Stability and qualitative properties of radial solutions
of the Lane-Emden—Fowler equation on Riemannian models
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1. Introduction
We study the Lane-Emden—Fowler equation
—Agu=ulP"'u onM, 1.1)

where p > 1, posed on a n-dimensional Riemannian model (M, g), namely on a manifold admitting a pole o and
whose metric is given, in polar or spherical coordinates around o, by
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ds?> =dr’ + (¢(n)’de% r>0, ® s (1.2)

for a given function  satisfying appropriate conditions. We will denote by g this metric. Here d©®2 denotes the
canonical metric on the unit sphere S"~!, r is by construction the Riemannian distance between a point whose coor-
dinates are (r, @) and o, the function ¥ is smooth and positive on (0, R) for some R € (0, +00]. In principle R can
be finite and in such a case it identifies the cut locus of o in M, but hereafter and without further comments we shall
assume that R = 4-o0.

The additional assumptions we shall make later on i correspond to considering manifolds which have infinite
volume and, at least outside a compact set, have strictly negative sectional curvatures. Hence, if such condition holds
globally, we are dealing with special classes of Cartan-Hadamard manifolds. The motivating example we have in mind
is, therefore, the hyperbolic space H", in which some of the problems that we shall study here in greater generality
have been recently investigated. In fact, the Riemannian model associated to the choice ¥ (r) = sinhr in (1.2) is a
well-known representation of H".

In the seminal paper [28] among other results it is shown that, for p € (1, %), there is a unique strictly positive

radial solution U of (1.1) belonging to the Sobolev space H'!(H") := {u € L2(Vg); Veu € L2(Vg)}, where V, is the
Riemannian measure and V, the Riemannian gradient, and U is radial in the sense that it depends only on r. This
is in sharp contrast with the Euclidean case, corresponding to the choice i (r) = r, where no such solution exists,
and is strongly related to the fact that the L? spectrum of —A ¢ 1s bounded away from zero, so that an L?-Poincaré
inequality holds. The solution U is rapidly decaying at infinity, but infinitely many other radial positive solutions exist.
The precise asymptotics of such slowly decaying solutions was given in [7] also for the case p > ”J_rg, together with
a classification of radial solutions in terms of their sign properties, further investigated in [3]. In fact, sign changing
radial solutions may also exist and are studied in [5,7]: they can have finite or infinite H I horm, and their asymptotics
depend on which of the two cases holds. In [22], the critical case p = "'% is investigated in further details for a more
general equation in H". See also [12] for other results concerning elliptic problems and [4] for semilinear parabolic
problems in H".

We shall discuss the Lane—-Emden—Fowler equation in a much wider class of manifolds, corresponding to the

defining function ¢ in (1.2) being everywhere increasing and, moreover, such that / := liminf,_, 4 W((rr)) € (0, +o0]
(which is Assumption (H3) in Section 2). While clearly the hyperbolic space satisfies such condition, Riemannian
models which are asymptotically hyperbolic satisfy it as well and, more importantly, such a condition allows for un-
bounded negative sectional curvatures: a typical example in which this can hold corresponds to the choice v/ (r) = e
for a given a > 1 and r large, a case for which (see Section 1.1) sectional curvatures in the radial direction diverge
as —a’r?@=D as r — 400. In addition it will be shown later that, under the stated assumption, the L? spectrum of
—Ay is still bounded away from zero, whereas if lim, _, ; If;, ((:)) 0 then there is no gap in the L? spectrum of —A ¢

Hence, one hardly expects in such situation to be able to construct a positive solution to the equation at hand. It is

worth noticing here that if the radial sectional curvature goes to zero as r — +o00 then necessarily lim, _, 4 11/;/((:)) 0

(see Lemma 4.1) and the previous comment applies, whatever the rate of decay of the curvatures is. Hence, in this

case no spectral gap is present and the expected picture is of Euclidean type, but we shall not address this issue here.
Under the above mentioned assumptions on ¥, we prove in Theorem 2.5 existence of a finite energy radial solution

to (1.1) in the subcritical case p € (1, ”+2) Uniqueness of such a radial solution holds under a further technical

condition on ¥, see Theorem 2.7. In the supercritical range p > 2, we prove in Theorem 2.2 that if a suitable power
of the volume of geodesic balls is convex as a function of r, all local radial solutions to (1.1) are everywhere positive
and no solution to the Dirichlet problem on geodesic balls exists. In particular, such results hold if v itself is convex.

In both subcritical and supercritical cases, we provide an exact description of the asymptotic behavior of positive
radial solutions of (1.1). In Theorem 2.9 we show that, in the subcritical case, solutions in the energy space H'(M)
have a fast decay to zero which can be characterized explicitly in terms of the function 1. An interesting phenomenon
occurs for solutions which do not belong to H'(M): they admit a limit as » — 400 which can be strictly positive or
equal to zero depending on the integrability at infinity of the function v /v'.

The same phenomenon occurs in the supercritical case as shown in Theorem 2.4.

The second part of this paper is devoted to stability of solutions, our results on such topic being new even in the
hyperbolic space context. Here by stability we mean the so-called linearized stability. Namely, we say that a solution
u of (1.1) is stable if the quadratic form associated with the linearized operator at u is nonnegative definite. Stability
of solutions of nonlinear equations in the whole Euclidean space is a widely studied problem, especially in the case of



the Lane—Emden—Fowler equation and of the Gelfand equation —Au = ¢", see e.g. [10,15,17-19,21] and references
therein. See also [8] for results on stability of the Lane-Emden—Fowler and Gelfand equations in bounded domains.

In order to localize the instability of certain solutions we shall also study the stability of solutions outside a compact
set, see e.g. [15,18,19].

Since the cut locus of the pole o is empty by assumption, any Riemannian model M we are considering is dif-
feomorphic to R”, and the main purpose of the present paper is to understand which is the role of the curvature
properties of M in determining stability of solutions of (1.1), in particular when sectional curvatures are negative. We
comment here that the existence of stable solutions to semilinear elliptic equations when Ricci curvature is positive
has consequences on the structure of the manifold itself (and on the solution as well), as shown recently in [20].

For completeness we first recall what happens when M is the n-dimensional Euclidean space. From [18], we know

2 /
that no nontrivial stable solution (also nonradial) exists if n < 10 orn > 11 and p < p.(n) = %
n+2

pe(n) > ;=5 is the so-called Joseph-Lundgren exponent, see [26]. On the other hand, for n > 11 and every p > p.(n)
there exists a positive radial stable solution, see [18,26].
n+2

Also we note that whenn < 10 orn > 11 and p < p.(n), with p # 7=5, the Euclidean equation admits no nontriv-

n+2
n—2

solutions in H!(R") which are stable outside a compact set. Among them there are the well-known one-parameter
family of solutions of (1.1) which achieve the best Sobolev constant in R”.

As we said before, under suitable assumptions on v, a Poincaré type inequality holds. The validity of this inequality
is strictly related to the existence of stable solutions. In Theorems 2.11-2.12 we prove that stable radial solutions of
(1.1) always exist in any dimension and for any p > 1 provided that their value at the origin is small enough.

This phenomenon is deeply in contrast with the Euclidean case where the existence of nontrivial radial stable
solutions only depends on n and p but not on the value of the solution at the origin. Indeed, thanks to rescaling
invariance properties of the Lane-Emden—Fowler equation, in the Euclidean case all nontrivial radial solutions may
be represented as a one-parameter family of rescaled functions. This property explains why there is no dependence of
the stability on the value at the origin.

The next step is to understand if radial stable solutions also exist for larger values at the origin. Our main results on
stability, Theorems 2.11-2.12, state that independently of the dimension n and of the power p, the set S of the values
at the origin for which the corresponding radial solution of (1.1) is stable, is a closed interval containing 0. One may
ask if S coincides with [0, +00). In Theorem 2.11 we show that, under the same assumptions on z and p for which in
the Euclidean case we have nonexistence of nontrivial stable solutions, in our Riemannian model the set S is bounded.

The proof of instability of radial solutions with a large value at the origin, is based on a blow-up argument which has
as a limit problem the Lane-Emden—Fowler equation in the Euclidean space. This justifies the relationship between
assumptions of Theorem 2.11 and the nonexistence result of stable solutions in the Euclidean case.

It is left as an open question to understand if the assumptions of Theorem 2.11 are also necessary for boundedness
of the set S.

Stability properties are strictly related to ordering of radial solutions of (1.1). Indeed in Theorem 2.14 we prove
that radial solutions of (1.1) corresponding to values at the origin in the set S are ordered.

Finally, in Theorem 2.15 we show that all radial solutions of (1.1) are stable outside compact sets independently of
n >3 and p > 1, provided that ¥ /vy ¢ L0, 00).

, where

ial solution which is stable outside a compact set. On the other hand, if p = then the Euclidean equation admits

Plan of the paper. This paper is organized as follows. Section 2 contains the assumptions and the statements of all
the main results. In Section 3 we give the proofs of the results on the qualitative and asymptotic properties of solutions
in the supercritical case, in Section 4 we prove the corresponding results in the subcritical case, whereas Section 5 is
devoted to the proofs of all results concerning stability.

1.1. Notation and preliminaries

The C? smoothness of M around o implies that ¥ must be extendible to » = 0 with the extension, still denoted
by ¥, satisfying v (0) = ¥ (0) = 0, ¥/(0) = 1, the prime indicating right derivative. In greater generality, a power
series for v near r = 0 must contain only odd powers of r should one require additional smoothness at o, see e.g.
[31], pp. 179-183, and also [23].



The Riemannian—Laplacian of a scalar function f on M is given, in the above coordinates, by

1 el n—laf
A f(r,01,...,0,-1) = W&[(W(’”)) a—r(r, 91»...,9n—1):|
1
+ WAS'HJC(V, 01,....6h-1),
-

where Ag,-1 is the Riemannian—Laplacian on the unit sphere S"~!. In particular, for radial functions, namely
functions depending only on r, one has

1 -1 y'(r)
A f(r) = ————[(W )" '] = ')+ = D22 1),
(v () v(r)
where from now on a prime will denote, for radial functions, derivative w.r.t. . Notice that the quantity (n — 1) ﬁ/((rr))

has a geometrical meaning, namely it represents mean curvature of the geodesic sphere of radius r in the radial
direction. Let w, be the volume of the n-dimensional unit sphere. Then

S(r) = wa (¥ ()", V(r)=fS(t)dt=a),,/(w(t))n_ldt
0 0

represent, respectively, the area of the geodesic sphere d B, and the volume of the geodesic ball B,, where B, denotes
the geodesic ball centered at o of radius r, i.e.

B :={(5.01,...,60—1): 0<s <randfy,...,0,_; €S"'}.

It can be shown (see e.g. [6,23]) that

v (r)
v’
where Ric(dr, dr) is the Ricci tensor in the radial direction, and K (r) denotes sectional curvatures w.r.t. planes
1—(y/ (r))?

