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ABSTRACT. In this paper we investigate the structure of intermediate vertex al-
gebras associated with a maximal conformal embedding of a reductive Lie algebra
in a semisimple Lie algebra of classical type.

1. INTRODUCTION

Let g be a semisimple finite-dimensional complex Lie algebra and € a reductive
subalgebra of g. The embedding ¢ — g is called conformal if the central charges
of the Sugawara construction of the Virasoro algebra for the affinizations g, ¢ are
equal. Conformal embeddings were popular in physics literature in the mid 80’s,
due to their relevance for string compactifications. In particular, maximal conformal
embeddings were classified in I@, m In the vertex algebra framework the
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definition can be rephrased as follows: the simple affine vertex algebras Vi (£) and

Vi(g) have the same Sugawara conformal vector for some multiindex k of levels.
Recall that an irreducible module M over a vertex algebra V is called a simple

current if for any irreducible V-module M, there exists a unique irreducible V-

module M;3 such that the space of intertwiners [ M ]:\54] is one-dimensional and
2

{ MSM] = {0} for any irreducible V-module S not isomorphic to M;z. A simple
2

current extension of V' is a simple vertex operator algebra W containing V' such
that V' and W have the same Sugawara conformal vector and there is grading
W =73 ,cp W*of W by an abelian group D such that WY =V and W? is a simple
current for V for any a € D.

Our main result is the following theorem, which appears as Theorem [[4] in the
body of the paper.

Theorem 1.1. Let £ — g be a maximal conformal embedding and g a simple
classical Lie algebra. Assume that W is a simple vertex subalgebra of Vi(g) such
that V;(¢) C W. Then either W = Vi(g) or W is a simple current extension of
Vi(€). Moreover, all these extensions are explicitly described.

As detailed in Remark [Z.I] the theorem holds when ¢ is a regular subalgebra of a
simple Lie algebra g of exceptional type. We have not been able to settle the case
when € is not regular. However Remark leads us to think that the theorem is
true in this case too:

Conjecture 1.1: Theorem L1 holds for any conformal embedding € — g.

A motivation for this paper comes from the following conjecture, which is a
modified vertex algebra version of conjecture 1.2 in [X]:

Conjecture 1.2 (generalized Wall’s conjecture for vertex algebras): Suppose that
B is a vertex operator algebra and A C B is a vertex operator subalgebra. Assume
that B decomposes into a direct sum of finitely many irreducible representations of
A. Then the number of minimal (resp. maximal) vertex subalgebras between A and
B is less than C - (dim Enda(B))*? , where C is a constant and End(B) is the
space of linear maps from B to itself which commute with the action of A.

Consider the special case when A is the fixed point subalgebra of a simple vertex
operator algebra D under a faithful action of a finite group G, and B is the fixed
point subalgebra of D under a faithful action of a finite subgroup H of G. By
the Galois correspondence (cf. [HMT], [KR]), the intermediate vertex subalgebras
between A and B are in one to one correspondence with subgroups of G which con-
tain H, and minimal/maximal vertex subalgebras correspond to maximal/minimal
subgroups of G which contain H. So the minimal version of the above conjecture
in this case states that the number of maximal subgroups of G which contain H
is less than C - n2 where n is the number of double cosets of H in G. When H is
trivial or a normal subgroup of GG, this is a theorem of Liebeck, Pyber and Shalev
[LPS]. Tt is believed that the constant C' can be chosen to be 1.

At the time of this writing, the original 1961 conjecture of G.E. Wall (corre-
sponding to bounding the number of maximal subgroups by |G|) seems to have
been disproven. But the above conjecture is still open even for group cases when
the subgroup H of G is not normal.
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The maximal version of the above conjecture in the group case can be easily
verified. For example when H is trivial the conjecture follows from the fact that
the number of minimal subgroups of G is less than |G|, and this can be directly
checked as follows: note that any minimal subgroup of G is a cyclic group of prime
order, and so any two such minimal subgroups intersect only at identity. It follows
that the number of minimal subgroups of G is less than |G|.

In Xu’s paper [X], the above conjecture was tested for a special class of A C B
coming from conformal embeddings. In particular, in Theorem 3.14 of [X] all simple
intermediate vertex algebras in these cases are listed. The proof in [X] is a mixture
of techniques from the theory of subfactors and uses unbounded smeared vertex
operators. The main theorem of this paper gives a vast generalization of Theorem
3.14 of [X] using very different methods.

Theorem [L.I] can be nicely illustrated by the case of the maximal conformal em-
bedding g < so(g). This example does not have the many technical complications
of the general case, but it is enlightening in showing the ideas underlying the proof.
We therefore refer the reader to Section [2 for an outline of proof in this special case.

A key tool in our treatment is given by the decomposition formulas found in
[CKMP]. In that paper, starting from a conformal embedding € < so(p) associated
to an infinitesimal symmetric space g = t®p, we found explicit formulas expressing
the decomposition of the basic module of g in E-irreducibles. Also, we provided a
combinatorial interpretation of these decompositions in terms of the abelian sub-
spaces of p that are stable with respect to the action of a Borel subalgebra of &.

In the present paper, we first generalize the results of [CKMP]| to any conformal
embedding in a classical simple Lie algebra. It is very convenient, in view of this
generalization, to reformulate our previous result in the framework of affine vertex
algebras rather than that of basic modules of affine Lie algebras. This is done in
Theorem The generalization to the classical case is given in Theorem [6.5l With
this generalized result available, we proceed to prove Theorem [[LT] along the lines
of the adjoint case.

A natural question left open by Theorem [LT] is to analyze the structure of the
simple current extensions, or, in other terms, to determine the abelian groups
parametrizing the extensions. This is done in the last section, where we relate
these groups to certain subgroups of the center of the connected simply connected
Lie group corresponding to ¢ (cf. Proposition [82)). These subgroups turn out to be
characterized by suitable integrality conditions: see Proposition and Corollary
5,41

The paper is organized as follows. In Section 2] we discuss the strategy of proof
of Theorem [Tl in the adjoint case. Section [3] is divided in several subsections.
In the first three subsections we recall a few basic facts on vertex algebras and
perform some calculations in the fermionic vertex algebra needed in what follows.
In Section [B.4] we discuss the notion of conformal embedding from several points of
view. In we highlight the relationships of conformal embeddings with the finite
decomposition property and we also apply results by Kac and Wakimoto to classify
certain instances of finite decomposition at admissible rational non-integer levels.
Section M contains the material we need about representations of vertex algebras,
with special emphasis on fusion coefficients and simple currents. In Section [ we
collect all the results from the theory of symmetric pairs which will be used in
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the derivation of the decomposition formulas. In Section [6] we state and prove
the decomposition theorems, and in Section [1 we apply them to prove Theorem
[LIl Section [§ illustrates the final sentence of Theorem [LI] yielding an explicit
description of the groups parametrizing the simple currents extensions.

Notational conventions. Regarding Dynkin diagrams, we use the conventions for
names and numberings of [K1], Chapter 4, Tables Fin, Aff 1-2.
We denote by N the set of nonnegative integers.

2. THE ADJOINT CASE

In this section we sketch the proof of Theorem [LIl in the case of the conformal
embedding of a simple Lie algebra g in so(g). Precise definitions and references will
be given in the next sections.

Let Vi(g) denote the simple affine vertex algebra of level £ € N (cf. B3). It
is known that the irreducible Vj(g)-modules with highest weight kw where w is a
minuscule fundamental weight of g are simple currents for Vi(g). We call them
special simple currents. In this section we give an outline of proof of the following
special case of Theorem [T}

Theorem 2.1. Let g be a simple Lie algebra and let hY be its dual Cozeter number.
The only simple vertex operator algebras V' such that Viv(g) €V C Vi(so(g)) are
simple currents extensions of Viv(g) whose factors are special simple currents.

We identify Vi(so(g)) with the basic module L(Ay), where Ag is the 0-th funda-

—

mental weight for so(g). Next we realize L(Ag) explicitly as the even part of the
fermionic vertex algebra F'(g) of (g, (+,-)) where g is g seen as an odd space and (-, -)
is the Killing form on g (cf. B)). If x € g, we let T be the corresponding element
of F(g).

If X € so(g), set O(X) =13, X(2;)z" : where {;} is a basis of g and {z'} its
dual basis. In the identification Vj(so(g)) = L(A) C F(g), an element X of so(g)
is mapped to O(X).

Let h be a Cartan subalgebra of g. Choose a non-zero vector x,, in the root space
g. corresponding to the positive root a and consider x_, such that (z,,z_,) = 1.

Let Ag be the 0-th fundamental weight for g. According to [CKMP], as a repre-
sentation of the derived algebra of g, we have

L(Ao) = @D L(hY Ao+ (1)),
IeAby

where Ab is the set of even dimensional abelian ideals in a (suitable) Borel subal-
gebra b of g and (I) = > _;a. Moreover, the highest vector of L(hYAg + (I)) is

given by
Uy =: H To o -

g

Likewise, we introduce
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We identify Viv(g) with L(h"Ay), so, if V' is a vertex algebra intermediate between
L(hYAg) and L(A), then

V=" L(h'Ay+(I))
I€Aby
with Aby a subset of Aby.
Write E, o, € gl(g) for the linear transformation, diagonal in the given basis, such
that Ey o(Ta) = Ta, Fao(zs) =0 for f # a, and E, ,(h) = 0 for h € h. A special
case of formula ([3.9]) gives that,

(vr)2n—2yv-1 = Z O(Laa — E_a,-a)-

gaCI

If I € Aby then v; € V. Tt is easy to check (see also [Kol Remark 4.10]) that if
I € Abg, then there is a unique ideal I* € Aby such that (I*) = —wy((/)). Here
wy is the longest element of the Weyl group of g. The simplicity of V' implies that,
if L(hYAg + (I)) C V, then L(hYAg + (I*)) C V (see Lemma [AT] below). Since
v_r € L(h'Ag + (I*)), we have that v_; € V. It follows that >°  _; O(Eaa —
E_o o) € V, so that V contains both ©(ad(g)) and > ~;O(Eaa — E-a,-a)- If
> guct(Pao — E_a o) & ad(g), then, since the conformal embedding of ad(g) in
so(g) is maximal , we have that so(g) C V, but then V = Vj(g). Otherwise, we
have >°  /(Eaa — E—a,—a) = ad(h) with h € b. Since ad(h) = 3 cp a(h)Ea,a,
there is a simple root «; such that o; € I and this can be shown to imply that «;
has coefficient 1 in the highest root and [ is the nilradical of the maximal parabolic
corresponding to «;. Thus (I) = h¥w;, and w; is a minuscule fundamental weight
of g. But then L(hY(Ag+ w;)) is a special simple current.

3. VERTEX ALGEBRAS

For basic notions on the theory of vertex algebras we refer the reader to [K2] or
[DKL, §1]. We will be mainly consistent with notation used in the latter reference.
In particular, we shall denote by a +— Y(a,z) = Y, ., amz """ the state-field
correspondence, by 7' the translation operator and by p(a) the parity of a € V. For
a,b € V we set p(a,b) = (—1)P@r®),

A conformal (or Virasoro) element in a vertex algebra V' is a vector w in V|
such that the associated field Y (w,z) = Y, wm)z "' has the following three
properties:

(1) [waw] = (T + 2 )w + ci‘—; for some ¢ € C;
(2) wq) is diagonalizable;
(3) W) = T.
The number cis called the central charge of w. Write V' = @,,c¢V,, for the eigenspace

decomposition of V' with respect to w(yy. If v € V,,, then n is called the conformal
weight of v and it is denoted by A,. As shown in Proposition 1.15 of [DK]

(31) Aa(n)b:Aa+Ab—n— 1, AT(Q) =A,+1.

Recall that V;/TVj acquires a natural structure of Lie algebra, with bracket
defined by [a + TV, b+ TVy] = a@yb+ T'V;. In particular, if Vj = C|0), then Vi is
a Lie algebra with bracket [a,b] = a()b.



If A, B are subspaces of V', we define, following [BK| Remark 7.6]
(3.2) A-B = Span{amb|ac Abe B,ncZ}.

Lemma 3.1. (a) The product [B2]) and the vector space sum define on the set of
all T-stable subspaces of V' a structure of unital associative commutative ring Ay .
(b) If V is a simple vertex algebra, then the ring Ay is a domain.
(c¢) If V is a simple vertez algebra, and a,b € V are such thatb # 0 and Y (a, 2)b =
0, then a = 0.

Proof. The subspace C|0) is an identity element of Ay by (1.23) and (1.24) of
[DK]. The associativity of the product ([B.2) follows from the Borcherds identity
(see [DKl (1.28)]) and commutativity follows from the skewsymmetry (see [DKI|
(1.29)]), proving (a).

Claim (b) follows from (c¢). In order to prove (c), it is enough to show that, if
a,b € V. b # 0 and Y(a,z)b = 0, then a = 0. Consider the set Cent(b) = {a €
V| Y(a,z)b = 0}. We claim that Cent(b) is an ideal of V. It is T-stable, since
Y(Ta,z) = 0.Y(a,z). Moreover by the Borcherds identity (cf. (1.28) of [DK]),
letting m >> 0, we find that if x € V| a € Cent(b), then, for any k,n € Z,

m

> <j ) (@(n+7)@) (m-+k—7)b =0

JjEN

Choose N so that z,ya = 0 for h > N. An obvious induction on ¢ > 0 shows that
(z(n—tya)yb = 0 for all ¢ > 0 and all 7. Hence Cent(b) is a left ideal, and since
it is T-stable it is a 2-sided ideal (by skewsymmetry). Since V' is simple, we have
either Cent(b) = {0} or Cent(b) = V. In the latter case, from the skewsymmetry
relation, we get that Y (b, z) = 0, which contradicts the assumption that b # 0. [

3.1. The fermionic vertex algebra. If A is a vector space we write A for the
totally odd vector superspace such that A° = {0} and A' = A. If a € A, write a to
denote a seen as an element of A. Assume that A is equipped with a nondegenerate
symmetric bilinear form (-,-). Then one can construct the Clifford Lie conformal
algebra as

RY(A) = (C[T)® A) & CK,
with the A\-bracket
(3.3) [axb] = (a,b) K [a\K] = [K,K] =0, a,b € A,

and T acting on C[T] ® A by left multiplication and trivially on K. Let V(A) be
the universal enveloping vertex algebra of this Lie conformal algebra. The vertex
algebra

F(A) = V(A)/: (K - )V(A)

is called the fermionic vertex algebra.
The fermionic vertex algebra has a Virasoro element:

(3.4) wi = %Z T ()7

where {z;} and {z'} is a pair of dual bases of A.
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Remark 3.1. The vertex algebra F(A) can be constructed explicitly as follows:

consider L(A) = Ere%—i—l t"® A and set L(A)T =5 _ t"® A. Extend the form
(-,) to L(A) by setting
(t" ® a1, t* @ ag) = 6, (a1, az).

