
Mechanical Characterization of Foils with Compression
in Their Planes

GIUSEPPE COCCHETTI1, MOHAMMAD REZA MAHINI2, and GIULIO MAIER1

1Department of Structural Engineering, Politecnico di Milano, Milano, Italy
2Tarbiat Modares University, Tehran, Iran

Received 5 April 2012; accepted 2 August 2012.

1. Introduction

At present, laminates consisting of several layers of diverse
materials (usually paper, aluminum, and polymers) are em-
ployed for the production of food containers (billions per day
around the world) and of other kinds of multiple products. In-
dustrial processes and service conditions are often investigated
to design purposes by advanced experimental and computa-
tional tools. Like in other modern engineering technologies,
accurate simulations of complex mechanical behaviors require
not only sophisticated “direct” structural analyses, emerged
from past decades of developments in computers and compu-
tational procedures, but also realistic inputs are required for
such procedures, namely, realistic models of material behav-
iors and accurate quantification of their parameters (see e.g.,
[1–4]). Such requirements can now be satisfied by inverse anal-
ysis, i.e., by a relatively recent and still growing methodology
apt to perform the transition from effects to causes through
simulations of suitably designed experiments. This is the ap-
proach and the kind of procedure investigated herein in view
of the following circumstances.

Paperboards or laminates in walls of containers, in their
corners as boxes, and in their folds of top and bottom clo-
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sures, are subjected also to compression in service (not only
to tension, bending, and shear). The laminate behavior in the
presence of compression, if compared to that (by far more
frequent) under dominant tension, exhibits two features: (i)
there may be remarkable differences in the nonlinear inelastic
range, and (ii) it is obviously difficult to test with compres-
sion in view of specimen instability and wrinkling. This arti-
cle is intended as a contribution to solve the above practical
problem.

The purpose pursued here is the design of a testing proce-
dure with compression in the foil plane for the calibration of
constitutive models in generalized variables (particularly axial
force and bending moment) to be employed for simulations
of mechanical responses to loadings of industrial products,
specifically food containers, interpretable as assemblages of
shells or plates as their walls.

In the present study, the foil sample is assumed to be ho-
mogeneous and it is finite element modeled as a continuum
like the surrounding stabilizing “blocks” (also in view of some
limitations of the adopted commercial code). After the cal-
ibration of the material model, the transition is carried out
to a generalized variables model by means of a second, much
simpler, identification of parameters.

This study is oriented to the industrial design and produc-
tion and is intended to preliminarily propose various novelties
of practical interest with respect to the state-of-the-art in per-
tinent engineering environments.
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Fig. 1. Schematic representation of the “sandwich system.” (a) Front view with the surface on which “full-field” displacements are
measured by DIC. (b) Cross section a-a in the transversal plane of symmetry.

2. Preliminary Design

2.1. The “Sandwich” Concept

The general configuration of the “sandwich system” is visual-
ized in Figure 1. A rectangular specimen of the foil is inserted
between two stabilizing components called “stabilizers” or
“blocks.” The remarks that follow motivate the various fea-
tures chosen in the design of this novel experimental equip-
ment and its “modus operandi” proposed herein.

(a) The “blocks” are to be designed in order to fulfill the fol-
lowing requirements during each test: reversible (“holo-
nomic”) elastic behavior; realistic constitutive model with
parameters accurately known once-for-all “a priori”; sta-
bility and no bifurcations in test responses of the speci-
men; for each category of foils (e.g., laminates, corrugated
paperboard, or a set of single layers) two or more kinds of
block pairs should be designed and made available in the
laboratory for sandwich tests.

It is worth underlining that such blocks are rather eco-
nomical: inexpensive material, such as polymers or rubber,
with shapes easy to produce. Their shapes and dimensions
(shown in Figure 1) must be consistent with those of the
specimen, namely, length (L), width (W), and thickness
(T) typical for each kind of samples. Stabilization of the
specimen can be achieved, with modest operative compli-
cation, also by transversal “belts.” As shown in Figure 1,
here the belt consists of two transversal parallel horizon-
tal bars with a stiff vertical connection on the back side
of the sandwich in order to allow DIC measurements over
the front side.

(b) The external actions on the above “sandwich system”
(specimen + blocks) are imposed by two rigid metallic
clamps rotating around axes located at an equal prese-
lected level. Symmetry of the system with respect to the
vertical central plane is preserved in the test, as indicated
in Figure 1. The external frame supporting the sandwich
clamps and the simple mechanism providing the external
actions are not specified herein. Diverse operative actions

are foreseen for sandwich testing: the two rotation hinges
can be activated at the bottom basis of the clamps and
of the frame in order to generate dominant compression
in the foil sample; dominant flexure is generated in it if
the hinges are placed near to the specimen level; interme-
diate placements can be adopted in order to achieve in
the test a chosen balanced combination of compression
and bending. The loading moments consequent to the im-
posed rotations of the clamps may represent experimental
data measured at preselected stages of the test or recorded
along the test as a function of the clamp rotation. Such
data, if available, are additional to the essential numerous
measurements of displacements provided by digital im-
age correlation (DIC), as specified in Subsection 2.2. The
surrounding equipment apt to accurately impose designed
rotations or loads on the clamps is not investigated herein.

(c) As for the external actions, the following two alterna-
tives are considered: (A) at preselected stages, which be-
come measurement steps, two symmetrical rotations are
imposed on the clamps and define the boundary condi-
tions for the computer simulation of each step; (B) a force
is applied by small jacks on each clamp so that the moment
with respect to the hinge can be achieved as an additional
kind of experimental data.

The above alternatives will be computationally com-
pared in Subsection 5.2. Clearly, an increase of experimen-
tal data may improve the parameter identification proce-
dure. However, with (B) the surrounding equipment (not
investigated herein) in order to accurately impose designed
rotations on the clamps would become more complex and
costly if made apt to provide accurate measurements of
corresponding loads. Moreover, with (B) softening over-
all behavior of the sandwich might imply instability. In
the present context, in view of “a priori” simulations of
the test at preselected measurement stages, these stages
have to be pre-defined in terms of clamp rotations values.
This is quite possible since the DIC equipment may pro-
vide a dense sequence of photographs (a sort of movie)
among which the ones at preselected clamps rotations can
be exploited for the inverse analysis procedure.



Fig. 2. Mesh for 2D finite element simulations, with nodes where displacements are measured by DIC (nodes 1, 2, 3, and 4 are selected
for sensitivity assessment); the enlargement on the left specifies mesh and nodes locations in the specimen.

(d) In the lower block, or in both blocks, a groove can be pre-
arranged for a possible crease in order to test the behavior
of the paperboard under compression, with or without
bending, orthogonal to a creasing line in it. Such prospect
will be considered in future developments.

(e) As an alternative (not investigated in this article) to the
above “soft” blocks, much stiffer blocks may be adopted
and located at a suitably selected distance one from the
other, so that the specimen inserted between them can be
tested under compression with instability bending under
control.

2.2. Full-Field Measurements

At each one of the steps within the rotation history planned
for the test, many displacements have to be measured by a
camera suitable to the DIC technique according to the criteria
outlined in what follows. Details on DIC methodology, omit-
ted here for brevity, are presented in a growing literature (e.g.,
in references [5–7] as for the peculiar features related to the
present application).

