) — Q1(2),
Xee (1) = xee () — (xee (1)) = xue(t) + Q1(t),

with the function @)1 given by
Q1) = (xa)e .

Then, system (2I)—(27) can be rewritten as

@+%X)+V-q=0, in Qx(0,00), (3.5)
ai +q=—Vo, in Q x (0,00), (3.6)
Y+ Xe—An=0, in Qx(0,00), (3.7)
fi=—Ax+ax: + f(x) -6, in €2 (0,00), (3.8)
& —ArE+g(&) +9,Xx+Q1(t) =0, on I x (0,00), (3.9)
q-v=0,4=0, on I x(0,00), (3.10)
0(0) = 6o — (%), a(0) = qo, (3.11)
X(0)=x0—(x0), nQ, £0)=&— (xo), %(0)=x1—(x1), inQ. (3.12)

Dissipative estimates. In what follows, we will derive some uniform estimates on the solu-
tions of problem (ZI)—(2.7) which are necessary for studying the well-posedness and long-time
behavior of the system. The following calculations have a formal character but they can be

justified by working within a proper Faedo—Galerkin approximation scheme (see [23] and [24]).

Lemma 3.1 (Dissipative estimate in X). Let the assumptions (H1)-(H3) be satisfied. Suppose
0(t),alt), x(t),&(t), xt(t)) is a reqular solution of system 1) -@T). Then there exists a positive

nondecreasing function Q such that

1(6(2), alt), x(2), £(t), xe (E) 1%
t+1
+/t (@lbee (NI + 1€ 7 + 10(7), a(r), x(7), €(7), xe (1)) % )dr

< Q(Il(Bo0; g0, X0, €05 x1)[[x)e ™ + pa, V>0, (3.13)

where the positive constants p1, pa may depend on (0y), (xo), (x1), ||, |T|, but are independent
of t. In particular, the constants p1,pa are independent of ||(6o, o, X0, 0, X1)||x-



Proof. Multiplying (35) and (3.0) by 6 and q, respectively, and integrating over €2, we obtain

thueuz /q-V@dm: —/thédx, (3.14)
1d 2 2 n
5z lal” +llall”+ La Védz = 0. (3.15)

Multiplying [B7) by Ay 1%¢ and integrating over Q, we have

d . 1 -
G 5140 0P+ 51V + [ Foode + 519l + [ Gleas
Q T

1Ay 2l + all 2 + E

- /Q Bude + Qy ( /Q FO0)d + /F g<£>d5> ~o /F €. (3.16)

In a similar manner, multiplying &.2) by Ay 1{ and integrating over Q, we get
d -1 1 1, -1 o 1, -
o /Q Ay bty e + 514 B + SIRIP + 516, )
114G Rl + IV + I rél, + | f00%de + [ g(©)éda
/ Oxdr — Q: / £ds. (3.17)
Q T

Besides, using the equation ([3.3]) and (B.6]), we deduce the identity

d
dt

= /qt-VAalédm—i-/q-VAalétdﬂc—i-HéHQ
Q Q

L VA, 0dx + 10|

~ _1
= —/q-VAoledx—/q-VAolgtdernAO?V-qHz. (3.18)
Q Q

Multiplying (3I7) and (BI8]) by some small constants k1,2 > 0 (to be chosen later), respec-
tively, and adding the resulting equations with ([BI4)—(BI6]), one deduces that

d (1 ~ 1 1

21012 + Zlall? + S AL 22 + = Vy]? /F d
- <2u 2+ 3l + 5145 Sl + SIVRIE + | Pooda
1 = K1 = -1

2 IVeE R + L + / G(€)dS + 51 /Q A5, AyE da
AP + SR + e [ - Vg e

Hlall* + (1 - m)HASEXtW + Xl + I&el1Z, + VR

a[VeElE + o ( [ seoxan+ [ g<£>5ds) T ol
Q T

o ( [ seods+ [ g(&)dS) - Qi [ Gas+ i [ drde - man | éas

- 1
—/@2/q-VAOIHda:—/@/q-VAol)tha:+/£2||A0QV-qHQ.
Q Q



From Remark 271)(2), taking My = (x), then we have
| 160%de > K [ POOde + Kol 2P - Ko
[ o9éas = &1 [ G + K518~ K3,

where K; > 0,K] > 0 (i = 1,2,3) are independent of x,&. Besides, from Remark 2.T)(3) it

follows

KlKl IilK/
@ ([ sovde+ [aas) < 5 [ Foode+ 25 [ aods + Kl

where K4 depends on Ki, K1, 1. By the Poincaré inequality, there exists Cp > 0 depending on
Q such that

—Ql/rétdSer/Qéy(d;c—mcgl/réds

1.~ ~ ~ 1~
< |QUTEE e + mCrIOIIVEI + A1l Q1 lIT12 €] e
1, - lilK/ > K1 - Ii102 ~
< Slédin + =2 + S IVRIF + =201 + K|,

where K5 depends on (x1),|T'| and k;. Next, there exists some Cq > 0 depending on € such
that

_ 1
—ng/q-VAalﬁdx—ng/q-VAal)thx—i—/igHAo2V-qH2
Q Q

~ _1
r2Co(llallll0]l + lallllAg > xell + lall*)

Ko C -1 K
A el + 5 CalCo + 3)lall” (3.19)

IN

l‘€2 a2
< —=|9]]F +

We now choose k1, ko > 0 sufficiently small so that

1 1 HZQCQ 1 K2 1 mC]% K2
< - Cqo < = < — —Cq(C 3) < — < —.
<y, mle<s, mt-—— <o, 29(94-)_2, 5 <7
From the above estimates we deduce the following inequality
d
Ey(zt) +Z(t) < Kg(14+e72Y), Vt>0 (3.20)
where
1, = 1 1, -1 1,
Y o= S0P+ slal® + 514 2 xell? + 511V X +/ F(x)dx
2 2 2 2 Q
1 =12 K122 ~%c A3
5 IVe€l + I + [ G©ds +m1 [ 45750y xde
r
K -1 K1Q ~
+71||A0 2%+ %HW + m/ q-VA;'0dx (3.21)
Q
and
Ko ~ 1 1 -1 5 1 - K1 -
7 = IIIHH2 + §||q||2 + 514 2l + allxl® + g\l&llfqF + EIIVXII2

; i K-
+/-€1HVF5||%{F+—12 2H£||%{F+/€1K1/F(x)d:n%—mK{/G({)dS.
Q r



By comparison, it is easy to verify that
Y(t) < K7Z(t), Vt=0,
which, together with (3.20]), implies
%y(t) + KY(t) < Kg(1 +e ') <2Kg, Vt>0.

As a result,

V(t) < Y(0)e st 4 271{86 Vit > 0. (3.22)

Since the quantities (#), (x) and (x;) are uniformly bounded in time, we can deduce that
_ - _ _1
Y+ Ky > Kig <H9H2 + lall® + VI + %17 + IVegli, + €017 + 114, 2Xt!!2> , o (3.23)

where the constants Ky, K19 > 0 may depend on Q, (fy), (xo0) and (x1). Then, from (B22]) and
[B:23) one infers estimate ([B.I3). The proof is complete.

Higher-order estimates. In what follows, we derive the uniform-in-time estimate in the
higher-order space Y. For the sake of simplicity, from now on we shall indicate by C or C;, i € N,
a positive constant that may vary from line to line and also in the same line.

