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I. INTRODUCTION

TRAPPING and detrapping of charge in the gate oxide
of MOS devices are among the most relevant reliability

issues for nanoscale logic and memory technologies.
Reduction of device dimensions, in fact, has dramatically
increased the impact that single electrons and holes in the
oxide have on both the threshold voltage (VT ) and the drain
current (ID) of the transistor or the memory cell [2]–[4]. This
increase has not appeared just in terms of a higher average
value of the threshold-voltage shift (�V 1

T ) and drain current
shift (�I 1

D) following a single charge trapping/detrapping
event but also, and more important, in the possibility to
statistically encounter cases where �V 1

T and �I 1
D display

extremely high values [3], [5]–[12]. High �V 1
T and �I 1

D
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have been attributed not only to the reduced device area but
also to 3-D device electrostatics and atomistic doping effects,
resulting in percolative channel conduction [7], [13]–[15]. As a
result, discreteness of trapping and detrapping events could
have been clearly detected in many processes limiting device
reliability, e.g., random telegraph noise (RTN) [16]–[20],
bias temperature instability [10], [11], [21], [22], and cycling-
induced VT instabilities in Flash memories [12]. Despite
the fact that the microscopic oxide defects and the physical
mechanisms involved in the previous processes are different,
the experimental observation of these processes in nanoscale
technologies has highlighted some common features of the
charge trapping/detrapping events from which they originate,
such as the presence of an exponential tail in the �V 1

T and
�I 1

D statistics [7], [10]–[12], [14], [15], [23], the statistical
nature of the trapping/detrapping events [12], [20], [21], and
the dispersion of the trapping (τt ) and detrapping (τd ) time
constants over many decades of time [12], [22], [24]–[28].

Extending the preliminary work presented in [29], in this
paper, and in the corresponding Part II [1], we revisit charge
trapping and detrapping in Flash memories considering charge
discreteness, statistical charge capture and emission with τt

and τd widely distributed over the logarithmic time axis,
and statistical distribution of �V 1

T . In this Part I, we start
addressing VT instabilities coming from charge detrapping
from the cell tunnel oxide, investigating the statistical prop-
erties of the detrapping process and the resulting statistical
distribution of the displacement of device threshold voltage
(�VT ) over time. The results have a quite general validity
and may be applied straightforwardly to different reliability
issues involving charge trapping/detrapping in the oxide of
MOS devices, first of all to bias temperature instability in
MOSFETs. Moreover, the detailed analyses shown here will
be the starting point for the development in Part II of a com-
prehensive model accounting not only for charge detrapping
but also for charge trapping during device operation, resulting
in a powerful tool for the predictive investigation of cycling-
induced VT instabilities in Flash memories under whatever
on-field usage condition.

II. STATISTICAL ANALYSIS OF THE DETRAPPING PROCESS

A. Statistical Dispersion of τd

Fig. 1 shows an example of the average �VT (〈�VT 〉)
transient measured on a nanoscale NAND Flash array during a



Fig. 1. Typical 〈�VT 〉 transient measured on a nanoscale NAND Flash array
during a postcycling data retention experiment from the programmed state.

Fig. 2. Schematics for the pdf of the log10(τd ) assumed in this Part I of
our paper.

post-cycling data retention experiment from the programmed
state, clearly highlighting a logarithmic decrease of VT with
elapsing time [24]–[26], [30]. The transient arises from the
neutralization of the negative charge of single electrons
trapped in the tunnel oxide, commonly referred to as electron
detrapping from the tunnel oxide, and its logarithmic trend
has always been recognized as a strong proof that the time
constant τd of the discrete detrapping events contributing to
the process has a very wide statistical spread, spanning many
decades of time [12], [24]–[26]. The physical origin of the τd

spread may be found in the statistical dispersion of the space
or energy position of the trapped charge in the oxide [22], [24],
[25], in 3-D electrostatics and atomistic doping [27], [28],
or in the variability in the structural parameters of the oxide
defects where charge is trapped [21]. However, irrespective of
the details of the microscopic process leading to a detrapping
event and of the physical origin of the τd spread, what is really
necessary to assume to explain the logarithmic trend of �VT

in Fig. 1 is that τd is uniformly distributed over the logarithmic
time axis. From this starting point and completely neglecting
a lower level physical analysis, we assumed that each
program/erase cycle on the memory cells contributes to the
trapping of electrons that can then be detrapped during a subse-
quent data retention experiment with τd uniformly distributed
over the logarithmic time axis, as shown in Fig. 2. Note that the
lower (τmin

d ) and upper (τmax
d ) bounds of τd in Fig. 2 have been

introduced only for mathematical convenience in our analysis
and do not have any physical meaning, as will clearly appear
in Part II of this paper [1], when discussing the choice of
their value.