(¥ ())?
tional curvatures equal —1 on the hyperbolic space, whereas they are still negative, but growing in modulus when for

example one has, for large r, ¥ (r) = ¢"* for some a > 1, a case which can be covered by most of our results.
We consider radial solutions to the Lane—-Emden—Fowler equation (1.1). Radial local solutions near r =0 to (1.1)
with #(0) = o # 0 exist, are unique and satisfy the Cauchy problem

1
—— Ric(0r, 0r) = K7 (r) = —
n—1

containing dr. One shows also that the sectional curvature w.r.t. planes orthogonal to dr is given by . Sec-

1 it ) _
—W[(lﬂ(r)) ' "] = u@)|” Yy (>0,
u@@©=a  u'(0)=0.

For any r > 0, let us denote by u (r) or by u(«, r) the unique solution of the Cauchy problem (1.3).

(1.3)

2. Assumptions and main results

We shall assume throughout the paper that the dimension n of M satisfies the condition n > 3. We expect that
results similar to the ones corresponding to the subcritical case hold true when n = 2, for any value of p > 1.
Let ¢ be the function defined in the introduction. We introduce the following assumptions on :

(Hy) ¢ € C([0, +00)): ¥(0) =" (0) =0 and ¥'(0) = 1;
(Hp) ¢'(r) > 0 for every r > 0;

/

(H3) :=liminf v

e Y ()

€ (0, +o00].



Assumption (Hp) is necessary to make the geometric setting outlined in Section 1.1 consistent. Assumptions
(H»)—(H3) are sufficient conditions to guarantee positivity of bottom of the L? spectrum of —A ¢in M, see Lemma4.1.
Throughout this paper we denote the bottom of the L2 spectrum of —A, by A1(M). Note that (H3) fails in the Eu-
clidean case. Under assumptions (Hj)—(Hz3) one can show easily that every solution of (1.3) is global.

Proposition 2.1. Let p > 1 and assume that  satisfies assumptions (Hy)—(H3). Then, for any a # 0 the local solution
to (1.3) may be continued for all r > 0, hT u'(r)=0and ligl u(r) exists and is finite. In particular (1.1) admits
r—+00 r—+o00

infinitely many nontrivial radial solutions.

Since the proof of Proposition 2.1 can be achieved following the lines of that of [7, Lemma 4.1], we omit it.
The same proof does not work if / = 0 in (H3). However, if ¢ satisfies

ﬁ PG
W()

for some ro > 0 one may repeat the proof of [30, Theorem 5] to show that lim u(r) =0= lim u'(r). Clearly,
r——400 r——+400

(2.1) includes the Euclidean case ¥ (r) = r but does not hold if, for instance, vy (r) = log(r).
The results concerning existence and qualitative behavior of solutions of (1.1) are strongly influenced by the range
in which the power p varies. In the sequel we distinguish the subcritical case 1 < p < ”*2 and the supercritical case
> n+2

Z n=2

3B, >0 <p Vr=n 2.1)

e THE SUPERCRITICAL CASE. Recall that B, := B(o, r) denotes the geodesic ball centered at the pole o. Our first

result is the following:
Theorem 2.2. Letn >3, p > Z% and  satisfy assumptions (H))—(Hp). If p = "+2 assume furthermore that \r is
three times differentiable near O with 1" (0) = 0 and """ (0) > 0. Finally, let the functlon

r

| 2(p+D o1
A(r) == ( / (v()"™ ds> = ¢, [Vol B, ]Zr 7D (2.2)
0

be convex on [0, +00). Let u(r) be a (global) solution to (1.3) as given by Proposition 2.1, then u does not change
sign for all r € [0, 400). In particular, the Dirichlet problem

{ —Agu = lu|”~'u in By,
u=0 on 0 By

with 0 <7 < 400 has no nontrivial radial solutions.
Concerning the convexity of the function A defined in Theorem 2.2 we state the following:

Proposition 2.3. Assume that  satisfies (H1)—(Hy). Let A be the function defined in Theorem 2.2. Then we have:

(1) if ¥ is convex, then A is also convex;

(i) if ¥ is such that

/
im 2 /0. +00] 2.3)
r—-+o00 1//( )
holds with | < 400, then A is eventually convex at +00;
(iii) if ¥ is such that (2.3) holds with | = 400 and
/ /

[log(w (r))} —0() asr— +oo (2.4)

Y (r)

is satisfied, then A is eventually convex at +00.



From Proposition 2.3 it follows that the assumptions of Theorem 2.2 are satisfied either by the hyperbolic model

(see [7]) or by models possibly having unbounded negative sectional curvatures such as ¥ (r) =re” 7 with y = 0.
The next result concerns the asymptotic behavior of radial positive solutions of (1.1).

Theorem 2.4. Let n >3, p > ”+2 . Suppose that  satisfies assumptions (H1)—(H3), (2.3) and that the function

A = A(r) defined in Theorem 2 2 is convex. Finally, in the case | = 400 we also assume (2.4). Let u be a radial
(positive) solution of (1.1) as given by Theorem 2.2.

) If% € L1(0, 00), then
lim u(r) € (0, +00).
r—+00

a{i) If % ¢ L'(0, 00), then u vanishes at infinity with the following rate

o [ve N (n— 1)1/<P—l>
lim s u(ry= —— .
oo\ J Y p—1

In particular, when | < 400 we have
I — 1)\ /®=D
lim PP Dy = <7(n )> .
r—-+00 p—1

It is worth noting that under the assumptions of Theorem 2.4, problem (1.3) admits no energy solution. Otherw1se
by Sobolev embedding (see Lemma 4.2), any energy solution belongs to the space LY(M) for 1 < g < . This
cannot occur for functions having the asymptotic behavior found in both cases (i) and (ii) of Theorem 2.4.

e THE SUBCRITICAL CASE. We start with the following existence result of a radial H L(M)-solution of (1.1):

Theorem 2.5. Letn >3, 1 < p < ;%2 and ¥ satisfy assumptions (H1)—(H3). Then (1.1) admits a positive radial

solution u € H'(M).

One may wonder if (1.1) admits a unique radial solution belonging to H ' (M). This happens in the hyperbolic space,
i.e. ¥ (r) = sinhr, see [28]. In order to guarantee uniqueness of radial H'(M)-solutions, we introduce a supplementary
condition on the function . To this purpose we recall from [27] the following definition:

Definition 2.6. A differentiable function G : (0, +00) — R, satisfies the A-property if there exists 0 < r; < 400 such
that G’ > 01in (0, r1) and G’ < 01in (71, +00) with G’ # 0.

Note that the definition includes the cases in which G is always nondecreasing or nonincreasing in [0, +00). We
are ready to state the following uniqueness result:

Theorem 2.7. Letn >3, 1 < p < "+2 . Assume that \ satisfies (Hy)—(H2) and that there exists

i vy . y(n)
im lim
rtoo Y(r)  rtoe YI(r)

and let the function

=1¢e (0, +o0]. (2.5)

2(n—1)

Furthermore, set § :== 3

G(r) =82 P 2 [ +2—m) (W' ()’ ¥ V@) > 0)
satisfy the A-property.
Finally, if | = 400 assume that  satisfies the extra condition
V() v(r)
) v(r)

=o(¥° (), o(¥2(r) asr— +oo. 2.6)



Then, problem (1.3) admits a unique positive radial solution U belonging to H'(M). Moreover, every solution to (1.3)
with 0 < a < U (0) is of one sign, while any solution to (1.3) with o > U (0) is sign-changing.

Concerning the validity of the A-property for the function G defined in Theorem 2.7 we observe that it is satisfied
when ¥ (r) = sinhr, i.e. M = H". For more general functions 1 we state the following:

Proposition 2.8. If vy satisfies assumptions (H)—(H3), and in addition v is four times differentiable with " (r) > 0

and (%)’ < 0 for every r > 0, then the function G defined in Theorem 2.7 satisfies the A-property for every

2n+1 n+2
2n—3 < P=<u=

By Proposition 2.8, it follows that if ¢ (r) =re” * then the corresponding function G satisfies the A-property for
every y > 1. More general situations can be constructed, for example, by choosing ¥ (r) = sinhr for r € (0, R), R
sufficiently large, and ¥ (r) = aeP™ (smoothing out the contact point) for appropriate ., 8 and a > 0 arbitrary.

Concerning condition (2.6), we observe that it holds, for instance, if 11/;/’((:)) = P(r) eventually, where P is a non-
constant polynomial.

At last we deal with the asymptotic behavior of radial positive solutions of (1.1).

Theorem 2.9. Letn >3 and 1 < p < % Suppose that  satisfies assumptions (Hy)—(Hz) and

v'(r)

1m
r=+00 Y (r)

=1€ (0, 4] 2.7)

Finally, in the case | = 400 assume the supplementary condition

[mg(ﬁ((:)))] —0() asr— +oo. 2.8)

Let u be a radial positive solution of (1.1).

() Ifu € H (M) then there exists L € (—o0, 0) such that

im v ' (r)=L.

Moreover
lim " ) = — 2 i< oo,
r—+00 (n—1l
and
im — "D 1 il = too.

rooo [Py ion(syds
(i) Ifu ¢ H' (M) and 3 € L'(0,00), then

Iim u(r) € (0, +00).
r—>+400

(iii) Ifu ¢ H (M) and % ¢ L'(0, 00), then u vanishes at infinity with the following rate

. 1/p=1 _ 1\ /=D
fim V) 4 u(r) = (Q) .
~he\ S ) p—1

In particular, when | < 400 we have

In—1 1/(p—1)
lim /=Dy () = (L )> :
r—+o00 p—1




As a prototype of function i satisfying the assumptions of Theorem 2.9 consider again the function ¥ (r) = re’”
with y > % If % < y < 1 case (iii) occurs while if y > 1 assumption (ii) holds.

e STABILITY OF RADIAL SOLUTIONS OF (1.1) We start by explaining what we mean by stability and stability
outside a compact set, see also [21].

Definition 2.10. A solution u € C 2(M ) to (1.1) is stable if

/|vg<p|§dvg —p/ u|P~'9?dVy, >0 Vo e C(M). (2.9)
M M

A solution u € C2(M) to (1.1) is stable outside the compact set K if

/ \VeplydVe — p / ulP~'9?dV, >0 VYo e CX(M\K). (2.10)
M\K M\K
For any n > 11, let p.(n) = %—"f_glo)"*l be the Joseph—Lundgren exponent. We can now state the first result
concerning stability of radial solutions of (1.1).

Theorem 2.11. Let 3 <n < 10and p > 1 orn > 11 and 1 < p < p.(n). Assume that  satisfies (Hy)—(H3). For any
o 2 0 denote by u,, the unique solution of (1.3). There exists ag € (0, +00) such that

(1) ifa € [0, xpl, then uy is stable;
(i) if ¢ > ag, then uy is unstable.