Lemma 3.2. Let the assumptions (H1)-(H3) be satisfied. Suppose (0(t),q(t), x(t),&(t), x¢(t))
is a weak solution of system I)—~21) with initial data (8,90, X0,&0,X1) € Y. Then we have

102), a(t), x(£),£(), x: (0)[ly < C([[(Bo, 905 X0, §0s x1)[lv, V= 0. (3.24)

Proof. We (formally) differentiate (B.5)—(BI0) with respect to time and we get

@+X)u+V-a=0 in Qx(0,00), (3.25)
Qi +aqr =V, in Qx(0,00), (3.26)
Xttt + xeo — Afiy =0, in Q x (0,00), (3.27)
fit = =A%+ axu + F/00xe — 0, in Q x (0,00), (3.28)
Eu — Ar& + g ()& + X — Q1(t) =0, on T x (0,00), (3.29)
q-v=0, =0, on I x(0,00), (3.30)
0:(0) = —x1 + (x1) — Vao, (0) =—qo— Vbp,, inQ, (3.31)
Xe(0) = x1 = (xa), Xer(0) = —xa + (x1) + A(=Axo0 + axa + f(x0) — o) (3.32)
§(0) = Ar&o — g(&) — doxo — (x1), in Q. (3.33)
It is easy to verify that the initial datum can be controlled as follows
1(61(0), e (0), % (0),(0): % (0) i < C'l(Bor a0, X0, 1), (334

where C' is a constant depending on 2 and T
Multiplying (28) and @28) by 6; and qy, respectively, and then integrating over Q, we

obtain

1d, - _ o
5%”915”2 - /QOIt - Vbdz = —/QXttetdl“, (3.35)



1d

sl +lal? + [ ar- Vs =0, (3.36)
Q
Multiplying B.21) by Ay 1% and integrating over €, we have

1d [, -1 , N ) , )
2q% [”Ao Xl + 1V xe* + /Q(f (X) + L)Xidz + [IVr&|Z, + /F(g (€) + L)g,?ds}

1 5
| Ag 2 Xeell® + atll Keell® + et |7
~ 1 N N 1 ~
— [ Oudo 5 [ FO0nitde - @ [ Footuda+ 5 [ o (©6éas
Q 2 Ja Q 2 Jr
—Ql/9/(§)§ttdS+L/Q>2t>2tt+L/§t§~ttd5+Q1/§ttdS, (3.37)
I I I

where we have used the identities

/f IXtXdr = 2dt/f de——/f” XtXtdm—i-Ql/f )Xud,
[ d©suis =55 [ d@&ds -3 [ d'©aéas+ Qi [ g(€)uds.

Here L > ¢y + 1 is a positive constant such that f'(y) + L > 1 and ¢'(y) + L > 1 (cf. Remark
[2ZT)). On the other hand, multiplying B27) by Ay 1{; and integrating over 2, we get
2, Qo2 Lize
Ao XttAo Xtdx + —||A0 Xt|| + §||Xt|| + §||ft||Hp
—HAo_ifcttHz IV + Vel + /Q(f'(x) + L)X;dx + /F(g'(ﬁ) + L)&dS
= Q1 [ FO0%dn - Q1 [ §©dds + [ Biude+ @y [ s
Q r Q r
FL(IXel? + &l )- (3.38)

Finally, using the equations (3.5 and (B.6]) we obtain

d
dt

= /tht . VAalétdCC + /Q qt - VAaléttdx + HétH2

qt VA 0pd + 1|64

- _1
— _/ qt-VAalﬁtdx—/qt-VAal)Zttdm—i-HAO2V-th2. (3.39)
Q Q

Multiplying 338)), (3:39) by some small constants k3, k4 > 0 (to be chosen later), respectively,
and adding the resultants with (3.35)—(B.37), one deduces that

d
SO+ <Ralt), Vi=0, (3.40)
where
1, - 1 1, -1 1 N 1 ~
N = 5!!9::!!2 + 5\\%\\2 + 3514 2wl + §HvXtH2 + §HVr§tH?{F

1 3 1 - 11
+5 /Q (f 00 + D)xide + 5 / (9/'(8) + L)E7dS — kg /Q Ay * XAy * Xedar
I



_1
2

K3 - R3O, _ R3 , =
+7HAO XtHQJFTHXtHQJFEHQH%{F

+Ii4/ qt - VAalétdx, (341)
Q

_ 1 ~
T = [l + (= sa)lAg 2 Rull? + ollRerll? + 1Euell2
VR + | Vel + ra /Q (F'() + L)R2de

s / (¢/(€) + L)E24dS + ral|G]> + £ /Q ar - VA Gy
N
1
+H4/ q: - VAo_l)zttdl' — /<L4HAO 2V . QtHQ (342)
Q

and

1 5 B 1 -
Ri = 5 [ F0ontds - [ Fosuds+ ;5 [ 9'(©6éds
Q Q r

-1 [ 9(©ndS + L [ %+ L [ GudS+ Qs [ uds

r Q r r
Qs [ F00%ds = waQu [ (S + s [ G

r
+raQs [ &S+ a1l + &l (3.3
Using the Holder inequality and choosing a suitable L, for k3, k4 sufficiently small, we find

Vi > il ar Xes & Xun) |3 (3.44)
7, > C2y1+a‘|>~<tt”2+‘|gtt”%{1ﬂ (3.45)

where the constant C,Cs may depend on 2, I', «, k3, k4 and L.
Next, we estimate the reminder term R;. From Hoélder inequality, Young’s inequality, the
Sobolev embedding theorem and the growth assumptions (H3) on f and g, it follows

Ri < 00 zs @ el %elFo gy + QI COIReell + g oy 1€l IEN T 6y
+1Qulllg M€l + LAReMIRee | + 1ol e ot o) + QT2 1Exel e

+3|Qul L CONIXe N + 119" (€ e I€ell z1c) + res | el el

3l QuIIT |2 1€l e + s L(I1%e > + [1€01,)

(1%l + €T + 1% + 1€eelFr + 116:11%)

+Q1(110¢ Ol ) (el Pl + €l 1€:135)

+Qa (106 Ollan ) Q1> + CUIRe? + 1€, ), (3.46)

IN

where 97, Qs are certain monotone increasing functions. Taking e sufficiently small, from the

above estimates ([3.40)—(3.46) we infer

d
TN < Q1 (106 Ol ) lxeel® + N1€1®)
+Qo (|06 ) 1) 1@Q1 1% + CUINeN + 113, (3.47)



where (5 is a small constant that may depend on 2, I'; «, k3, k4 and L, but not on the solution.
Besides, from the integrability of estimate (5I8]) (see Section 5) we easily see that

m ~
IR + 1l e < 4. (3.48)

Using the dissipative estimate BI3]) (so that Q1 (|| (x, &) |lm ), Q2(]](x, &)||m ) are uniformly bounded
for all time) and the Gronwall-type lemma (see e.g., [25, Lemma 2.2]), then from (3.47]) we infer

Vi(t) < Cn(0)e= 3 +C5, V>0,

where Cy, C5 may depend on ||(6y, 4o, X0, 0, X1)|lx. Then, by the definition of ), and [B.44), we

have

1B (8), e (£), X (£), & (), Xee (1)1 < C (Il (80, @0, X0, €05 X1)[[v), ¥Vt >0, (3.49)
which also easily yields that

16:(), @z (£), Xt (£), & (£), X0 (1)) lxx < C([[(00, @0, X0, S0, x1)lv), V= 0. (3.50)

Using the estimate ([3.49), from the equations ([B.5)-(3.6) we deduce
IVO@)Il < lla @)l + la@®)l < C, [V -a®)] < 16:0) + %] < C. ¥t =0,
Applying the curl operator to ([B6), we have

(Vxq)t)+(Vxq)(t)=0, Vt>0
(V xq)(0) =V x qp,

so that ||(V x q)(®)|| < |V x qo||, for all ¢ > 0. Combining the above estimates and BI3]), we
get
0@y <C, lla®)llmr @ <€, Vi=0.