Let ClLiff(L(A)) be the corresponding Clifford algebra. Then one can identify F(A)

and the Clifford module Cliff(L(A))/(ClLiff(L(A))L(A)"). If z € A, then the corre-
sponding field is Y(z,2) = >, ., ¥z "' where x(,) is the operator given by the
action of "2 @ z. (See [K2, 3.6]).

3.2. Some calculations in the fermionic vertex algebra. The goal of this

section is to prove formula (B8] in Proposition B.6 which will be needed in the
sequel.

Lemma 3.2. If z,y € A are such that (z,y) = 1, then
(1)
[T™(y)s : T (2)T™(z) ... T™ () 1]
k
= Z(—l)”l(—)\)")\"i ST (T . T (E) . T (7))
(2)
[ T™(2)T™(Z) ... T™(Z) :\ T™(y)]

=D (DA ) (=X =Ty T (@) T (3) L T () L T (T

Proof. The first formula is a direct application of Wick’s formula. The second
formula is obtained from the first by applying skew-symmetry of the A-bracket. [

We let Ay, be the conformal weight of the leading coefficient of the polynomial
[axb]. If n € N* set T™(7) = T™(Z)---T™(Z). In what follows we will use many

times (B.1]).
Lemma 3.3. Ifn € N, m € N* with h < k, and [: T™(Z) :x: T™ () :] # 0, then
Ay rm(g)y) = min(m;) + 3.

Proof. The proof is by induction on h. If h = 1, then the result follows from Lemma
B2 If h>1,set n; = (nyg,...,7,...,n) € N=1 By Wick’s formula

L T(@) s T™(5) 1 = [ () 2 T™ () 7™ (7) -
D T G TE) o T™ ()
P [ A ) T @) 5 T )

The conformal weight of the first summand is clearly bigger than ms + % The
conformal weight of the second summand is clearly bigger than mq + % Finally, by
the induction hypothesis,

N[

A[:T“i(i‘);u;Tml(g);] > mm(mg, o ,mk) +

The result follows.



Ifn,m € N* set A(n,m) = ((—1)" (m;+n;)!)1<i j< and C(n, m) = detA(n, m).
For k = 0, we set C((,0) = 0. Let N*¥ be the set of all n such that n; # n; for

reg

i # j. Introduce the divided powers () = 2~

sl

Lemma 3.4. Assume n,m € N¥ k> 1. Let jy (resp. ig) be the index such that

reg’
nj, = min(n;) (resp. mi, = min(m;)). Set N = Aipnz). + Aipm(g). — 1.
If (z,y) =1, then

[ T™(2) o T™(y) <) =
(—1)*AC(n, m)AM|0)
+ (—D)FE (1) O (1, my, ) AN 00T L T ()T ()

+ lower order terms.
Proof. The proof is by induction on k. If £ =1, then
[ T(2) s T™() ] = (—1)"A™ — (1) (m -+ m) A+,

as desired.
If £ > 1, we can assume that ig = jo = 1. By Wick’s formula and Lemma [3.2]

[ T(E) o TG) ) =2 [ TE) e T @) AT )
F D T @) T @) e T™ (@)
k

S DR / (X )™ (<A )" T(2) 2 T (3) Sl

i=1
By Lemma[3.3] the conformal weights occurring in the first summand are greater or

equal than ny +min(m; | i > 2) + 1. Since ny +min(m; | i > 2)+1>my +n; + 1,
we see that

(3.5)

[ T%(@) o T™(@) ] = (=1)" : T™ (@) T(@) ox: T™(5) 1] -
k A
— CDF Y [ A ) T @) s T )
i=1
+ lower order terms.
Applying Wick’s formula and Lemma [3.2] we obtain that
[ T™(Z) ox: T™(g) o] =: eTNT™ (2)[: T™(Z) :a: T™ (7)) 1] :
+ (—1)]“_1 . T m (Z)[: T (Z) :x: T™(g) <] :
1 \
D A A ) E T @) e T )
i=1
The conformal weight of the second summand is bigger than min(n; | i > 1)+ 1

and, by Lemma [3.3] the conformal weights of the terms occurring in the third sum
are bigger than min(n; | i > 1) + 5 as well. Since min(n; | i > 1) + 3 > ny + 3,



substituting in (B.0), we have
[ T™(Z) 0 T™(G) 2] = (=1)F : 7™ (9)eT2T™ (2)[: T™ (Z) a: T™ () 1] :
k A
Y [ A ) T 5 T )

i=1 0
+ lower order terms.

By the induction hypothesis, we find that

[ T™(@) o T™(g) o] = (=1)*EDC @y, my) A== 7 () T () -
k

A
— (=) (1) C (g, my) / (=)™ (A — )t p N )y
i=1 0
+ lower order terms.

Now observe that

A
/ (=)™ (A = )™ N2 gy — (= 1) (my + ) A
0
and that —(—1)F*(+=D/2 — (_1)[k/2] hence the proof is complete.
Let n! = (0,1,...,n) € N*tL,
Corollary 3.5. Let N = (n+1)>—1. Ifn>1 and (x,y) = 1 then

[ T(Z) o T™(9) )] = (H iN2AM0) 4 (n + DAN=Y - 25 1) + lower order terms.
i=0

Proof. We note that Azui(z). = (n+ 1)*/2. Moreover

C(nl,nl) = det((—1) (i + j)Dozijzn = (=) det((i + j)osijzn.
The latter determinant is classically evaluated as (see e.g. [KRA])

det((i+ j)o<ij<n = H

Note that
C(nly,nly) = det((—1)’ (i + j))1zigen = (1) det((i + j)D1<ijzn
Using Proposition 1 in Section 2.1 of [KRA], one can show that

2:1

The statement now follows from Lemma B.41

Let A’ be a subspace of A such that A = A’@ (A’)*=. Then the map a®b —: ab :
establishes an isomorphism between F(A’) @ F((A')*) and F(A). Hence, if a’,V €
F(A) and ", V" € F((A")1),

va'a” sy VB = p(a” V) Y () (afd") -

r4+s=n—1
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In particular, if N' = Ay + Ay — 1, N" = Ay + Ay — 1, and N = N+ N” + 1,
then

(37) [a/agb/b//] = p(b/7 a//) . (a/(N/)b/)< N// b”) : )\ )
+p(a’,a")(: (a1 b) (alnmb") « + 1 (alpn) (afyn_1)b") AT
+ lower order terms.

We are now ready to prove the main result of this section. Set C, =[]\, (¢!)*.

Proposition 3.6. Assume that z1,..., Tk, Y1,...,yx € A are such that (x;,x;) =
(yi,y;) =0 for all i, 5 and (x;,y;) = 0i5. Fizny,...,n, € N and set

a=:T™Nzy) ... T™(z)

and
b=:T""(gy) ... T™ () : .
Then
k k
(38)  [axb] = J(-)Ve T G, (MN 10) + AN "y + 1) - 2 ;>
i<j i=1 i=1

+ lower order terms,
where N = S8 (n; +1)2 = 1. In particular
(3.9) [ 2T GG = (D0 L AER g )

1

4 lower order terms.

Proof. By formula (1.40) of [DK], we have that

a=: Tnl!(i’l) D Tnk!(i’k) o b=: T (gp) - Tnk!(gjk) o
We can therefore apply repeatedly (3.7)) combined with Corollary to obtain the
result. U

3.3. The affine vertex algebra. Let g be a simple or abelian finite dimensional
complex Lie algebra.

Let (+,-) be the normalized nondegenerate invariant symmetric bilinear form on
g (i.e., the square length of a long root of g is 2); if g is abelian, any non-degenerate
symmetric bilinear form will do. One defines the Lie conformal algebra Cur(g) as

Cur(g) = (C[T|®g)+ CK
with A-bracket defined for a,b € 1 ® g by
[axb] = [a,b] + A(a,bD)K, a,b € g,
laxK] = [K\K] = 0.
Let V(g) be its universal enveloping vertex algebra. Let hY be the dual Coxeter

number of g (hY = 0 if g is abelian), and choose k € C with k # —h". The vertex
algebra

VE(g) = V(g)/ : (K — k[0)V(g) :

is called the level k universal affine vertex algebra. It has a unique simple quotient
Vi(g) called the level k simple affine vertex algebra. If g is reductive, let g =
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g0 D g1 @ --- D g, with gy abelian and g; simple ideals for i = 1,...,s. If k € C**!,
we define

V¥(g) = V™ (go) @ V¥ (g1) @ - @ V(gs)
and

Vie(@) = Vio(90) @ Vi, (1) © -+ @ Vi, (g5)-
Note that both V¥(g) and Vi (g) are vertex algebras with Virasoro element w, given
by the Sugawara construction:

s dim gj

1 .
Wy = T AVAY calalon
¢ pr 2(kj + hY) ; v
Here {27}, {«%} are dual bases of g; and k) is its dual Coxeter number.

Observe that V¥(g)o = C|0), so V¥(g); is a Lie algebra. The obvious embedding
of g in Cur(g) defines an embedding of g in V¥(g) and it is easy to check that the
image of this embedding is precisely V¥(g);. If m : V¥(g) — Vi(g) is the canonical
homomorphism, then it is not hard to check that 7 is injective when restricted to
VX(g)1, thus we can identify Vi(g); and g.

3.4. Conformal embeddings.

Definition 3.1. Let V and W be vertex algebras equipped with Virasoro elements
wy, wwy and assume that W is a vertex subalgebra of V.. We say that W s confor-
mally embedded if wy = wy .

The following construction provides several examples of conformal embeddings.
Let a = t@®p be the eigenspace decomposition of an involution o of a semisimple Lie
algebra a. In this case it is usually said that (a,t) is a symmetric pair. Let a = ®ay
be the decomposition of a into o-indecomposable ideals. Let (-,-) be the Killing
form of a. Clearly (-,-) is nondegenerate when restricted to p. Write v = Zgio tg
with v abelian and vy simple ideal for S > 0. Let (-, -)o = (-, ") jxoxe, and, if S > 0,
let (-, -)s be the normalized invariant form on tg . Let ad, denote the adjoint action
of v on p. Set b to be the dual Coxeter number of a; (since oy, is indecomposable,
a; is either simple or the sum of two isomorphic simple ideals, and in the latter case
hY is the dual Coxeter number of one of these simple ideals). If S > 0, let h¢ be
the dual Coxeter number of tg. Set, for S > 0,

Jjs = nshi, — h{
where ng = m, a is any long root of tg and a,, is the unique indecomposable
g )
ideal containing vg. Set also jo = 1. Then, (see [CKMP Section 2])

(3.10) Ltr(ady(R)ady () = Gs(h, 1)
for any h,h' € tg. Set

Let {x;} a basis of p, and {z'} its dual basis. It was shown by Kac and Peterson
(when o is inner) [KP] and by Goddard, Nahm and Olive [GNO] that the map
(3.12) OX) =1 [X,z]7":

can be extended to an embedding of Vj(t) in F'(p).
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Moreover the image of the Virasoro element of Vj(r) in F(p) coincides with wy
(cf. (84)). Thus Vj(r) embeds conformally in F(p).
The other way around also holds: let

(3.13) =t @) ¥
i=1

be a reductive Lie algebra with, as usual, £, abelian and ¢; simple ideals for ¢ > 0.
The symmetric space theorem [GNO] implies the following statement.
Proposition 3.7. If £ is such that

1. there is vertex algebra embedding of Vi (8) in F(A) for some vector space A
and some k € C* x N*; B
ii. the Virasoro elements of V() and F(A) coincide,

then there is a symmetric pair (a,t) such that v =€ and p = A; moreover, k = j.

A special case of the above discussion occurs when we consider a vector space A
with a nondegenerate bilinear symmetric form (-,-), and embed A in A = A® C
with the form extended by (a,1) =0 for a € A and (1,1) = 1. Let L be the linear
map on A defined by L(a + ¢) = —a + ¢. Then ¢ = Ad(L) is an involution of

so(A, (+,+)) and the corresponding eigenspace decomposition is

SO(Av ('7 )) = SO(Av ('7 )) ® A.
The adjoint action of so(A, (+,-)) on A coincides with the standard action of so(A, (-, ))
on A. In this case the above construction gives that Vi(so(A4, (-,-)) embeds confor-

mally in F'(A) and the embedding is given by the extension of the map © defined
by

(3.14) OX) =13 X(z)z':.

i

Note also that F'(A)y = C|0), so F'(A); is a Lie algebra. One checks easily that

the map © between so(A, (+,-)) = Vi(so(A, (-, -)))1 and F(A), defined above is onto.

Thus © gives an isomorphism between F'(A); and so(A, (-, -)).
Set

(3.15) F(A)? = ®penF(A),.

Since Vi(so(A, (-,))n # {0} only if n € N, it is clear that ©(Vi(so(A,(-,-))) C
F(A)° Since F(A); C ©(Vi(so(A, (+,+))), we can identify F(A)? and V;(so(A4, (-,+)).

Definition 3.2. If g is a simple Lie algebra and € is a reductive subalgebra as in
BI3), we say that € is conformally embedded in g, if there is k € C* x NM such
that Vi (€) is conformally embedded in Vi(g).

Remark 3.2. If (a,t) is a symmetric pair, it is clear that © maps Vj(r) in F(p)° =
Vi(so(p)). Thus t is conformally embedded in g = so(p) and the symmetric space
theorem implies that any conformal embedding in so(n, C) arises in this way.

Remark 3.3. If £ — g is a conformal embedding and v is a reductive subalgebra
of g containing &, then v is conformal in g. This follows from the fact that, since
Vi(g) is a unitarizable V;(g)-module, then the equality of the Virasoro elements is
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equivalent to the equality of the corresponding central charges. Thus, if € is a max-
imal conformal subalgebra of g, then it is actually a maximal reductive subalgebra.
The list of such maximal embeddings is given in [AGO].