The surface monitored by DIC is the one presented in Fig-
ure 1. The displacements due to the planned loading steps are
measured by (now commercial) software that performs com-
parative analyses of the two photographs taken before and
after the loading step on a preselected area, which is called
“region of interest” (ROI) in the jargon employed in the rele-
vant publications. The measurements concern material parti-
cles located before deformation in sub-areas around “nodes”
selected among those of the FE model where displacements
are computed. These sub-areas (called ZOIs, namely “zones
of interest”) are characterized by “gray levels,” which permit
to recognize the material particle after deformation and to
quantify its displacements (the possible high number of re-

sulting experimental data justifies the expression “full-field”
displacements). The nodes considered in the numerical exam-
ples presented herein are visualized in Figure 2. Each ZOI
corresponds to a set of “pixels” within a regular pixel grid
pre-established in the camera over the ROI with such a high
density (say 4000 × 4000 pixels), such that each one of the
above nodes can be considered as coincident with a pixel with
negligible possible errors.

Quantitative data of representative examples will be pre-
sented in Section 3. The following circumstances are of gen-
eral interest in the present context of preliminary study: (i)
nodes for displacement measurements should not be placed
on the emerging interfaces between blocks and specimen; (ii)
the sensitivity analysis methodology (e.g., [8–9], see Section
3) provides criteria for the nodes selection, which is governed
also by DIC limitations [5]; (iii) negligible is possible mismatch
between the nodes monitored by DIC and nodes of the finite
element (FE) model, where displacements are computed by
test simulations; (iv) in the test design, the preservation during
the test of the original symmetry with respect to the middle
vertical cross section (see Figure 1a) and the extension of the
DIC monitored area (ROI) on both sides of the symmetry
plane may lead to comparative assessment of intrinsic vari-
ability in the properties estimated and of possible inaccuracy
of the test.

In the present context of numerical exercises for future
equipment materialization, a 0.2 �m standard deviation is
attributed to DIC experimental data, namely, minimal errors
according to the present literature (see, e.g., [5, 6, 10]).

2.3. Inverse Analysis Procedure

The “sandwich system” envisaged and qualitatively described
in Section 2.1 is clearly complex. In fact, it is inhomogeneous,



with three components: specimen, stabilizing blocks, and in-
terfaces. Nonlinearities arise from possible large deformations
and inelastic strains; dissipative and non-holonomic phenom-
ena are expected within the specimen and on the unilateral
contact interfaces. Obviously, accurate computer simulations
are needed, and are here performed by a FE commercial code.
However, substantial unusual requirements for computations
arise in the present context. The computational efforts, to be
carried out for each category of foils routinely tested in an
industrial environment, are outlined below as operative stages
according to the methodological novelties proposed in this
article.

(a) Comparative simulations are preliminarily needed in or-
der to design (by trial-and-error) the shape and dimen-
sions of the sandwich test (ST) device for each category
of foils and in order to perform sensitivity analyses apt to
select the experimental data achievable by DIC.

(b) Comparative simulations of typical tests apt to check ac-
curacy and to select acceptable approximations (in partic-
ular to move from 3D to 2D modeling) are useful in order
to decrease computing cost of routine applications.

(c) As a preparatory phase (done once-for-all) of the proper
orthogonal decomposition (POD) pointed out below in
point (f), a test simulation has to be performed for each
one of all the grid nodes preselected in the space of the
sought parameters within the “search domain,” suggested
by an “expert” (i.e., by previous expertise).

(d) The POD procedure (outlined in the appendix) implies, as
preparatory computation, the solution of an eigenvalue
problem of a large matrix (order equal to double of the
number of grid nodes) and consequent “compression” of
the results (“snapshots”) of phase (c).

(e) The inverse analysis leading from effects to causes here is
deterministic, centered on the minimization, with respect
to the sought parameters, of a “discrepancy function.”
This function, not necessarily convex, of the sought pa-
rameters and variables, quantifies the discrepancy between
the experimental data (loading external actions and DIC
measurements) and their counterparts computed as func-
tions of the sought parameters. Such inverse analysis can
be performed either by a mathematical programming al-
gorithm (like here in Section 3) or by a “soft computing”
technique (artificial neural network, like in [4] for cruci-
form tension tests, or genetic algorithm).

(f) Whatever of the above mentioned inverse analysis meth-
ods is adopted, it can be made fast, economical, and
performable routinely by a small computer in real-
life applications, by the exploitation of the preparatory
POD results provided by the “a priori” computations
of phases (c) and (d); in fact, a test simulation by in-
terpolation of POD “compressed” results generally re-
quires computing time of several orders-of-magnitude
shorter than a FE simulation of the same test (see, e.g.,
[11–13]).

(g) Laminates consist of several plies with different mechani-
cal properties, but their local behavior in terms of gen-
eralized variables (as plates or shells) are needed for
overall structural analyses of products (such as liquid

containers). Here a “fictitious homogeneous material” is
considered for parameter identification in view of the sub-
sequent fast “transition” to generalized variables, as de-
scribed in Section 6.

3. Formulation of a Typical Foil Characterization
Problem

3.1. On the Foil Specimens to Test

The rectangular specimen considered in what follows for pa-
rameters identification according to the proposed methodol-
ogy exhibits the following features adopted for representative
examples: thickness: T = 0.46 mm in the “Z direction” (ac-
cording to the nomenclature usually employed in the paper
industry), which is considered as Cartesian axis 3; length:
L = 40 mm in the plane of imposed rotations and of DIC
measurements; width: W = 10 mm orthogonal to that plane.

In the frequent presence of anisotropy, length and width of
the sample are here assumed either coincident with the “ma-
chine direction” (MD), i.e., axis 1, and, respectively, with the
“cross direction” (CD), i.e., axis 2; or, alternatively, coincident
with exchanged principal directions (CD and MD) in subse-
quent tests. Thus, symmetry with respect to the central vertical
plane holds during the test, with consequent simplifications in
its modeling.

On the mechanical behavior of the specimen in the sand-
wich tests, the following hypotheses are assumed for the
present preliminary investigations: homogeneity, even if the
laminate to be tested clearly consists of plies with diverse ma-
terials (this basic assumption can be interpreted as recourse to
a “fictitious material” attributed to the laminate); orthotropy
(special case of anisotropy) with principal directions along
axes 1, 2, and 3 above identified with directions MD, CD, and
ZD, respectively, recurrent and meaningful in the paper and
paperboard industry; elastoplasticity with isotropic harden-
ing (absence of cyclic inelastic deformation makes irrelevant
possible differences of hardening and possible damage in the
sense of elastic stiffness reductions); positive definiteness and
symmetry of the elastic stiffness matrix; plane stress states ac-
cording to axes 1 and 3 (or 2 and 3), in view of the relatively
small distance between the two vertical free surfaces of the
system; finally, additivity of elastic and plastic strains in the
“large strain” context considered in the commercial FE code
and not examined herein, see e.g., [14].

According to the above assumptions, the following classical
relationships describe the material model attributed to the foil
under consideration (e.g., [15, 16]):

⎡
⎢⎣ εe

11

εe
33

2εe
31

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
E11

− �31

E33
0

− �13

E11

1
E33

0

0 0
1

G31

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣ �11

�33

�31

⎤
⎥⎦

︸ ︷︷ ︸
�

, (1)



f =
√

�TQ � − �Y ≤ 0,

Q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

R2
11

− 1
2

(
1

R2
11

+ 1

R2
33

− 1

R2
22

)
0

− 1
2

(
1

R2
11

+ 1

R2
33

− 1

R2
22

)
1

R2
33

0

0 0
3

R2
31

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2)

�̇p =

⎡
⎢⎢⎣

ε̇ p
11

ε̇ p
33

2ε̇ p
31

⎤
⎥⎥⎦ = �̇

d f
d�

, f ≤ 0, �̇ ≥ 0, f �̇ ≥ 0, (3)

�Y = �∞ − (�∞ − �0) e−n ε p
,

where ε̇ p =
√

(�̇p)T Q−1�̇p, (4)

ε̇i j = ε̇e
i j + ε̇ p

i j . (5)

Hooke’s law of orthotropic linear elasticity (Eq. (1)), in view
of matrix symmetry, is governed by four parameters to which
the following values (typical of paperboard for food contain-
ers) are assigned for subsequent numerical exercises by inverse
analysis: Young moduli E11 = 4300 MPa, E33 = 600 MPa,
shear modulus G31 = 60 MPa, �13 = 0. Parameter identifi-
cations will take account of the following constraints due to
positive definiteness of the stiffness matrix in Eq. (1):

E11, E33, G31 > 0, |�13| <

√
E11

E33
. (6)

Hill’s model of orthotropic plasticity (see, e.g., [15, 16]) is de-
scribed by Eqs. (2)–(5) as follows: Eq. (2) defines the yield func-
tion f ; Eq. (3) concerns the associativity of plastic strain rates
and the complementarity relationship between yield function
and plastic multiplier rate; Eq. (4) specifies isotropic harden-
ing through an exponential relation between the current yield
stress �Y and effective plastic strain εp, a relation which con-
tains as parameters the initial yield limit �0, the asymptotic
saturation stress �∞, and the hardening coefficient n. Finally,
Eq. (5) evidences the strain additivity.