It remains to prove the estimate of (x,&) in H3. To this purpose, we rewrite (24]) and (28] as
follows

—Ax=p— f(x) —axt+6:=h, (3.51)
—Aré + 0,x + BE = —& — g(§) + BE = ha, (3.52)

where § > 0 is a positive constant. Since u satisfies (23] and (2.5]), so that
—Ap=—(xu+xt), inQx(0,00), Oy =10, onTI x (0,00),

then from estimate ([B.50) we infer

A

lullv < Cllixe + xellve + [{)]

< c+\<f<x>>r+ar<><t>r+\<9>’+ﬁ ('/p&ds‘ !
C.

/Fg(é“)dSD

IN

As a result, we have
[P @[] < C, |h2o(E) | e < C,V E > 0.



Now we apply the regularity theorem [36, Lemma A.1] to the elliptic problem (E25])-([Z20]) (see
Section 4), obtaining

10c(®), €@l < Cli(ha(t), ha ()]l < €, V't = 0.

Then, from the above estimate and Sobolev embedding theorem we infer
[Pa@®)llv < C, [lha@)lly <C, VE>0.

An application of the higher-order regularity theorem [36, Corollary A.1] to the elliptic problem

([E.25))-([@.20)) yields
1O, €@l < Cli(ha(E), h2 (@)l < C, V£ 2 0.

Collecting all the above estimates, we have shown that (0(t),q(t), x(t),&(t), x¢) is uniformly
bounded in Y and the proof is complete.

3.2 Existence and uniqueness

Based on the uniform estimates obtained in the previous section, we are able to prove the

existence and uniqueness of suitable solutions to problem (ZI)—(2Z7]).

Theorem 3.1. Suppose that assumptions (H1)-(HS3) are satisfied. Then we have

(i) For any initial datum (6y,do, Xo0,%0, X1) € Y, problem (ZI)-(27) admits a unique weak
solution.

(ii) For any initial datum (0o, qo, X0,&0, x1) € X, problem ZI)-Z1) admits a unique energy
solution.

Proof. (i) Based on the uniform dissipative estimate ([B.24]), it is standard to prove the existence
of global weak solutions to problem (2.I)—(27) by using a Facdo—Galerkin scheme as in [23]24]
for the Cahn-Hilliard equation subject to dynamic boundary conditions. The details are omitted
here.

Concerning the uniqueness, it suffices to show the continuous dependence estimate for two
solutions (H(i),q(i),X(i),f(i),xy)) corresponding to the two sets of data (Hé),qg aXo ,{0 . X1 ))

(¢ = 1,2). For this purpose, we write down the system for

(0,8, %. & x0) = (01,qV, 1V, €D, 3{V) — (0P, ¢?, 3, £® 52,
such that
O+x):+V-q=0, in Qx(0,00), (3.53)
Q+q=-V0, in Qx(0,00), (3.54)
X+ X — AN = @®) =0, in Qx(0,00), (3.55)
i — i = —Ax+axi + fF(XM) = F(X*) =6, i Qx(0,00), (3.56)
q-v=08,a" =0, i=1,2, on T x(0,00), (3.57)
& —Aré+0,x+9(EW) —g(¢®)+ Q1 =0, on T x(0,00), (3.58)

where Q1 = (x{") — (x{?))e .



The regularity of weak solutions allows us to multiply ([B53) by 0, (354) by q and ([B.55)
by A, 1534, respectively, and then integrate over . Adding the resulting equations together, we
have

d (1,5 1 .o 1 -1 o 1 _ o 1 _ _
2z - ZIAT2 - -
& (090 + S0l + 5140 Pl + 19 xI? + 519r

_1 _
Hlall* + [l 4g * xell* + allxel® + l1€l1Z,

E—’Y /F dS /Q FOW) = F@))xedar — /F (9(€V) — g(€@)GdS.  (3.59)

Using the uniform estimates (B.I3) for the two solutions, the growth assumption (H3) and

Sobolev embedding theorems, we infer
- [T = 0 ads < 1] s [kl
Q L r (Q

o _
2 lli® + Clxli

o _
2 Il® + CIv .

IN

IN

Similarly, we have

- [e) - s aas < Jl&l +ClelR,
< SI&I3 + CIVLEl3, + IV
Moreover, by Holder inequality and Young inequality, we obtain
-1 [ &ds < Sl + Q)
Therefore, we find
& (3000 + S0l + 51455 P + 5108 + 3192617 )
< CIVIP + ClIVrélf, + C(Q1)*

Then, by the Gronwall lemma and the conservation properties BI)—(B.2]), we can deduce

16 = @) (1), (@ = a@) (), (™ = X)), (€W £<2 )@ 0 H =)0l
1 2 2) (1 2) 2

< Cre@T (05 = 6 af) — o X! =7, =P A Pk (3.60)

for any ¢ € [0,T], where C1,C5 only depend on the X-norms of the initial data, «, || and |T'|.
This completes the proof for uniqueness.

(ii) We note that in the continuous dependence estimate for weak solutions (3.60]), the con-

stant C,Cy only depend on the X-norms of the initial data. This fact enables us to prove

the existence and uniqueness of energy solutions to problem (ZI)—(27)) by using the standard

density argument. The details are left to the interested reader.

A straightforward consequence of the above result yields



Corollary 3.1. Suppose that assumptions (H1)-(H3) are satisfied.
(i) For any initial datum (6o, qo, X0,%0, X1) € Y, the unique global weak solution to problem

defines a semigroup S1(t) : Y — Y such that

S1(t)(Bo, 90, X0, 0, x1) = (0(£), a(t), x(£),£(t), x¢(t)), V¢ =0.

(ii) For any initial datum (6y, qo, X0, &0, X1) € X, the unique global energy solution to problem
defines a strongly continuous semigroup So(t) : X — X such that

Sa(t)(Bo, q0, X0, 0, x1) = (0(£), a(t), x(£),£(t), x¢(t)), Vi =0.

Remark 3.1. The estimate (3.60) provides a continuous dependence result in the (lower) X-
norm. As a consequence, S1(t) turns out to be a closed semigroup in the sense of .

4 Global attractor for energy solutions

In this section, we study the associated infinite-dimensional dynamical system defined by the
semigroup So(t) on X. More precisely, we will prove that Ss(t) possesses the global attractor in
the phase space

XM,M’ — {(21,Z2,23,24,Z5) S X |<Zl +Z3>| S Mu |<ZS +Z5>| S M) |Z5| S M,}u

endowed with the metric induced by the norm on X. Here M, M’ > 0 are arbitrary constants.
We note that the choice of the phase space is due to the constraints |(3.1), |(3.2) and the decay

property .

We now state the main result of this section.

Theorem 4.1. Suppose that (H1)-(H3) are satisfied. The semigroup So(t) defined by the global

energy solutions to problem on Xy, mr possesses a compact connected global attractor
A which is bounded in Y.

The proof of Theorem consists of several steps. First, we show that the restriction of
Sa(t) on Xps ar admits a bounded absorbing set.

Proposition 4.1. There exists Ry > 0 such that the ball By in Xy of radius Ry centered at

zero is absorbing for the semigroup S(t). Namely, for every bounded set B C Xy ap, there exists
to = to(B, M, M') such that
SQ(t)B C By, Vt=>tp.