3.5. Finite decomposition property. The notion of conformal embedding first
arose in literature in a slightly different way. Consider a pair (g,£), where g is a
finite-dimensional simple Lie algebra over C and ¢ is a reductive subalgebra of g,
such that the restriction of the Killing form of g to ¢ is non-degenerate. Denote
by @, ¢ the corresponding affinizations [KI]. Recall that a level k highest weight
representation of g can be naturally viewed as a representation of V*(g) (cf. [K2]).
It is well-known that any integrable highest weight g-module, when restricted to /{;,
decomposes into a direct sum of irreducible &-modules [K1, but almost always this
decomposition is infinite. As we have already remarked, the first cases of a finite
decomposition were found in [KP)]. This led to define the notion of a conformal pair
in terms of the following finite decomposition property: € was called a conformal
subalgebra of g if there exists a non-trivial integrable highest weight module V'
over the affine Kac-Moody algebra g, such that the restriction to ¢ of each weight
space of the center 3(£) of £ in V' decomposes into a finite direct sum of irreducible
E-modules.

It was readily found that the decomposition in question is finite if and only if the

central charges of the Sugawara construction of the Virasoro algebra for g and ¥ are
equal [GNO]. Recall that the function
kdim g

cg(k) = JRAY
expresses the central charge of the Sugawara construction at level k£ for a simple
Lie algebra g with dual Coxeter number hY. In [AGO| Section 2] it is shown that
Cat(k) = cg(k) — Y gces(jsk) is strictly increasing as a function of k. By [KIJ
Proposition 12.12.c)] we have cg¢(k) > 0 if k is a positive integer. By the coset
construction, we have the finite decomposition property of an irreducible highest
weight g-module V of level k only if the coset central charge is zero:

(3.16) coe(k) = 0.

Hence the decomposition in question has a chance to be finite only if the level of
the g-module V is equal to 1, and if it is finite for one of the g-modules of level 1,
it is also finite for all others.

A more conceptual argument, kindly suggested by the referee (see also [AP]), is
the following: if the embedding is conformal then wy — w; is in the maximal ideal of
V*(g), hence there must be a singular vector in V*(g) of conformal weight 2. This
implies that there is A, with \ either zero or a sum of at most two roots of g, such
that

20+ M\ A) —2(k+hY)

k+ hY
Here p is a Weyl vector for g and (-,-) is the normalized invariant form. Since
(p,a) < hY —1 for any root o and |[\]|*> < 8, we see that the above equality implies

that%ZI#ZQ,sokSl.

On the other hand, if we remove the integrability condition, equality of central
charges may happen at levels less than 1. Some examples of this phenomenon were

=2
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found in [AP]; it was also noted that sometimes one also gets the finite decompo-
sition property. We would like to put the examples discovered by Adamovi¢ and
Perge [AP] in the framework of Kac-Wakimoto theory of admissible representations
[KW3].

Let h = h @ CK @ Cd a Cartan subalgebra of g (h is a Cartan subalgebra of g).
Let p be a Weyl vector for g (cf. [KI]). Recall that an irreducible highest weight

module L(A), \ € B* over an affine algebra g is said to be admissible if
(1) (A + p)(a) ¢ =N, for each positive coroot «;

(2) the rational linear span of positive simple coroots equals the rational linear
span of the coroots which are integral valued on A + p.

Admissible modules are classified in [KW3]; their importance lies in the fact that the
character of these representations has modular invariance properties even though
they are not necessarily integrable. We are concerned about admissible representa-
tion by virtue of the following observation, which relies on the theory developed in

Denote by gq4(\) the number, called the growth of L(\), defined by formula (3.20b)
of [KW3] for the weight A of g. It expresses the asymptotic behavior of the character
of L(A): in the limit ¢ — 0T of the real parameter ¢

trpo) €™ ~ by - ets ) (2 € p)
where by = b)(2) is a nonzero function of z.
Theorem 3.8. Let g be a simple Lie algebra and € = 3 y_,ts a reductive equal

rank mazimal subalgebra of g. Assume that L(kAy), k € Q\ Z, is admissible and

that any irreducible subquotient of L(kAg) is admissible as a €-module. Then the
g-module L(kAgy) decomposes finitely w.r.t. € if and only if B16) and

(3.17) 9a(kNo) = Zgés (JskAog)
5=0

hold.

Proof. Consider p € b and define U(A,p) as in [KI, 12.12]. Then L(kA¢) =
P U kAo, Ni) @ LE()\ ) as representation of Vir @ ¢, where Vir is the coset Virasoro

algebra.

If L(kAo) decomposes finitely then U(kAg, \;) are finite dimensional hence the
central charge of the coset Virasoro, which is cg¢(k), is zero, hence (B.16]) holds.

Next we prove [BI7). Since £ is an equal rank subalgebra of g and L*()\;) occurs in
L(kAg), we have that \; — ), is a sum of roots of £ Since the growth of an admissible
t-module Lt(\) depends only on the set of roots a of € such that AMaY) € Z,
we see that the growth of L*()\;) does not depend on i. Denote it by ¢’. Since
LYY g jskAog) clearly occurs in L(kAg), we have that ¢ = > , ges(JskNo)-
Setting g = g4(kAo) we have, as ¢t — 07,

Do (2)€™ 2 (1 + of Z by, (2))e™ 12 (1 + o(1)).

If ¢ < g, we obtain by dividing by e”g/m, as t — 0T, that by, (2) = 0 for all z. If
g > g, we obtain by dividing by e™/!% ast — 0, that (3, by,(2)) = 0, but then
again bgy,(z) = 0 for all z, a contradiction.
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Assume now that (816) and (3I7) hold. If A is admissible, then, by Proposition 5
of [KW2], which holds under the additional assumption that the eigenspaces of (wy)o
on L(\) are finite-dimensional, the Vir-modules U(A, \;) have finite Jordan-Holder
series. The additional hypothesis is satisfied in the special case A = kAg. Moreover
each irreducible subquotient has central charge given by cg¢(k) and growth given
by gq(kAo) = 5_o Ges (JskAog). Since they are both zero, we see that U(kAo, \;) is
finite dimensional, hence the decomposition is finite.

Remark 3.4. Computing explicitly equal rank pairs (g, ¢) having levels satisfying
condition (B.I0) and condition (B.I7T), we obtain just the following three cases

k g |t
-1+ 3/2 B, | D,
—5/3 Gy | As
—5/2 F, | By
Table 1

The finiteness of the decomposition in these cases has been proved in [AP] for
(B1, D)), (Ga, Ay) and in [Pe] for (Fy, By). Note that our methods do not cover the
cases when one of the levels involved is a negative integer (see e.g., [AP Table 2]).

4. REPRESENTATIONS OF VERTEX ALGEBRAS

4.1. Intertwining operators and simple currents. Let V' be a vertex algebra.
A V-module is a vector superspace M endowed with a parity preserving map Y
from V' to the superspace of End(M)-valued fields

a—YMa,z) = Za(n —nt

nez
such that
(1) YM(]0), 2) = I,
(2) for a,b €V, m,n, k € Z,
m
Z <j ) (a(n-f-j)b)é\?{rwrkfj)
jeN
- Z < ) A (mtn—j) b]\gﬂ) pla,b)(— )an\ngn J)aéwﬂ'))'

jeN

Given three V-modules My, My, Ms, an intertwining operator of type [ MM}O’V[}

1 Vo
(cf. [EZ]) is amap I : a = I(a,2) = 3, za(,y2 "' from M to the space of
End(Ms, M3)-valued fields such that for a € V', b € My, m,n € Z,

m M I
Z( )< N

=> (-1 < ) Uty Vlo ) = PO D) (1) Doy Oty )

jeN
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Example 4.1. Let W be a vertex algebra and V' a simple subalgebra of W. Let
M;,1=1,2,3, be V-submodules (with respect to the standard representation of W
to itself, restricted to V'), and let # : W — M3 be a linear map, commuting with
the action of V on W. Let a € M;. Then

I(a,z) = 7Y (a, 2)|m,,

. . . Ms
is an intertwining operator of type { M, MQ] .

We let N ]J\‘jf’ a, be the dimension of the space of intertwining operators of type

M, MQ] . When N,/ is finite, it is usually called a fusion coefficient.

Definition 4.1. Let V be a vertex algebra.

1. A simple current for V is a V-module S such that, for any irreducible V -
module M, there is a unique irreducible V-module Mg such that N%\S/I IS MONZero
and also N%@ = 1.

2. Let V be a vertex algebra equipped with a Virasoro vector. A simple current
extension of V' is a simple vertexr algebra W such that V- — W is a conformal
embedding and there is grading W = %" _, W of W by an abelian group D such
that WO =V, We. W C W and W* is a simple current for V for any a € D.

Remark 4.1. Simple currents are usually defined in terms of a tensor product
between V-modules (see, for example, [DLM] and references therein). They are
defined by the condition that S ® M is irreducible whenever M is. We won’t need
this general theory.

We are mainly interested in the vertex algebra Vi(g) when g is a simple Lie
algebra and k € N.

Choose a Cartan subalgebra h of g and a set of simple roots {a1, ..., a,} for the
root system of (g,h). Let b be the Borel subalgebra corresponding to these choices
and let 6 be the highest root.

If A € b*, we denote by L?()\) the irreducible representation of V*(g) having a
vector vy such that

(4.1) Tmyvy = 0 for x € g and n > 0,
(4.2) T(yvx = A(x) for x € b.

Here ) is extended trivially on [b, b]. If the action of V*(g) pushes down to an action
of Vi(g), we keep denoting by L9()\) the corresponding Vi (g) module. The module
L3() is called the irreducible module of highest weight A and the vector v, is called
a highest weight vector. Let P denote the weight lattice of g, and let {wy, ..., w,} be
the fundamental weights. Let P, = ), Nw; be the set of dominant integral weights.
Set P¥ = {\ € P, | \(6¥) < k}. The irreducible Vj(g)-modules are precisely the
irreducible highest weight modules L8(\) with A\ € P¥. In particular Vj(g) has a
finite number of irreducible representations. Exercise 13.35 of [K1] gives an explicit

formula for the fusion coefficents NLL; ((;)) Lo(u)-
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Write 0 = ), a;;. It is well known (cf. [DLM]) that if a; = 1, then L9(kw;) is a
simple current for Vi(g). Set J = {i | a; = 1}. To simplify notation, set

(4.3) 1= Vi(g),

(4.4) 0; = L8(kw;), (i € J),
and define

(4.5) Qy={1}U{o; | i€ J}.

We call the elements of € the special simple currents for Vi(g).
It turns out that the special simple currents are related to the the center 3(G) of
the connected simply connected Lie group G corresponding to g. let PY C § denote

the coweight lattice of g, and let {wy,...,w,’} be the fundamental coweights.
Let f: Q4 — PY be defined by
(4.6) flo) =w/, f(1)=0.

Then we have the following bijection expof:

Q, L PV 22, (@),
Thus € acquires a group structure (M, M’) — MM’ from this bijection; as notation
suggests, 1 = Vj(g) is the identity element. It is well known that, if My, My € €,
and Mj is an irreducible Vj(g)-module, then

(47) ij\\jf,Mg = 5M37M1M2'

This result easily extends to the case when g is reductive. First remark that if g
is abelian, letting b = g, then ([L.1)) and ([£.2) define L#(\) for any A € g*. Moreover
L9()) is a simple current for Vi (g), k € C*. Indeed, in this case we have,

L)
NEoso.ze( = Oven

We therefore set
Qg ={L*N) [ e g’}
and call its elements special simple currents. Identifying €}, and g* gives a group
structure to Qy and (£.1) holds also in this case.
If, finally, g is reductive, let g = @;_,g; be the decomposition into the center
go and the sum of the simple ideals of g. Fix k € C* x N*. Set, for A € b*,
L8(N) = LX) ® L8 (A1) @ - - @ L9(\,), where \; = \jpng,, and

(4.8) Qp = {@_gM; | M; € Qy,}.
The elements of (); are simple currents that we call the special simple currents for

Vi(g). The map My®@M; ®- - - @ M, — (My, My, ..., M) identifies Qg and []7_, €,
thus giving a group structure to €y that makes (4.7) to hold also in this case.

4.2. Relative fusion ring. Let W be a simple vertex algebra and V' a simple
subalgebra of W. Assume that the standard representation of W, when restricted
to V', decomposes into a direct sum of T-invariant irreducible modules. Write

(4.9) w=gw;,

JjeJ
for the decomposition of W as a V-module into isotypic components. Here [J is
the set of all 7 in the set of isomorphism classes of irreducible representations of V'
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such that W, # {0}. As in the previous section we let 1 be the isomorphism class
of V' as a V-module. Define cfj to be 1 if W; - W, (which is a V-submodule of W,
due to the Borcherds identity) intersects non-trivially W} and 0 otherwise.

Definition 4.2. The relative fusion ring FR(W, V) is the free Z-module with basis
J and product

(4.10) ij=) ck.
keJg

Example 4.2. The complete reducibility Theorem 10.7 from [KI] implies that
(Z9) holds in the case of the conformal embedding of an affine vertex algebra
V = Vk(¥) — Vi(g) with g a simple Lie algebra, £ a reductive algebra as in (B.13))
and k € C* x N*. Thus, we can define the relative fusion ring F'(Vi(g), Vik(£)).

Formula (Z3) holds also in the case of the conformal embedding V;(£) < F(A)
for some vector space A (see Section 3.1). Indeed, by Proposition B above, (£9)
is given by the results of [CKMP] (see Theorems 6.1 and [6.2 below). Thus, we have
the relative fusion ring FR(F(A), V;(8)).

By Lemma 311 (a), (c), FR(W,V) is a unital commutative associative ring (with
identity element 1), such that i-j # 0 for all 4,5 € J.

Definition 4.3. Let € be a reductive complex Lie algebra, t a Cartan subalgebra of
t. For \ e t*, set
A= —w(]()\),

where wy is the longest element of the Weyl group of €.