Furthermore we also have g > (p~ ' A (M) P~V The inequality is strict if one of the following alternatives hold:

/
lim sup ) <400 or l=+4o00 in(H3) and y satisfies (2.8) and Y/ ¢ Ll(O, 00). (2.11)
r—+00 r

By comparing Theorem 2.11 with the stability result in the Euclidean case, one sees that the existence of stable
solutions in dimension n < 10 or in dimension n > 11 but with p < p.(n), seems to be strictly related to the validity
of the Poincaré inequality (see Tables 1 and 2 below). Indeed the existence of the positive number «g introduced in
Theorem 2.11 comes from the positivity of the bottom of the L? spectrum A1 (M) of —A ¢ in' M as one can see from the
estimate o > ( p’l MM N/ P=D gee also Lemma 4.1. On the contrary, in the Euclidean case the Poincaré inequality
in R" does not hold and, if n < 10 or n > 11 but p < p.(n), all nontrivial solutions of the Lane—~Emden—Fowler
equation are unstable.

We observe that the assumptions on the dimension n and on the power p in Theorem 2.11 are at least sufficient to
show the existence of the switch between stability for small values of o and instability for large values of « but it is
not clear if they are also necessary. As a partial result we state the validity of the following alternatives:

Theorem 2.12. Let n > 11 and p > p.(n). Assume that  satisfies (Hy)—(H3). For any « > 0 denote by u,, the unique
solution of (1.3). There exists ag € (0, 400] such that either oy = +00 and uy is stable for any o > 0 or ag < +00
and uqy is stable for any o € [0, ag] and unstable for any o > .

As concerns stability of solutions in the energy space, we have

Proposition 2.13. Let n > 3 and p > 1. Assume that  satisfies (H;)—(H3). Let u be a radial stable solution of (1.1).
Ifu € L>(M) then u = 0.

Stability properties of solutions are related to ordering and intersection properties of radial solutions of (1.1):

Theorem 2.14. Let n > 3 and p > 1. Assume that  satisfies (H{)-(H3). Let o, B > 0 and let uy,ug be the cor-
responding solutions of (1.3). If uy and ug are stable then they do not intersect. In particular stable solutions are



Table 1
Stability of solutions uy to (1.3) when ¥ (r) = r (Euclidean case).

n<10or(n>11and p < pc(n)) n>11and p > pc(n)
uq stable Vo # 0 NO YES
Uy unstable Vo # 0 YES NO
uy stable outside a compact Vo NOif p # %, YES if p= % YES

Table 2
Stability of solutions uy to (1.3) for v satisfying (Hy)—(H3).
n<10or(n>11and p < pc(n)) n>11and p > pc(n)
ug stable VO < |o| < o YES YES if |o| < o
ug unstable V|a| > ag YES ?
uy stable outside a compact Vo YES if (2.11) holds YES if (2.11) holds

strictly positive (or strictly negative) and if ay € (0, 4+00] is as in Theorems 2.11-2.12 then all solutions in the set
{ug 1 € [0, ap)} are ordered.

We conclude the section by dealing with stability outside a compact set.

Theorem 2.15. Let n > 3 and p > 1. Assume that  satisfies (H1)—(H3). Then any radial solution of (1.1) is stable
outside a compact set provided that (2.11) holds.

Differently from the Euclidean case, see Table 1 below, Theorem 2.15 states that under assumptions (H;)—(H3) and
(2.11), all solutions to (1.3) are stable outside a compact set independently of the value of the power p. We note that
(2.11) assures that solutions of (1.3) vanish as » — 400 (see Proposition 2.1, formula (2.1), Theorems 2.9 and 2.4).
The difference from the Euclidean case once more comes from the positivity of the bottom of the L? spectrum of
—Ag in M, namely from (H3).

Open problems. We conclude by listing some open problems which are not covered by our results.

(1) Study the stability of solutions for n > 11, p > p.(n);

(2) Determine whether energy solutions, when they exist, are radial. This is true when M = H", and in some more
general situations, according to the results of [2,28];

(3) Determine whether solutions are ordered for p large, as happens in the Euclidean case;

(4) Study, even in the special case M = H", the existence and the asymptotic behavior of solutions which are singular
atr =0.

3. Proof of the results in the supercritical case
3.1. Proof of Theorem 2.2

Let u be a nontrivial solution of (1.3), replacing u with —u if necessary, we may assume « > 0. For r > 0, adapting
the strategy of [7], we set

A ’ 2 p+1
. |:(p+1)/(w(s))n—lds:|<(u (") Ju0) )me)n_lu(m,m.
0

2 p+1

Then, for u solving (1.3) we get

3 . N TR , ,
P’(r)=[%(w(r)) l—(n—l)(p+1>% (¥ (5)) 1ds}(u(m)z::K(r)(u(r>)2,
0



the latter equality being meant as a definition of K (»). We notice that, as » | 0, the known asymptotics of {(r) as
r — 0 imply that K (r) ~ "~ [(n +2) — (n — 2) p]/@2n) if p > % and K (r) ~ r"tH =2 — 1)/(n® — H ¥ (0),
if p= %, where we exploit the assumptions " (0) = 0 and ¥"’(0) > 0.

This clearly shows that, in such range of p, K(r) < 0 for r sufficiently small, and hence that P’'(r) < O for the
same values of r. The strict inequality follows from the fact that u’(r) # 0 for r € (0, &) for a suitable ¢ > 0, a fact
which holds since u is different from zero in a right neighborhood of zero and by (1.3) we have

r

/(w(s))"“\u(s)|”‘1u(s)ds.
0
Hence, since P(0) = 0, we have proven that P(r) < 0 in a sufficiently small right neighborhood of zero. We claim
that K (r) < 0 for any r > 0 which implies P nonincreasing in (0, 400); being P(r) < O for r > 0 small enough this
yields P(r) < O for any r > 0.

Let us prove the claim. Let ¥ (r) := for (W (s))""'ds. One computes

u'(r)=—

_
W)yt

Hence, requiring that K (r) < 0 is equivalent to ask that

v’ (r) S p+3 ()

w(r) ~ 20p+1) W)’
where we have used the fact that ¥ (r) > 0 for all r € (0, 00). Recall that, by construction, ¥’(r) > 0 for all r > 0.
Setting a, = % we can then rewrite the latter formula as

[ee(waw)]
log| ——~1]| 20,
AU

p—1

or equivalently, setting ¢, =1 —a, = 2T A8

[log(((¢)))] > 0.
The latter condition is clearly equivalent to [(¥ (r))°r]” > 0, namely to the fact that the function A(r) = (¥ (r))? is

convex (recall that v is at least C?), where A(r) is as in (2.2). This completes the proof of the claim. Since u(0) > 0,
if we assume that there exists p > 0 such that u(p) = 0 then we have u'(p) < 0 and hence P(p) > 0, a contradiction.

3.2. Proof of Proposition 2.3

A simple computation yields that A(r) is convex if and only if the function A(r) :=2(n — 1)(p + DY'(r) x
for Y 1(s)ds — (p + 3)y"(r) is positive in (0, +00). This readily follows if v is a convex function too. Indeed, we
have /4(0) = 0 and

()= (p(n=2) = (1 + )Y OY" " () + 200 = D(p + DY () / (¥()" " ds.
0

Hence, statement (i) follows.
Then we turn to the proofs of (ii) and (iii). First we claim that
Jov" s)ds

3.1
Y (r) GD

lim (n— 1)y’ (r)
r—+0o00
By this,

Jo v () ds

_ M| =
e )} e

liIJIrl h(r) = lil}rl w"(r)[2(”—1)(17+1)¢/(7)

and we conclude.



") — [ for some 0 < [ < 400, the claim follows by de I’Hopital rule. Indeed,

Next we prove (3.1). If lim,_, 4 5 ‘@(r)

we have

i Jo ¥ Ns)ds _ V(r) 1
im =—— = lim = .
r—+oo  Yr=l(r) r>+oo (n—DY'(r) (n—1)I

Let now [ = +o00. Again, by de 1’Hopital rule we deduce

: o Jo v )ds 58 v s ds]
Jim = DY) T = (- 1, lim IR
_ VN Jo v () ds
- ’Emoo[log< ¥ (r) )} Yyl

Then, since for Y (s)ds = o(y" 1 (r)) as r — 400, (3.1) holds for every function v such that [log('@/((:)) )]’ remains
bounded.

3.3. Proof of Theorem 2.4

We start with the following estimate from below on solutions of (1.3) which holds either in the subcritical and in
the supercritical case:

Lemma 3.1. Let p > 1 and either the assumptions of Theorem 2.9 or Theorem 2.4 hold. Let u be a positive solution
to (1.3) with the additional assumption thatu ¢ H' (M) if 1 < p < "+2 . There exist no strictly positive constants C,

such that u(r) < C(Y(r))~ ﬂforallr 0.

Proof. Assume by contradiction that there exist C, 8 such that u(r) < C (Y (r))~P for all r > 0. It is not restrictive
assuming that 8 < (n — 1)/p.
After integration in (0, r) we get

u'(r) > —Cp(llf(r))F” /(w(s))"flfﬂp ds foranyr > 0.
0

Integrating now in (r, +00) we obtain

+oo

u(r) < CP / ((t/f(s) [1//(1‘) ) ﬂpdt)ds for any r > 0.
0

r

Then, by (2.7) we have

u(r)=0((y(r))"") asr— +oo.

Iterating this procedure as in the proof of [7, Lemma 5.2] we deduce that for any ¢ > 0 there exists C, > 0 such that

u(r) < Ce(¥(r))”

The next purpose is to obtain a lower bound on u in order to reach a contradiction with (3.2).

First we consider the subcritical case. Integrating (1.3) and exploiting (3.2), we infer u'(r) > —C (w(r))l_"
and any r > 0, for some constant C > 0. This shows that u’ € L?(M). Another integration then yields u(r) <
C [ (s))!~"ds for any r > 0 and, in turn, by (H3) we obtain u(r) = O((¥'(r))!™") as r — +oo. This im-
plies u € L%(M). We have shown that u € H'(M), a contradiction. The proof of the lemma in the subcritical case is
complete.

Next we turn to the supercritical case. Let now P = P(r) be the function defined in the proof of Theorem 2.2. Since
we are assuming A = A(r) convex, by the proof of Proposition 2.3 we deduce that P is negative and nonincreasing in
(0, +00).

=128 for any r > 0. (3.2)



Therefore

r n—1 1 2 +1 4
S @ (s) ds((u(r)) UG ) HOWE) 0 oy e =0
Wy 2 p+1 p+1

In particular we obtain

20 (r)" !

/ + .
O D Twe)y s

u(r)>0 foranyr > 0. (3.3)

By (3.1) we deduce that
yey v (r)

- ~m-1) asr — +00,
Jo Ws)r=tds v(r)
and hence for any ¢ > 0 there exists r, > 0 such that
2(n—1 !
u'(r) + (n oy (r)u(r) >0 foranyr>r,

p+1 v
and after integration it follows that there exists C > 0 such that

2(n—1+e)
p+1

u(r)>C(y ()

Since p > 1, this contradicts (3.2) and completes the proof of the lemma. O

for any r > r.

Next we prove

Lemma 3.2. Let the assumptions of Theorem 2.4 hold and u be a positive solution to (1.3). Then

W'(r) zo(vf’(m
u) N\ y)

) asr — +0o0.