The values attributed herein to the seven parameters that
quantify Eqs. (2)–(5) are as follows: R11 = 1, R22 = 0.5, R33 =
0.5, R31 = 0.2, �0 = 30 MPa, �∞ = 70 MPa, n = 300. These
data are typical for the paper and paperboard industries and
fulfill the loose inequality established in Ageno et al. [17].

It is worth noting that the traditional Hill model consid-
ered in this preliminary study of “sandwich” tests is calibrated
here in view of its use for description of foil behavior under
compression-dominant, noncyclic stress states. Other parame-
ters estimates should be achieved and attributed to this model
if different stress states, particularly if tension-dominant, are
expected in the foil employment.

The advanced model proposed in Xia et al.[1] may be prefer-
able in many industrial situations for paper, paperboard, and
related products. However, it contains 27 parameters (reduced
to 17 for the simplification and calibration by tension tests
proposed in [4]); laminates for containers are primarily consid-
ered here under dominant compression. These circumstances
have motivated reference to a classical plasticity model for the
present study.

The interfaces between specimen and blocks and between 
blocks and rigid clamps are interpreted as loci with unilateral 
contacts and Coulomb friction without dilatancy. Therefore, 
the following interface model implemented in the commercial 
code Abaqus [18] is employed herein, denoting by p the pres-
sure (normal stress, positive if compressive, on the interface):

fc = |�31| − p tan (�) ≤ 0, �̇ = �̇ sign (�31) , �̇ ≥ 0,

fc �̇ = 0. (7)

Friction coefficient tan(�) = 0.3 is here assumed for all inter-
faces in the present preliminary investigations.

3.2. A Representative Test and Its Computer Simulations

The material of the “sandwich blocks,” as mentioned in Sec-
tion 2, must satisfy some obvious requirements, such as re-
versible isotropic elastic behavior during the test, and sim-
plicity and economy for multiple block production. Among
several polymers complying with the above needs, the one se-
lected herein exhibits the following parameters in Eqs. (1) and
(6) specialized to isotropy: E11 = E22 = E33 = 6.0 MPa, � =
0.49.

The geometry of the two blocks must be coherent with the
geometry of the specimen; therefore, the horizontal surface,
same for both blocks, is a rectangle with sides L and W and is
a plane of symmetry before deformations.

The shape of the stabilizers in the vertical central plane of
symmetry is governed by the three geometrical parameters: h,
k, and �, as shown in Figure 1. Since the block profile between
the clamps is assumed to be circular, these parameters are the
main variables in the design of the sandwich system.

For the numerical exercise presented here in order to ex-
emplify the proposed procedure, the following values are as-
sumed: h = 9 mm, k = 10 mm, �h = 6.5 mm (� ∼= 0.72), and
d = 4 mm.

Preliminary computations (here omitted for brevity) have
shown that these values are consistent with the category of pa-
perboards considered now, a category with properties similar
to those specified in Section 3.1 for a representative specimen.

As stated in Section 2.1, item (c), the measurement stages
are defined in terms of clamps rotations corresponding to
pre-selected photographs in the DIC sequence. Specifically, in
the numerical exercises carried out in this preliminary study,
the measurement stages are quantified as follows—rotations:
0.025, 0.05, 0.075, 0.10 radiants. The corresponding “shorten-
ings” (�L/L) are: 0.654, 1.308, 1.962 and 2.615%.

For the DIC measurements, the selected ROI (in the sense
specified in Section 2) and the ZOIs in it are visualized in
Figure 2 through the “nodes”: 41 nodes along the specimen
axis; 126 concerning the blocks. The 2D displacements in the
surface will be experimental data for inverse analyses, account
taken of the expected (and computationally predicted) sym-
metry in the test with respect to the central vertical transversal
plane. Therefore, the input for inverse analyses will consist of
2 × 87 displacements at each one of four measurement stages
(i.e., extracted from five DIC photographs).
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Additional experimental data may concern the external ac-
tion in terms of moment with respect to the rotation center
(option (B) in (c), Section 2.1).

The commercial code ABAQUS is employed here in its
6.10-1 version [18]. The here adopted finite element (FE) dis-
cretization, with the mesh visualized in Figure 2, exhibits the
following features: two dimensions in view of the assumed
approximation of plane stress, 6300 finite elements with 2560
bi-linear elements on the specimen, and 1870 bi-linear ele-
ments on each stabilizing block. Such choice arises here from
expertise on Abaqus use. Optimization of the FE modeling
might be useful in future developments. The total number
of degrees-of-freedom, including those concerning interfaces,
amounts to 15,504.

In what follows the system dimensions and properties,
which have been chosen in what precedes, are computationally
checked by FE simulations (“direct analyses”) of an experi-
ment with compression and with bending as well. The sizes
of blocks have been tentatively chosen in order to ensure con-
trollable system behavior in testing and particularly to prevent
specimen instability and bifurcations.

The centers of the opposite rotations imposed symmetri-
cally to the rigid clamps are located 4.0 mm above the bot-
tom surface of the lower block, as shown in Figure 1. The
resulting main relationships are visualized in Figure 3. The
specimen “shortening” (almost equal to average axial strain),
represented as abscissa, means in percentage the horizontal
relative displacement (i.e., distance reduction) between the two

extreme cross sections (represented by their centroids) of the
specimen. The intervals marked on the axis define the foreseen
measurement steps.

4. Sensitivity Analyses

4.1. Preliminary Remarks

First the roles and consequences of some assumptions with “a
priory” doubtful accuracy are investigated here below.

(a) In order to check the admissibility of the 2D interpre-
tation of the system (plane stress hypothesis), the same
compression and bending test in Subsection 3.2 is now
simulated, with equal data, by means of a FE discretiza-
tion with a 3D mesh and brick elements, by using the same
code (ABAQUS 6.10-1, [18]). The mesh emerging on the
monitored surface is a little coarser than the one which is
shown in Figure 2 and was used for previous 2D analyses.
Results achieved by 3D simulations are visualized by cir-
cular marks in Figure 3 for comparisons to the 2D results
plotted there and specified in the caption. The maximum
vertical displacement of the central node of ZOI turns out
to be 2.6% higher than the value provided by the preced-
ing 2D analysis. The shear stress �32, clearly everywhere
null under the 2D assumptions, with 3D modeling reaches
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a maximum of 0.24 MPa, whereas the maximum shear in
the bending plane of the specimen amounts to 2.42 MPa.

The above differences are acceptable to practical pur-
poses, whereas the computing (CPU) times, with the same
computer and same software, amounts to 50 s with 2D
modeling and to 2250 s with 3D modeling. The above
comparisons may justify in practice the simpler FE model
adopted to the present purposes.