Proof. For every bounded set B C Xy, consider an initial datum (6o, qo, X0,%0,Xx1) € B C
Xz, m. Then we have

”(007 q0, X0 607 Xl)”X S R7

where R > 0 is a constant depending on B. Besides, we observe that
[(Bo)] <2M + M, [(xo)| < M+ M, |(x1)] <M.
Thus, from the definition of Y (cf. [(3.21)) we infer

Y(0) < C(R, M, M").



It follows from ([B.22]) and ([3:23]) that there exists to = to(R, M, M') > 0 such that

101 + la@®I” + IXOIF + €D + Ixe®)IF- < Ro, Vit > to,

where Ry may depend on M and M’ but is independent of R and ¢. The proof is complete.

Next, we study the precompactness of trajectories in X.

Proposition 4.2. Suppose that assumptions (H1)-(H3) are satisfied. Let (6,q,x,&, xt) be the
unique energy solution to problem ZI)—R1) given by Theorem [Z1}-(ii), with initial datum
(6o, 90, X0, €0, x1) € X. Then the orbit

U (97 9, X, §7 Xt)(t)
t>0
1s precompact in X.
Proof. Similar to [27], from the assumption (H2), Remark 2J}(1) and the Sobolev embedding

theorem, it follows that there exists a sufficient large constant ~y > ¢y such that

1
SNV + o = 20l = [ £1(Odw, VeV, (@)
Q
Similarly, we can find a sufficient large constant v; > ¢; such that
1
IVl + (= 2e0)lslfye > [ 9/(OaS, VaC e (42)
We introduce
fw)=rfW +y, 9 =9 +mny, yeR (4.3)

It is clear that f , g are monotone nondecreasing functions in R. Then we split the solution to

problem ZI)—(27) as follows:

(6, a, %, & x0)(t) = (0%, a%, X% €% X (1) + (0°,a° X, €5, X9) (1), (4.4)

where

0+ XD, +V-q¥=0, in Qx(0,00),

a’+qt+Vh;=0, in Qx(0,00),

&+ xd+Ap? =0, in Qx(0,00),

pd = Ax?+ f(x) = f(x*) + ax — 0%, in Qx(0,00), (4.5)

q? - v=0,u4 =0, on T x(0,00),

& — Arg? + 0, x" + §(¢) —§(¢) =0, on T x(0,00),

6(0) = 6o, a*(0) = qo, x*(0) = X0, £€*(0) =&, x{(0) =%1, on
and

0°+x)+V-q°=0, in Qx(0,00),

Q@+ q°+Vec=0, in Qx(0,00),

X5+ xi+Apc =0, in Q x (0,00),

= Ax“+ f(X°) + axg — 0°—yox, in Qx(0,00), (4.6)
Q- v=0,u°=0, on T x(0,00),

& — Arge+ 0ux +g(§°) =mé&,  on TI'x (0,00),

0°(0) = (o), a°(0) =0, x°(0) = (xo), £°(0) =0, x{(0) = (x1), on Q.




In (@8], we consider (x,&) € L*(0,00;H!) as given. Then, in analogy to the proof of Lemma
Bl we can prove that problem (£ admits a unique global solution such that

16% a% X &% xi)()llx <€, Vi=0, (4.7)

t+1
/t (@llxg (M1 + 1€5 (M) 7 +11(6% a%, x5, €5, x6) (T [F)dr < O, ¥ >0. (4.8)

Due to (813) and the decomposition ([44]), we obtain similar uniform estimates for the decay
part (67, q%, x%, &%, x{)(t).

Next, we show that ||(69, q?, x%, €%, x)(t)||x indeed decays to zero exponentially fast as time
tends to infinity. Due to the choice of initial data, it is easy to verify that

(07(t) = (1) = (x{(1) =0, Vt=0. (4.9)

As in the proof of Lemma Bl in (3] we multiply the first equation by 6%, the second equation
by q¢, the third equation by Ay l(Xgl + k1x?%) and we integrate over Q. Then, summing up all
the resulting equations and adding the functional xy(q?, VA, 19d) (K1, ko are positive constants

to be determined later), we have

%yd(t)+1d(t)§7€d(t), Vit >0, (4.10)
where
1 1 . R
yEo= SIeYP + S lall + —HAO A + \|V><d||2+ /Q (FO0 = FO)xda
1 / P00 2da + uvpgdugr e
+ /F (§(6) — g(e))etds — L /F §(€)(E2dS + /Q Ay AT e
AP + BN + e [ - VA0
79 = Jlq?)2 + (1 — s)4g X2 + allx3? + €813 + w1 [ VX712
+r1 || Ve 3, + K ( / (f(x) = f(x))xdz + / (9(8) - é(fc))ﬁddS>
Q T
2|09
and
d _ £l _ d // _ alreey\eced
RY = /Q(f(x) PO /f dw+/F<g<§) i (€)eetas

—/ §"(&)&(eD%ds — /q -VAoladdx—@/qd-VAolxgldx
Q Q Q

_1
+ral Ay 2V - 7.

We note that f and ¢ are monotone nondecreasing functions. Moreover, if g,y are sufficiently

large, we have

([0 Foniae+ [(a© - aenetas) = P + Il @)
Q r



which implies that
7t = Cl(0%, a’, x " €% X -
We now estimate R%(t). First, we observe that the last three terms can be evaluated exactly
as in (3I9). Using the uniform estimate BI3]), (£1), (E9), the Sobolev embedding inequality

and the Poincaré inequality, we deduce that, for the case d = 3, there holds (the case d = 2 is
similar)

/Q(f’(x)—f’( xtxddw—/ FrO0xe(x®)?da

CA+ 1" o) Ul + el lIx? HLs(m

K1

7HVXdH2 + CUXEIP + el IV x>

IN

N

Similarly, we have
@€ - genetas - [ y©eehias
r
< 7(\\Vr§dHHF +[1€91,)
+C (1€ + 1€l 7 ) IV &1, + 1E71 7 )-

Due to (1) and ([£2]), we get

/(f(x) — f(x))xdz — l/ F o0 dz

1
300 =201 = 5 [ Feontids

1
v/ d2’
Liext

Y

v

and

2

Then, taking «; and ko small enough, we can find 7 > 1 such that

[@© - aengias - 5 [ §©eas = -1 Ivee,
r r

IO o x € xR < VT <ll(04, % x? €4 D % (4.12)

Thus, from the above estimate and (AI0]) we infer that there exist two positive constants K7, Ko

such that the following estimate holds
d
SV KV <SG + el + 167 1 e + 118177

In ([40), we take v = 6¢ in the first equation, v = q° in the second equation and w = Ay 1)2? in
the third equation. Adding the results together, we obtain

G (G2 + a1 + 3 14g 256 + 5 IVl + / F()dz
dat \2 I T 5% X g X
~c 1 ~C N/ eC ~C

- / X+ 5|Vl + /F G(e)dS — 1 /F é dS)

el + 14 2 %512 + all %512 + 11,



= @) [ 70 =0 [ o+ () [ a(€)ds - [ wéas
—(x5) /F £rds. (4.13)

On account of the fact (x§(¢)) = (x¢(t)) = (x1)e ", for all ¢ > 0, and the uniform estimates
B13), (£8), then, Ve > 0, the right-hand side (£I3]) can be evaluated as follows

t) Jo £ dw—% fQXt XE(t)da + Xt fpg €)(t
-M fp§t (Xf) Jr &s(t
< [a)le ™ (1F (xe) (¢ )||L1 )+ 19(€) 1) + ||§t Oz y)