Proof. As a first step, we may exclude the case in which

I u'(r) ¥ (r)
imsup <
r—+oo u(r) ¥'(r)

(3.4)

since otherwise we would have
u'(r) v'(r)
<—-C
u(r) Y(r)

for some C; > 0 and 7 > 0, and after integration it follows

forany r > r

ulr) < Cz(l//(r))_c1 forany r > r

for some constant C» > 0, in contradiction with Lemma 3.1. Now it is sufficient to prove existence of the limit in
(3.4).
Suppose by contradiction that such a limit does not exist. For simplicity, here we consider only the case [ = +00

since the case [ finite can be treated exactly as in [7, Lemma 5.3]. Let r,,, = +00 be the sequence of local maxima
w) @)
u(r) ¥’(r)"

u//(rm)u(rm) - (u/(l”m))z = M(rm)u/(rm)l:log(ﬁ/((:’:))>i| :

and minima points for Then for any m we have

By (1.3), (3.1), (3.3) and p > 1, it follows that

(W (rm))P+!

/ n—1 ’ .
ulra) {0 = D — Gy e + log ()] )

u'(rm) > —




By (3.1), the fact that [ = 400 and that [log(w (r’”) )] is bounded we obtain

W) > — (u(rm))?
" =D(p=D $w) 4 (¥ Cn))’
P Ul T rm)

This shows that ) ¥Um) (a5 1 — +00 and by the definition of {r,,} we infer

u(rm) Y7 Gm)
w'(r) y(r) _
o0 u () ¥

a contradiction. This completes the proof of the lemma. O

Lemma 3.3. Let the assumptions of Theorem 2.4 hold and u be a positive solution to (1.3). Then

m YO¥VO_ 1 (3.5)
r—+oo uP(r) ¥ (r) n—1

Proof. We omit the proof in the case / finite since it is completely similar to the proof obtained in [7, Section 5]. Let
| = +o0. First we prove the existence of the limit in (3.5). Suppose by contradiction that the limit in (3.5) does not

’ ’
exist. Then there exists a sequence r,, — 400 of local maxima and minima points for the function :p((rr)) ‘{’/[ ((rr)). Then
we have

u (rp)u(r) = p(u/(rm))z - u(rm)u/(rm)[log<%)i| .

Inserting this identity in (1.3) multiplied by # we obtain

W () = — u? (rm)
mi Y (rm) "(rm) ¥/ (rm)
(n = D + pigs — [log (3 )]

Therefore we have
W (rm) W' (rm) { W (rm) Y(rm) Y (rm) [ (W/(rm)ﬂ/}‘l
_— =—in—14p — log
uP (ry) 1/f(rm) u(rm) I/f/(rm) I/f/(rm) w(rm)
By Lemma 3.2, the fact that / = 400 and that (2.8) holds true, we obtain
W) V) 1

m=too uP (r) Y(rm)  n—1

By definition of the sequence {r,,}, this gives the existence of the limit in (3.5), a contradiction. It remains to compute
explicitly the limit in (3.5).
By (1.3) we obtain
" p
WO Yo e o)
u'(r) ¥'(r) w'(r) ¥'(r)

and hence there exists the limit
u'(r) y(r) .uP(r) Y (r)
n— lim .
=t W) Y o0 W/ () )
On the other hand, by de I’Hopital rule and Lemma 3.2 we have
u'(r) Y(r) i [’ ()Y ) @' )T

m
=00 u(r) W) ke W)

) { u'(r) [ (W(r))”_ ) W)
= lim — | log = lim .
oo g (r) | W) v oo Y(r) ()

Combining this with (3.6) we arrive to the conclusion of the proof. O

(3.6)

0=




End of the proof of Theorem 2.4. Using (3.5) we have that for any ¢ > 0 there exists r; > 0 such that

ul- p—1_ r ¥ (s) 1— 1— 1P(S)
p“”+( 1 0 v ””<”1w”+<n +:> v !

If the function % is integrable in a neighborhood of infinity then lim,_, oo u(r) > O. It v v is not integrable in a
neighborhood oiyl infinity then u vanishes at infinity and

r 1/(p—1) i\ /(p-D
lim LACRS u(r) = (” 1> .
=\ J Y6 p—1

This completes the proof of the theorem.

4. Proof of the results in the subcritical case
4.1. Proof of Theorem 2.5

By standard arguments we deduce that the bottom of the L? spectrum of —A ¢ in M admits the following variational
characterization:
|Vepl2dV,
AM(M):=  inf fMgifgg. “.1)
peCRMMNO) [, 9*dVy
We start by proving the positivity of A1 (M), and by observing that if instead v’ /v tends to zero, such positivity is
false.

Lemma 4.1. Let n > 3 and assume that  satisfies assumptions (Hy)—(H3). Then L1(M) > 0. If instead (H3) does not
hold and one has in addition W' (r) /¥ (r) — 0 as r — 400, then .1 (M) = 0. In particular, the latter fact holds if the
mean curvature in the radial direction of the geodesic sphere 0 B, or its radial sectional curvature, tend to zero as
r — +00.

Proof. Let 11 (Bg) be the infimum of the functional in (4.1) with test functions in C°(Bg), namely A;(Bg) is the
first eigenvalue of the Laplace—Beltrami operator on B under the Dirichlet boundary condition. From [24] we recall
the estimate

A1(BR) 2

4F(R)’
where F(R) :=supg.,.gr Hr(r) for any R € (0, +-00) and
r R
Hg(r) = |:< /(W(S))”fl ds) (/(W(s))ln ds>:|.
0 r

Since the map R +— A1 (Bp) is decreasing and A1 (M) = limgr_, yo0 A1(BR), one has
1
AMM)> lim ——
R—+00 4F(R)’

In particular, the claim can be proved by showing that F(R) stays bounded.
We have that lim,_, g- Hr(r) = 0 and, by applying twice de I’Hopital rule, that

n—1 2
r—>0+ (Y (r)n—1 r—>0+ (n—Dy'(r)



On the other hand, for 0 <r < R, we have
R r
Hy(r) = ()" ( / (W)™ ds) ) ( / ()" ds).
r 0

Since lim, _, o+ Hgr(r) =1lim,_, g- Hr(r) =0 and Hr(r) > O for any r € (0, R), then Hp admits a local maximum
point rg € (0, R). This yields,

o (W(s))" " ds
W (ro))"~!

Then, condition (H3) assures the boundedness of the latter quotient and, in turn, proves the claim. To see this, note
that (Hy)—(H3) yield lim,_, 4 oo ¥ (r) = +00. In particular, by the Cauchy’s Mean Value Theorem

: o) tds v(r)

limsup =——————— < limsup ————— <

reto0  (Y(r))" r—+o0 (n—DY'(r)
To prove the second part of the statement assume first that mean curvature in the radial direction of the geodesic sphere
tends to zero when r — +o00. From its expression given in Section 1.1, we notice that, denoting by V (r) the volume

of the geodesic balls of radius r centered at o, we have by de I’Hdpital rule, since the last limit below exists:

vie) _ @ D onm YO

lim = lim ———=
rto0 V() rtee [T((s)n T ds rboo Y (r)

2
Hg(r) < Hg(rg) = ( ) for every r € (0, R).

Again by de ’Hopital rule we thus get
L 0gV(r)
im ——————=

r—+00 r

0.

By aclassical result of Brooks (see [9]) this implies that A1 (M) = 0. We mention by the sake of completeness that the
same conclusion can be obtained by verifying that the necessary and sufficient condition (4.2) for the validity of the
Poincaré—Sobolev type inequality below, is not satisfied when p = 1 under the running assumptions.

The radial sectional curvature tends to zero when r — +o0 if and only if ¥ (r)/v¥ (r) — 0. This implies that
¥ (r)/¥(r) — 0 as well. In fact, if ¥/ (r) /4 (r) has a limit, de ’Hopital rule implies that it must be zero, as claimed.
Should v/ (r)/¥ (r) not have a limit, it must have a sequence of stationary points ry — 400 as k — +o00, hence
¥ (r) /¥ (r) = ' (rk) /¥ (ri), so that in particular v (r) # 0, for k large. Hence

V' (r) _ Y (rk) ¥/ (rk) _ v (re) Y (re) or (W(m))z _ ¥
¥ (re) V) ¥(r) k) v )’ ¥ (re) Y (re)

which tends to zero by assumption if k — +o00, contradiction. 0O

Bounds on A1 (M) are widely studied in the literature. If v (r) = sinhr, then ¥'(r)/¥ (r) — 1 as r — +o00, thus
the result is in accordance with the well-known fact that A1 (M) > 0 on the hyperbolic space. The second result of
the above lemma can also be found, in much greater generality, in Theorem 1.2 of [13], which appeared just after
the present paper was posted as a preprint. Sufficient condition ensuring the validity of the property A;(M) > 0 can
moreover be given either in terms of curvature conditions (in particular the property holds if all sectional curvatures
are bounded above by a strictly negative constant), or in terms of a exponential volume growth of geodesic balls in
terms of the radius, see e.g. [14, Section 3], [16, Section 5.2] and reference quoted there. Spectral gap properties of
topologically nontrivial quotients of the hyperbolic space w.r.t. groups acting on it can be investigated as well, see e.g.
[16, Section 5.7] or [1].

Next we show the validity of a Sobolev embedding for the space Hr1 (M) of radial functions in H'(M).

Lemma 4.2. Let n > 3 and assume that v satisfies (H{)—-(H3). If 1 < p < % then the embedding Hrl M) C

n
LPTY(M) is continuous and if 1 < p < % then the embedding is also compact.



Proof. Following [29], we define ACg(0, +00) the set of all functions absolutely continuous on every compact
subinterval [a, b] C (0, +00) which tend to zero as r — +o00. Then, according to [29, Theorem 6.2], the inequal-

ity
+o00 p% +o0

( f \u(r)|”“x/f"—‘ (r)dr) <Cup f (u/(r))zt//"_l (r)dr forallu € ACg(0, +00), (4.2)
0 0

holds for some C;, , > 0, if and only if

x ﬁ +oo %
sup  fup(x):= sup /wnfl(r) dr / v dr | < +oo.
O<x <400 O<x <400 o e

The known asymptotics for ¥ as x — 07 yield

l n+§(7[:5711;2) n
Jnp ()~ RV PHD (5 — 2)1/2’C ! asx — 07, 4.3)

where the integrability of wl’” (r) in (x, +00) comes from (H3).
On the other hand, we claim that

X +0o0
limsup</w"_l(r)dr> (/ Iﬁl_"(r)dr) < 400 (4.4)
xX—+00

0 X

from which we easily conclude that for p > 1

X #_% X 400 %
xggloofn,pu):xgglw( / w"lwdr) ( / wﬂ(r)dr) ( / wl"mdr) —0.
0 0 X

To prove (4.4), we first note that (H>)—(H3) and the Cauchy’s Mean Value Theorem yield

. Jyntydr ¥ (x)
SR Gt SR Gy <
and
. [Foylreyar ¥ (x)
tmsup = Gyt S e < T
Then,

X —+00
limsup(/l/fnl(r)dr)< / wln(r)dr>
xX—>+00

0 X

Iy w”_l(r)dr)(fx+°°1/f1_”(r)dr> N
< 00
(W)t W)

Let us denote by CS‘; (M) the space of radial functions in CZ°(M). By (4.2), (4.3), (4.4) we deduce thatif | < p < %
then

=lim sup<

xX—> 400

2 2
191 rgapy < Coop / Vepl2dV,
M

for any function ¢ € CZ5.(M).