(b) Another numerical comparison specified here below con-
cerns friction on the interfaces. While unilateral contact
with Coulomb friction without dilatancy is regarded as
fairly realistic, the coefficient tan(�) can depend rather
strongly on the specimen material and on the treatment of
the foil surface during its production. Here, tan(�) = 0.3
is assumed on all interfaces for test simulations based on
the same data considered in Subsection 3.2. The effects of
friction change from tan(�) = 0.3 to tan(�) = 0.4 on the
results above considered have turned out to be less than
3.8% for vertical displacements, 2.2% for average strains,
and 0.4% for axial force. Errors in measured quantities
due to errors in friction turn out to have consequences on
the parameters estimates. Therefore, friction coefficient
might be another parameter to identify. However, it is not
estimated in the present preliminary numerical exercises
of inverse analysis, also in view of the circumstance that,
for the considered category of containers laminates, fric-
tion can be assessed fairly accurately in the factory by
practitioners.

(c) The extraction by cutting of a specimen from the laminate
to test may involve some inevitable inaccuracy. Test simu-
lations by assuming specimen length L perturbed by -0.5%
with respect to the clamps distance (possibly due to cutting
inaccuracy) has led to a difference of 3.4% in the maxi-
mum loading force on the specimen and of 7.1% in the

maximum vertical displacement at the specimen midspan,
whereas this difference reaches 37% in some mid-stages of
loading. Figure 4 visualizes the whole history of the ver-
tical displacement and of the influence on it by the above
perturbation on L. Therefore, as shown in the preliminary
design sketch of Figure 1a, the foil sample is grasped by
both symmetric rigid clamps; their distance before rota-
tions equals the tested length L in the specimen, the length
of which must be larger than L. Numerical exercises have
shown that the stress localizations due to the grasping
give rise to negligible deviations from the simulation re-
sults achievable by imposing at the ends of the interval L
same boundary conditions for blocks and specimen (i.e.,
frictional contact with a rotating rigid wall).

(d) The last numerical check considered here concerns the
self-weight of blocks, specimen, and belt. The self-weight
turns out to be irrelevant as for all measurable quantities
(displacements due to imposed rotations on clamps) used
for parameter identification. The consequences of self-
weight are only due to the preliminary stress state and,
hence, are negligible and not considered herein, even if
accounting for self-weight does not increase computing
effort for test simulation.

4.2. Formulation and Results

Sensitivity analysis, in its traditional role, means assessment of
the influence of a sought parameter on a measurable quantity
(see, e.g., [8] in general, [4, 17, 19] for specific applications).
The measurable quantities for the present mechanical char-
acterization purposes are selected as follows: horizontal and
vertical displacements of the nodes in the grid specified in
Figure 2, along the specimen axis with double density with



Fig. 5. Deformed configuration at the second (a) and final (b) measurement stage along the test described in Section 4.2.

respect to the near areas on the blocks. The measurements are
supposed to be performed by DIC instruments now available
on the market. Such experimental data may be supplemented
by those on external actions according to option (B) in (c),
Subsection 2.1.

The above displacements are extracted by five digitalized
DIC photographs: before the test (�L = 0) and at the end of
each loading interval, namely, at shortenings �L/L = 0.654,
1.308, 1.962, and 2.615%. These four measurement stages are
marked by rhombs on the abscissa of Figure 3.

Figures 5a and 5b show the sandwich deformed configu-
rations at the second and fifth (final) of the above specified
stages. The latter figure evidences a remarkable detachment
between specimen and upper block despite the stiffness of the
central belt.

Traditionally, sensitivity is quantified by the partial deriva-
tive (here approximated by forward finite difference) of the
measurable quantity as function of the parameter considered,
function computed with the reference values attributed to all
parameters. The reference values of all material model param-
eters are those specified in Subsection 3.1.

The following meaningful representative measurable quan-
tities are considered here, namely, the horizontal and vertical
displacements (positive if directed to the left direction and
downward, respectively) in the DIC nodes 1, 2, 3, and 4 speci-
fied in Figure 2, the moment per unit “depth” in the transver-
sal direction of the specimen (hence in N), as representative
external action on the sandwich, all at the final stage of the
test.

The parameters considered henceforth are those selected
within Hill model in Section 3, namely, those listed here fol-
lowed by the relevant reference values: elastic moduli E33 and
G31, yield limit �0, ultimate stress �∞ (600, 60, 30, 70 MPa,
respectively); Poisson ratio �13, coefficient R31, hardening ex-
ponent n (0, 0.2, 300, respectively).

For each parameter, preceding expertise on the technolog-
ical processes suggests an interval to which the search can
be confined (this information will be used also for the ap-
plication of POD in Section 5 and in the appendix). To the
present purposes, upper and lower bounds of the intervals
conjectured for the parameters are those specified in the first
row of Table 1. Their averages coincide with the reference
values.

The following numerical exercises have been performed in
order to achieve orientations for the inverse analysis strategy:
(a) A single parameter pi, each one in turn, is given its conjec-
tured upper bound pi

max, while the other parameters are kept
at their reference values. Then all representative measurable
quantities uh are computed by a FE simulation of the test (di-
rect analysis); then similar direct analysis is carried out with
the parameter at its conjectured lower bound pi

min. (b) The
difference uh(pi

max) – uh(pi
min) between the two above values

resulting for each one of the preselected measurable quantities
uh are compared to a quantification of the inaccuracy expected
in the relevant measurement (e.g., the standard deviation of
the adopted instrument). (c) If the former is sufficiently larger
than the latter value (say by one or two orders of magnitude),
the identifiability of the considered parameter can be reason-
ably expected.

The peculiar criterion of sensitivity analysis above adopted
(instead of the popular one based on normalized derivatives)
has led to Table 1.

A typical representative inaccuracy of 0.2 �m might be at-
tributed to experimental data provided by DIC in the present
context (see, e.g., [5, 6]). The inaccuracy of the load measure-
ments cannot be quantified at the present preliminary stage of
design.

Numerical results like those outlined in what precedes and
other qualitative considerations have led to the following con-
clusions as for the parameter estimation.



Table 1. Intervals of horizontal (first in each cell) and vertical displacements (in �m, positive directions left and downward) of
representative nodes and (last row) of loading moment (in N, per unit depth), corresponding to intervals conjectured by expert for
the material parameters

Parameters and relevant conjectured intervals

E33 [MPa] v13 G31 [MPa] �0 [MPa] �∞ [MPa] n R31

Measurable quantity Nodes 400–800 −0.02–0.02 40–80 20–40 50–90 200–400 0.1–0.3

Displacements [�m] 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00
−0.64 1.15 31.25 59.45 −35.42 14.31 38.87

2 −0.11 0.03 2.51 3.68 −24.53 −1.95 4.08
0.12 0.49 13.78 32.75 66.96 16.21 14.63

3 −0.22 −0.01 −9.69 −2.16 −33.18 −6.88 −11.14
0.62 0.64 50.22 41.88 99.05 30.38 51.13

4 −0.04 −0.06 −6.31 −3.76 −2.44 −2.73 −4.03
0.09 0.69 31.21 37.93 −19.15 10.89 21.66

Load [N] — 0.011 0.005 −0.336 −0.294 1.228 0.089 −0.408

Elasticity moduli do not need to be estimated in the present
procedure: those in the foil plane (E11, E22, G12, and �12) are
generally supposed, in practice, not significantly changed from
tension- to compression-dominated stress states and, there-
fore, can be identified by tensile cruciform tests popular in
engineering practice (see, e.g., [4, 19]); in the thickness di-
rection, three simple compression tests provide economically
the elastic moduli E33, G31, and �31, while G32 and �32 are
obviously immaterial for the present experiment, which can
be considered in plane-stress state (see preceding Subsection
4.1).