Lemma 4.1. Let W be a simple vertex algebras and V' a vertexr subalgebra such
that (A9) holds.
(1) For each j € J there exists j* € J such that C}J* #0.
(2) Let V = Vi (€) with € as in BI3) and k € C* x N°. If j = LY()\) then then
there exists a unique j* as in (1), and j* = L}(\*).

Proof. To prove (1) assume that for j € J the contrary case holds. Then subspace
W - M; is a non-trivial proper ideal of W if j # 1. The case j = 1 is obvious.
To prove (2) we observe that, as a consequence of Verlinde’s formula (see e. g. [W],

(5.4)]), LY(A*) is the unique irreducible V-module such that NLL:((/(\)){LB(/\*) =1 and
13
NEO y = 0 for any other irreducible V-module M. Applying Example B.T], with

L)
M, = j = LY\) € Wj, My = j* = L*(u) C Wj« and 7 the projection W — V, we

4

see that Nfe((S;,Lf(p) # 050 = \"

Assume V' = Vi (#) and define a Z-valued pairing on FR(W, V) by:
Lemma [4.1] implies the following proposition.
Proposition 4.2. (a). The bilinear form induced by [EII) on FR(W,V) is asso-
ciative, i.e. (i-7,k) = (i,7 k).

(b). The map i — i* is an involution of the ring FR(W, V), leaving the bilinear
form invariant.
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Definition 4.4. Set S, = J N Qe and let SR(W, V) be the free Z-submodule of
FR(W,V) with basis S}, .

Lemma 4.3. SR(W,V) is a subring of FR(W, V). Moreover S§, is a subgroup of
Qe and SR(W, V') is isomorphic as a ring with basis to the group ring Z|Sy,] of S}y

Proof. Let i,j € S},. Let Wy be such that Wy, N (W; - W;) # {0}. As shown in
Example @] Nf; # 0. It follows from 7)) that k = ij € Q¢ and - j = k. Thus
i-j=ijesk.

To prove the second claim first observe that we already proved above that S,
is a submonoid of . It is clear that, if L¥(\) € Q, then LY(\*) € Q. Thus, by
Proposition 2] if j € S§,, then j* € S§,. Since 1 = j - j* = jj*, S§, is a subgroup
of Qg. ]

Corollary 4.4. If W is a sum of special simple currents for Vi (®), then it is a
simple current extension of Wy.

Proof. W is graded by the abelian group S§.

Corollary 4.5. Set V = Vi () and assume that Wy = V.
(1) U= Zjeé‘év W; is a simple current extension of V and U = Zjeé‘év W is a
multiplicity free decomposition.
(2) The intermediate simple vertex algebras V- C U C U are in one to one
correspondence with the subgroups of St .

Proof. Since U - U C U, U is a vertex subalgebra. If I is an ideal of U and
W; N1 # {0}, then, since W is simple, Wj» - (W; N 1) # {0}, hence V- C I. It
follows that I = U. This proves that U is _simple. By Corollary 4] it is a simple
current extension. The character group S§, of S§, acts on U by x - v = x(j)v
forve Wj,x € §§V By Theorem 3 of (or Theorem 1.1 of [KR]), W; is an
irreducible V-module. This proves (1).

If U’ is a simple intermediate vertex subalgebra, then S}, is a subgroup of S,
hence we have a map from simple intermediate vertex subalgebras to the set of sub-
groups of Sy This map is surjective: if H C Sy, is a subgroup, then U" = 37, W
is an intermediate vertex subalgebra since U’ - U’ C U’. The same argument em-
ployed for U shows that U’ is simple. The map is obviously injective by the multi-
plicity free property. This proves (2). O

We will compute explicitly Si, (o and SR(Vi(g), Vj(£)) in Section 8 for any max-
imal conformal embedding ¢ — g with g of classical type.

5. SYMMETRIC PAIRS

We will consider conformal embeddings Vi (¢) C Vi(g) closely related to symmet-
ric pairs. In this section we review the basic features of such pairs.

Let (a,t) be a symmetric pair and write a = v @ p for the corresponding eigen-
value decomposition. As in Section B4l we let a = @a, be the decomposition of a
into o-indecomposable ideals and (-, -) the Killing form of a. Let hy be a Cartan
subalgebra of v and b the centralizer of by in a. Write h = ho@ b, for the orthogonal
decomposition of h. Denote by A(t) the set of hy-roots of v and by A(p) the set of
ho-weights of p. A choice of an element in hy which is regular for a defines a set of
positive roots AT for the set of h-roots of a. Clearly the same element defines a set
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of positive roots AT (r) C A(r) such that A*(x) C Ar;o. Let by be the corresponding
Borel subalgebra and set A*(p) = A(p) N A‘Jgo \ {0}.

Clearly A = U;A(a,), where A(ay) is the set of roots for ay with respect to
hNas If @ € A then a € A(ay) for some s and we say that it is long if its
length is largest among all root lengths in A(a;). Likewise, if A € A(r) UA(p), then
A€ (A(r) UA(p)) N (A(as)p,) for some s. We say that A is a long weight if there
is a long root of @ € A(ay) such that | A|| = [|«]].

We say that a nonzero weight A € A(r) U A(p) is a complex weight if \ €
A(r) N A(p). If X is not complex, then we say that it is a compact weight if
A € A(r), and a noncompact one if A € A(p).

Fix a maximal isotropic subspace b;f of hy. Let moreover b, be a complementary
isotropic subspace (if p is odd dimensional) also choose a unit vector h such that
b, = Ch® f);)F @ b, . Fix a basis of p by extending a basis of b, with weight vectors
To, T_o for a € AT (p) chosen in such a way that (z,,7_,) = 1. Order the basis
of p as follows: h (if p is odd-dimensional), a basis {h;} of b , z,, @ € AT(p), a
basis {h; } of b, dual to the chosen basis of b, z_n, @ € AT (p).

Let p, denote the weight space associate to a. Introduce the following notation.

>} = set of bg-stable abelian subspaces of p,

%" = subset of even dimensional subspaces in X2,
o ={aeAlp) | pa C L}, (LX),

dF = & N AH(p).

We will need an explicit description of the weights in A(p). Since A(p) =
UsA(p) NA(as), we can assume that o is indecomposable. Recall that a symmetric
pair (a,t) is called irreducible if the corresponding involution o is indecomposable.

With this assumption the weights of p can be described using the relation-
ship between irreducible symmetric pairs and affine diagrams, that we now re-
call (see [KMPI] and [KMP2] for details). Omne can associate to an indecom-
posable automorphism o an affine Kac-Moody Lie algebra E(a, o). Recall that

~

L(a,0) = L(a,0) & Cd & CK where
L(a,0) = (C[t,t | @7) @ (t2Clt,t ] @p),

K is a central element, and d acts as td/dt. Let B =bho ® CK @ Cd be the Cartan
subalgebra of L(a,o) and A be the corresponding set of roots.
Fix the following set of positive roots in A:

AT =AT@)U{a e A|a(d) > 0}.

Let II be the corresponding set of simple roots. In what follows we will denote by
the same letter both diagrams and the corresponding sets of nodes. In particular
IT will also denote the Dynkin diagram of L(a, o).

If v € A, we write y = > acii Ca(7). Let also a + & be the restriction map

from b to ho. Let & € §* be defined by 0'(d) =1 and §'(K) = ¢§'(ho) = 0. Then AF

can be explicitly described as

AT(r)U{sd' +n|seN\{0},n € A(t)} U{(5+s)8 +n|seN,neAp)}.
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If o is a node of ﬁ, let a, be the label associated to it in Tables Aff r of [KI]
(r =1,2). If a is simple, according to Kac’s classification of automorphisms ([K1l
Ch. 8]), one can encode o by a pair (n;s’) where n is an automorphism of the
diagram of a and s’ = (s],) ,.gj is a set of labels s/, € Z*. Since ¢ is an involution,
n and s’ must satisfy the following constraints: s/, € {0,1} for all « € II, and

«
/
T oehi Sala = 2. Define

S/
5.1 .= 2.
(5.1) S0 = %

If a is not simple then a = s @ s, then = {%5/ —0,aq,...0q} where {aq,...,q},0
are a set of simple roots and the highest root of s, respectively. In this case we set

L e ls
(5.2) 5 = {5 if = 2(5 0

0 otherwise

Let P ={a € I | sa # 0}. Note that P has at most two elements. Set

A'={yeA|> ely) =1}

aceP

By the explicit description of the set of simple roots corresponding to A+ given in
[KMP1, Proposition 3.2], one obtains that

A= {18 +n|neAp),

thus the restriction map ~ + 7 establishes a bijection between Al and A(p).
If P={p} and v € Al the bijection is given by

a
5.3 >y = co(7) — =)

(5:3) A QZ#( (=2

Recall that P has only one element if and only if v is semisimple. In such cases
p is irreducible as a t-module. We let 6, be the highest weight of p with respect
to AT (r). Since (-,-) is nondegenerate when restricted to p, it is clear that p is
a self dual v-module. It follows that —6, is the lowest weight of p. In the above
correspondence —0, clearly corresponds to p so

Qe

5.4 0, = —a.
(5.4 =

In the cases when P has two elements, the explicit description of the map v +— %
is as follows. Let II; be the set of simple roots for a corresponding to A*. If
P = {p, q}, there is a simple root o, € Il such that IT = II;\{a,}. Moreover a is
simple and h Na = ho Na. Let O be the highest root of a with respect to A*. One
can always set up the bijection in such a way that p = —6, § = ay, hence, if v € Al

(5.5) YT = caa = p(1)0 + co()ay.
a¢gP

Let W be the Weyl group of E(a, o). fwe W, set
Nw) ={a € At |w{a) e —AT}.
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Set W = {w € W | N(w) C A'}. In [CMPZ] it has been shown that there is a
bijection [ — wy from ¥ to W2 such that, if [ is a bg-stable abelian subspace of p,
then &, = {—5 |5 € N(w)}.

Let IT be the set of simple roots for t corresponding to our choice of A*(t). It
turns out that II = II \ P. In particular, to each simple ideal tg corresponds a
connected component Ilg of II.

If o € IIg, set w) to be the unique element in ho N g, such that B(w)) = d, 5 for
all g eIl

We say that a pair (a,t) is hermitian symmetric if it is irreducible and v is
reductive but not semisimple. In such a case, we let @ be the element of h = by
defined by a(@) = 64,q, for all a € Il;. Then Crw is the center of r. For notational
convenience, we set w = 0 in the semisimple case.

Lemma 5.1. Assume that (a,t) is irreducible. Let [ € 3 and assume that there is
h € bo, h # 0, such thaty(h) =1 fory € & andy(h) = 0 fory € A(p)\(PU(—P()).
Then there are the following possibilities:

(1) there exists a € I1 such that h =w) + (e — 1 — oy (w)))w, € =0, 1;
(2) there exist o, € 11 such that h = w! +w) + (=1 — (W) +wy))w;
(3) h =+tw.

Proof. Since [ is bg-stable, there exists an irreducible component py of p whose
highest weight A is such that A(h) = 1. Let u be the corresponding lowest weight.
We can find a string Ao, A1, ..., Ay of weights of p such that A\g = i, Ay = A and, if
t >0, \r = N1 +a for some a € II. If p is irreducible, then A = 6,, u = —0, and by
B, Ay — Ao =2 Zoz;ép Z—‘;a. Otherwise, either A =0, p = oy or A = —ay, = —0,
so that Ay — A\g = Za?éap aq. In both cases, for any a € II, there is t such that
)\t+1 = )\t + o.

Let ¢y be the first index such that A, (h) = 1. Since [ is by-stable, we have that
Ae(h) = 1 for all t > t5. Assume first that pu(h) = —1. Let sy be the largest
index such that Ay (h) = —1. This implies that —\y, € @, hence the fact that [
is bo-stable implies as above that A\;(h) = —1 for t < sq5. Since \;(h) € {—1,0,1},
we have two cases. Either tg = sp+ 1 or A\(h) = 0 for so < t < t5. In the first
case let o € IT be such that A\, = Ay, + @. We obtain that a(h) = 2 and S(h) =0
for € 1Il, B # . Thus h = 2w + (—1 — 2a,(wy))w. In the second case let a, o/
be such that \;,11 = Agy + @ and Ay = \y—1 + @'. Then a(h) = o/(h) = 1 and
B(h) =0for f ell, f # a,a. If a =a', we have h = w) + (=1 — ap(wy))w. If
a # o, we have h = w) +w), + (=1 — ap(w) +w),))w as wished.

Assume now that p(h) = 0. In this case, if A\, = A\y—1 + @, we have h =
wy —ap(w)w if B =0y and h = w) + (=1 — ap(w)))w otherwise.

Finally, if u(h) = 1, then h = +w.

If [and A are as in Lemma [5.]], then we write that [ = [(h). Let 0 be the highest

root of tg with respect to AT (r). Write g = >y, anov.

Lemma 5.2.

(1) If I = [(h) with h as in Lemma (21 (), let Ils be the component of 11
containing «. Then either a, = a, for some p € P or a, = Y, _pa,.

Moreover a2 = 1.

peP
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(2) If = ((h) with h as in Lemma 51 @), let I1g, s be the components of 11
such that o € Ilg, o' € Ilg/. Then a, = ay = a° = aii =1and S #S5".

Proof. Let us prove (l). If p is irreducible, then 6,(h) = 1 hence, by ([5.4), a, = a,.
If p is reducible then 6(h) € {0,1}. If O(h) = 0 then a, + ap(h) =050 a, =1 = q,
for some p € P. If 0(h) = 1 then 1 = a, + ay(h) so an =2 =3  pa,.

Let now [ be the lowest weight of an irreducible component of p such that
B(h) = —1. We have that 5 = p for some p € P. We use the known fact that
p+0s € Al Tt follows that 8+ s € A(p). Observe that (8 + 0s)(h) = a5 — 1.
If a5 > 1, then @ — 1 = 1, thus 8 + 65 € ®. On the other hand —3 € ®; so
—08+ (B +6s) is a root of . This contradicts the fact that [ is abelian.

Let us prove (). Let A, u be respectively the highest and lowest weight of an
irreducible component of p such that A(h) = 1. In this case we have u(h) = —1.
Then, if p is irreducible, 1 = A(h) = > Z—Z (h) = %:a/ hence a, + o = ay.
It follows that a, = 2 and a, = an = 1. If p is reducible, under our hypothesis,
we have that (h) = 1 hence a, + aor —1 = 1. We obtain a, = a, = 1 as well.
Choose p € P so that p = u. If S £ S’ it is easy to check that p+ 605+ 6s € 31, SO
p+0s+0g € A(p). Since (u+0s+0s)(h) = a+aS —1, we find that o’ +a° = 2,
so ad =ad = 1.