Therefore, by density of CZ‘;(M) in H,1 (M) (see [25, Theorem 3.1]) we obtain the continuous embedding
HY(M) C LPTY(M) for 1 < p < % On the other hand, [29, Theorem 7.4] yields that the same embedding is

compact if and only if lim,_, o+ fy, p(x) =0 = limy_ 1o fn,p(x). This condition is satisfied when 1 < p < % |

The validity of Euclidean-type Sobolev on manifolds can be related to several other geometric and analytic proper-
ties, for example to the validity of Faber—Krahn inequalities or to the fact that M is nonparabolic and its Green function
satisfies suitable bounds, see e.g. [11] and [25, Section 8]. Moreover, the Sobolev inequality holds true on any smooth,
complete, simply connected Riemannian manifold of nonpositive sectional curvature, see again [25, Theorem 8.3].

End of the proof of Theorem 2.5. The existence of a nonnegative minimizer to

inf Ju |VevlzdVe
veHI(MOMO} ([ Jy| P! dVg)%

, (4.5)

follows in a standard way by Lemma 4.1 and 4.2. Up to a constant multiplier a nonnegative minimizer u of (4.5) is
actually a radial solution of (1.1) and hence a nonnegative solution of (1.3). Furthermore u(r) > 0 for any r > 0 by
local uniqueness for the solution to the Cauchy problem.

4.2. Proof of Theorem 2.7

The proof follows the line of [28, Theorem 1.3] where the case ¥ (r) = sinhr is dealt. Hence, in the sequel we will
only quote which are the main differences.
First we have uniqueness for Dirichlet problems on bounded domains.
n+2

Lemma 4.3. Let | < p < %5 and  satisfy assumptions (H1)—(Hy). Furthermore, let G as defined in Theorem 2.7

satisfying the A-property as required there. Then the Dirichlet problem

n—1 4

1 / —
~woy Tl o) O] = ol L) e R)

V'(0)=0 v(R)=0
has at most one positive solution.

(4.6)

Proof. The proof follows plainly the lines of [28, Proposition 4.4]. The main difference is that the auxiliary energy
considered there, here has to be replaced by

et 1
ﬁ + EG(r)(U(r))zy

where 8 and G are as in the statement of Theorem 2.7 and (r) := wa (r)v(r), see also [27]. In particular, if v solves
(4.6) then v solves

Esr) = 5 () V(5 00) +
2

A OUA RS %(w‘“"—”m)’ﬁ’(n +GWH) + 07 () =0 (> 0),

and

d 1
T Ey(r) =5 G'0(0)”
We have G(r) ~8(8 4+2 —n)r®®=D=2 a5 — 07, where § +2 —n <0and §(p — 1) —2 < 0. Namely, G(r) - —oo
for r — 0. This, combined with the assumptions required on G yields that either G’(r) > 0 for every r > 0 or there
exists r; > 0 such that G'(r;) =0, G'(r) > 0 for every r € (0,r1) and G'(r) < 0 for every r > r;. Then, all the
arguments of [28, Proposition 4.4] work. See also the proof of Lemma 4.8 below. O

Let u € H' (M) be a positive radial solution of (1.1) as given in Theorem 2.5 (possibly not unique). The next two
lemmas show that every solution v to (1.3) with 0 < v(0) < u(0), is necessarily of one sign. Furthermore, v intersects
u exactly once. First, by exploiting Lemma 4.3, we have



2
Lemma 4.4. Let 1 <p < Z;gand V¥ satisfy assumptions (H|)—(H3). Furthermore, let G as defined in Theorem 2.7

satisfying the A-property as required there. If u and v are two solutions to (1.3) with u(r) > 0 for every r > 0 and
0 <v(0) < u(0), then v(r) > 0 for everyr > 0.

The proof of Lemma 4.4 is the same of [28, Lemma 4.1 and Corollary 4.6]. The main tools exploited there are
uniqueness for Dirichlet problems on bounded domains and the Poincaré—Sobolev inequality in the hyperbolic space.
In our case, they are given by Lemmas 4.3—4.2 and by Lemma 4.1.

On the other hand, exactly as in [28, Corollary 4.6], one shows
Lemma4.5. Let 1 <p < Z%% and  satisfy assumptions (H)—(H3). Let u and v be two positive solutions to (1.3)
with 0 < v(0) < u(0). If u € H (M), then u — v has exactly one zero.

Next we discuss the asymptotic behavior and uniqueness of radial ground states.

Lemma 4.6. Assume that  satisfies assumptions (Hj)—(Hp) and (2.5) holds. Furthermore, let u € H L(M) be a
positive solution to (1.3) with p > 1. If | < 400 in (2.5), then

1 1 !
lim 8UW) gy o gy gl O 4.7)
r—-+o00 r r——+00 r
and
/
fim Y 1y,
r—+oo y(r
Ifl = +o0in (2.5), we have
1 1 / /!
lim CBWO) o, eI gy 2O, (4.8)
r—>+400 r r—>+00 r r—-+oo u(r)
and
1 /
im 08Ol (4.9)
r— oo log(y(r))

Proof. We omit the proof in the case [ < 400 since it can be deduced by arguing as in [28, Lemma 3.4]. Suppose
now that [ = 4-00. For every k > 0 there exists r; > 0 such that

1
W)+ (= DR + 7u() 20 forallr >
Namely,
(e—)\,(k)rz(r))’ >0 forallr>ryg,

Dk —ATk
where z 1= u’ — Ay (k)u and Ay (k) ;= =Dk (2" D22 —4/k

. Then, two integrations in [z, 7], with r;, < T < 7, yield

Ax(7) H-or

Ay(r _
u(r) > Bi(v)e by (k) = A (k)

forall r > ryg,

where Ay (1) := e *~®7z(7) and Bi (1) ;= u(r)e *+®7 4+ % e~ A+ (=2-(0)T We claim that By (1) < 0 for
T > rg. Otherwise, By (1) > 0 eventually. We recall that

Al (1)
Ay (k) — A_(k)

Here and in the sequel Cy denotes a positive constant sufficiently large which may vary from line to line. Then,
u(r) = Bi(r) e +®r 4 o(e*+®ry a5 r — +00. But this, combined with (2.5), yields 0+°° v ) u(r)dr >

By (1) = e~ A+ O=2-(NT > 0 for any T > ry.



Cr fr:m eV (=D =4/kr g1 for some Cr > 0 and contradicts the fact that u € H'(M). Hence, Bi(t) <0 for > ry
and we conclude that

W' (t) K A_(u(r) forall T > ry. (4.10)
Then,
/
1
lim sup u(r) < A_(k), lim sup M <A_(k) foreveryk >0
r—>+oo Ulr r—>+400 r

and the first and the third limit in (4.8) follow since limg_, y oo A— (k) = —0o0. On the other hand, by (1.3), the third
limit in (4.8), the fact that lim,_, 4 oc #(r) = 0 and that [ = 400, we have

u’(r) ¥(r) . ( ul (r) I/f(r)>
im = lim [—-(n—1)— =1—-n
r—>+oo u'(r) Y'(r) r—>+oo u'(r) ¥'(r)

By this, the second limit in (4.8) and (4.9) easily follow from de I’Hopital rule. O

Lemma4.7. Let 1 < p < % Assume that \ satisfies (Hi)—(H3). Then for any radial positive solution u € H' (M)

of (1.1), there exists L € (—o00,0) such that

lim ¥" '(u'(r)=L. 4.11)
r—+00

Moreover

lim ¥" '(ru@r) = ] ifl <400, (4.12)

r—+00 (n— 1l

and

. u(r) .

lim IL| ifl =4o0. (4.13)

r——+00 j;+oo wlfn(s) ds B

Proof. The existence and the negativity of the limit in (4.11) simply follows by (1.3). It remains to prove that
L > —00.If | < +00 from (4.7) the bound

u(r) < Cse~@=DI=0r  forall r >0,
holds for every § > 0. By this, (2.5) and (1.3), we deduce that
(" () = —C e, 8)e = DI=OP=(FOC=DIr for a1 1 > 0,

for every ¢ > 0 and § > 0, where C(e, §) > 0. Next we fix ¢ =

lp=h 2_ D and we assume § = S(e) to be such that

dp < W. Then, an integration in [0, r] yields
YL () > Cle R o,
Namely,
Y (ru(r) > —C forallr >0

and L > —o0.
Next we assume [ = +o00. From (4.8) we know that for every ¢ > 0 there exists R; > 0 such that

10g|u’(r)| < —((n -1 - 8) logy(r) forallr > R,.
Furthermore, from (4.10), for every k > 0 there exists ry > 0 such that
logu(r) <loglu'(r)| —log|A—(k)| forall r > ry,

where limg— y oo A— (k) = —00. Fix ¢ =

p=D-1) _12) 1(7"_1) in order to obtain after integration



u(r) < Cy~=D@+D2p 0y forall r >0,
for some C > 0. By this and integrating the equation in [0, r], we conclude that
r
v o () = —C? / y Db ds > K,
0

for some finite K and for all » > 0. Hence, again we infer that L > —oco. O

Lemma4.8. Let 1 < p < % Assume that  satisfies the assumptions of Theorem 2.7.

Then (1.1) admits a unique radial positive solution U € HY(M).

Proof. We follow the proof of [28, Theorem 1.3]. By contradiction, assume that u and v are two positive solutions
to (1.3) such that u, v € H' (M) and v(0) < u(0). By Lemma 4.5, u and v intersect exactly once at r¢.
We claim that y (r) := v(r)/u(r) is strictly increasing in (0, +00). From the equation we know that

[(v )" (V) — vy )] = (@) we)ve) (@) = )" ).

Hence,

[(l/f(r))n_l(v’(r)u(r) — v(r)u’(r))]/(ro —r)>0 Vr#ry.

By (4.11) and the fact that lim,_, 4 oo u(r) = lim,_, 4 oo v(r) = 0, we deduce that

lim (v ()"~ (V) — vy (r)) =0. (4.14)

r——+00

Hence, v/ (r)u(r) —v(r)u’(r) > 0 for r > 0 and y'(r) > 0.
Now, we set i(r) := (w(r))‘su(r) and 0(r) := (w(r))‘sv(r), where § is as in the statement of Theorem 2.7.
Then, for E; as in the proof of Lemma 4.3, for any 0 < ¢ < R and r € (0, R), we get

R
1
E5(R) = > (N Eg(R) = Ege) = v* () Eg(e) + / G'®)[(55))” = ¥2(r)(a(s))*] ds. (4.15)

&

Since G(r) — —oo as r — 0T (see the proof of Lemma 4.3), by assumption we have that either G’ > 0 in (0, +00)
or there exists r; > 0 such that G'(r;) =0, G’ > 01in (0, 1) and G’ <0in (1, +00). We claim that

E;(R)—>0 and E;(R)— 0 asR— +oo. 4.16)

We now show that with the help of (4.16) we arrive to the conclusion of the proof.
If G’ does not change sign, take r = ¢ in (4.15). Letting ¢ — 0" we get

E3(R) — y*(0)E4(R) =

N =

R
/G/(s)[(ﬁ(s))z —2(0)(a(s))*] ds > 0.
0

Letting R — +00, (4.16) leads to a contradiction.
If G’ changes sign, take r = r; in (4.15). Letting ¢ — 07, we get

Es(R) — y*(r)E;(R)

r

R

1 1

= / G'$)[(5(5))” = 2 () (@a()) ] ds + 5 / G'®[(5(5)” = ¥2 () (@())*] ds < 0.
0 r

Letting R — 400, (4.16) leads again to a contradiction.