Among the plasticity parameters, R31 is here a priori as-
sumed R31 = 0.2 according to the usual assumption in the
present industrial practice (without inverse analyses), since the
shear stress �31 is expected to be relatively small in “sandwich
tests.” Also, normal stress �33 in thickness direction clearly
turns out to be small in such testing and, hence, to the relevant
parameter R33 the value 0.5 is here attributed, like usually so
far in industrial environment. The Hill moduli R22 and R33 are
immaterial to the present purposes because the normal stress
�22 = 0 consistently with the two-dimensionality assumptions
and �33 can be regarded as negligible in sandwich tests, as
evidenced by Eq. (2); R11 = 1 is implied by Hill’s Eqs. (2) and
(4) since at the yield onset, in a hypothetical uni-axial test,
f = 0 implies that �11 = �Y = �0. Clearly, all non-dimensional
parameters Rij = 1 in isotropy.

In the Hill model, the symmetry of the yield criterion with
respect to the stress origin and the here assumed isotropic
hardening law can be employed to describe the fictitious ma-
terial assumed for the laminate to characterize because no
reverse stress is involved in the sandwich test under consider-
ation.

As a conclusion, the parameters to estimate in the present
context are three: the initial yield stress �0; the asymp-
totic ultimate stress �∞; and the hardening coefficient n.
The sensitivity analyses, which led to Table 1, permit to
foresee the identifiability of these parameters by means of
the proposed sandwich test with compression on the foil
specimen.

5. Parameter Estimation by Mathematical
Programming

5.1. Inverse Analysis Procedure

The same FE simulations performed in what precedes for “di-
rect analyses” of a test with bending and compression com-
bined, will be repeatedly employed in what follows with suit-
able sequences of parameter vectors for “inverse analysis.”

The two inverse analysis procedures employed herein are
at present well known in the applied mathematics community
and described in the literature; therefore, a brief survey of both
is relegated to the appendix, whereas references [12, 13, 20–22]
are cited as sources of detailed information.

The present deterministic approach to parameter identifi-
cation rests on the minimization of the “discrepancy function”
(DF) 	, which can be formulated as follows:

	min = min
p

{	 (p) = [ū − u (p)]T C−1 [ū − u (p)]}. (8)

In the above formulation: the N-vector ū gathers the exper-
imental (here “pseudo-experimental”) data and vector u their
counterparts computed as functions of the sought parameters
(variable vector p); C is the covariance matrix, which quanti-
fies the random errors in the measurements provided by the
adopted instruments and attributes, by its inverse, role to more
accurate data. Here, the identity matrix is assumed as C in the
absence of true experiments and in view of the irrelevance of
such features to the present purposes of preliminary analy-
sis on methodological innovations in structural diagnosis of
foils.

“Pseudo-experimental data” means measurable quantities
computed on the basis of selected values attributed to the
sought parameters and later used to check the accuracy of the
estimates resulting from the inverse analysis. The discrepancy
function 	(p) turns out to be nonlinear and not necessarily a
convex function of the variable parameter vector p; therefore,
it might exhibit local minima and lack of uniqueness of the
absolute minimum. The minimization of the DF is performed



here by nonlinear mathematical programming, comparatively
with the following two procedures, quite different from the
standpoint of practical applications. Both are briefly outlined
in the appendix with references for details.

(a) Trust region algorithm (TRA): from an initialization by
reasonable values attributed to the sought parameters,
up to convergence; in each iteration step a two-variables
quadratic programming problem is formulated by means
of only first-derivatives (approximated by finite differ-
ences) of the function 	 to minimize.

(b) Proper orthogonal decomposition (POD), which requires,
as already pointed out in Sec.2.3, preliminary “direct anal-
yses” based on parameter vectors defined by nodes prese-
lected in the parameter space within the “search domain”
defined by an “expert” on the basis of the previous exper-
tise (here by lower and upper bound for each parameter
to identify); after these (numerous) usual FE simulations,
the so-called “compression” of the results (“snapshots”) is
carried out, and any other test simulation can be achieved
in a very fast way by interpolations through radial basis
functions (RBF); therefore, due to the preparatory works,
the minimization of the 	(p) by the above mentioned TRA
becomes very economical in terms of computing times and
the size of the computer.

Clearly in the real-life simulations, procedure (b), say POD +
RBF + TRA, is preferable and often strongly advantageous
when parameters estimation has to be performed frequently
and routinely, in an “ad hoc” laboratory.

In view of possible local non-convexity in the objective
function 	(p) (and, hence, possible convergence to a local
minimum), the reliability of the estimates p̄ achieved after
TRA convergence (according to a suitable criterion, see,e.g.,
[20, 21]) can be checked by some “ad hoc” criterion, such as
minimization repeated with diverse initializations; minimum
eigenvalue of the approximated Hessian at p̄ to assess convex-
ity of 	; and assessment of the achieved 	min as compatible
with accumulation of round-off errors along the iteration se-
quence.

5.2. Calibration of a Homogeneous Material Model by a Test
with Combined Compression and Bending

The “a priori” known data concerning the sandwich system
designed in the preceding sections are adopted for the in-
verse analysis exercises that follow. The parameters to estimate
within the Hill model specified in Section 3 are those selected
in Section 4, namely, the initial yield stress �0, the maximum
stress �∞ (asymptotic saturation stress), and hardening coef-
ficient n. Other parameters have turned out in what precedes
to have negligible influence on measurable quantities in the
experiment and/or to be a priori assessed; to these parame-
ters reasonable values have been attributed according to the
previous expertise (see Section 3).

Along the loading process of the external action consisting
of equal opposite rotations imposed on the two rigid clamps,
the four preselected measurement steps correspond to spec-
imen “shortenings”: 0.654, 1.308, 1.962, and 2.615%. The

pseudo-experimental data considered as input of the inverse
analysis are chosen according to the following alternatives: (A)
the vertical and horizontal displacements measured by DIC on
the ZOI located on the specimen, as shown in Section 3 (two
displacements in each of 87 DIC grid nodes, Figure 2, at each
one of the four measurement stages, N = 696 data altogether);
(B) these same data enriched by the four measurements of the
moment loading the sandwich.

The two mathematical procedures mentioned in the pre-
ceding subsection (and outlined in the appendix) have been
comparatively applied.

The main results are presented in what follows.

(a) The parameter identification by TRA is illustrated in Fig-
ure 6 for two different initializations. The values of the
sought parameters at each step along the TRA proce-
dure are expressed in percentage of their “actual values”
employed for the “a priori” computation of the pseudo-
experimental data.

The TRA employed here in the inverse analysis exer-
cises for validation of the new method is implemented
in MATLAB 7.9.0 [23, 24] and described in references
[20, 21] with a convergence criterion mentioned in the ap-
pendix, and quantified here with the choice of 10−8 as the
value considered equivalent to zero for the assessments
of the discrepancy function minimum. The plots in Fig-
ure 6a and 6b visualize TRA convergence without and
with moment measurements in the inverse analysis input,
i.e., with the above alternative (A) and (B), respectively.
Such comparisons evidence desirable advantages of alter-
native (B) in the experiment. The (CPU) computing time
to reach that minimum, with the computer (same as the
one employed in Section 3), has amounted to about 2 h
with both initializations.

(b) Now the same estimation problem is tackled by the POD +
RBF + TRA procedure [12, 13, 23, 25]. The chosen search
domain is a parallelepiped in the three-dimensional space
of the sought parameters, with edges defined by their
conjectured intervals (Section 4.2, Table 1). The grid on
this domain is generated by assuming nine nodes equally
spaced along each axis. Matrix U (see appendix) consists
of: M = 93 = 729 “snapshots,” each one being a vector of
N = 696 + 4 pseudo-experimental data.