It remains to check that S # S’. If, on the contrary, S = S’, use the known fact
that p 4+ 05 € A'. Hence i+ 05 € A(p). Since (u+ 0s)(h) = as +aS —1=1, we
have p+0g € . But also —p € &y and —p+ (+0g) is a root of v. This contradicts
the fact that [ is abelian. O

Let v : h — b* be the identification via the Killing form of a. If a € Ilg, let w, be
the corresponding fundamental weight of tg. We need one more general notation,
which will be used often in the rest of the paper. If M is a set of weights of a Lie

algebra, we let
(M) =>"p.

pneM
Proposition 5.3. Assume that | € ¥ is such that L = [(h) for some h € ho. Then
(1) ([(h)) = jswa + %u(w) if h is as in Lemma 2], ().

hl il

(2) (I(h)) = jswa + jsrw, + Wl/(w) if h is as in Lemmal2d], (3).

Proof. Let us prove ([Il). Let t* be the Levi component of the parabolic of ¢ defined
by wY?. Observe that if § € ®; and v € II N A(x®), then clearly 5+ v € ®; and also
p —~ € &, since y(h) = 0. It follows that there is a 1-dimensional representation
of v* whose weight is (@), hence we have that (®() = 2w, + zv(w). We now prove

that if @ # 0, then 2z = %(‘;I;‘_l. Indeed, on one hand (®)(w) = |®,"| — |®,|. On
the other hand, since w, (@) = 0,

(@) (@) = 2v(w)(w) = 2tr(ad,(w)?) = z dim p.
Recall that h = w) + yw with y explicitly given in Lemma 51l We now show that

y = 2z. Indeed,
Yooy = D W)ty Y. (@)

YEAT(p) YEAT(p) YEAT(p)
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On one hand, the left hand side equals |®,"| —|®, |. On the other hand, D earp) Y
is a multiple of v(w), hence vanishes on wy, whereas > 1+, V(@) = dim(p)/2.
Note that 1tr(ady(h)?) = dim |, hence, by ([B10),

dim [ = js(wy, wy)s + 22°v(w) (@)

dim[. Since a5 = 1, we have that (a,a)s = 2 so

Note also that (®)(h) =
5 = Wa(wy). We therefore obtain that

(w(\x/v w;/)g - (wav wa)
#(0r wa)s + 2y () () = dim [ = js(wa, wia)s + 2220()(),

hence x = jg as claimed.

Let us prove (2]) in the semisimple case. As above we note that (@) is the weight
of a one-dimensional representation of t N t®, so that (®) = 1w, + ywa. By (5.4)
and Lemma 5.2, @), we know that 0,(w)) = f,(wy) = 2. If 8,7 € A(p), let us
write 8 <~ if v — 8 =3 yn,y with n, € N. Since 3 < 6, then S(w <3 and
B(wY) < 1. Moreover B(wY) € 3 +Z, B(w),) € 3+ Z. Since B(wy +wY,) = 1 for
B € @, then f(wy) = B(w),) = 3. Thus

0%

B dim [

Since S # 5,

Ltr(ady(wy +wy)?) = dim [ = js(wy, wy)s + js (We, W) sr-

S

Since a5 = a2, = 1, we have (wY,wY)s = (Wa, Wa)s, (WY, wY))s = (War, War)sr, and

(P (War) = T(Wa, wa)s, (P (wa) = y(War, war) -

To conclude we need only to check that js(wa,ws) = Jgr (wa/,wa )s. Let g €
A(p). Since —0, < 8 < 6,, we have —1 = —0,(wY) < B(wY)) < b,(w)) = % and

2 2
likewise for w),. So

, L. :
Js(Way wa)s = 3tr(ady(wy)?) = 3 dimp = tr(ady(wy)?) = Js(War, War) s,

as wished.

It remains to deal with the hermitian symmetric case. If R is a subset of A, =
{a, '}, let AT (p, R) be the subset of AT (p) consisting of the weights A such that
supp(A\) N Aper = R. Note that & = AT (p, Ape) and & = —AT(p,0). Let
n e At(p,0)UAT(p,a) and v € TT\{a}. Since, by Lemma 52 a, = 1, we see
that, if n++ is a root, then n+~v € AT (p, ))UAT (p, a’). Also, if n—- is a root, then
n—~¢€At(p,0) UAT(p,o). This implies as above that (A*(p,0) UAT(p, o)) =
Twy + zv(w). Arguing as for the proof of (Il) above we obtain that

A, 0)] + AT (p,0)|

(AT (3, 0)) — (A" (5, ) = s — g (@)

Likewise
(A .0) - (A (p.0) = s — 2P OLLIRTR0)

dim(p)

V(w)7
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Thus, noting that (A*(p)) = 1v(w@), we obtain
(Puy) = =2(A7(p,0)) = (A7 (p, @) = (AT (p, ) + (AT (p))
L (L A
: : dim(p)

as wished.

Assume now that P = {p} and that 6, is a long non compact weight. If vg is a
simple ideal of t, let ag be the unique element of I1g not orthogonal to p. Then
. . . S _ .
it is shown in [CMP2| that a,, = 1. Denote by wg the fundamental weight of vg
corresponding to aig. Set

(5.6) m={ueAlp):p=0,-5 e E)U{0}).
Lemma 5.4.
<m> + Qp = st(ﬂs.
s

Proof. Let w, € W be as defined in [CKMP! Proposition 3.8]. According to [CKMP
(3.14)]

N(w,) ={30'—a|aem}U {3 —6,}.
It can be deduced from [CMP2, Lemma 5.7] that 6, = > nsws. Set Vg = {a €
IIg | a(ws) > 0}. We have

(5.7 (w6 = (m 1) — S (V) = 3 (nstlw,) — h)uws.

s S
It has been proved in [CMPPl Lemma 7.5 (4)] that ¢(w,) equals the dual Coxeter
number of a, hence (B7) reads (m) 4+ 6, = >4 jsws, as desired. O

6. DECOMPOSITION FORMULAS FOR CONFORMAL EMBEDDINGS IN THE
CLASSICAL CASES

Let g be a simple complex Lie algebra of classical type and let £ be a proper re-
ductive subalgebra conformally embedded in g. We also assume that the embedding
is maximal among conformal ones.

In order to study the intermediate vertex algebras between Vi (t) and Vi(g), we
need an explicit description of the decomposition of Vi(g) as a representation of
Vik(€). We shall introduce a symmetric pair (a,t), a = t@p, associated to (g, ) and
we shall decompose Vj(g) into irreducible Vi (¢)-modules indexed by suitable Borel
stable abelian subspaces of p.

Let t be a Cartan subalgebra of €. Fix a Borel subalgebra b, containing t. Recall
from Section BTl that L*(\) denotes the irreducible highest weight module for Vj(€)
of highest weight \.

6.1. The case of so(n,C). We first discuss the case when g = so(n,C). As ob-
served in Remark 3.2l above, there is a symmetric pair (a, t) such that g = so(p), € =
t,t = ho, by = bg. Recall that we have denoted by > the set of abelian by-stable
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subspaces of p. If [ € X, k € Z, we set (see notation from Section 3)
(6.1)

(. T] Tz, [ T& %'z, I1 Thig, if k>0,
ned;t neE—d; neA+(p\ (@ u-2;)
oy =140 [ 1709, I 1702, I1 TRV, s ik <0,
’ ned; ne—af ne—A+(p)\(—&; ue;)
I if k£ =0.
\ 7€P;

Define j as in ([B.I1]). The following result provides the decomposition of F'(p) as
a Vj(€)-module when o is indecomposable and ¢ is semisimple. In [CKMP| we found

explicit T-decompositions of the Clifford module Cliff(L(p))/(CLff(L(p))L(p)*). Re-
mark [B.1] allows us to use these results. We now state them in the present setting.

Theorem 6.1. [CKMP| Theorem 3.9] Assume o indecomposable and € semisimple.
Then

(1) If 6, is not long noncompact then
(6.2) F(p) = [G? L* ((®y)) -
(2) If 6, is long noncompact then e
(6.3) F(p) = [GE?LW@[))@LE((m) +6)

where m is as in (5.0).

Moreover, in both cases the highest weight vector of L* ((®y)) is, up to a constant
factor, voy (cf. (€))). A highest weight vector of the rightmost component of (6.3])
18

(6.4) Vm =: T(ZTg, )Ty - - - Ty,

Z'fm:{'fh’---yﬁs}-

We now discuss the hermitian symmetric case. For C' € Z, denote by F(p)[C]
the eigenspace of eigenvalue C' of w (recall that w is the generator of the center of
v such that oy(w) = 1). Also set

(6.5) Y ={leX|a, Cl}.
Theorem 6.2. [CKMP| Theorem 5.4] In the hermitian symmetric case,
(6.6) Fp)C] = > LY (@) + k(C)v(w)),
lex’
@ |~ |®; |=C mod T5®)

O—|®] |+|®;
where k(C) = %.
Remark 6.1. If ¢ is not indecomposable then, clearly, F(p) = @,F(p Nay), so
combining Theorems and one has the decomposition of F(p) as a Vj(£)-
module.
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In order to write down explicit formulas for highest weight vectors for the irre-
ducibles appearing in the r.h.s. of (6.6), we need the following refined analysis. Iden-

tify ho and b via v and set (ho)r to be the real span Ay, . Set HR = (ho) R ®RK ®Rd.
Define

(6.7) A={he (b | alh) > —s,, a €I}

(the s, were defined in (5.10),([5.2)). Clearly W acts naturally on d + (ho)r viewed

as a subspace hr/RK. The same argument used in [KI, Chapter 6] shows that the
closure of d + A is a fundamental domain for this action.
Let LY((®() + kv(w)) occur in F(p)[C] with k = k(C). Let wy be the unique

—

element of W such that
(here tp, : ho — bp is the translation by h). Write explicitly N(wy) = {f1,...,Bs}
If x € A, it is clear that
(6.9) N(wp) = {a € A" | a(tywwi(d + z)) < 0}.
fa=h'+aecAT(®)U{sd'+n|s>0,ne A(®)}, then

a(w(d+ )+ 2kw) = h+ a(w(d+ z)) > 0,
thus, fori=1,..., s,

Bi = (ni + %)5, + Bi.
By Lemma 5.1 of [CKMP| and Theorem 1.1 of [KMPI], we have that
F(p) =Y L'(w;'(p) — p)
keZ

with wy as in (6.8)). In the proof of Theorem 1.1 of [KMP1] an explicit expression
for the highest weight vector for Lf(w,'(p) — p) is given. Since w;'(p) — p =
(@) + kv(ww) mod C§’ (see again Section 5 of [CKMP]), the highest weight vector
of L}({®) + kv(w)) is, under the isomorphism described in Remark B.1]

(6.10) v= T (F )T (T g,) ¢

We need to express v more explicitly in terms of the roots in @, thus we compute
N(wg). By ([69), we have to solve the inequality a(w(d + =) + 2kw) < 0, with
a=hd + (30 + a), a € Ap).

If @ = 0, then a(w(d+ z) 4+ 2kw) = h+ 5 > 0. If @ # 0, we first observe that

(6.11) (36" + a)(w(d + z)) > -1

Indeed, if (30" 4+ @)(wi(d + x)) < —1, then (8’ + 36’ + @)(wi(d + z)) < 0, contrary
to the fact that wy is W,

If @ € &, then
(6.12) 1< (30 +a)(w(d+z)) <2
Indeed, by (G.IT), we have —1 < (38’ —a)(wi(d+x)) < 0,50 =2 < (—30"— @) (wi(d+
x)) < —L1.

If & € —®, then, by (611
(6.13) —1< (30 +a)(w(d+z)) <0
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Finally, if @ € A(p)\(®U (—Py)), then
(6.14) 0< (38 +a) (w(d+2)) <1
Indeed, since & ¢ —®;, we have (30’ + @)(wi(d + z)) > 0. Since & & ¥, we have
(36" — @) (wi(d + x)) > 0, so (—18' — @)(wi(d + x)) > —1. Observe also that, if
n € A(p) and n # 0, then n(w) = 1 if and only if n € AT (p).

Assume k > 0. If @ € AT(p), then a(wi(d + z) + 2kw) = h+ (36’ + a)(wi(d +

x)) + 2k, hence, by (612)), (6.13), and ([G.I4), we deduce that a(wy(d + x)) > 0. If
a € =A™ (p), then a(wi(d + ) + 2kw) = h+ (36 + &) (wi(d + x)) — 2k, hence, by

6.12), ©I3), and [EId), we get
h<2k—-2 ifaed
(h+ ) +a)(wp(d+2) <0 h<2k—1 ifadg (@ uU(—P)).
h <2k if v € =P
Summarizing, we obtain that, if £ > 0,
N(wp) ={(h+ 20 +n|ne -0 h<2k}U{(h+3)8 +n|ned ,h<2k—2}
U{(h+3)0"+n|ne—-AT(p\(=2 UL ), h<2k—1}.
If instead k& < 0 and @ € —AT(p), then a(w(d+z)+2kw) = h+ (36 +a)(w(d+

x)) — 2k, hence, by (612), (6.13), and ([GI4), a(wi(d+x)) > 0. If @ € AT (p), then
a(w(d+z) + 2kw) = h+ (56" + @) (wi(d + x)) + 2k, hence, by ([©12), [EI3), and

©.14),
h<-2k—2 ifaec®d
(h+ 28 +a)(wp(d+xz) <0 Sh< —2k—1 ifad (@ U(-P)).
h < =2k if a e —P
Hence we obtain that, if £ < 0

N(wg) =

{(h+3)8+n|ne -0 L <2k} U{(h+3)8 +n|ned  h<2lkl—2}

U{(h+3)0" +n|ne AT (p)\(~2 UP),h < 2[k| -1}

Combining our description of N(wy) with (EI0) we have proven the following
proposition:

Proposition 6.3. If (a, ) is an hermitian symmetric pair and | € ¥/, then a highest
weight vector of L*({(®) + kv(w)) in F(p) is vory (cf. ©1))).