Fig. 3. (a) Pdf and (b) cdf of the time t at which a detrapping event occurs
when log10(τd ) is uniformly distributed between τmin

d = 10−5 h and τmax
d =

106 h. In (b), the results obtained from (3) and from its approximation for
τmin

d < t < τmax
d given by (4) are shown.

With the statistical distribution of log10(τd) shown in Fig. 2,
the probability density function (pdf— f ) of τd results in

f (τd ) = 1

τd · ln
(
τmax

d /τmin
d

) (1)

for τmin
d < τd < τmax

d , while f (τd ) = 0 for τd < τmin
d and

τd > τmax
d . From f (τd), the pdf and the cumulative distrib-

ution function (cdf—F) of the time t at which a detrapping
event takes place can be straightforwardly calculated as

f (t) =
∫ τmax

d

τmin
d

f (t|τd) f (τd)d(τd)

= e−t/τmax
d − e−t/τmin

d

t · ln
(
τmax

d /τmin
d

) (2)

F (t) = 1 −
∫ ∞

t/τmax
d

x−1e−xdx − ∫ ∞
t/τmin

d
x−1e−x dx

ln
(
τmax

d /τmin
d

) (3)

where f (t|τd) = 1/τd · exp(−t/τd ) represents the pdf of
the time at which a detrapping event takes place given that
the detrapping time constant is τd . Fig. 3(a) shows that
f (t) displays a 1/t behavior for τmin

d < t < τmax
d , meaning

that in the presence of an average number of trapped elec-
trons 〈Nt 〉, a detrapping current Id ∝ q〈Nt 〉/t is predicted,



Fig. 4. Schematics for (a) the nd transient obtained during a detrapping
process and (b) corresponding �VT transient.

i.e., proportional to 1/t and in agreement with experimental
observations [24]. Fig. 3(b) shows, in turn, that, in the same
range of t , F(t) displays a logarithmic growth which can be
well reproduced by the following first order approximation
of (3) [31]:

F (t) � γ + ln
(
t/τmin

d

)

ln
(
τmax

d /τmin
d

) (4)

where γ is the Euler–Mascheroni constant (�0.577). This
logarithmic trend will be linked to the logarithmic �VT

transient in Section III-A.

B. Statistics of Detrapping Events

Assuming now that a cell in the array has a number Nt of
trapped electrons as a result of a previous cycling experiment,
the number of detrapping events (nd ) taking place up to
a time t in a post-cycling data retention experiment has a
staircase increase with t , as shown in Fig. 4(a). The steps
of the staircase are located at the random times ti when the
i th detrapping event takes place. Considering the detrapping
events as independent, nd (t) follows a binomial distribution
and the probability P[nd (t)|Nt ] of having nd detrapping
events up to time t given Nt is

P [nd (t)| Nt ] =
(

Nt

nd

)
F (t)nd [1 − F(t)]Nt −nd . (5)

The resulting average number of detrapping events is, there-
fore, 〈nd (t)〉 = Nt · F(t), and the corresponding variance is
σ 2

nd
(t) = Nt · F(t)[1 − F(t)].

When considering the statistical distribution of nd (t) among
the cells of a memory array, the statistical dispersion of Nt

must be accounted for. Irrespective of what statistics Nt obeys,
in Appendix A we show that quite simple expressions can be
derived for 〈nd (t)〉 and σ 2

nd
(t)

〈nd (t)〉 = 〈Nt 〉 · F(t) (6)

σ 2
nd

(t) = 〈Nt 〉 · F(t) [1 − F(t)] + σ 2
Nt

· F(t)2 (7)

Fig. 5. Calculated σ 2
nd

versus 〈nd 〉 relationship for different σ 2
Nt

and

〈Nt 〉 = 10. A uniform distribution between τmin
d = 10−5 h and τmax

d = 106 h
was assumed for the log10(τd ).