The 40 larger eigenvalues among the N = 696 + 4 not
a-priori null eigenvalues � of matrix D = UTU are plotted
in Figure 7. Truncation is performed after � = 8.8e-5, thus
generating a “truncated basis” for “reduced amplitudes” with
dimensions N̂ = 20. For the interpolations, the radial basis
functions (RBF) [22] chosen here are:

gi (p) = (‖p − pi‖2 + r 2)−1, i = 1, 2, ..., 729, (9)

where p is the variable parameter vector and pi is the vector in
node i within the grid over the search domain; to the “smooth-
ing coefficient” r the value r = 0.74 is attributed here according
to the criteria explained, e.g., in [22, 21].

By exploiting the above POD + RBF preparatory work
for abbreviated test simulations (instead of further laborious
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Fig. 6. Convergence of TRA for the estimation of parameters by the compression and bending test designed in what precedes: solid
lines initialized with [�0, �∞, n] = [20, 90, 400] and dashed lines initialized with [�0, �∞, n] = [40, 60, 200]. (a) Pseudo-experimental
data concern DIC measurements of node displacements only. (b) The four loading data are exploited as well.

FE modeling), TRA has been applied on the very same con-
text by the same initializations. The estimates achieved by the
two above adopted computational procedures turned out to
exhibit differences of −0.01, −0.01, and 0.00% for the param-
eters �0, �∞, and n, respectively.

It is particularly meaningful for practical applications to
compare the following computing time: (a) 1:45 h by TRA

above; (b) the procedures POD + RBF + TRA required 31 h
for the preparatory efforts by FE simulations and only 0.9 s for
the parameter estimation. The computer employed has been
again the same indicated in Section 3.

The transition from a node belonging to the training grid
to a point out of that grid may have, on the estimates, conse-
quences that have been checked as follows.
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Let the no-grid point be [�0, �∞, n] = [36, 62, 260] (quite
far from the eight vertices of a grid cell); the very same POD
+ RBF + TRA procedure has led to estimates affected by the
following errors: 2.3% as for exponent “n”; less than 0.6% for
the other two parameters.

The other simplifying transition from 3D to 2D finite ele-
ment modeling clearly implies errors in parameter estimation,
besides the test simulation. Some checks have been made on
such inaccuracies for the two points in parameters space [�0,
�∞, n] = [30, 70, 300] and [�0, �∞, n] = [36, 62, 260] with the
following representative results, again with the modeling dif-
ferences specified at point (a) in Section 4.1. 1.95% as for the
initial yield limit �0, 1.45% as for the asymptotic saturation
stress �∞, and 4.16% as for hardening exponent “n”.

Finally, some numerical exercises have shown that errors
in experimental data imply inaccuracies for not-larger order
of magnitude in the parameter estimates. The pseudo-
experimental data set for alternative (B), i.e., including
moments, has been generated 50 times and perturbed by
random addends with uniform probability density over the
interval ± 1 �m for the displacements and ± 0.01 N for the
external action. The consequent perturbations quantified by
standard deviations in the results of the POD + RBF + TRA
procedure turned out to be −0.20 ∼ +0.18 MPa (−0.65%
∼ +0.59%), ±0.67 MPa (±0.96%), and −11.25 ∼ +14.10
(−3.75% ∼ +4.70%) on �0, �∞, and n, respectively; namely,
as expected larger for the hardening coefficient than for stress
limits.

6. Calibration of a Generalized Variables Model

6.1. Preliminary Remarks

What precedes has concerned the design of the “sandwich sys-
tem” and preliminary orientative computational exercises on

its use for characterization of the behavior of foils or laminates
in the presence of compression. In that preparatory stage, the
specimen has been assumed as a homogeneous solid and was
discretized by FE as such (in two or three dimensions) like
the surrounding “blocks” which stabilize it. For laminates,
paperboards, and other kinds of foils to be used in industrial
products (like boxes and containers), the mechanical models
of practical interest are in “generalized variables,” namely, in
bending moments, axial forces, shear forces (per unit length in
the foil plane), and corresponding kinematic variables. There-
fore, the behaviors of foils as beams or plates, not as solid
continua, are to be modeled and calibrated. To such purposes
two approaches can be adopted:

(i) after inverse analysis of the specimen as solid continuum,
a consequent calibration is performed of a model in gen-
eralized variables;

(ii) different FE discretizations of the sandwich system are
adopted, namely, the stabilizing “blocks” are discretized
as continua but the specimen is modeled as a plate or
beam.

The approach (ii), with the FE discretization of the speci-
men consistent with its interpretation as beam or plate, ob-
viously implies that only such constitutive model, in gener-
alized variables, has to be calibrated. The combination of di-
verse finite elements is implemented in some commercial codes
(e.g., those oriented to geotechnical engineering, in view of
recurrent situations with foundation beams or plates inter-
acting with underlying soil to be considered obviously as a
continuum).

The homogeneity assumption (i) as a continuum for the
specimen material (which thus becomes “fictitious”) requires
recourse to a second (much simpler) parameter identifica-
tion formulated in the subsequent subsection. However, it is



justified by the following motivations and, hence, it was 
adopted herein.

(a) Most paperboards and laminates are generated by produc-
tion processes, which influence or determine in a practi-
cally unpredictable fashion the local properties of the var-
ious layers (namely, e.g., paper, aluminum, polyethylene)
and relevant adhesions. Therefore, traditional homoge-
nization procedures, popular for composites, are usually
unreliable in the present industrial context.

(b) Commercial FE computer codes, like Abaqus adopted
here, may lack software for modeling structures (like the
present sandwich system) partly as 2D or 3D solid con-
tinua (here the “blocks”) and partly as beams (here the
laminate specimen), interacting through unilateral fric-
tional contact. The elastic-plastic behavior of a beam in
generalized variables, by such commercial code, would re-
quire the generation of “ad hoc” routines, possibly to be
done for future applications.

(c) The specimen responses to the present “sandwich tests”
are governed by the specimen behavior as a beam, namely,
in terms of “generalized variables” and relevant param-
eters. As a consequence, the local properties of the indi-
vidual plies in the laminate influence the overall deformed
configuration of the specimen (i.e., the DIC measurable
quantities) only through averages and are not quantifiable
locally by computer simulations. Therefore, particularly
if the laminate exhibits symmetry across thickness with
respect to the middle plane (as assumed herein) the as-
sumption of a “fictitious” homogeneous material as an
intermediate step towards generalized models calibrations
reflects the substantial feature of the test and do not jeop-
ardize the final results (except, of course, through further
round-off errors and approximations implied by the ex-
tended computational procedure).

6.2. Transition from a Fictitious Material Model to a Model
in Generalized Variables

Let the purpose of the inverse analysis be now the calibra-
tion of a simple customary elastic-plastic-hardening model
concerning local bending-compression of the foil specimen
interpreted as a beam. Reference is made here to an usual
nonlinear relationship, which relates bending moment M and
axial force N as generalized stresses, to curvature � and axial
strain 
as generalized strains (both being summations of elas-
tic and plastic addends). With compact notation this “beam
model”, governed by new parameters gathered in vector P,
can be described by the formula:

{N, M}T = f (P, 
, � ) . (10)

The above relationship to the present purpose can be supposed
to be history-independent (holonomic) since, specifically, a lin-
ear path from the origin without unloading is here considered
in the plane of generalized strains 
 and � , leading to the
corresponding generalized stresses N and M.

Calibration of model (10) means that the parameters con-
tained in it, say “generalized parameters” gathered in vector 
P, have to be identified.

The inverse analysis carried out according to the proce-
dures described in the preceding sections (i.e., based on the 
assumption of specimen as a homogeneous solid and on FE 
discretization as such) has calibrated the selected model �(�) 
of a “fictitious material” (fictitious if the foil is an inhomoge-
neous laminate). Such a model is adopted since it is judged 
to be apt to describe the overall deformation process that oc-
curred in the specimen during the test and of the final products 
in service.