6.2. Two special cases. In order to obtain decomposition formulas for conformal
embeddings in a simple Lie algebra of classical type other than so(n,C), we need
an application of the results of Section to two special cases. Let g, be either
sp(n,C) or sl(n+1,C). Set u = sl(2,C) in the former case, u = C in the latter. It
turns out that (g,.1,u X g,) is a symmetric pair, and let g,.1 = (u X g,) @ q be the
corresponding eigenspace decomposition. In these special cases j = (jy, J5,) and it
turns out that jg, = 1.

Choose Cartan subalgebras b,, b, of u, g,, respectively. If M is an irreducible
Vi(u x g,,)-module, then M = L¥(\) ® L (p) with A € b, pn € b, and L*(\) (resp.
L9 (1) ) an irreducible highest weight module for Vj (u) (resp. Vi(g,)). Given a
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Vi(u X g,,)-module M, denote by A*(M) the set of irreducible modules appearing in
the decomposition of M.

Lemma 6.4. If L*(0) @ L (u) € AYF(q)), then p = 0 and L*(0) @ L*(0) =
Vi(u x g,,) occurs with multiplicity one.

Proof. Suppose g, of type C,, so that g,.; is of type C,, 1. The Lie algebra

Ef(gnﬂ,an) corresponding to the symmetric pair (g,41, 8, X u) is of type C,(Llll.
If we use the numbering of Dynkin diagrams given in [K1], then the A;-factor cor-
responds to label 0 and the C,, factor to labels 2,. .., n+1. Since 6 is short, formula

[©2) gives
F@) = 3 Li((@)).

ey

The set of elements of W encoding ¥ is given by {w; | 0 < j <n — 1} where

(615) Wy = 8182+ S5.
It follows that, if wy = wj, then (®) = —joy — (j — )ag — ... — ¢ and & =
—%ao -y — ... —Qy — %anﬂ, hence the coefficient of «y is zero only if j = 0, i.e.

wo = Id, so [ ={0}.

Assume now g, of type A,,. The Lie algebra L (gnt1,0n) corresponding to the sym-
metric pair (g1, gn X 1t) is of type ASJ)FI. We can assume that IT = {ag, ..., a1}
In this setting the set of elements of W encoding the abelian subspaces in ¥’ is {w; |
1 <j <n+1} with w; as in (6EIH). If [ € X, then &F = {8 € & | B(w) = £1}. Tt
follows that ® = ). By Theorem 62 L*({®;) + k((0)v(w)) occurs in F(g)[0] if and
only if |®| =0 mod n+ 1. Only w,; has this property, proving our claim. O

6.3. A general decomposition theorem. Let now £ — g be a maximal confor-
mal embedding with g simple of classical type. If g = so(n,C), let (a,t) be the
symmetric pair associated to the conformal embedding ¢ < g by Proposition B.7
If g=sp(n,C) or sl(n+ 1,C), let u and q be as in Section [6.2 Remark that u x ¢
is conformal in u x g. Thus u x ¢ is conformal in so(q), hence, by the Symmetric
Space Theorem, there is a symmetric pair (a,t) with v =u x £.

Recall the eigenspace decomposition a = v @ p. Let by, by, X be as defined
in Section Recall that t is a Cartan subalgebra of €. Then hy = t' x t with
t' = {0} when g = so(n,C) and t' = b, in the other cases. Let 3(£) be the center
of £. Browsing through the maximal conformal embedding described in [AGO], one
checks that dim 3(#) = 1, hence we can choose s € t so that 3(¢) = Cs. Let k € t*
be defined by setting r(s) = 1 and x(t N [¢,€]) = 0. Write a = Y., a; for the
decomposition of a into indecomposable ideals. Divide the index set [ in the two
subsets Iy and I’ according to whether 3(t) Na; = {0} or not.

Set ag =D ey, %, @ =D, a4, and let, for [ € X,

(6.16) h=INa I'=I[Nd.
For i € I’, choose »; € 3(v) N a; normalized by setting ayne, (32) = 1. Set
Y ={leX | —apg, € P foralliel}.
Clearly this definition of ¥’ generalizes the one given in (GH). Set
Yo={leX | (P)p =0}, Xp=%X"NX, X" =2X,NXw"
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Set x to be the truth function that is 1 if and only if g = so(n, C), ¢ semisimple,
o indecomposable, and 6, long noncompact. Recall from Theorem that in such
cases we defined a set of roots m. Set ¢, = 1 if m has odd cardinality and €, = 0
otherwise.

Theorem 6.5. Let £ — g be a mazimal conformal embedding with g simple of
classical type. Then its decomposition into irreducible V;i(€)-modules is given by

(6.17) Vi) = €D L((®)) & xen L' ((m) + ;)

[ezgven

if € is semisimple.
If € is not semisimple and 3(r) = 3(¥), so that I' = {i} and we can set » = »;,
then

(6.18) Vi(g) = & LE((®) )+ k dim(p N a;)r)
(€X),kESZ
dim [+k dim(pNa;)€2Z
In particular vy, ve give highest weight vectors in F(p) for the irreducibles ap-
pearing in ([©IT). The highest weight vector for the irreducible occurring in (6.I8])

is t varpvoy, ¢ (¢f 1), @4)).

Remark 6.2. Actually the hypothesis of Theorem [B.5] that 3(¢) = 3(t) in the non
semisimple case rules out only the conformal embedding si(p) x sl(q) xC — sl(p+q).
This latter case requires a special discussion which will be done in Proposition

Proof. Assume first € semisimple. Since V;(so(p)) = F(p)°, formula (EI7) follows
immediately from Theorem in the case when g = so(p) and o indecomposable,
because, in this case, 35" = 3", The only case with g of type so(n,C) and o
decomposable occurs when £ = so(p, C) x so(q, C) and a = so(p+1,C) x so(q+1, C).
Set 2V to denote the set of abelian subspaces corresponding to the pair (so(N +
1,C), so(N, (C)) Then Theorem [B.1] gives in this case that

F @ Lso(p C)(<(I)[>) ® Lso q(C @ LE

leXriexa ex

hence (GI7) follows also in this case from the observation that Vi (so(p)) = F(p)°.
It remains to check formula (6I7)) in the cases g = sp(n,C) and g = sl(n+1,C).
Recall that we are assuming € semisimple. Looking at the possible cases listed
in [AGQO] one checks that o is indecomposable. By Lemma 6.4, L*(0) ® L?(0) =
L*(0) ® Vi(g) is the unique factor in Vj(so(p)) of type L*(0) ® L8(u). It follows
that L*(\) occurs in V;(g) if and only if L*(0) @ L*(\) occurs in F(p). By [CMP2]
(5.13)], we have that ((m) + @ )‘t/ # 0 (see also (5.1)). By Theorem [6.I] we get

L*(0) ® Vi(g) = D L*(0) ® L*({®1)y),

(S

In particular, since L*(0) ® Vi(g) C F(p)°, we get Xy = 36" and (G.I7) follows in
this case. The same argument applied for g = sl(n + 1, C) gives, by Theorem [6.2]

(6.19) Vi(g) = Z LE((@o)e).-

lex’
B |=| [ | mod MaF)
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Following the notation preceding Theorem [6.2] define w to be the element in by
such that a(@) = a,q, for all & € Il;. Observe that (®r), = —k(0)v(w), hence
[ € X if and only if |®,"| = |®;|. Split the sum appearing in the r.h.s. of (EI7)
into two pieces as

(6.20) Vi(g) = Z LE((®o)e) + Z LE((@o))
lex; €x,| @ [#|®] |
B |=|®] | mod MaF)

A result of Panyushev [P] guarantees that, in the hermitian symmetric case, dimT(w

is the maximal dimension of an abelian subspace. Hence the conditions |®,"| #
D], |®,"| = |, | mod dimT(m imply that either @ or ®; is empty. By the definition
of X', we have @ # (J, hence & = ¢ and |P(| = dimT(m. In turn, [ is the nilradical
of the parabolic defined by —w and (®) = —iv(w@), so (®();; = 0. We conclude

2
that (6.20) can be written as

Vilg)= D L@

e, u{0}

To finish the proof of (GIT) observe that Yo L*({®)) must occur in Vi(g), so
¥y U{0} = 2. Since L¥(0)®Vi(g) C F(p)°, we see that also in this case ¥y = L§ve"
and (G.I7) follows in this case.

Assume now that ¢ is reductive but not semisimple and 3(t) = 3(£). As observed
in Remark [6.2] this hypothesis covers all cases when o is indecomposable and the
case t = £ = so(p,C) x s0(2,C) — so(p + 2,C).

We now discuss the cases when o is indecomposable. Since 3(tr) = 3(¢), we have
that u C [v,t] for otherwise u C 3(t). Also recall that we normalize s assuming
that a,() = 1. Set g’ = g when g = so(n,C) and g’ = u x g in the other cases.
According to Theorem [6.2]

(6.21) Vilg') = > LE({®1) + kv (5)),
kelz,les
kdim(p)+|®|—|®; |€2Z

so, applying Lemma if g # so(n, C), we obtain in all cases that

(6.22) Vi(g) = > LY (@) + kv (50))1)-
kelz,1es
kdim(p)+|®;|—|®; |€2Z
(@) +kv(>))(w)=0
Since u C [t,t] and s € 3(t), we have v(s)(u) = 0. Thus ((®)) + kv(»))(u) =
if and only if (®()(u) = 0. This implies that [ € ¥j. Observe that v(s)()
tr(ad,(>)?) = dimp, so v(s); = (dimp)x. It follows that

(6.23) Vi(g) = Z LY (@) + k dimp k).
keLZ,1EX)
kdim(p)+| @] |—|®; |€2Z
which is (6.I8) in these cases.
[t remains to check the case when v = ¢ = so(p,C) x so(2,C) with p > 3. We
observe that @' = s0(3,C) and ay = so(p + 1,C). Since (ag,t N ap) is irreducible

0
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with v N ay semisimple, we can apply Theorem Since Opng, is short or complex,
(62) holds. We apply Theorem to a’. We get

(6.24) Fp)= > L)+ (®y) + k/(5)),

lhES,keLZ,VESY

where v/ is the identification of ho N a’ with its dual via the Killing form of a’. Note
that in this case X' = X, and that [ € ¥’ if and only if [ € ¥ and I' € ¥'. Since
Vi(g) = F(p)° we see that LE({(®,) + (@) + k1/(5¢)) occurs in Vi (g) if and only if its
highest weight vector : vg yvgy, : is in F'(p)?. It is clear from its explicit description
given in (6.]) that this happens if and only if dim [y +dim '+ kdimp Na’ = dim [+
kdimp Na’ € 2Z. This observation proves (6.18) in this case. O

We now discuss the missing case sl(p) x sl(q) x C < sl(p+ ¢). Here a = d’ =
sl(p+1,C) x sl(qg + 1,C). Write a; = sl(p+ 1,C) and ay = si(qg + 1,C). Set
m=GCD(p+1,q+1)and M = GCD(p(p+1),q(q+1)). Realizing explicitly the
embedding ¢ < g, we see that we can choose » = e +fw)(?) Sl +fw)é’) g and
u=C((p+ 1)z + (¢ + 1)2).

We will later need the following elementary result.

Lemma 6.6. Consider the map ¢ : 7 X 7. — Z/MZ defined by setting
p(i,7) = (p+1)i+ (g + 1)+ MZ.
Choose (z,y) € Z* such that

(6.25) zp(p+1) +yq(g+1) = M.
Then

(1) If (i,§) € Kery, then —5;(yqi — xpj) € Z.
(2) The map ¢ pushes down to define a map on Z/pZ x Z]qZ.
(3) The map 1 : Keryp — Z/=H7 defined by setting

. . m . . mpq
7, 7)=—— — —7
Wi+ pL, j+q2) = = (ygi — apj) + — 7
1S a group isomorphism.
Recall from the proof of Lemma that given ¢ = 1,...;pand j = 1,...,¢q

there is a unique [(7,5) € ¥’ such that dim[(z,j) Na; = i and dim [(z, ) Nag = j.
Moreover ¥' = {l(i,j) | 1 <i<p, 1 <j <gq}.

Proposition 6.7. If g = sl(p+ q) and € = sl(p) x sl(q) x Csz, then

(6.26) Vilg) = > LE (@i )iy + LH).

i=1,...,p,j=1,....q
(i,5)eKerp, te(i+pZ,j+qZ)

Proof. Lemma [6.4] and Theorem [6.2] give that
(6.27) Viluxg) = > LD + ho(se)) 4 kv (52)).

(€X' h,kELZ
({P1)+hv (1) +hkv(52)) |y =0
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As in Theorem [6.75], the decomposition of V;(g) is obtained by dropping the factor

L*(0) from (6.27):
(6.28) Vi(g) = > LE(({®) + hv(50) + kv (3))1).

€Y h,keLZ
(@) +hv(sa)+kv(s2)) =0

We now make explicit the condition ((®() 4 hv(s¢1) + kv(s2))1, = 0. Recalling that
= C((p+ 1)s1 + (¢ + 1)553), the condition becomes, if [ = (4, j),
2h(p+1)p +2kq(q +1) = (p+ Di+ (¢ +1)7,

(q+1

which has solution if and only if (i,j) € Kerp. Set r = ptlp + P and s = and

choose z,y such that (6.25) holds. The solutions are given by

@Z) _ (—Ts) - <p+1>i]\+4<q+ 1)j (:;)

as z varies in Z. Substituting in (6.28]), observing that
Mgq y Mp r
(@+Dp+q “(+1p+a)

and that hv (o) +kv(s0)) = (hv(sa)+kv(s0)) () k, we get, after some elementary
computations, that

(@i = (Pui)) g — (2

Vi(g) = Z L ((q)[(i,j))Itﬂ[E,E} + (—%2 - %(yqz - xp])) )

P, J=
(3, j)EKercp ZEZ

which is (6.20]).