where σ 2
Nt

is the variance of Nt . From (7), σ 2
nd

(t) will be equal,
larger or lower than 〈nd (t)〉 depending on that σ 2

Nt
is equal,

larger or lower than 〈Nt 〉, respectively, irrespective of F(t).
This is shown with some representative examples in Fig. 5,
where 〈Nt 〉 was assumed equal to 10: for t → ∞, the curves
must reach the condition 〈nd 〉 = 〈Nt 〉 and σ 2

nd
= σ 2

Nt
, and

this makes the σ 2
nd

versus 〈nd 〉 relationship grow as, more
and less than that of a Poissonian process for σ 2

Nt
= 〈Nt 〉,

σ 2
Nt

= 10 × 〈Nt 〉, and σ 2
Nt

= 10−2 × 〈Nt 〉, respectively.
Despite the condition σ 2

Nt
= 〈Nt 〉 assures that σ 2

nd
(t) =

〈nd (t)〉, this does not mean that the detrapping process is
Poissonian. In Appendix B we show, however, that in the case
Nt has a Poissonian distribution, then nd(t) is the result of
a nonhomogeneous Poisson process [32] with intensity λ(t)
such that

∫ t
0 λ(x)dx = 〈nd (t)〉 = 〈Nt 〉F(t). In this case, the

pdf and cdf of the statistical distribution of the time stretch
elapsing between the (i − 1) th and i th detrapping event (dti )
can be calculated according to the following formulas [33],
valid in the case i � 〈Nt 〉:

f (dti ) =
∫ ∞

0

λ (x) λ (x + dti ) 〈nd (x)〉i−2e−〈nd (x+dti )〉dx

(i − 2)!
F (dti ) =

∫ ∞

0

λ (x + dti ) 〈nd (x)〉i−1e−〈nd (x+dti )〉dx

(i − 1)! .

Fig. 6 shows the complementary value of F(dti ) in the case
the log10(τd ) is uniformly distributed between τmin

d = 10−5 h
and τmax

d = 106 h and 〈Nt 〉 = 10. The most important
result appearing from the figure is that F(dti ) shifts toward
higher dti values for increasing i , i.e., the duration of the time
stretch required for a detrapping event grows as the detrapping
process proceeds. This effect, which can be clearly observed
also monitoring 〈dti 〉 as a function of i in Fig. 7, has a twofold
origin. First, as the detrapping process proceeds, the number
of electrons trapped in the oxide decreases, making the next
dti the result of the detrapping competition among a lower
number of possible detrapping events. Second, as the time
at which a detrapping event occurs is on average equal to
its τd , the τd spectrum of Fig. 2 is emptied from left to



Fig. 6. Calculated complementary cumulative distribution function of the
interarrival time dti in the case Nt has a Poissonian distribution with average
value 〈Nt 〉 = 10 and log10(τd ) has a uniform distribution between τmin

d =
10−5 h and τmax

d = 106 h. The results are shown for increasing i .

Fig. 7. Calculated 〈dti 〉 as a function of i for the case considered in Fig. 6.

right as detrapping proceeds, i.e., the detrapping process is
fed by events with longer and longer τd as time elapses and
i grows. Both these effects contribute to the decrease with
time of the rate of the process governing charge detrapping,
making the detrapping events more far-between in time. Note,
however, that this happens keeping a Poissonian behavior
for the detrapping process, thanks to the Poissonian distrib-
ution of Nt among the cells and, moreover, to the implicit
assumption of no correlation among the detrapping events in
our analysis. If any correlation among the detrapping events
existed, a sub-Poissonian behavior for the detrapping process
could emerge, as clearly observed in the electron injection
process toward the cell floating gate during Fowler–Nordheim
programming, where the electrostatic feedback following each
injection event reduces the probability for next electron
injections [34]–[36].

As a final remark, note that if the number of trapped elec-
trons is Poisson distributed among the cells at the beginning
of the detrapping process, it remains Poisson distributed as
time elapses, with average value equal to 〈Nt 〉− 〈nd 〉 (see the
results in Appendix B).

Fig. 8. Calculated 〈�VT (t)〉 transient in the case 〈Nt 〉 = 10, 〈�V 1
T 〉 =

50 mV, and log10(τd ) uniformly distributed between τmin
d = 10−5 h and

τmax
d = 106 h. The logarithmic approximation coming from (10) is also

shown.