+Cxe@IRD N+ ClIE ) e 16°(0) 1
< sIEEONF + e+ SUxe@IP + & @)I) + Cle™* +e7), ve>0. (4.14)
As a result, for any € > 0, we deduce from (LI3]), (£I4) and ([B48) that

t ~
/ AP + IE () Zdr < et —8) + Cer Vi > 50,

from which, combining with estimate (3.48]), we infer, for any € > 0,

t
[ Bl + Il + 1+ el )dr

S

< €t—s)+C., Vt>s>0. (4.15)

Then, an application of the Gronwall-type lemma (see e.g., [25, Lemma 2.2]) allows to conclude

that
d —Eiy
Yit) <CY(0)e” 2", Vit =0, (4.16)

which, together with (ZI2)), yields the exponential decay of (8%,q¢, x¢, £, x$)(t) in X.
Finally, we prove that (6¢,q° x, &% x§)(t) is bounded in a space that can be compactly
embedded into X. To this aim, we (formally) differentiate (£6]) with respect to time to get

(
(9g+xg)t+vq§:0’ in QX(O’OO),

qi +qf +Ves =0, in Qx(0,00),
Xie + x5+ Apg =0, in Q2 x (0,00),

= Ax§ + [ (X)XE + axy — 0f —voxe,  in Q2 x (0,00),
qf - v=0,uf =0, on I x(0,00),
i — Aréf + 0uxi + 9/ (§)E =&, on T'x (0,00),
07(0) =0, qf(0) =0, x§(0) = (x1), in £,
§(0) = =g(0) + muo, x3(0) = (x1) +04x0, in Q.

(4.17)

We recall that

() = (ade™ =Qu(t),  (07(1)) = (Xiu(t) = —(x{(1)) = —Qu(t), t>0. (4.18)

In ([@I7), we multiply the first equation by 6 and the second equation by qf. Adding the
resulting equations together, we get

1d, -~ c
337 QGEIE + 101 + 17 = = | %5t (419)



Multiplying the third equation of (48] by A 136 an integrating over €, we obtain

d c ~c 1 cc 1 A (¢C\ (e
7 (5140 alP + IV + S0, + 5 [ PP e+ 5 [ € ras)

+\\A8§>Ztt\\2 + 04H>~(ttH2 + Hgft”%rp
1 [, » 1/
= 5 [P+ 5 [ €&+ | Ttide o [ aéads
o, /Q PO — Qu /F §(€9)E5dS + /Q o bsde + Q /F &ds. (4.20)

On the other hand, multiplying the third equation of () by Ay 1)25, after an integration by
parts we get

—5~c oc 1 cc
| / Ag iy g + 3145 P + SR + 5161
A TGN + IV RSP + / F OO + | Vel + /F §(€°)(&5)2ds
e / PO Rede + / Besda + 0 / Cexede
Q Q Q
+Q1/§(§c)§~tcd5‘+@1/§~de+’¥1/&§de- (4.21)
I I I

On the other hand, we have

d N N
4 / o - VAG 5da + ¢
dt o,
_ / o - VA5 V5dx + / o - VAT dr + (5]
Q Q
~ _1

_ / o - VAT 05dr — / o - VAT Gz + A7V - qf]> (4.22)

Q Q

Multiplying (@21]) by k1 > 0 and ([{£22]) by ko > 0, respectively, and adding the results with
(£19) and (4.20), then we obtain, for any ¢ > 0,

d
Eyﬂ(t) +Z°(t) < R(t), (4.23)
where
c 1 nci|2 cl12 1 _%~ 2 1 ~c||2 1 ~cl|12
Yo = UGN+ llatl®) + 5ll4g *xel” + S IV + 51 Vrédla,
+3 | PO+ / ()G RS+ [ VATl
r

2 ~ 1
i / Aq XAy i+ LA BRI + TSN+ 1

_1 ~
¢ = gflP* + (1= m)[[Ag *XEl* + olIXE N + 165 17 + mall VXEI®

[ PO+ [Vréel + 1 /F §(€9)(E9)2dS + a6

_ _1
+I£2/ qs - VAalﬂtcdx + /{2/ qs - VAaliftdx — kal|l4y 2V - q§||2,
Q Q



and
c 1 £ Cc\. Cl=C 1 ~ C\¢C( e ~ ~C
R = 5/ f(x )Xt(Xt)2d$+ 5/91/(5 )& (ft)2d5+70/ XtXydx
Q r Q
[ 6dias - Qu [ PR - @1 [ #(€9Eds + Qi [ Eds
@ [ PO+ [ Bide + o [ Texids
Q Q Q
+/€1Q1/§(fc)5~fd5+f<1¢21/556154'“171/&5%5-
r r r
Since f’, ¢ > 1, taking k1, ko small enough, we still have
1005 af, X5 60 XED I < V° < mll(6F, af, X5 €6 X6 1% (4.24)
and .
c NC C =C ¢C oC a, cc
I > Cl(”(et’qtaXta t’Xtt)”%i) + EHXttHZ + 5”5#”%%
Let us proceed to estimate R¢(t). Using the uniform bounds (B.I3]), (A7) and (£8)), on account

of Holder’s inequality and Young’s inequality, we infer

RE < ClF" 0o IXENIRE o) + ClG" € oy 17 e 15 1 o)
0l el -+ 166 e e
+Ce™ | P OMIREN + Ce 18" (€ e €6l e + Ce™ 165 e
+Cr1e | F NN + mlGFINIREN + m1voll el K61
+Cr1e” 9N €5 | + Crre™ 1€ e + mryill€ell e 17 e

and then, for any t > 0,

c Qe 1 e K nc
R < TR + 1€ 013, + 210 )?
+A+ CATEOIDIREDNT + A+ CATHE O FINE @1
+C %17 + ClIxEON? + CllE . + CIEE O 1y + Ce™™.

Taking A > 0 small enough, from (£23]) we infer, for any ¢ > 0,

d c c ~c cc c —
SV + K@) < KON + 16 @) V@) + Ce™
+ RO + CIKEDOI + Cll&@) I, + ClIE DI,
Recalling (AI5]), we can apply the Gronwall-type lemma (see e.g., [25, Lemma 2.2]) again to

conclude that
K
Vo(t) < CY(0)e~ 2 +C, Vi>0,

which, together with ([AI8]) and (£24]), yields the uniform estimate of (6§, qf, x7, &5, x5)(t) in X.
Besides, on account of (7)) we know that (¢, q%, x¢, £, x§)(t) is also uniformly bounded in X.
We now use the same argument as in Lemma to get higher-order estimate. From equation
(#8) we deduce

VOl < llagll + lla’ll < €, IV - @l < 16F] + [Ixi]l < C-



Since
(Vxq)(t)+(Vxq)(t)=0 fort>0, V x q%(0) =0,

we have (V x q°)(t) = 0 for all t > 0. Thus, [|q°[|g1) < C. Next, we rewrite ([@.6])(4) and

[#5)(6) as follows

—Ax° = pu’ — f(xc) —ax§ + 0%+ vx := hy, (4.25)
—ApE© + 0, X° + BEC = =& — §(£°) + BES + & = ha, (4.26)

where 8 > 0 is a positive constant. Since u¢ satisfies
—Ap=—(xgp+x5) nQx(0,00), du®=0 onlI x(0,00),

we see that

A

il < (|!x§t+x§|w+!< )
C+| N+ + 109 +70l(x)]

Using estimate (£.7) and the same argument as in Lemma 3.2 we get

IN

CdS

)

IN

IO @), €(8)[lms < €, ViE=0. (4.27)

Collecting the estimates above, we see that (6, q°, x¢, £, x§)(t) is uniformly bounded in Y, which
is compactly embedded into X.