Let ¯�i and �̄i represent a chosen pair of kinematic gener-
alized variables, which define deformations at a beam cross-
section. The calibrated model �(�) of the fictitious material 
leads, through a trivial computation (beam cross-section is
rectangular), to the static generalized variables N̄i and M̄i cor-
responding to the above selected kinematic ones. The adopted 
beam model to calibrate provides static generalized variables 
corresponding to the chosen kinematic ones ¯�i and �̄i through 
the parameters included in the unknown parameter vector P. 
Therefore, the sought parameters governing the beam model 
can be estimated by solving (e.g., by TRA like in Section 5) 
the following simple inverse analysis problem consisting of 
minimization of a new discrepancy function �, namely:

�min = min
P

� (P) =
n∑

i=1

∥∥∥{
N̄i , M̄i

}T − f (P; 
̄i , �̄i )
∥∥∥2

, (11)

where ‖‖ denotes Euclidean norm and n is the number of
points to be chosen in the plane of kinematic variables 
 and
� , points whose number and locations must be selected in
order to ensure well-posedness of the optimization problem
and convexity of the discrepancy function �.

An application for validation of approach (i), presented
above in Section 6.1, leading to the above second parameter
identification, Eqs. (10) and (11), is developed as a simple
example in what follows.

The model in generalized variables N, M considered here
for preliminary numerical examples reads (see, e.g., [15, 16]),
N being assumed positive in compression:

fg = |M|
MY

+ N2

N2
Y

− 1 ≤ 0, TNY = �MY, (12)

MY = M∞ − (M∞ − M0) e−� �g , (13)


̇p = �̇g
∂ fg

∂ N
, �̇ p = �̇g

∂ fg

∂ M
, fg ≤ 0, �̇g ≥ 0,

fg �̇g = 0, (14){
N
M

}
=

[
CN 0
0 CM

] {

e

� e

}
, (15)

�̇ = �̇ e + �̇ p, 
̇ = 
̇e + 
̇p. (16)

The meanings of the symbols are as follows: current yield lim-
its NY, MY; elastic stiffnesses CM, CN; � isotropic hardening
coefficient; fg and �̇g yield function and plastic flow multiplier,
respectively; T is the foil sample thickness. Shear deformations
are assumed to be negligible.
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Fig. 8. Initial and ultimate parabolic yield surfaces (continu-
ous lines) according to the generalized variables model; dashed
straight lines show the initial yield surface according to Hill
model, Eqs. (2)–(4).

The above classical and popular simple model of associa-
tive elastic-plastic-hardening beam behavior, attributed in di-
rection MD (or CD) to the laminate specimen under testing,
contains the following parameters to identify: CN, CM, M0,
M∞, �, and �. The variable yield limits NY and MY depend on
the four plastic parameters through Eqs. (12) and (13). Figure 8
visualizes, according to Eqs. (12) and (13), the parabolic ulti-
mate yield surface with �g → ∞ and the initial one with �g =
0. The initial yield surface consistent with the Hill model, Eqs.
(2)–(4), and with the homogeneity of the assumed “fictitious”
material in the specimen is a rhomb (dashed lines in Figure 8).

6.3. Comparative Numerical Exercises

For some computational checks apt to validate the procedure
leading to the calibration of the adopted generalized variables
model, Eqs. (10)−(16), the following set of strain pairs 
̄i , �̄i
is considered; five radial straight lines are selected in the 
, �

plane, namely:

� T = 
 tan (�) , (17)

with angle � specified in Figure 9 and in subsequent figures;
along each one of these lines, 1000 points (besides the ori-
gin) are considered at equal intervals (clearly, a sequence of
growing strains along a radial line implies no unloading); the
1000 pairs (
̄i , �̄i ) thus generated have been employed in the
following two ways.

(A) For each sectional deformation 
̄i , �̄i of the specimen, the
generalized stresses Ni, Mi are computed using the Hill
model calibrated for the fictitious homogeneous material
in Section 5. Such trivial computations lead to results
visualized by dashed plots in Figures 9 and 10.

(B) Solid lines in Figures 9 and 10 visualize results achieved by
the following alternative computations: (a) all the above
strain pairs 
̄i , �̄i and the corresponding stress pairs N̄i ,
M̄i are input into problem (11), where function f is de-
fined by the constitutive model Eqs. (12)−(16); (b) the
parameters in the variable vector P are those specified in
the preceding subsection and are estimated by minimiza-
tion (11) using once again the TRA algorithm; (c) finally,
the calibrated model (12)−(16) is employed to generate
generalized stresses on the basis of the same generalized
strain pairs 
̄i , �̄i earlier selected and above used in the
starting stage (a); these new sequences of stresses N̄i , M̄i
corresponding to the same earlier selected strains 
̄i , �̄i
have led to the solid lines in Figures 9 and 10. The values
of the estimated parameters are the following ones: CN =
2491 N/mm, CM = 37.5 N mm, M0 = 1.81 N,
M∞ = 3.66 N, � = 9.54, and � = 4.03.

It is worth noting that, according to the rectangular shape
of the cross-section and the homogeneous assumption on
the constitutive model, the following quantities can be easily
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Fig. 10. With reference to the deformation radial paths considered in Figure 9: axial (a) and flexural (b) behaviors of the specimen
according to generalized variables model (solid lines) and continuum model (dashed lines).

computed:

CN = E11 T = 1978 N/mm,

CM = E11 T3/12 = 34.88 N mm
N∞ = �∞ T = 32.2 N/mm, M∞ = �∞ T2/4 = 3.70 N,

a = T N∞/M∞ = 4.

It follows that, possibly, only two (i.e., M0 and �) among the
six parameters of the generalized variables model need to be
estimated by the minimization procedure. This simplifies the
optimization procedure, but the optimum value of the discrep-
ancy function turns out to be higher. The resulting estimates
are: M0 = 2.37 N and � = 6.00 and the graphical compari-
son analogous to that in Figure 9 is visualized in Figure 11.
Comparisons between diagrams permit to assess the approxi-
mation implied by transition to a generalized variables model
for structural analysis of products like boxes, when sandwich
test simulations are carried out through FE discretization as
solid continua. Clearly, the errors implied depend on the se-
lected constitutive models. The numerical exercises presented

in what precedes are merely intended to clarify inverse analysis
procedures, not to suggest models for industrial practices.

7. Closing Remarks

In the industrial environments, active on design and produc-
tion of food containers, tests of foils and laminates involving
compression at present turns out to be a nonmarginal research
subject.

Some popular constitutive models proposed for paper,
e.g., [1], contain parameters that cannot be identified by
tension tests, even with cruciform bi-axiality [4]. Models
in generalized variables for laminates to be used in boxes
also frequently require calibration under compression. The
experimental equipment (“sandwich” system) and parameter
identification procedure presented in this article might be
useful since a variety of tests combining compression and
bending on foil specimens could be generated in order to
provide input to parameter identification based on computer
simulations and on minimization of a discrepancy function
with the unknown parameters as variables.
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 and � along radial paths
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The following main items, proposed in what precedes, are
supposed to be novel contributions:

(a) The “sandwich” system preliminarily designed herein by
trial-and-error stabilizes and keeps under control the foil
specimen under compression.

(b) The consequent interactions between sample and stabiliz-
ing blocks are made acceptable by (finite element) simula-
tions of the whole system along the test.

(c) Digital image correlation provides economically a number
of sensitive experimental data on system response (many
displacements, not only reactions to imposed rotations)
so that the parameter identification becomes a well-posed
inverse problem.

(d) Computer simulations of the test by the finite element
model (b) are performed in order to select by sensitivity
analyses the quantities to be measured.