III. �VT STATISTICS

A. 〈�VT (t)〉 and σ 2
�VT

(t)

The neutralization of a single electron charge in the tunnel
oxide gives rise to a step reduction of cell VT , whose ampli-
tude has a large statistical spread in nanoscale technologies
[7], [10]–[12], [14], [15], [23]. As a consequence of this
spread, the nd(t) waveform of Fig. 4(a) may transform in
the �VT (t) transient of Fig. 4(b), where the statististical
dispersion of the achieved VT loss after time t comes not only
from randomness in the number nd (t) of detrapping events
taking place up to t but also from randomness in the VT shift
coming from a single detrapping event �V 1

T . Assuming the
�V 1

T of a single detrapping event to be independent both of its
τd [27], [28] and of the �V 1

T of other detrapping events [7], the
average value (〈�VT (t)〉) and variance (σ 2

�VT
(t)) of �VT (t)

are given by (see calculations in Appendix C)

〈�VT (t)〉 = −〈�V 1
T 〉 · 〈nd (t)〉 (8)

σ 2
�VT

(t) = 〈�V 1
T 〉2 · σ 2

nd
(t) + σ 2

�V 1
T

· 〈nd (t)〉. (9)

Fig. 8 shows the calculated 〈�VT (t)〉 transient in the case
of 〈Nt 〉 = 10, 〈�V 1

T 〉 = 50 mV, and log10(τd ) uniformly
distributed between τmin

d = 10−5 h and τmax
d = 106 h. The

transient displays a logarithmic trend with t in the range
τmin

d < t < τmax
d , coming from the approximation of F(t)

given by (4), resulting in

〈�VT (t)〉 � −〈�V 1
T 〉 · 〈Nt 〉 · γ + ln

(
t/τmin

d

)

ln
(
τmax

d /τmin
d

) . (10)

The logarithmic trend well reproduces what typically observed
experimentally for 〈�VT (t)〉 [24]–[26], [30] (Fig. 1), and can
be synthetically characterized by its slope α given by

α = 〈�V 1
T 〉 · 〈Nt 〉

ln
(
τmax

d /τmin
d

) . (11)

From (11), our model directly highlights that the slope α
of the 〈�VT (t)〉 transient is proportional to the average VT



shift coming from a single detrapping event and the spec-
tral density of trapped electrons along the logarithmic time
axis, i.e., 〈Nt 〉/ ln(τmax

d /τmin
d ). This result establishes a strong

connection between the spectral distribution of τd given in
Fig. 2 and the 〈�VT (t)〉 transient, which will be used in
Part II of this paper to explain the shape of the detrapping
transient in more complex situations where the τd spectrum
along the logarithmic time axis is not uniform. As a final
remark on Fig. 8, note that the displacement of 〈�VT (t)〉 from
the logarithmic trend coming from its saturation for t > 106 h
is just the result of assuming τmax

d = 106 h, i.e., of assuming
no detrapping events with τd longer than 106 h and, therefore,
the neutralization of all of the trapped electrons at shorter
times. Note that this is an arbitrary assumption and that the
experimental data shown in Part II of this paper [1] do not
show saturation of the detrapping transient.

In the case Nt is Poisson distributed, (9) gives a relationship
of direct proportionality between σ 2

�VT
(t) and 〈�VT (t)〉

σ 2
�VT

(t) = −〈�VT (t)〉 ·
⎛

⎝〈�V 1
T 〉 +

σ 2
�V 1

T

〈�V 1
T 〉

⎞

⎠ . (12)

This linear relationship reflects the Poisson nature of the
detrapping process in this case, with the proportionality con-
stant being not only 〈�V 1

T 〉 but also including a term depend-
ing on σ 2

�V 1
T

to account for the statistical spread of �V 1
T . As a

result, σ 2
�VT

(t) has a logarithmic increase with t in the range
τmin

d < t < τmax
d , reproducing the 〈�VT (t)〉 behavior of Fig. 8

with just a scale factor.