In summary, we have proved that any trajectory starting from X can be decomposed into two
parts: one part decays exponentially fast to zero in X and the other part is uniformly bounded
in Y. Thus, the trajectory is precompact in X. The proof is complete.

Proof of Theorem (4.1l Proposition 1] implies that the semigroup S2(¢) has a bounded
absorbing set in Xj7 /.. On the other hand, Proposition yields the precompactness of
the trajectory and, in particular, the existence of a compact (exponentially) attracting set (cf.
(£I6) and [A27)). Then the conclusion of Theorem (1] follows from a classical result in the
general theory of infinite dimensional dynamical systems (see, e.g., [I, Ch.2, Theorem 2.2] or [47,
Theorem 1.1.1]).

Remark 4.1. Let us consider the closed semigroup S1(t) associated with weak solutions. The
existence of the global attractor can be established within the framework introduced in [{2, The-

orem 2] by proving first the existence of an absorbing set in the phase space
Yor o = {(21,22,23,24,25) € Y: [(z1 + 23)| < M, {23+ 25)| < M, |25] < M'}.

Then, thanks to decomposition (@A), one can construct a positively invariant exponential at-
tracting set B which is bounded in Y ps pp. Using the same decomposition and taking the initial
data in B, it is possible to prove the asymptotic compactness of the semigroup in Y. The global
attractor coincides with the previous one, that is, we have a smoothness result for A. The details

are left to the interested reader.



5 Convergence to equilibrium

In this section, we proceed to investigate the long-time behavior of single weak solution for any

given initial datum (6p, qo, X0, %0, x1) € Y.

5.1 Stationary problem and Lojasiewicz—Simon inequality

First, we look at the corresponding stationary problem. The steady states (0, Xoo,&oo) Of

problem ZI)—(@Z7) satisfy the following elliptic boundary value problem

(

—Af =0, in Q,

—A(=AXoo + f(Xoo) —00) =0, in Q,
Ol =0, x€l, in §Q,

Oy (=Axos + f(Xeo)) =0, on T,
—Aréeo + OuXoo + 9(6) =0, on T

o = Xoo|Fa

\

with constraints dictated by the initial data on account of the boundary conditions

(Xoo) = (X0 +x1),  (0c) = (00) — (x1)-

It is easy to see that the above system can be reduced to the following form:

oo = <90> - <X1>7

—AXoo + [(Xoo) = oo, in £,
—Arée + 0yXoo + 9(§c) =0, on I,
oo = XoolTs

(Xoo) = (X0 + Xx1),

where i~ is a constant uniquely determined by

oo = (f(xo0)) + ﬁ [ g(ex)as.

We introduce the functional
T(u,v) = %HVUHQ + %nvpvnifr +/Qﬁ(u)dx+ /F@(v)ds,
for any (u,v) € H} (see Section 2), where
Fu)=F(u+{xo+x1)), G(v) =G+ {xo+x1)):
For any (u,v), (w,wr) € Hj, we define the operator

(M(U, /U)’ (U}, wF))(Hé)*,Hé
= (8T(u7 v), (w, wF))(H}))*,H})

~

= /(Vu -Vw + f(u)w)dx + /(va - Vrwr + g(v)wr)dS.
Q T

(5.2)



If we restrict the operator M on HE, i.e., for (u,v) € H3, after integration by parts, from (5.5)

M(u,v) = A+ ( Pof{u) 9 ) . (5.6)

we infer

0 g(v)
Here, we denote by Py the projection operator Py : H — Hj such that Pou = u — (u) for any
u € H. The operator A is given by

A= ( Po(=4) 0 ) . (5.7)
d, —Ar

From the identities (B5)—([G1) it easily follows

Proposition 5.1. Suppose that (x,€) := (u+(xo+x1), v+ (xo+x1)) € H' with (u) = 0 is a weak
solution to problem ([B)). Then (u,v) is a critical point of the functional Y € Hj. Conversely,
if (u,v) is a critical point of the functional T € Hy, then (x,€) = (u+ (xo + x1),v + (X0 + x1))
is a weak solution to problem (B.J]).

Furthermore, applying the method of minimizing sequence similar to the one used in [51],

we easily prove the following

Proposition 5.2. Under assumptions (H1)-(H3), the stationary problem (&1l admits at least
one solution (Xeo,&so) € H' and O is given by 05 = (00) — (x1) such that
T(Xoo — (X0 + X1), €00 — (xo +x1)) = inf  T(u,v).
(u,v)€Hy
Remark 5.1. By the elliptic estimate (cf. e.g., [36, Lemma A.1, Corollary A.1]), if (x, &) € H!

is a weak solution to problem (B.1), then (x,§) € H® (s € N), provided that f,g are smooth
enough.

Next, we introduce a Lojasiewicz—Simon type inequality which will be used to prove long-

time behavior of global solutions to problem (Z.1I)—(2.7).

Lemma 5.1. Assume that f,g are real analytic and (H2), (H3) are satisfied. Let (ux,v,) € HZ
be a critical point of the functional Y. Then there exist two constants p € (0, %) and 8 > 0,
depending on (u.,vs), such that, for any (u,v) € Hy with ||(u,v) — (v, vi)|lv, < B8, we have

M0l gy 2 (s 0) = Xt 017, (53)

Proof. The proof follows from an argument similar to the one used in [45]. Here, we just point
out some differences. By the assumptions, T is twice Fréchet differentiable with respect to the
topology of H2. Moreover, by the Sobolev embedding H?(Q) — L®(Q) (n < 3), T is real
analytic. As in [43] and using the Poincaré inequality, we can easily show that A is a strictly
positive self-adjoint unbounded operator from D(A) = {(u,v) € H} : A(u,v) € Hp} into H.
Standard spectral theory allows us to define the power A® (s € R), and we infer that there exists
a complete orthonormal family {(¢;,v;)} € D(A), (j € N, s € R), as well as a sequence of
eigenvalues 0 < A\; < A2 < ..., \j — 00 as j tends to infinity, such that

Ay, )" = Nj(o5,05)", jeN. (5.9)



In particular, D(A%) = H{, D(A) = H2. By a bootstrap argument, we get (¢j,1;) € C*(Q),
for all j € N. For any (u,v) € H}, we have

(A(u,v)T, (U,U)T)(H(l))*7H(l) = /Q \Vul|?dz + /1‘ |Vro2dS = ||(u,v)||]%%. (5.10)

Following the idea used in [3I], we now introduce the orthogonal projector P, in V( onto
Ko i= span{(¢1,01) ..., (dm, ¥m)} C C®(Q). As in [45], we have, for any (u,v) € H},

1 1
(A, )"+ A P (0, 0) ", (w,0) Dy > 51w 0)lligy + Al (w0l (5:17)

Next, we consider the following linearized operator on H3
Pof'(u) 0
L(u,v) = OM(u,v) = A+ . 5.12
(1,0) = OM(w,v) ( R (5.12)
In analogy to [6Il Lemma 2.3], we can easily show that L(u,v) is self-adjoint on Hy. We
associate with the operator L(us,vs) the following bilinear form b((w1,wir), (w2, wsr)) on H},
for any (wl, wlr), (wg, wgr) S Hé,

b((w1, wir), (wa, war))

= /(le - Vwsy + ﬁ(u*)wlwg)dx + / (volF - Vrwsr + @”(v*)wlpwgp) ds. (5.13)
Q T

Since (us,v«) € Vg, then, by the Sobolev embedding theorems, we infer that L(u., vi) + A\ Py
is coercive in Hé, provided that A, is sufficiently large, e.g.,

A > dmax{(| () | poe (s 1§ (04)l| o )}

After establishing the above framework, the proof of the extended Lojasiewicz—Simon inequality
(B8] can be reproduced taking advantage of the arguments used in [31] (see also [45, Theorem

3.1]) with minor modifications. The details are omitted here.