7. INTERMEDIATE VERTEX SUBALGEBRAS OF (Vi(g),Vj(¥))

Recall that in (6.0)) we introduced the elements vy € F(p). Define
(7.1)

[T 7%, ] T& 2%, I1 TV if k>0,
ned; ne—d; neAt(p)\ (2 U-2;)
o= I T2, T 702z, I1 TRz if k<0,
! ned; ne—af ne— A+ (p)\(— b7 UBT)
i [ QA if £ =0.
\ n€d

By Proposition 3.6, we see that

(7.2) (ve)v—) (Vi) = Cral(k + 1 Z TnT—y —1) Z Ty

17€<I>7L ne—d -
+k > LTy Ty )
NEAT (P)\(PU(—Py))

The multiplicative constant Cj can be calculated explicitly using Proposition
In particular it is nonzero.

Lemma 7.1. Set A\ = (®y) + kv(s¢). Then vs, € LY(\; ) C F(p).
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Proof. Recall that A\* = —wqg(\), with wy the longest element of the Weyl group
of €. Recall that vy is constructed as in (GI0) from the roots in N(wg). If
N(wk) = {617 - ﬁs} with g; = ( )5/ + 6@7 set v; = ( )5/ - wO(ﬁZ) and
observe that {7,...,7s} is biconvex with respect to A*. Thus there is u, € W
such that N(ux) = {7,...,7s}

If we use v(&*) as a set of positive roots with v an element of the Weyl group of
£ then, letting L, (1) denote the irreducible highest weight module defined using
v(b) instead of b, it is clear that, since A is dominant integral, L*(\) = Ly (v(N)).
On the other hand, by Theorem 1.1 of [KMPI], if w € W encodes via ©10)
an highest weight vector for L*(X), then the highest weight vector for L) (v(X))
is encoded by vwv™!, thus it is constructed, via (GI0), from Nv(gﬂ(vwv_l) =
v(N(w)). Applying this discussion to v = wy and w = wuy we find that the highest
weight vector for Ly, (—A) = LY(A*) is precisely v, . O

Recall that X is the set of by-stable abelian subspaces of p for the symmetric pair
(a,t) we associated to the conformal embedding ¢ < g. If [ € 3, we say that [
occurs in Vi(g) if [ € 3X§"" when ¢ is semisimple, [ € X if 3(¢) = 3(¢v) # {0}, and
A e X if 3(v) # (8) # {0}. For notational convenience we set s = 0 when ¢ is
semisimple.

Proposition 7.2. Consider a conformal embedding € — g where g is a Lie algebra
of classical type. Assume that the embedding is maximal among conformal ones.
Let W be a simple vertex subalgebra of Vi(g) such that there is | that occurs in
Vi(g) and k; € 3Z, i € I' such that V;(8) @ LY (D) + Y, kiv(36));) C W.
Then either W = Vi(g) or there is h € by such that B(h) = 1 for p € &y and
B(h) =0 for B € A(p) \ (21U (—Pr)).

For the proof of Proposition [[.2] we need the following technical result.

Lemma 7.3. Let ¢ C g C g be finite-dimensional Lie algebras with € reductive and
g semisimple. Assume € maximal in g among reductive subalgebras. Let hy be a
Cartan subalgebra of €, b a Cartan subalgebra of g containing ho. Then hNg = by.

Proof. First remark that, if g’ is semisimple, it coincides with its algebraic closure
¢, and if it is not, g’ is not semisimple, hence g’ C g. We may therefore assume that
g’ is algebraic (replacing it with g’). Let €; be a maximal reductive subalgebra of
¢/, containing h N ¢g’. But all maximal reductive subalgebras in g’ are conjugate; in
particular, £ and € have the same rank, hence h N g’ cannot be larger than hy. O

Proof of Proposition[7.3 Set, for k € Z and [ € ¥,

hg=(k+1) Y i Z@_y+(k—1) > xT_,: +k > LTy T oy

— ne—a; nEA+ (p)\(2U(~))

and hy = hy.

Set A = (@) + > ,cp kiv(s4). Recall that W = @,ecW, is the eigenspace
decomposition of W with respect to wi).

We now prove that ., how, rne, + hiy € Wi. With the notation of (6.1G), we
have that [ = '@ [5. By Theorem [6.3] : Hiel, Vak,; ina, Vol © 1S & highest weight vector
for L¥()\). Since W is simple, by Proposition 2] L¥(\*) occurs in W. By Lemma
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. * * .
[T, we have that : [[.., Ut i V00 € W, hence

(: vakhma;vo,[o) (: Hv;‘ki’[ma;va[o :) eW.
icl’ (N—1) \ i€l
By Proposition B.6, we have that ., how, vne, + hi, € W. By ([L2), since w is the
Virasoro vector of F(p), it follows that > ., ho, vra, + i, € Wi

We can now prove the statement. Given «, 8 € A(p), let E, s be the linear map
on p given by E, g(xg) = x,. By (BI4) we have

O(Epp — Epp) = TsT s,

hence >,/ hok, vna;, + hi, belongs to the diagonal Cartan of so(p). By the explicit
description of the embedding © of g in F'(p), we see that a Cartan subalgebra of g
containing t is contained in the diagonal Cartan of so(p). Since )., hok, vna, +hi, €
Wi C g, it follows that Zid, hok, vra; + hi, belongs to a Cartan subalgebra of
g containing ho. Then, applying Lemma with h = > ..} how, vne, + i, and
g’ = Wi, we get that either W1 = ©(g) or > .. hog, vna, + iy € O(Y).

In the first case Vi(g) = W. In the second case, since ©(55) = > ca+(pna)
ToT_qo :€ O(ho), we have that hy =Y., hor, vna, — D iep 2kiO(54) + hyy = O(h) for
some h € hy. Clearly

Oh) =3 > Bh):xsz_p:= Y B(h):Zpz_p:.

BeA(p) BeAT(p)

Thus
Z CXgT_pg = Z B(h) : TgT_g :
BeED BeAT(p)

for some h € hy. Notice that {: zgz_s5 :| 5 € AT(p)} is a linearly independent set.
Moreover, since [ is abelian, if § € &, then —3 & ®;. Thus, since

h[ = Z Zi‘BZZ‘_B N Z : {f‘ﬁi‘_ﬁ = Z ﬁ(h) : {f‘ﬁff‘_ﬁ .

BePNAT(p) BE(—P)NAT(p) BEAT(p)

the statement follows.

Theorem 7.4. Let £ — g be a maximal conformal embedding and g a simple
classical Lie algebra. Assume that W is a simple vertex subalgebra of Vi(g) such
that V;(¢) C W. Then either W = Vi(g) or W is a simple current extension of
Vi(h).

Proof. Assume W # Vi(g). If LY(((®r) + > ,cp kiv(34)))) occurs in W, then, by
Proposition [[2], [ = [(h) for some h € hy. But then we can apply Proposition
to each irreducible component of (a,t) to deduce that L¥(((®1) + >, kiv(34)))) is
a simple current.

If g = so(n,C) and L*({m) + 6,) C W, then, by Lemma [54, we have that
L*((m) + 6,) is also a simple current. We have shown that W is a sum of special
simple currents. The result now follows from Corollary [4.4l U

Corollary 7.5. If ¢ — g is a mazximal conformal embedding with g of classical type
then the simple intermediate vertex algebras Vi(¢) C W C Vi(g) are in one to one
correspondence with the subgroups of Sf,l(g).
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Proof. By Theorem [Z.4, W is a simple current extension. The result now follows
from Corollary O

Remark 7.1. Theorem [Z.4] holds also when g is of exceptional type and ¢ is a max-
imal conformal regular subalgebra. In this case there is indeed nothing to prove:
browsing through decomposition formulas given in [KS| one finds that in the de-
composition of V;(g) either the summands are simple currents or the decomposition
has exactly two summands. In both cases any intermediate simple vertex algebra
is a simple current extension.

Remark 7.2. We want to present some argument towards conjecture 1.1. By
Remark [.Il we are left to deal with embeddings £ < g where £ is not a regular
subalgebra of g. Again one looks at decomposition formulas given in [KS]; it turns
out that there are six cases in which there are more than two summands in the
decomposition and not all of them are simple currents:

()GQXAl‘—>F4,

(2) A2 — E67
(3) Az — Ex,
(4) Cy — Eg,
(5) A1 X A2 — Eg,
( ) A1 X G2 — E7

Cases 1-4 can be settled under the additional hypothesis that a proper simple inter-
mediate algebra Vj(¢) C W C Vi(g) is rational. Case (1) is dealt with the following
argument. The decomposition of V;(g), in the notation of [KS], is:

Ao = (Ao, 8A0) + (Ag, 4Ao + 4A1) + (Ao, 8A,).

The middle summand in the right hand side is not a simple current. Assume by
contradiction that the sum of the first two factors is a proper algebra 1¥. Then
(AO, 8A 1) is a W-module: looking at the fusion rules one gets (A2,4A0 + 4A 1) -
(Ao, 8A1) = 0, against the fact that V;(g) is simple.

For cases 2,3,4, we can invoke Gannon’s classification of A, and C5 modular
invariants to get our claim. Indeed, according to [G1], [G2], in all these cases there
are only three physical modular invariants that can arise from conformal embeddings
Vi(€) € W, with W a rational vertex algebra. Since one arises from the conformal
embedding of Vj(€) in itself, one from the embedding of V;(£) in the sum of its
simple currents and the third from the embedding of V;(€) in Vi(g), there are no
other possibilities. Cases 5,6 are unclear.

8. CoMPUTING SR(Vi(g),V;()) FOR MAXIMAL CONFORMAL
EMBEDDINGS

Motivated by Corollary [.5] in this section we compute explicitly the groups Sf,l ©
and the rings SR(V1(g), V;()) for maximal conformal embeddings ¢ < g with g of
classical type.

Let (a,t) be an irreducible symmetric pair. Lemma [5.2] singles out the following
elements of €, (cf. (LF]), (£4)) for notation; also recall from the discussion before
Lemma [5.4] the definition of wg and set og = L!(jsws)):

(1) 2o :=[[go0s,

(2) 05,8 € S:as=a, for some p € Por ) pa,=as,
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(3) 0505, 8 € 8,8 €8, S#8,3 cpay=2,a;=0ay=1.

If v is semisimple, let H, be the set of representation of type (2) and (3) with 1
added and, if 6, is long noncompact, also x is added. If t is not semisimple, let
w € 3(t) be the element such that ay,(w) = 1. Define w € 3(t)* by setting w(w) = 1.
If 2 € Qpy, define &, = {a € A(p) | a(f(z) + (=1 — ap(f(x))w) = 1}. In this
section we identify €2,y with C by identifying L3 (cw) with ¢ € C. Note finally
that €, = Qa(t) X Q[m].

Set

He={(n,z) € Z x Qg C U | x of type (2) or (3), (P,)() =n mod L2L}.

Finally, if (a,t) is any symmetric pair and (a;,t N a;) (i € I) are the irreducible
components, then we set H, = Hiel Hiqg,.
Proposition 8.1. If (a,t) is a symmetric pair then H, = Sk~ Moreover, H is a
subgroup of Q. and

(8.1) SR(F(p), Vj(v)) = Z[H].

Proof. Since F(p) = ®;crF(p N a;), we can clearly assume that (a,t) is irreducible.

Assume first v semisimple. Consider x € H.\{zo}. Assume z of type (2). Let
A € A(p) and let v € A corresponding to it under the map described in (B.3)).
Observe that A\(w)) = ¢5(y) — 1. Since %5 — 7y is positive root, we have c(7y) <
2@% = 2. It follows that A(w,) € {1,0,—1}. Set [ =37, v)_, Cxy. This is obviously
an abelian bg-stable subspace of p and, by Proposition B3, = = L*((®)). Thus,
by Theorem [61] x occurs in F(p). Assume now x of type (3). Let A € A(p)
and let v € A corresponding to it under the map described in (B.3]). Observe
that AM(w) + w)) = ¢s(y) + co(y) — 1. Since a, = 2, 6 — 7 is a positive root so
cs(7) + co () < as + ag = 2. Tt follows that A(w) + wy)) € {—1,0,1} and we can
conclude as in the previous case. If finally © = xy then, by Lemma 5.4l and Theorem
61 x occurs in F(p).

On the other hand, if z € S}, then either 0, is long and = = xg or z = L((®y)).
In the first case we have € H,. In the second case, since F'(p) is simple, the proof
of Proposition gives that [ = [(h) for some h € by and Lemma gives that
r € H..

Assume now t not semisimple. Consider (n,z) € H,. We now show that ®, = ®
for some [ € 3. Assume that z is of type (2). Let A € A(p) and let v € AT be
the root corresponding to it under the map described in (B.5). Let h = w! + (-1 —
ap(w)))se. Observe that A(h) = (1—as)cp(7)+cs(7) —cq(7y). Since d —7 is a positive
root, we have ¢;(7) < as < 2. It follows that A(h) € {1,0, —1}. Set [ =3, ,,_, Cz,.
This is obviously an abelian bg-stable subspace of p and [ € ¥/, By Proposition [5.3]
L*((P1) ) ® & = LE((Py)). Thus, by Theorem B2} (n,z) occurs in F/(p). Assume
now z of type (3). Let A € A(p) and let v € A corresponding to it under the
map described in ([E0). Let h = w) + wy + (=1 — ap(w, + wy))s. Observe that
A(h) = cs(y) + o () — 1. Since § — is a positive root, cs(v) +cy () < as+ay = 2.
It follows that A(h) € {—1,0,1} and we can conclude as in the previous case.

On the other hand, if (n,z) € Sj, then (n,z) = LE(®)) + kv(s)) with [ € ¥/
and n = kdimp + (®()(s). Since F(p) is simple and L*((®,)) occurs in F(p), by
Lemma T, we have that L*((®()*) occurs in F(p). The proof of Proposition



38

then gives that [ = [(h) for some h € by and Lemma .2 gives that ((®()(x), z) € H,,
thus (n,z) € H,.
Since F'(p) is simple, formula (81]) follows from Lemma 4.3 O

Let (g, ) be a conformal pair with g of classical type. Recall from Section 5.3 the
symmetric pair (a,t) associated to the pair (g, ). Note that Q = L*(0) ® Q¢ C ..
We set

He = H, N Q.

Proposition 8.2.
(1) Assume € semisimple. If g = so(n,C) then

St = {z € Hy | x = L'((®1)) for some [ € £} U {0},

where the rightmost element appears only if dimm is odd. If g = sp(n,C)
org=sl(n+1,C), then Sf/l(g) = H,.
(2) Assume € not semisimple and 3(€) = 3(t). Then

Sf/l(g) ={(n,x) € H | (n,x) = LE((q)[}‘t +kdim(pna)k), k € %Z,
(€%, dim[+ kdim(pNa) € 2Z}.