B. Statistical Distribution of �VT

The pdf of �VT (t) can be calculated as

f (�VT (t)) =
∞∑

nd=0

f (�VT |nd ) P [nd (t)] (13)

where f (�VT |nd) is the probability to have a VT loss equal
to �VT given that nd detrapping events took place. Assuming
that the �V 1

T of the single detrapping events are independent
and identically distributed, f (�VT |nd ) can be obtained from
the nd -times convolution of the pdf of �V 1

T for nd ≥ 1
( f (�VT |nd) = δ(�VT ) for nd = 0)

f (�VT |nd ) =
nd⊗

f
(
�V 1

T

)
. (14)

Therefore, the Fourier transform of f (�VT |nd ) with respect
to �VT is given by

F
{

f
(
�VT |nd

)} = [
F

{
f
(
�V 1

T

)}]nd (15)

and, therefore, the Fourier transform of f (�VT (t)) results in

F
{

f
(
�VT (t)

)} =
∞∑

nd=0

[
F

{
f
(
�V 1

T

)}]nd P
[
nd(t)

]
. (16)

Considering now the most interesting case where Nt is Poisson
distributed, making, in turn, nd(t) follow a Poisson statistics

Fig. 9. Calculated (a) pdf and (b) cdf of the �VT resulting from electron
detrapping up to time t in the case 〈Nt 〉= 10, 〈�V 1

T 〉= 50 mV, and log10(τd )

uniformly distributed between τmin
d = 10−5 h and τmax

d = 106 h. The results
for the exponential and the gamma �V 1

T distributions reported in Fig. 10 are
shown.

with average value 〈nd (t)〉, (16) becomes

F { f (�VT (t))} = e−〈nd (t)〉
∞∑

nd=0

[
F

{
f
(
�V 1

T

)} 〈nd (t)〉]nd

nd !
= e〈nd (t)〉[F{

f
(
�V 1

T

)}−1
]

(17)

allowing the calculation of f (�VT (t)) by an inverse-transform
operation

f (�VT (t)) = F−1{e〈nd (t)〉[F { f (�V 1
T )}−1]}. (18)

Equation (18) represents an extremely powerful formula
for the statistical analysis of VT instabilities coming from
electron detrapping, rigorously accounting for a Poissonian
spread of Nt among the cells and for any kind of τd and
of �V 1

T statistical dispersion, with the only requirement that
detrapping events are independent. From the standpoint of
computational burdens, this equation greatly simplifies the
calculation of the pdf of �VT with respect to the use of (13)
and (14), requiring basically just one direct and one inverse
Fourier transform operation. In so doing, the whole pdf and,
in turn, cdf of �VT can be easily calculated down to very
low probability levels, as shown in Fig. 9. Here, f (�VT (t))
(a) and F(�VT (t)) (b) are shown in the case of 〈Nt 〉 = 10,



Fig. 10. Exponential and gamma �V 1
T statistics assumed to investigate �VT

in Fig. 9.

〈�V 1
T 〉 = 50 mV, and log10(τd) uniformly distributed between

τmin
d = 10−5 h and τmax

d = 106 h, for different times t
since the beginning of the detrapping process. The results
have been obtained assuming the two �V 1

T statistics shown
in Fig. 10, being a purely exponential distribution (continuous
line) and a gamma distribution with shape and scale parame-
ters equal to 2 and 25 mV, respectively (dashed line). While
exponential distributions have been clearly reported for �V 1

T
in the case of electrons trapped close to the channel surface
of decananometer devices [7], [10], [11], [14], [15], [23],
the gamma distribution is more suitable when electrons are
stored far from the silicon interface [3], [9] and in nanoscale
devices [4]. In both cases, analytical expressions exist for
F { f (�V 1

T )}, further simplifying the use of (18). Moreover, in
the case of an exponential �V 1

T distribution, f (�VT (t)) has
the following analytical expression, derived in Appendix D:
f (�VT (t))

= e−〈nd (t)〉
[

δ (�VT ) + e−�VT /〈�V 1
T 〉

·
√

〈nd (t)〉
〈�V 1

T 〉�VT
· I1

(

2

√
〈nd (t)〉�VT

〈�V 1
T 〉

)]

. (19)

The results in Fig. 9 clearly reveal that the �VT distribution
enlarges and shifts toward negative values as time elapses.
Moreover, as the exponential and the gamma statistics for �V 1

T
shown in Fig. 10 have the same 〈�V 1

T 〉 = 50 mV but different
σ 2

�V 1
T

, the corresponding �VT curves of Fig. 9 display the

same average shift as time elapses but different enlargements.
In particular, curves coming from the exponential �V 1