It remains to prove (4.16). First we note that, from (4.12) and (4.13), if | < 400 we have

[L| _ (D8

(n—l)lw Z (r) asr— +oo

e (rv(r) ~

and if = +o00 we have
+00
I/fa(r)v(r)wILI’\VS(V)/1//1_”(s)ds as r — +00.

Hence, in both the cases we conclude that 9(r) — 0 as r — +00. Then we consider

Gr)(6(r))* =588 42 — n)y*P+D (W (r )> sy Y ) ¥ (@) 22
r)(5(r) B@+2—mvy (r) v 2(r) — 8y (r )w(r) v (r) (r).
If] < +o00(2.5) and (4.12) give
_ 2

G(”)(ﬁ(r))2 ~ % v Br) asr— +oo

and |G(r)|(f)(r))2 — 0asr — 4oo.If I =+o00, (4.10) and (4.11) give
PP )<w (r >) 2 < [ (YO ) ] [|L|w5<r> w’<r>]27

Y (r) Y(r) (A (k)] [A—() ()

as r — +00. Hence, by (2.6), y2P+D () (£ 2)202(r) = 0 as r — +oo. Similarly, y* 74D () LD L0 12(r) 0

as r — +o0 and, in turn, |G(r)|(f)(r))2 — 0asr — 4o0.
Finally, we compute

YD () (8 ()

— 52yt )<@3/(( ))> 2(r) 4 2895 PHD )1/;(( ))v(r)v (r)+1/15(p+1)(r)(v (r))

Ifl <400 (2.5),(4.11) and (4.12) give

2
P () ~ LZ( ° =

m—j—}—l)v/_zs(r) asr — +o0.

Namely, ¥3?~D () (0'(r))> - 0 as r — +00. When [ = 400, the same conclusion can be reached by exploiting
(2.6), (4.10) and (4.11) as shown above. The limits so far proved yield (4.16). O

When « is large, we have
Lemma 4.9. Let o satisfy assumptions (Hy)—(Hz). Furthermore, let u be a solution to (1.3) with 1 < p < M and
o > o sufficiently large. Then u changes sign.

Proof. We follow the proof of [7, Lemma 7.1]. Let u be a solution to (1.3) with o = 22/(r=1) and define
wa(s) = ,\—2/@—1)”1(5).
A
Hence, v, (0) =1 and v, satisfies

V(s — 1Y/ (s/A) s
is/ay n
By (H;) and Ascoli-Arzela Theorem we have that vy, — v in c([0, S as A — +o0, for any 0 < § < 400, where v
solves the equation

v} () + [0 (9)|" " va(s) =0.

U//(S) +

v "(s) + |v(s)|p o(s) = 5(0) = 1.



Let S be the first point such that 7(S) =0 and fix S > S. Since v'(S) < 0, we deduce that also v; crosses the s-axis
for A sufficiently large. Then, the proof follows going back to the original variables. O

Finally, following the proofs of [7, Lemmas 7.2, 7.3, 7.4, 7.5], we conclude.

Lemma 4.10. Let | < p < 755 1// satisfy the assumptions of Theorem 2.7 and U be the unique ground state as given
in Lemma 4.8. Then, any solutlon to (1.3) with o > U (0) is sign-changing.

The proof of Theorem 2.7 now follows from Lemmas 4.8-4.10.
4.3. Proof of Proposition 2.8
Note that G’ (r) = 8§y P=D=3)h(r), where

h(r) = (8(p— 1) =2) +2—nm)(¥'())’ =" (W20 + (5B = p) + 5= 20) ¢ ()Y (N (r).

Clearly, h(0) = ((p—1) —2)(6+2—n) >0 forevery 1 < p < ”*2 . We prove that 4'(r) < 0 for every 7 > 0 such
that i (r) = 0, then & admits at most one zero and the A-property follows.
For such 7, a few computations yield

W (F) = Apn (W' F) V") + Bt FIY @Y F) + w%a(w - W”(F)),

Y'(r)
Apn=28%(p— 1 +8(3—2n)p+2n—5)+2n—3
—2n=3)2p24+6(2n—3)p+4n®>—8n—>5 2n+1
= <0 forevery p>
(p+3)? 2n —3
and B, :=8(3 — p) +3 —2n <0 for every p > 1. Note that %ZJ_F% (1, 2,
Summing up, if ¥ satisfies assumptions (H;)—(H3), ¥"(0) =0, v"'(r) > 0 and ( V) y <0 for every r > 0, then

Q)
2n+1 p < n+2

G satisfies the A-property for every 5
4.4. Proof of Theorem 2.9
The statement of (i) is contained in Lemma 4.7.

Lemma 4.11. Let the assumptions of Theorem 2.9 hold and let u ¢ H'(M) be a positive solution to (1.3). Let P =
P (r) be defined as in the proof of Theorem 2.2. Then P(r) admits a limit as r — +00.

Proof. From the proof of Theorem 2.2 we recall that P’ (r) := K (r)(u’(r))?. Hence, by (3.1)

[ p+3 fy w(s))"—lds] .

lim K@= lm (4)""| == = = D(p+ DY) ==

r——+00

and the statement follows. O

End of the proof of Theorem 2.9. Thanks to Lemma 4.11 we may put y :=lim,, 4o P(r). If y <0 then P is
obviously eventually negative. In such a case we may proceed exactly as in the proof of Theorem 2.4 and arrive to the
estimates (ii) and (iii) of Theorem 2.9.

Suppose now that y > 0. Since P is eventually nonincreasing then P is eventually nonnegative. Therefore there
exists 7 > 0 such that

a2 @y /
WO+ T TwerTa OO 5

)’ >0 foranyr > 7. (4.17)



Suppose now that lim,_, y » u(r) = 0. Since / > 0 up to enlarging 7, we have that

1 ( W )" )2@(”)2_
(p+ D\ fg (W (s)ds

Solving the second order equation in (4.17) with respect to u’(r), we arrive to the following alternatives: either

, 1 W)yt 1 Wyt \? >
COS a Tweytas " [<p+1>2(fg(w<s>)"—lds> ()

1 (u(r))p—‘_1 >0 foranyr >r.
4

1

(u(r))p+li| 2

p+1

or
1

P S 4 0) i ! V10 R SPRC I pH]f
vz p+1fg(v/(s»"—lds"(rH[(p+1)2<fg<w<s))"—lds) S S

The first alternative may be excluded since otherwise by (3.1) we would have
u’(r)< n—1—¢ey'(r)
u(r) = p+1l )

for some ¢ € (0,n — 1) and r, > 0. Integration of this inequality provides a contradiction with Lemma 3.1.
Therefore the second alternative holds true. Then, from the inequality /1 —a > 1 — o Va € [0, 1], we obtain

pJo ¥" () ds
prle)

for any r > rg

u'(r) = =2(u(r))
Exploiting (3.1) and (2.7), this implies
u'(r)

r—+oo u(r)

In particular using again (2.7), this gives the validity of Lemma 3.2. Now one can follow exactly all the steps of
Theorem 2.4 and arrive to the proof of part (iii) if % ¢ Ll(O, 00).

Otherwise we arrive to a contradiction with the fact that u vanishes at infinity. This gives the proof of part (ii). We
recall that the existence of lim,_, + o #(r) and the fact that it is finite follows from Proposition 2.1.
5. Stability
5.1. Proof of Theorems 2.11-2.12

We start with a simpler characterization of stability for radial solutions of (1.1).

Lemma 5.1. Let ¢ satisfy (Hy)—(H3) and let u be a radial solution of (1.1). Then u is stable if and only if

+00 “+o00
/(x%r))zw"*‘(r)dr—p/|u(r)|”*‘x2(r>w"*‘(r>dr>0, (5.1)
0 0

for every radial function x € C2°(M).
Proof. Clearly stability of any solution « of (1.1) is equivalent to

+00
/ / [(¢r (r, ) + [Vam19(r, @) ¥ 2 ]y"~ (r) dr d®

sn=1 0

+00
—p/ /|u(r,@)\”‘1<p2(r,@)w"—1(r)drd(~)>0 Yo € CX°(M).
sn—1 0



In particular, if ¢ is radial then (5.1) follows immediately. On the other hand, if assume (5.1) we obtain

+o00
/ / [(¢r(r, ) + |Vamr9(r, @) *¥ 2] "~ (r) dr d®

sn—=1 0

+00 +o0
> / / (x6 () ¥ (r)dr d© > / P / )"~ % )" ) dr d©
0

sn—=1 0 sn—1

~+00
ZP/ /|“(r)\”_1<02(r,@)W”‘l(r)drd@,

sn=1 0

where we have settled xo (r) :=¢(r,®). O
From the next two lemmas it follows that any solution (1.3) with « > 0 small enough is stable.

Lemma 5.2. Let v satisfy assumptions (H;)—(H3) and let u,, be a solution of (1.3) with a > 0. Then |uy(r)| < o for
any r € [0, +00).

Proof. Let F,,(r) = %|ufx "+ ﬁ lug (r)|P+! be the Lyapunov function corresponding to the solution u,. From
(1.3) one gets that F,, is nonincreasing in [0, +-00) and hence for any r > 0

1 1 1
PN =F,0) > F,(r) > ——|u [P O
S «(0) w(r) p+1|a()|

Lemma 5.3. Let  satisfy assumptions (Hi)-(H3). Furthermore, let uy be a solution to (1.3) with |a| <
(#)1/("_1). Then, u, is stable.

Proof. For simplicity, let « > 0. By Lemma 5.2 |uq (r)| < « for every r > 0. The statement follows by combining
(4.1)with (2.9). O

Next, under suitable assumptions, we show that stable solutions cannot be sign-changing.
Lemma 5.4. Let  satisfy assumptions (Hy)—(Hy). Then, any stable solution to (1.3) has constant sign.
Proof. By contradiction, let u be a stable solution to (1.3) such that u(R) = 0 for some R > 0. Next, we set
vr(r) :=u(r) xo,r)(r) € HOI(BR), where xo,)(r) denotes the characteristic function of the set [0, R] and Bpg is

the geodesic ball of center o and radius R. Standard density arguments yield that vg is a valid test function in (5.1),
namely

+o00 +00
/ (M) " () dr — p / ) [P~ (vr (M) ¥ () dr > 0. (5.2)
0 0

On the other hand, multiplying the equation in (1.3) by vg(r)¥"~!(r) and integrating, we get

+00 oo
/(v}e(r))zljf”_l(r)dr: / |u(r)|p71uvR(r) v () dr.
0 0

Recalling the definition of vg, this yields



+00

+00
/ (M) " () dr — p / () [P~ (vr () " () dr
0

0
R
=(1- p)/|u(r)|P+lw"71(r)dr <0.
0

The above inequality contradicts (5.2) and concludes the proof. O
Next we exploit well-know results for the Euclidean case to deduce the following lemma.