(3) Ift = Cxsl(p,C)xsl(q,C) and g = sl(p+q, C) then there is an isomorphism
O =2 C x Z/pZ X 7./qZ such that, with the notation of LemmalG.8,

Sf/i(g) = {(t,x,y) | (xvy) € Ker% le w(l‘ay)}

In particular Sf,l @) = 7.

Proof. We first prove (1), so that ¢ is assumed to be semisimple. Assume first that
(a,t) is irreducible.

If g = so(n,C), it suffices to remark = € H, actually belongs to Sf/l(g) if and
only if x occurs in F(p)° (cf. ([BIH)). Assume x # z. Let [ € ¥ be such that
x = L*({(®)). Then v € F(p)° if and only if dim[ is even. Now assume z = z.
Then the highest weight vector of zg is, by [€3), given by : T'(Zg, )vom :, hence it
belongs to F(p)? if and only if dimm is odd.

Now let g = sp(n,C),sl(n + 1,C). If z € Sf/l(g), then L*(0) ® x occurs in F(p),
so, by Proposition Bl L*(0) ® x € H,, hence x € H,.

On the other hand, if x € Hy, by Proposition Bl L*(0) ® x = L*({®;)) for some
[ € 3. Thus (@) = 0. It follows that [ € X, hence, by Theorem [6.5] x occurs in
Vi(g). If (a,t) is reducible, then the result follows by applying the above argument
to each irreducible component.

Part (2) follows from (GIS]).

We now prove (3). Enumerate the simple roots of type A,, by 1,...,n from left
to right. We note that (I(4, j)) ey = (wi,w;). In particular LEY((1(7, §))jneg) is a
special simple current. We define the isomorphism between 2, and C X Z/pZ X 7./ qZ
by L(ck) @ LEO((I(i, §))jirpy) — (c,i+ pZ,j + qZ). Then the result follows from
Proposition and Lemma [6.6] O

Using Proposition B.2] we can describe explicitly the structure of Sf,l ) when g
is of classical type. In tables below we use the list of conformal embeddings from
[AGQO]. Our results in the adjoint case are given in Table 2. For all other conformal
embeddings in so(n,C) our results are given in Table 3, and for those in sp(n,C)
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and sl(n + 1,C) in Tables 4 and 5, respectively. We number the simple roots of ¢
by seeing its diagram as a sub-diagram of the affine diagram corresponding to the

pair (a, ).
Type of & S;@ St (so®) generators for Sy, ()
A, nodd Z/(n+1)Z Z/"E7 09
A, n even Z/in+1)Z | Z/(n+1)Z |o;
B, 727 {1}
Cn,n=0,3 mod4 727 727 On,
Cp,n=1,2 mod 4 7./27 {1}
Dy,n=0 modd4d |Z/2Z X ZJ2Z | Z]2Z X L]2Z | 0y_1, 0p
D,,n=1 mod 4 ZL]AZ ZL]AZ On,
D,,n=2 mod4 |Z/2Z xZJ2Z 727 01
D,,n=3 mod 4 Z]AZ 727 o1
E@ Z/3Z Z/3Z 01
E; 727 {1}
L, ) 1
7, 1 1
G 5, 5,

Table 2: the adjoint case.
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conformal embedding SE Fp) Sf/l(so(p)) genergators
for SVl(so( )
so(m, (C) — so((m+2)(m —1)/2), 7.]27 {1}
m=1,3 mod 8
so(m, (C) — so((m+2)(m —1)/2), Z]2Z Z]2Z O(m—3)/2
m=>5,7 mod 8
so(m,C) < so((m +2)(m —1)/2), |Z/2Z xZ)2Z | Z/2Z x Z]2Z | oy, 01
m =0 mod 8
so(m,C) < so((m+2)(m —1)/2), Z]AZ YAZY/ 00
m =6 mod 8
so(m,C) = so((m +2)(m —1)/2), Z]AZ Z]2Z O(m—2)/2
m =2 mod 8
so(m,C) < so((m +2)(m —1)/2), |Z/2Z xZ/2Z 7.)27 O(m—2)/2
m =4 mod 8
A1 — By Z/QZ {ﬂ}
Cp = so((2m + 1)(m — 1)), 727 7)27 Om
m=0,1 mod 4
Cr = so((2m + 1)(m — 1)), 7)27 {1}
m=2,3 mod 4
C x Am 1= D, Z 27 (—2,03)
(—2,1) if m =1
sp(m, C) x sp(n,C) — so(4mn,C) 727 727 000m+n
mn odd
sp(m, C) x sp(n,C) < so(4mn, C) 7)27 {1}
mn even
0m,0) X 50(n,C) = so(mm.C) | (ZJEF | EIZD® | o amomiae
m=n=0 mod 4 000(m+n)/2
so(m,C) x so(n,C) < so(mn,C) )27 X AL | Z)27 X LJAZ | 0(m—2) /2,
m=0,n=2 mod 4 000(m+n)/2
so(m,C) x so(n,C) — so(mn,C) LJ27 X ZJAL | Z)27 X L[2Z | 0(m—2)/2, O(m+2)/2
m=n=2 mod 4
so(m,C) x so(n,C) — so(mn,C) Z)27 x 1]27 7)27 O(m+2)/2
m even, n odd
so(m,C) x so(n,C) — so(mn,C) Z)27 x 1]27 7)27 O(m—3)/20(m+1)/2
m,n odd
C4 — Dop Z/QZ Z/QZ 03
Fy = Dy {1} {1}
A7 — D35 Z/4Z Z/2Z 03
Dg — D64 Z/QZ Z/QZ 0g
By — Dy {1} {1}
so(m,C) x so(n,C) — so(m +n,C) | Z/2Z x 7/2Z 7)27 OL%JflongJ—l
m>3,n>3
so(m,C) x so(2,C) — so(m + 2,C) 7/27 X 7L A (1,0m-1)

m >3

Table 3: Sf/l(so(p)) with (a,€) symmetric pair not of adjoint type.
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conformal embedding 551 (sp(n,Cc)) | generators
CxAp1—= Cp V/ (=2, 03)
so(m,C) x A; <= Cpp, m odd 727 03
so(m,C) x Ay = Cp, m =40 | Z)2L X /2L | om 4901, 0m 4101
so(m,C) x A; <= Cp,, m =4 2 Z7]AZ om 4101
E7 — C28 {]l}
Cg — C7 {]l}
A1 — CQ {]l}
. Qt
Table 4: SVl(sp(n,C))'
conformal embedding Sf/l (sU(n+1,C)) generators
Ap1 X Ago1 — Apg-1, ZJuZ, uw=GCD(p,q) | 0r0p+s,
r=p/u, s =q/u
so(m,C) — A1 7]27 09
Am,1 — A(m)_l, m odd {]l}
2
Am_1 — A(m71)717 m odd {]l}
2
Ap_1 = A(m)717 m even 7]27. O /2
2
Ap1— A(m—l)_l, m even 7)27 O /2
2
E@ — A26 {]]_}
D5 — Ay {1}
CxAp_1 xAj1 = Apig Z (1,01-09),1' —-1= —q:;—l mod p,
j—1= ’%1 mod ¢

Table 5: Sffl(sl(n-l—l,(:))'

The last line of Table 5 is a restatement of Proposition (3). We used the notation
of Proposition The other instances in Tables 4 and 5 have been derived using the
following procedure. We first find the subspaces | € ¥y such that [ = [(h) for some
h € ho. To accomplish this, we simply list all the weights of p™ and, for any h € by of
the type described in Lemmas B0l 5.2, we compute the number of weights A for which
A(h) = 1, the number of weights for which A(h) = —1 and we pick the h for which these
two numbers coincide. As an example, we work out the most difficult case, that of the
conformal embedding A,_1 x A;—1 — Ap,—1 in Table 5.

Recall that in this case the corresponding symmetric pair is (Ap4q—1, Ap—1 X Ag—1 xCxe).
Order the roots of A,1,—1 from left to right so that the first p — 1 (resp. the last ¢ — 1)
correspond to the roots of the A,_j-component (resp. A,_j-component) of £. We want
to prove that if r = p/M, s = q/M, then Sf/l(g) is cyclic of order M generated by 0,0ps.

Denote by a1, ..., apyq—1 the simple roots of A, ,-1 and set o;; = a; +...+ ;. Then

AT(p) ={oy; | 1<i<p<j<p+q—1}.

Consider z € 551(9)' If z = o5, we observe that a;j(wy + (—e — ap(wy))w) < 0ife=1
and a;j(wy + (=€ — ap(wy))w) > 0 if € = 0 (cf. Lemma BT] (@), hence (®();y # 0. So
we may assume that 2 = 0,0pty, 1 <u <p, 1 <v < q. Let wyy = w)! + wgﬂ, +(-1-
ap(wy +wiy,))w . Then a;j(w) = 1 exactly when i < u, p+ v < j; these indices are

u(g — v) in number. Similarly, o;;(w) = —1 exactly when i > u, p 4+ v > j; these indices
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are (p — u)v in number. Therefore we are led to solve the linear Diophantine equation
uq = pv, which gives the desired result.

The above procedure is easily done in the exceptional cases; in the remaining classical
cases it is performed in the same way using the pictorial display of positive roots given in

[CP].
Remark 8.1. If g = sp(n,C) and ¢ is semisimple, then Sf/l ) is a subgroup of index 2 of
Q.

Remark 8.2. The structure of simple current extension in the framework of conformal
nets has been studied, in special cases, in [X] (cf. Theorems 3.8 and 3.11). The results
obtained there agree with those displayed in Tables 2-5.

We give now a more geometric characterization of the groups S%

F@o) for (a,t) a sym-
metric pair. Recall from (G]) the definition of f: Qg — PV.

Proposition 8.3. If v < so(n,C) is a conformal embedding, and (a,v) is the associated
symmetric pair, we have

(8'2) S%(ﬁ)[o] = {(va) € Qz,(t) X Q[t,t] ’ f(x)(A(p)) C Z}'

In particular, if v is semisimple, S}}(ﬁ) has index a, in Q..

Proof. We can assume that the pair (a,t) is irreducible. Let H denote the right hand side

of (B.2).

Assume first that v is semisimple. Then (82]) turns into
Sy = {7 € Qe | f(2)(Ap) C Z}.

By (53)), we have that either A(A(p)) C Z or A(A(p)) C 3 +Z, (A € PY). Also note
that A(A(p)) C Z if and only if A(6,) € Z. If a, = 1, then clearly H = Q. If a,, = 2,
consider the map from Q. = PY/QY to 1Z/Z given by x + QY + 0,(z) + Z. Recall that
in any affine Dynkin diagram there is a simple root with label 1, hence the map is onto.
Since H is the kernel of the map, it is a subgroup of Q. of index 2.

By our description of H,, we have that H. ¢ H. This is clear from the proof of
Proposition for elements of types (2) and (3) and follows from [CMP2, Lemma 5.7]
for xzy. Viceversa, assume h € H. Then h = [Ishs, with hg = 04, 1 € S and a;g =1or
hs = 1. Moreover >, 4 g—; € Z. If a; € {1,2} for all i and ap, = 2, then h is a product
of elements of H, hence, since H, is a group, h € H,. This rules out all the classical
untwisted cases. The same argument works when a, = 1 and a; = a*zS =1 for all z. This
rules out the adjoint case and Dl(i)l. The exceptional cases and the remaining twisted
cases are dealt with by a direct inspection.

Assume now t not semisimple. For k € N set @, = {a € AT (p) | (o — oy)(f(2)) =
k}. Set T = ay if 2 = o5 and T = as + ay if @ = o0504. Since 0 = v(3)(f(x)) =

> aca+(p) a(f(z)) we have that 0 = @ap(f(w)) + Zg:o E|®k| so

Zk:Ok|Ik|
8.3 « T)) = "7 .
53 p(f( ) Zk_—o | Dy

Clearly
Sre)o = {(n,2) € He [ n =0}
o mow prove that S%(ﬁ)[o] CH. 1f x =1 then f (x) = 0 and there is nothing to prove.

We can therefore assume that z # 0. By the definition of H, we have that (®,)(>) =0
mod %. As shown in Proposition Bl there is [ € Y such that ®, = ®;. As shown in
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the proof of Theorem [65], [(®()(s)| < dirznp, so (P()(s) = 0. It is clear from (G5.0]) that
h(A(p)) C Z if and only if h(ey) € Z. We now check that a,(f(x)) = —1. Note that

P = &5 and &, = — P, hence, since (®)(x) = |®T| — |®~| = 0, we have that
2|19 + | @]
U -
]+ 1] + |2 |

Finally we prove that H C S}(ﬁ) Choose (0,z) € H. We are assuming that

ap(f(z)) € Z, hence, by &3]),

(0]

a dim
Zk"bk’ =0 mod 5 P,
k=0

Assume first ' = 1, so & = oy for some s € S and a; = 1. Then, by &3)), ap(wy) > —1
hence ay(f(x)) = 0. This implies 3 = &1 = 0, so Do = AT (p). In this case (P,)(sx) =
—|®g| = dl—glg, hence (0,z) € H,. Now assume 7' = 2. Then

dim p

2|®y| + |P1] =0 mod 5

Since 2|Pg| + |D1] = |P2| — |Po| + % and (®,)(s) = |P2| — |Pg|, we are done also in this

case.

Corollary 8.4. If £ — g is a conformal embedding of a semisimple Lie algebra € in
g =sp(n,C) or g=sl(n+1,C) and (a,t) is the associated symmetric pair, then

St = {2 € Qe | f(2)(Ap)1) C Z}.

Proof. If x € Sf/l(g) then, by Proposition B2l x € H,. Recall that v = u x €. Since

t is semisimple, then 3(t) C u, hence L*(0) ® = occurs in F(p)[0]. By Proposition B3]
f@)(Ap)) = f(2)(Ap)) C Z.

Viceversa, if x € Qg is such that f(z)(A(p)) C Z, then, by Proposition 83l (0,z) € H,,
hence, by Proposition B2l = € Sf/l (@) O
Remark 8.3. Observe that in all cases A(p) is the set of weights of the standard
representation of g when restricted to &.
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