T statis-
tics (continuous lines) are wider than those coming from the
gamma statistics (dashed lines), as σ 2

�V 1
T

is equal to 2500 mV2

in the first case and to 1250 mV2 in the second. In addition
to that, the low-�VT tails of the distributions of Fig. 9 are
higher in the exponential than in the gamma case, reflecting the
higher tail of the exponential �V 1

T statistics of Fig. 10. These
results highlight the extreme importance of the �V 1

T statistics
on the �VT distributions coming from electron detrapping in
nanoscale technologies, where not only the statistical nature of

the detrapping process but also the statistical spread of the VT

shift coming from each detrapping event must be accounted
for a careful reliability analysis.

As a final remark on the distributions shown in Fig. 9,
note that these are bounded to the negative �VT half-plane,
meaning that (18) does not allow for positive �VT values.
Although this is an obvious result considering that (18)
describes the consequences of a process leading to the neutral-
ization of the electron charge trapped in the cell tunnel oxide,
it calls for the inclusion of other physical phenomena when
comparing the modeling results with the experimental data. A
lot of experimental evidence has clearly highlighted, in fact,
that, despite cells display on average a negative �VT during
postcycling data retention experiments from the programmed
state, some of them may increase their VT [12], [25]. Positive
�VT have been attributed to hole detrapping, i.e., to the
neutralization of a positive charge in the tunnel oxide, to
electrons trapped close to the source or drain junction being
detrapped toward the floating gate, and to RTN [12], [25].
Without the inclusion of these effects, or at least of some of
them, the comparison of the results coming from (18) with
the experimental data is meaningless, as meaningless is the
comparison without a correct analysis of the experimental
procedure used to characterize post-cycling VT instabilities.
These points are dealt with in detail in Part II of this paper.

IV. CONCLUSION

This paper presented a discrete and statistical reexamination
of the electron detrapping process and of the consequent VT

instabilities in Flash memories. We showed that in the most
interesting case where the number of trapped electrons feeding
the detrapping process is Poisson distributed among the cells,
detrapping events are the result of a nonhomogeneous Poisson
process and a simple and powerful formula [namely, (18)]
allows the calculation of the �VT statistics. These results,
which can be applied also to different reliability phenomena
involving charge trapping/detrapping in MOS devices, pave the
way to the development of a comprehensive statistical model
able to deal with VT instabilities under whatever on-field usage
of the memory array in Part II of this paper, where detailed
comparisons with the experimental data will be provided.

APPENDIX A

For an arbitrary Nt statistics, 〈nd (t)〉 results

〈nd (t)〉 =
∞∑

nd=0

nd · P [nd (t)]

=
∞∑

nd=0

nd ·
∞∑

Nt =0

P [nd (t) |Nt ] · P [Nt ]

=
∞∑

Nt =0

P [Nt ] ·
Nt∑

nd =0

nd P [nd (t) |Nt ]

=
∞∑

Nt =0

P [Nt ] · Nt F (t)

= 〈Nt 〉 · F (t)



and σ 2
nd

(t) is given by

σ 2
nd

(t) =
∞∑

nd=0

[nd − 〈nd (t)〉]2 · P [nd (t)]

=
∞∑

nd=0

[nd − 〈nd (t)〉]2 ·
∞∑

Nt =0

P [nd (t) |Nt ] P [Nt ]

=
∞∑

Nt =0

P[Nt ]

·
Nt∑

nd=0

[
n2

d + 〈nd (t)〉2 − 2nd 〈nd (t)〉
]

P[nd (t) |Nt ]

=
∞∑

Nt =0

P [Nt ] ·
[

Nt F (t) (1 − F (t)) + N2
t F (t)2

+ 〈Nt 〉2 F (t)2 − 2〈Nt 〉Nt F (t)2
]

= 〈Nt 〉 · F (t) [1 − F (t)] + σ 2
Nt

· F (t)2 .

APPENDIX B

Assuming that Nt is Poisson distributed, we have

P [nd (t)] =
∞∑

Nt =nd

P [Nt ] P [nd (t) |Nt ]

=
∞∑

Nt =nd

P [Nt ]

(
Nt

nd

)
F (t)nd [1 − F (t)]Nt −nd

= e−〈Nt 〉

nd ! F (t)nd

∞∑

Nt =nd

〈Nt 〉Nt [1 − F (t)]Nt −nd

(Nt − nd)!