5.2 Convergence to a single equilibrium

The main result of this section is the following

Theorem 5.1. Assume (H1)-(HS3). Then, for any initial datum (6o, qo, x0,%0,Xx1) € Y, the
unique global weak solution to problem [ZI)—27) satisfies

tg+moo 10, a, X, x)(t) = (0, 0, Xoo, €0, 0)[|x = 0, (5.14)

where (Boo, Xoos Eoo) Solves the stationary problem (B.I).

Remark 5.2. Recalling Remark [{.1], it can be shown that the solution converges in Y—norm to

the single equilibrium.

The proof of Theorem [5.1] consists of several steps.
Step 1. Characterization of the w-limit set. We define the w-limit set in X by

W(GO?quXO,é-O,Xl)
= {0, 9%, x0. "> x7) « Htn} S +oo, [[(0,a, x, & xe) (tn) — (07, 9%, x5- €5, xT)|Ix — 0}

Then we have



Proposition 5.3. Suppose that (H1)-(H3) are satisfied. For any (6o, qo, X0, &0, X1) € X, the set
w (0o, 90, X0, &0, X1) s non-empty, compact and connected in the strong topology of X. Moreover,

w(007q07X07§07X1) = {(600707Xm7§%70)}7 (515)

where (Boo, Xoos Eoo) 18 a solution to (B.I). Besides, the functional X (cf. (B3)) is constant on

the w-limit set.

Proof. Due to the uniform estimate ([B:24]) for the weak solution (6(t),q(t), x(t),&(t), x¢(t)) in
Y (see Lemma [3.2), the first conclusion follows from the general results in the theory of infinite
dimensional dynamical systems (cf. [47]). Next, we prove (B.I5]). Introduce the functional

V)

+ / FR(#) + (xo + x1))da + / G(E() + (xo+ x1))dS
Q T

E(t) = %(Ilé(f)ll2 +laOl? + IO + [IVrE@) 17 + 1%:(2)]

+51 /Qq(t) VA 0(t)dx

= T(X(1), (1) + %(Hé(t)\l2 +lla®l® + 1% O1F+) + ra /Q a(t) - VA '0(t)de,

where k1 is a sufficiently small positive constant. Similarly to the calculations performed in

Section 3, we deduce that

d B B ~ ~
—E 4 llal® + [xelli- + allXel® + 1&ll7e + wa[10]°

- _o, / &ds + / (F(E + (0 +x1)) = FOO) e
T Q
4 / (9(E + (xo+x1)) — 9(E)EdsS
T
—K1 / q- VAalédx — K1 / q- VAal)th:n + k1]|Ag 2V ql* (5.16)
9] Q

Recalling (B3] and ([34]), on account of the growth assumption (H3), the uniform estimate (313
in X and the Sobolev embedding theorems, then it follows

~ Qi) [ &vds < JIEOIE + e,

/Q(f(i(t) + (o +x1)) = FOOO)xe(t)de - < ClR @)X ()]} < %H%t(f)ll2 +Ce™,

/F (9(€(t) + txo+x1)) — gEONEDAS < ClQUOIIE®) e
< ZIEW + e,

The last three terms on the right-hand side of (516 can be estimated as in ([BI9). Taking k1
sufficiently small, we can find a constant Cy, depending on the X-norm of the initial datum, «,
|2 and |T'|, such that

d

1 1, . a 1, - K1, % _
ZEW+5 AP+ 3 RO+ SR+ 510 3+ 18P < Coe™, Ve > 0. (5.07)



Then, for any ¢ < t, we have

1 t/ ~ ~
E(t') + —/t la(s)lI” + Ixe(s) [}~ + allxe(s)I” + 1€() 1y, + w1]10(s)]|*ds

2

t/
< 5(t)+CO/ e 2ds.
t

From Remark 2T](1) it follows that £ is continuous on X. Due to (H2), £ is bounded from below
by a constant. As a consequence, for some constant £, it holds

lim E(t) = En.

t—+o0

On the other hand, we infer from (5.17)) that

—+00 _ ~
/0 (IO + la@I? + 1% @) - + allka @) + €Wy, ) dt < +oc. (5.18)

From the integral control (5.18]), on account of (2.I0), 212), (33)), we easily deduce

lim [6(t)| =0, lim [la@)[l=0, lim |}

t—-+o00 t—-+o00 t—-+o00

VvV = O. (5.19)
Consequently, any point in w(6fy, qo, X0, o0, X1) is of the form (0, 0, X oo, £co, 0) and we have
Jim_ T(R(0).£(1) = & (5.20)

Let {t,} be an unbounded sequence such that ¢,+1 > t, + 1 and

lim ”(07q7X7§7Xt)(tn) - (000707XOO7§%70)|’X = 0.

tn— 400

We show that (0o, Xoo,E&so) is a solution to the stationary problem (G). From (EI9), B3I
and ([B.3]) it is easy to see that 0., = (6p) — (x1). Next, for any n, we denote (xn(s),&n(8)) =
(x(tn + 8),&(tn + s)). When ¢, — 400, from (EI8]) we deduce

[ (1006 + 10806 s < o0
As a result,
1%n(s1) — X(s2)|lv+e = 0, [|€n(s1) — 5n(52)||H1~ — 0, uniformly for s1,s9 € [0, 1].
Combining it with ([B.3]) and the precompactness of the trajectory (cf. Proposition [.2]), we infer
(xn(8),€n(3)) = (Xoos o), strongly in H,
which further yields
pn(s) == p(x(tn +5),0(tn +5)) = 1(Xo0s00), strongly in V*.
Then, for any ¢ € D(AO%), we have

(:U'(XOO7 Hoo)a ¢)V*,V



1
= A (IU’(XOO,HOO)aQS)V*,VdS

1
= li n ; «vd
[ (nls) 9)vevds
1

= — lim (Aal(asan(S) + aan(S))’ ¢)V*7Vd8

n—+o0 Jq
1
= — Ilim (Aal(aan(S) - <(9an(5)>)’ ¢)V*7Vd8

n—-+o00 0

— lim (Aal(Xt(tn + 1) - Xt(tn) - <Xt(tn + 1)> + <Xt(tn)>)7 ¢)V*,V

n—-400

= 0, (5.21)
which implies that there exists a constant i, such that

P(Xoos Boo) = fico- (5.22)

Next, for any (u,v) in H!, we have

(floo, W)=y

= (IU’(XOO)HOO)au)V*,V
1

= lim [ (Vxn(s), Vu) + (Vréa(s), Vro) e + @(Osxn(s), 1) + (0s€n(s), v) mp ds

n—+00 Jg
1
+ lim 0 (f(Xn(S))’u) + (g(én(s))’v)Hr - (Hn(s),u)ds

n—-+0oo
= (VXOO’ Vu) + (vféoo’ VFU)HF + (f(Xoo)au) + (g(ém)’v)Hr - (HOO’U)
+lm_a(xltn+1) = x(ta), ) + (€l +1) = (). V)

b —+

= (VXoo, Vo) + (Vréoo, Vo) + (f (Xoo)s ) + (9(8c0)s 0) i = (Boo, 1) (5.23)

Thus, we can see that (Xoo,&co,bo0) satisfies the stationary problem (B.)) (in the weak form).
Simply taking u = v = 1 in (523]), we deduce that fic + 0o = pico and (B2) holds. Finally,
(E20) implies that the functional T is constant on the w-limit set. The proof is complete.