Lemma 5.5. Let i satisfy assumptions (H))—(Hp). Let n < 10 and p > 1 orn > 11 and 1 < p < pc(n) =

(=22 —4nt8vn=1 . 1 ists @ > 0 such that &, the soluti 1.3) is unstabl
T no10) - Then there exists @ > 0 such that for any o > @, the solution uq of (1.3) is unstable.

Proof. We argue by contradiction. Let ), be a stable solution to (1.3) with o = 22/(P=D_ Agin the proof of Lemma 4.9
we set vy (s) = )\*2/(17*1)“/\(%) and we deduce that v; — 9 in C1 ([0, S]) as A — +o0, for any 0 < S < +o00, where v
solves the equation

—1
l_)//(S)—I— n

- 7 (s) + [5)]" o) =0,  5(O0)=1.

On the other hand, by assumption u, is stable and from (5.1) we have

+o00 +00
/ (X ) (W) dr = pa? / 0.0 "7 ) ()" dr >0,
0 0

for every radial function y € C2°(M). Next, we set 0, () :=n(r1) € C2°(M), for some n € C°(M) radial. Choosing
n,. as test function in the above inequality and performing the change of variable s = Ar, we deduce

~+00 n—1 00 n—1

N — N
[or(v(5)) a-r [lmorro(v(;)) =0
0 0

for every radial function n € C2°(M). Let us fix S > 0 in such a way that suppn C Bs. By Lagrange Mean Value
Theorem, for every s € [0, S] there exist 0 < & < % and 0 < |o| < W;ﬂ% such that

s n,]_ s n—1 s n
("f(x» —(z> *g@"”@ sk oo,

where g(§,0) = —1)(1 + 0)”_2w. This yields

+00 +00
/(77/(s))2s"_1dSwL /(ﬂ'(s))z—g(iza)s"ds
0 0
+00 +o0
—p [l e tds—p [ nel re S e i o
0 0

Hence, as A — 400, we conclude that
+00 +00
/ (1)’ s"Vds — p / 5)]" " P s)s" s > 0,
0

0



for every radial function n € C°(M) or, equivalently, for every radial function n € C2°(R"). Namely, v is a sta-
ble solution to the Euclidean equation. Since, by assumption, n < 10 and p >l orn > 1l and 1 < p < p.(n) =

2
% V)"_l, this contradicts [18, Theorem 1]. O

Let us introduce some notations which will be used in the sequel. For any r > 0, let us denote by v, (r) the
derivative with respect to the initial value ¢, i.e. v(a, r) := g—(’; (ar, 7). We will show in Lemma 5.6 that the function v
is well-defined. For any o > B let us define

Cap = sup{r € (0, 00): ug(s) > ug(s) forany s € (0,r)} € (0, +o0].

When ¢y g < +00 then ¢y g is the first zero of uy — ug.

Lemma 5.6. Let v a function satisfying (H;)—(H3). Let a, b, R € R be such that b > a > 0, R > 0 and u, (r) > 0 for
any r € [0, R] and o € [a, b]. Then for any r € [0, R], the map o — u(a,r) is differentiable in [a, b] and moreover
for any ag € [a, b]
. ou ou
lim sup |—(o,7) — — (o, 7)| =0. (5.3)
da oo

X0 r¢[0,R]

Furthermore for any o € [a, b] the function vy (r) := g—g(oc, r), r € [0, R], is a radial solution of the equation
—Agvy = plue)’ vy in Bg.

Proof. For any r € [0, R] and « € [a, b] let us define

w(r) — M — vOto(r) and Z(r) — w/(r)
o — o
where by vy, we mean the unique solution of the Cauchy problem
!
V) + 1= DLy = — plug )| )
v (r)
v(0)=1 v (0)=0

corresponding to a = «wg. With this notation the following identity holds

VO _( ()17~ st (1) — ity (r) 1Pty ()
V()

By elementary estimates and continuous dependence with respect to o, we deduce that there exist §>0and C >0
such that for any § € (0, §), o € (xg — 8,9 + 8) N [a, b] and r € [0, R]

it (M)IP ™ 11 () — iy (1) 1Pt (r)

(5.4)

) +m—1

- p|ua0(r>|”‘va0<r)>.

o —ap

— Pty ()7 gy (1)

o — o
< luter ()P~ it (1) — lttery (1P g () Plitag ()] o (r) — thay (r)
o — o o — oo
+ ‘p}uwo(r)|p1 “alr) ~Hay () _ p|uao(r)|p71va0(r)
o — oo

<c (e (r) — gy (r))?
o — oo

+ Pty )P w ()] (5.5)

By continuous dependence, for any ¢ > 0 there exists § € (0, 5) such that for any o € (a9 — §, g + 8) N [a, b] and
r € [0, R] we have Sup,.co,g] [Ua (r) — uay (r)] <e and hence by (5.5) and the fact that uy, < ag and vy, < 1, we also
obtain



it (M)IP ™ 1t () — sy () [Pt (r)

o — o

< (poz(‘;’_l + Cé)|w(r)|+ Ce forany r € [0, Rl and a € (ctg — 8, 9 + &) N [a, b].

— Pty ()] gy (1)

Since w(0) = 0, by the previous inequality we also have

it (NP~ 1t () — Juhary (r) [Pty ()

—1
— Pty (M)]"7 Ve (1)
o — oo

-
< (poz([;_1 + Cs) /|z(s)|ds + Ce foranyr € [0, R] and a € (ag — 8, 9 + &) N [a, b].
0
Simple estimates then yield
,
|z(r)| < K(pot([)’_l + Cs)/|z(s)|ds + KCe
0

Jo v ) ds

for any r € [0, R] and « € (g — 8, g + 8) N [a, b] where K := SUPye(0,R] = i=T()

. Standard Gronwall-type esti-
mates then yield limg_, o, SUP,.¢[0,R] |z(r)| =0 and, in turn,

lim sup |w(r)|=0.
&0 1[0, R]

This proves the differentiability with respect to o of the map o — u(c, r) and shows that the derivative with respect to
« is a solution of (5.4). The proof of (5.3) is a consequence of a standard continuous dependence result for the Cauchy
problem (5.4). O

Lemma 5.7. Let  satisfy (Hj)—(H3). Let a1 > op > a3 > a4 = 0 be such that ug, (r) > 0, ug,(r) > 0, ug;(r) >0,
g, (r) = 0 for any r € [0, Ry) for some 0 < Ry < +00. If {yy0, < Ro is the first zero of uy, — g, then Ly, q,, the first
2er0 of Uy, — Ug,, IS finite and it satisfies {oya, < Cozay-

Proof. The proof can be obtained proceeding exactly as in the proof of [7, Lemma 7.3]. O
We now show that A;(B,) diverges as r — 0.

Lemma 5.8. Let ¥ satisfy (H1)—(H). Then

lim A{(B,) = +o0.
r—0t

Proof. By (H;)-(H»), for any r there exist 0 < C| < C, depending on 7 such that
Cir <Y(r) < Cor foranyr e[0,r].
Fix r and for any r € [0, 7] let us consider ¢ € C°(B,) and the quotient
I, VoI5 dVe _ min{Cy ™, {72 o VG dx _ min{Cj™! €17

> - > A1 (BE
fB, (pdeg ng—l fBrE (pZ(x)dx Cg_l 1( )

r

where BE C R" denotes the Euclidean ball of radius r centered at the origin, ¢ € C2°(BE) the function defined by
@(x) = @(|x|, x/|x|) for any x € BrE and A (BrE ) the first eigenvalue of —A with Dirichlet boundary conditions in the
Euclidean ball BrE . Since the previous inequality holds for any ¢ € CS°(B,) then

min{C} ™!, €173}

)Ll(Br) P 1
¢

r(BF). (5.6)



It is well known that thanks to a rescaling argument one has lim, _, o+ A1 (B,E ) = 4-00. Therefore passing to the limit
in (5.6) as r — 07 we arrive to the conclusion of the proof. O

Lemma 5.9. Let i satisfy (Hi)—(H3). Let « > B > 0 and let uq, ug be the corresponding solutions of (1.3). If ug is
unstable then u, is unstable.

Proof. We assume u,, positive otherwise the statement follows by Lemma 5.4.

First suppose that u, and ug have no intersection points. If they are both positive the conclusion is obvious. If ug
changes sign, we reach a contradiction by Lemma 5.7 with &1 = o, @y = @3 =  and g = 0.

Next we assume that u, and ug have at least one intersection point. Let ¢, be the first zero of the function
uq —ug. By (1.3) we deduce that u},({ep) < u:g(ga,g) so that there exists § > 0 such that uy(r) < ug(r) for any
r € (Lup, Cup + 6). By continuous dependence on the initial datum we deduce that there exists & € (8, o) such that for
any y € [, o] we have uy, (r) <ug(r) forany r € (§up +6/2, $up +6).

By Lemma 5.7 we have that u, and u,, admit at least one intersection point and moreover

Cay < 8gp <+oo foranyy € (@, a).

Let us note that as above one can show that for any y € (@, a), uy < u, in a arbitrarily right neighborhood of ¢y, .
Let {yx} C [@, @) be a sequence such that y; 1 «.
Then for any k there exists 7y € ({uy,, {ag + 1) such that

u(e, ri) — u(yi, re) -
o= Vi
and by Lagrange Theorem and Lemma 5.6 we deduce that there exists oy € (¥, @) such that

0

ou u(o, ri) — u(Vi, i)
Vo (rk) = v(ok, 1) = a—a(Uk, r) = P yky <

0.

On the other hand, for any k, v(ok, 0) = 1 > 0 so that there exists p; € (0, r) such that v(og, px) = 0. This shows that

{ —Agvg, = p|ugk|1’_1vak in By, 5.7)

Vg, =0 on dB,,.
By the definitions of r; and p; we easily deduce that

Pk <lap+1 forany k e N.