= [〈Nt 〉F (t)]nd

nd ! e−〈Nt 〉F(t)

and therefore, nd(t) is Poisson distributed with average value
〈nd (t)〉 = 〈Nt 〉F(t). Moreover, the probability to have N

′
t

trapped electrons at time t when Nt electrons were trapped
at time 0 is given by

P
[

N
′
t (t)

]

=
∞∑

Nt =N
′
t

P
[

N
′
t (t) |Nt

]
P [Nt ]

=
∞∑

Nt =N
′
t

(
Nt

Nt − N
′
t

)
F (t)Nt −N

′
t · [1 − F (t)]N

′
t

〈Nt 〉Nt

Nt ! e−〈Nt 〉

= [1 − F (t)]N
′
t · F (t)−N

′
t · e−〈Nt 〉

N
′
t !

·
∞∑

Nt =N
′
t

F (t)Nt

(
Nt − N

′
t

)! 〈Nt 〉Nt

= [1 − F (t)]N
′
t · e−〈Nt 〉

N
′
t ! · 〈Nt 〉−N

′
t

· e〈Nt 〉F(t)

= [〈Nt 〉 (1 − F (t))]N
′
t

N
′
t !

· e−〈Nt 〉[1−F(t)]

and, therefore, N
′
t (t) is Poisson distributed with average value

〈Nt 〉[1 − F(t)] = 〈Nt 〉 − 〈nd (t)〉.

APPENDIX C

For arbitrary Nt and �VT
1 statistics and assuming the �VT

1 

of a single detrapping event to be independent of both its τd 
and the �VT

1 of other detrapping events, 〈�VT (t)〉 can be 
calculated as

〈�VT (t)〉 =
∫ ∞

0
�VT

∞∑

nd=0

f (�VT |nd ) P [nd (t)] d�VT

= −〈�V 1
T 〉 ·

∞∑

nd=0

nd P [nd (t)]

= −〈�V 1
T 〉 · 〈nd (t)〉

where f (�VT |nd) is the probability to have a VT loss �VT

given that nd detrapping events took place. Similarly, σ 2
�VT

(t)
can be calculated as

σ 2
�VT

(t) =
∫ ∞

0
[�VT − 〈�VT (t)〉]2

·
∞∑

nd=0

f (�VT |nd ) P [nd (t)] d�VT

=
∞∑

nd =0

P [nd (t)] ·
[
ndσ 2

�V 1
T

+ 〈�V 1
T 〉2n2

d

+ 〈�VT (t)〉2 + 2〈�VT (t)〉nd 〈�V 1
T 〉

]

= σ 2
�V 1

T
〈nd (t)〉 + 〈�V 1

T 〉2
[
σ 2

nd
(t) + 〈nd (t)〉2

]

+〈�VT (t)〉2 + 2〈�VT (t)〉〈�V 1
T 〉〈nd (t)〉

= 〈�V 1
T 〉2 · σ 2

nd
(t) + σ 2

�V 1
T

· 〈nd (t)〉.

APPENDIX D

The pdf of �VT (t) can be calculated as

f (�VT (t)) =
∞∑

nd =0

f (�VT |nd) P [nd (t)] .

Assuming an exponential distribution for �V 1
T , f (�VT |nd)

is given by

f (�VT |nd ) = e−�VT /〈�V 1
T 〉 (

�VT /〈�V 1
T 〉)nd

�VT (nd − 1)!
for nd ≥ 1, while f (�VT |nd) = δ (�VT ) for nd = 0. Con-
sidering now Nt as Poisson distributed, f (�VT (t)) becomes

f (�VT (t))

= e−〈nd (t)〉 ·
[

δ (�VT ) + e−�VT /〈�V 1
T 〉 〈nd (t)〉

〈�V 1
T 〉

·
∞∑

nd =1

(〈nd (t)〉�VT /〈�V 1
T 〉)nd−1

nd ! (nd − 1)!

⎤

⎦

= e−〈nd (t)〉
[

δ (�VT ) + e−�VT /〈�V 1
T 〉

·
√

〈nd (t)〉
〈�V 1

T 〉�VT
· I1

(

2

√
〈nd (t)〉�VT

〈�V 1
T 〉

)]

where I1 is the modified Bessel function of the first kind.
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