Step 2. Convergence to equilibrium. In the spirit of [27,81], we now consider the
functional

g — (A(;ly(t) Aal(PO(_AX + f()z)))a
which, by the decay property (5.19]) and the uniform estimate ([B.13)), satisfies

lim G(t) =0.

t——+00

On the other hand, from B7) we deduce

~ ~

Ay e + Ay e + axe + Po(—AX + f(X)) = 0+ Po(F(X) — F(X))

Then, using the above relation, we compute

(A5 X, A (Po(—AX + F(X)))) + (A5 %, Ag ' (Po(—A%e + F/(0)X0)))

= —(Ag'Xe A7 Po(—AX + F(X))) — aXe, Ay ' (Po(—AX + f(X))))

d
ag



145 F (Po(—A% + FERIP + (8, A5 (Po(~ A+ FE))
HPO(FUD) — F00), A5 Po(~A% + ) + 145 2l
+(Ag X Ay (Po(F1()Re)- (5.24)

From the uniform estimate (BI3) (cf.

(Po(FLO() - f(x)(t)%ASl(Po(—Afc(t) + FO))

1145 = (Po(=A%(0) + FREMIP + 145 *Po(F) ~ F(e) = Gaade )P

S 149 * (Po(= A% (1) + FROMIP + Ce™,

h
:

ma [3.1)) and the Sobolev embedding theorem we infer

IN

IN

and
(A5 %e, Ay (Po(F/(X)%e))] < Ol 4,2 5.
The remaining terms on the right-hand side of (524]) are easy to handle. Then we have
d 1, -1 3 ~ . 1 . ~
—9() < =514y 2 (Po(=A%() + FROMI® + CllAe 2 X + CIO@)* + Ce™™. (5.25)
Let k2 > 0 be sufficiently small (and possibly depending on k). We define the functional
H(t) =E(t) + kG (t), t>0.

It is easy to see that

lim H(t) = €.
t——4o00
We infer from (5.17)) and (5.25)) that
L)+ D) < Cre (5.26)
dt
where
1 1, . o 1, -~ K1, =
D) = Zlall? + %@l + SI%I? + SIE@ 1 + 16)?
K —1 N ~ _
+72||Ao 2(Po(—AX(®) + FROMIZ + e (5.27)

For every point (0,0, Yoo, o, 0) belonging to the w-limit set, we set x5, = Xoo — (Xoo)s
& = &oo — (Xoo). We can associate to (i, &%) the numbers p, 8 (depending on (x% &%)
given by Lemma 5l Then we obtain the covering

w(Bo, 40, X0, 0, X1) C {0} X {0} X | JB((Xoo:én0), B) x {0}

Due to the precompactness of the trajectory in X, we can extract a finite subcovering of the

w-limit set such that

m
w(607 q0, X0 507 Xl) - {600} X {0} X U B((Xglg?é.c(i)))? /B(Z)) X {O}
i=1
Taking p = min!™, {p(V} € (0,1), we infer that the extended Lojasiewicz-Simon inequality (5.5)
holds with the uniform constant p. From the definition of the w-limit set, we know that there
exists a sufficient large ¢y such that

(X(1),€1) €U = B = (xo +x1), €% = (xo + x1)), 89), Vit > to.
i=1



As a result, from Lemma [5.1l and (5.20) we deduce, for all ¢ > to,

M), E@D Nz = [T, E()) = Lol 7 (5.28)

Here, we recall that T is constant on the w-limit set and we denote it by T,.. On the other
hand, if (u,v) € H?, recalling (5.5) and (5.6)), an integration by parts yields

(M(u,v), (w, wF))(Hé)*,H})

= / (Vu-Vw + f(u)w)dx + /(va - Vrwr + g(v)wr)dS
Q T

= / (—Au+ f(u)wdz + / (=Arv + d,u + §(v))wpds,
Q r

which easily implies
IM (1, 0) gy < C(IPo(=Au+ F(w)) v+ + 1| = Arv + Dy + G(0) | 1 )- (5.29)

Recall that we are now dealing with the weak solution such that (x, &) € H® C H2. Then we
have, for t > t,

C(IPo(=A%(t) + FRODIIv- + | = Aré(t) + 0, X(2) + GEWD) )
> |T(R(1), () = Tool 7. (5.30)

We now integrate (B.26]) over the interval [t,+00), with t > ¢y, obtaining

+oo
D(s)ds = H(t) — Exo + Ce 2. (5.31)
t
On the other hand, using the Lojasiewicz-Simon inequality (5.29]), the uniform estimates (3.24])

and the fact l%p < 2, we deduce that, for all ¢ > ¢,

[H(t) — Excl
< TR),E(1) = Yool + = <ue<>|rz+|rq<t>u2+u>zt<t>\2v*>
+K1 /Qq(t)-VAolé(t)dx + k2|G(t)]
< )+ GED) ) T

~

C([[Po(=A%(t) + F(RO) v+ + | = Aré(t) + (¢
)+ FROIG-)

OO + )P + 1500 + [Po(-A%(
ClB®) ™ + a7 + Cl %t Iy
1| - Aré(t) + B,7(0) + GED) L7 + ClIPo(—AR(E) + FREODIY

Using the dynamic boundary condition, we see that (cf. BI3]) and (@3]))

1 p

IN

1
1—p p

I = Aré(t) +8ux(t) + G(E®)) |y
€)1+ 1(E)) — g (€))L + |Qu (D]
1€ + ClQLUE)] + Q1 ()]

< |I&®) I + Ce™

VANVAN



As a consequence, we find

1

H(t) ~ x| < CIIDIT? + la®l ™7 + Cll%a(t) |57
FOIEWIET + ClIPo(-A%() + FRWDIFT +Ce ™ot
< (D). -

It follows from (B.31]) and (B.32) that

400
D(s)ds < C(D(1))T7, Vit > to. (5.33)
t

Then, applying the abstract result [9, Lemma 7.1] (see also [33, Lemma 4.1]), we infer

+oo
VD(t)dt < 400,

to
which implies

+oo 1 ~
| @ IR0 + B0l e < o

Thus, from the definition of ¥, £, we have

too
| @ et + ol e < o

This entails the convergence of (x(t),£(t)) in H. Due to the uniform estimate in Y (cf. (3:24]))
and the compact embedding, we see that there exists a steady state (Xoo,&c0) such that

m |(x(£),€(t) = (Xoo €oo) [ =0, 1 <7 <3.

t——+o0

In summary, we have proved the conclusion of Theorem 5.1
Using the energy differential inequality (5.26]), the argument developed in [32] (cf. also
[49.50]) and the energy method, one can proceed to show the estimate of decay rate. The

details are left to the interested readers. More precisely, the following result can be proven.

Corollary 5.1. Let the assumption of Theorem [51l be satisfied. Then we have

__P
||(95q’Xa£aX)(t) - (HOO?O’XOO’&)O?O)HX S C(l + t) 172/)’

for all t > 0, where C is a constant depending on the X-norm of the initial datum and on the

coefficients of the system, while p € (0, %) may depend on (Xoo,&oo)-
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