(e) Previous expertise in the industry can usually lead to de-
fine, for each category of foils to use, upper and lower
bounds on each parameter to estimate (namely, a “search
domain” in the space of the sought parameters). Such
circumstance, by recourse to the proper orthogonal de-
composition procedure, can make fast and economical
the parameter estimation.

(f) The foil specimen under sandwich tests is interpreted to
practical purposes (like in box design) as beam or plate
without homogenization of layers. However, commercial
computer codes may prevent finite element models of con-
tinua and beams (or shells) interacting in the same struc-
tural system. Then, transition from the calibrated material
model to parameters of generalized variables model pre-
selected for the foil can be easily performed, as shown
in this article, by means of a second simpler parameter
identification.

Future developments, now in progress, related to the results
presented in this article are mentioned below.

(i) The sandwich shape should be optimized, after the
present preliminary design, by means of many test simu-
lations for each foil category of industrial interest.

(ii) Tests of laminate creases, by slightly adjusted sandwich
system, will be employed, at least as pseudo-experiments
apt to design the procedure, for the identification of the
parameters contained in models recently proposed for
creases, particularly in [26].

(iii) The possible lack of convexity of the present discrepancy
function suggests to investigate also (after first-order op-
timization algorithm adopted herein with multiple initial-
izations) soft-computing algorithms for routine industrial
applications, namely, suitably optimized artificial neural
networks (like, e.g., in [4]) or genetic algorithms made fast
and economical by the procedure adopted herein (see ap-
pendix).

(iv) A stochastic approach (e.g., Kalman filtering) will lead to
quantification of the consequences of experimental noise
on uncertainties in the resulting estimates (i.e., covariance
matrix of the latter resulting from that of the former).
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Appendix: Outline of the Procedure Here Adopted for
the Parameter Identification

For the minimization of the discrepancy function 	(p), Eq.
(8), with respect to the parameter vector p, a mathematical
programming algorithm has been adopted here, specifically
an iterative “first-order” Trust Region Algorithm (TRA) in its
version available in MATLAB [25] and described in detail in
the literature, see e.g., [20, 21]. The main features of TRA can
be outlined as follows: initialization of the iteration sequence
concerns a vector (possibly suggested by “experts”) within the
search domain; each iteration rests on a quadratic program-
ming problem in two variables, namely, along gradient and
Newton direction; in each iteration the objective function is
a quadratic approximation 	̃ of the discrepancy function and
constraints are provided by a “trust region” and by the origi-
nal search domain; the quadratic approximation of 	(p) at the
point pk, reached after k iterative steps, is generated by means
of the gradient g, the Jacobian J of the measurable quan-
tity vector u as function of the parameter p, and by means
of the Hessian matrix H approximated through the Jacobian,
specifically:

	 (pk + �pk+1) ∼= 	̃ (�pk+1) = 	 (pk) + gT �pk+1

+ 1
2
�pT

k+1 H �pk+1

where J = du
dpT (pk) , g = d	

dp
(pk) = 2JTC−1 [u (pk) − ū] ,

H ∼= 2JTC−1J, (A1)

where �pk+1 is the variable vector for which the above
quadratic programming minimization problem has to be
solved as (k + 1) step.

The above features of TRA clearly imply first derivatives
only, numerically approximated by forward finite differences.
Nevertheless, generally a large number of test simulations is
required (in each iteration the number of simulations is equal
to P + 1 where P is the number of sought parameters). There-
fore, great practical advantages arise from solving each for-
ward problem not by FE simulations but by the POD + RBF
method outlined below.

The POD procedure can be briefly outlined as follows (de-
tails, e.g., in [12, 13, 23, 25]):

(1) Let the N × M matrix U (here with N ≤ M) gather the
above defined “snapshots” u1, . . . , uM, each one consisting
of the values of the N measurable quantities resulting from
a FE simulation based on a grid node pi (i = 1,. . ., M)
over the search domain in the P-dimensional space of the
parameters. The N measurable quantities are those which
will be measured in the actual test and will be the input



of the inverse analysis leading to the parameter estimates.
The M vectors ui are supposed to be “correlated” (namely
“almost parallel”) because of obvious physical reasons
rooted in their generation.

(2) The (symmetric and positive-definite or at least positive-
semi-definite) matrix D = UTU of order M (but of rank
N, in the case when N < M) is generated by the snap-
shot matrix U. The eigenvalue problem concerning matrix
D is solved, namely its non-zero eigenvalues �i and cor-
responding normalized eigenvectors vi are computed and
are employed to generate the following ortho-normal ma-
trix, called “basis,” of order N, with I being the identity
matrix of order N:

Φ = [�1, . . . , �N] , �i = U vi �
−1/2
i , (i = 1, . . . , N) ,

ΦTΦ = I. (A2)

It was analytically demonstrated (see, e.g., [12, 13]) that
such N × N matrix Φ represents the “optimal reference”
basis in the N-dimensional space of measurable quan-
tities, according to the provision motivated by “snap-
shots correlation” here pointed out earlier, as expected
in a geometrical interpretation of physical circumstances
characterizing the present engineering problem. “Opti-
mal reference” means that versor �1 maximizes a norm
of the projection on it of all snapshots ui (in their N-
dimensional space); versor �2 does the same in the space
(of dimensionality N − 1) orthogonal to �1; and so on in
succession.

In the new basis, the snapshots contained in matrix U
can be represented by means of a new N × M matrix A of
“amplitudes” ai, namely:

ui = Φ ai , (i = 1, . . . , M) , or U = ΦA,

where A = ΦT U. (A3)

(3) The above mentioned norms of projections have been
demonstrated to be proportional to the eigenvalues �i (see,
e.g., [12, 13]); therefore, again in view of the snapshots
correlation, it is quite natural to neglect in the basis Φ the
axes corresponding to the smallest eigenvalues, namely, to
generate a “truncated” POD basis by preserving N̂ < N
axes and corresponding amplitudes ai. Such “truncation”
leads to an approximation of the snapshot ui (i = 1, . . . ,

M) governed by the N × N̂ matrix Φ̂ as “truncated basis”
and N̂-dimensions vector âi as “reduced amplitudes”:

ui � ûi = Φ̂ âi , (i = 1, . . . , M), or U � Û = Φ̂ Â,

where Â = Φ̂
T

Û. (A4)

It can be said that matrix Φ̂ and N̂ × M matrix Â contain,
as “compressed shape” through optimized approximation,
the whole meaningful information on the considered sys-
tem and on the role in it played by sought parameters: in
other terms, the whole cumulative information contained
in the results achieved by the set of preliminary computed
simulations of the test.

(4) The results achieved in the preceding phase (3) can make
fast and economical any test simulation based on any new
parameter vector p included in the preselected search do-
main. In fact, “Radial Basis Functions” (RBF) gj formu-
lated for all the nodes in the parameter space pi, namely,
in general form (see, e.g., [22]):

gi (p) ≡ gi (‖p − pi‖) , i = 1, . . . , M, (A5)

can be considered as basis functions for the interpolation.
The assessment of the approximate snapshot amplitudes â
corresponding to a parameter vector p can now be carried
out through RBF interpolation, namely,

ah (p) =
M∑

j=1

bh
i gi (p), h = 1, . . . , N̂. (A6)

The coefficients bh
j of these linear combinations are com-

puted simply by imposing Eq. (A6) in all parameter nodes
pj, j = 1,. . ., M, and by solving the consequent linear
equations, which read in matrix formulation:

Â = B G, where B = [
bh

i

]
, G = [

g j
(
ph)] . (A7)

(5) When the M × N̂ matrix B is computed once-and-for-all,
for a new parameter set p, the response to the test in terms
of measurable quantities, briefly the “snapshot,” can be
assessed merely by Eqs. (A6) and (A4) in a by-far more
economical fashion if compared to FE simulations.