Multiplying both sides of the above equation by v, and integrating by parts we obtain

f|vgvgk|§dv :/p|ugk|p_lv§kdvg.
By, By,

We want to show that the sequence {ox} is also bounded away from zero. Since vy, € Hé (By,) and oy < a, by
Lemma 5.2 we have

0:/|ngak|§,dVg—/p|ugk|p_]v(27deg>(Al(Bpk)—pap_l)/vgdeg,
By, By, By,

and hence A{(B,,) < pa? ~! for any k € N. Therefore if we assume by contradiction that liminfi_, 4~ px = O then by
Lemma 5.8 imsupy,_, , o, A1(By,) = +00, a contradiction.
Then we may define pso = liminfy_, 40 ok € (0, +00) and the sequence {wy} C HY(M)

Voy, (x)

wi(x) 1= { Vo L1 capy
0 ifxeM\ By,.

if x € By,



Then for any k, wy satisfies problem (5.7) and

/|ngk|§dvg—fp|ugk|p_1w,%dvg=0.
M M

Moreover {wy} is bounded in H'(M) and hence up to a subsequence we assume that there exists w € H'(M) such
that wy — w weakly in H'(M).
Let ¢ € C2°(B,,,) such that for any k large enough supp¢ C By, . Then

/(VgH)k,Vg(p)nggZP/ |Mok|p71wk§0dvg-

Poo B Poo

Passing to the limit as k — 400 and taking into account that by compact embedding H'! (B),,) C LZ(BpOO) Wi —> W
strongly in LZ(BPDC), and that by continuity from the initial data, 1, — u, uniformly on compact sets, we obtain

/ (Vow, Vo) gdVy = p / |ua|P71w¢)dVg for any ¢ € C°(B,,,). (5.8)
By Booo
By density, the previous identity holds for any ¢ € HO1 (Bpy)-
We claim that w € H& (Bp.)- Up to another subsequence we may assume that wy — w almost everywhere in M

with respect to the volume measure V,. But up to a subsequence, oy — 0o S0 that for almost every P € M \ B Ooo>
wyi (P) = 0 for any k large enough. This proves that w = 0 almost everywhere in M \ B peo and since w € H (M) then
w € H} (B,,).

Since supp wx S Bggy+1 for any k, by compact embedding HI(B;WJF]) C L2(B;&5+1), we have that wy — w in

L%(M). Together with (5.8) and the fact that supp wy C By, , suppw C By, this implies

Poo?

. 2 BT 2 T p—1_2
k_l:lllooflvgwk|ng _k—lgli-loo/ |ngk|ng _kl:TOO/p|uUk| wy dVy
M Bpk Bpk
= Jim f Plug, )P~ wi dV, = / p|ua|f’*‘w2dvg=fp|ua|f’”w2dvg

Begp+1 Begp+1 Bpoo
_ 2 _ 2
= | Vow|?dV, = | |Vow|*dV,.
B M

The last identity together with the weak convergence yields wy — w strongly in H'(M). In particular, since
lwill gipy = 1 for any k € N, then ||w|| g1y = 1 and hence w # 0. Summarizing we have found a nontrivial
function w € H' (M) satisfying

/|vgw|2dvg—/p|ua|l’*‘w2dvg=o.
M M

Suppose now by contradiction that u is stable. Then

/|Vg(p|§dvg—/p|ua|p_l(p2dVg20 for any ¢ € C>°(M)
M M

and by density the previous inequality holds for any ¢ € H'(M).
This means that w € H' (M) is a minimizer of

2
" S IVgvlzdVg '
veH MO} [y PlualP~ 02 dV,




In particular w € H L(M) is a solution of the equation
—Agw = plue)’'w inM

and by standard regularity theory w € C2(M). In particular w is a classical solution of the ordinary differential
equation
!/
—w’(r) —(n — 1)%10/(1’) = p|ua(r)|p71w(r) (r > 0).
r

But w(r) =0 for any r > pso and hence by uniqueness of the solution to the Cauchy problem we infer w(r) = 0 for
any r > 0 so that w =0 in M, a contradiction. O

Next we define
op = sup{a > 0: ug is stable for any g € (0, oz)}.

By Lemma 5.3 we know that «g € (0, +00] and by Lemma 5.9 we have that u,, is stable for any « € [0, op) and it is
unstable for any « > o9 whenever «g < +00. In the next lemma we prove that the set

S :={a >0: u, is stable}

is a closed interval.
Lemma 5.10. Let  satisfy (Hi)—(H3). Then the set S is a closed interval.

Proof. We have just shown above that S is an interval. It remains to show that if g < +00 then ap € S. We prove
that [0, +00) \ S is open. Let « € [0, +00) \ S so that u, is unstable. Hence there exists ¢ € C°(M) such that

/|vg<p|§dvg—/p|ua|f’—lgo2dvg <0. (5.9)
M M
We claim that there exists § > 0 such that

f|Vg¢|§dVg—/pluﬁl”_lgonVg<0
M M

for any B € (@ — §, @ + §) or in other words [0, +00) \ S is open.
Suppose by contradiction that there exists a sequence {cx} C [0, +00) such that oy — « and

/ngo@dvg —[p|uak|P—1¢2dvg >0. (5.10)
M M

Since the supp ¢ is compact by continuous dependence on the initial data we have that u,, — u, uniformly in any
compact set of M. Passing to the limit in (5.10) as k — +00 we obtain

/Wgso@dvg—/p|ua|"—1<o2dvg>o
M M
in contradiction with (5.9). 0O

The estimate a9 > (p~'A (M) P~V follows immediately from Lemma 5.3. It remains to prove that the
inequality is strict under some additional assumptions. First we prove the following:

Lemma 5.11. Let i satisfy (H;)—(H3) and (2.11). Then for any a > 0

2
1 Sy IVevl2dV,
veHIMNO) [y PlutalP~ 02 dV,

A(M,a) =

admits a minimizer.



Proof. Let {v;} C H'(M) be a minimizing sequence for A{(M, ) such that

/p|ua|l’*‘v,§dvg =1.
M

Then {vy} is bounded in H'(M) and hence up to a subsequence there exists v € H 1(M) such that vy — v weakly
in H'(M). By compact embedding H'(B,) C L?(B,) we have that vy — v strongly in L?(B,) for any r > 0.

By the assumptions of this lemma, combined with Proposition 2.1, formula (2.1), Theorems 2.9 and 2.4, we have
that u, (r) — 0 as r — +o00. Hence for any ¢ > 0 we may choose R, > 0 such that plug()|P~! < & for any r > R;.
Hence we obtain

‘/muw—lv,ﬁdvg—fp|ua|"—1v2dvg
M M

< /mumlv,%dvg—fp|ua|1”v2dvg‘+‘ / plua|? vV, — / plug|?~v*dV,
Bg, Brg, M\Bg, M\Bg,
p—1.2 _ p—1.2 € 2 2
< /P|Ua| devg /P|Ma| v dVg +)\,](M) (||vk||H1(M)+”U||H1(M))

Br Bgr

£ &

Passing to the limit as k — +00 we obtain

/plualp_lv,%dVg—/p|ua|'"—1v2dVg
M

2A1(M,
< Ma for any ¢ > 0.

lim sup
(M)

k— 00

Hence,

lim /p|ua|p_lv,3dVg=/p|ua|p_lv2dvg.
k— 00
M M

This shows that v # 0 and that, by the lower semicontinuity of the H 1 (M)-norm, v is a minimizer for A{(M, ). O

1
Lemma 5.12. Let ¥ satisfy (H;)—(H3) and (2.11). Then ag > (%)Fu

1
Proof. Define & := (#)F. We claim that A(M, &) > 1. To see this, by Lemma 5.11 we introduce a minimizer
we H! (M) of A(M, &). By Poincaré inequality and the fact that, by Lemma 5.2, ugz < &, we have
2 2
S Vewlz dVy o Ju IVewlz dVg
[y PluglP—'w2dVvy = A (M) [, w2dV, ~

A (M, a) =

If assume by contradiction that A (M, &) = 1 then the inequalities above are equalities and w € H (M) is a minimizer
for A1(M). Hence, it solves the equation

—Agw=1Mw inM
and this contradicts the fact that w solves
—Agw = A1(M,@)|ug|”'w in M.

This completes the proof of the claim. Let us consider a sequence {o} such that oy | &. We prove that for any large k,
AN (M, o) > 1.

If we proceed by contradiction, we may assume that A; (M, «x) < 1 for any large k.

Let {w} € H'(M) be a sequence of minimizers for Aj (M, ay) such that fM Dlug, |1’_1w,%dVg =1.

Then {wg} is bounded in H 1(M) and up to a subsequence we may assume that there exists w € H (M) such that
wy — w weakly in H'(M).



For any « > 0, consider the Lyapunov function
Fo(r) == l|u’ (r)|2 + ;|uo,(r)|p+1 for any r > 0.
2 p+1
For any ¢ > 0 let R, > 0 be such that

F&(Rg) <Eé&.

We recall that as in the proof of Lemma 5.11 we have lim,_, o uy (r) = l_irnr_>Jroo ul,(r) =0, for any o > 0.
Since ug, (r) = ug(r) and u&k r)— u;7 (r) for any r > 0, there exists k such that

Fy (Rg) <& forany k > k.

But we know that for any « > 0 the function F,, is nonincreasing and hence

Fy (r) <e foranyr > R, forany k > k,

so that
_ p-l -
p|uak(r)’p lgp[(p—l-l)e;]f“rl for any r > R, for any k > k.
Therefore
fp|uak|l’—1w,§dvg—fp|u&|f’—lw2dvg
M M
< /muam—lw,%dvg— / plugl’™ wi dv, +‘/ plug|? ™ widV, — / plug|’~w*dv,
Bg, Bg, Bg, Bg,
+‘ / plitg, 1P~ w}dV, — f p|u&|p_1E2dVg‘

M\BR, M\Bg,

< sup| plug, [P~ = plugl?™!| / wid Vg +
Bpg, 5
R,

fmum”—lw,%dvg—/p|u&|P—1w2dvg‘
Bp, Br

& £ €

p=1 9 p=t )
+ p[(p + De] 7 / w;dVy + p[(p+ De] ™ / > dV,.
M\Bg, M\Bg,

By strong convergence wy — w in L*(B R.), uniform convergence uy, — Uy in Bg, , Poincaré inequality, weak lower
semicontinuity of the H L(M)-norm and the fact that A(M, az) < 1, we obtain

2 p=1
< —P[(P + 1)8] p+1 for any ¢ > 0.

lim sup
A(M)

k—+00

fp|uak|l’—1w,§dvg—/p|u&|f’—1w2dvg
M

This proves that

Jim p|uo,k|1’—1w,%dvg:/p|u&|l’—1w2dvg.
M M
Therefore using again the weak lower semicontinuity of the H'(M)-norm, we obtain
JulVe@lgdVe oo JulVewrlgdVe
gy, S iminf P S
Sy Plug|P= w2 dV, = k—+oo [y Pluey 1P~ wp dV,

l<A(M,@) < ZEEIJiggAl(M,Ock),

a contradiction. This proves that A (M, ax) > 1 for any large k.



In particular for any large k and any ¢ € CS°(M) we have

/ Vel dVy > Ay(M, o) f Plug P p?dVy > /p|uak|1’”<p2dvg.
M M M
We found a sequence of values o > & such that u,, is stable. O

End of the proof of Theorems 2.11-2.12. The proof of Theorem 2.11 simply follows by combining Lemma 5.10
with Lemma 5.3 and Lemma 5.5. The estimate from below on «q follows from Lemma 5.12.

5.2. Proof of Theorem 2.14

Let o, 8 € S with & > 8. We want to prove that uy(r) > ug(r) > 0 for any r > 0. Suppose by contradiction
that there exists ¥ > 0 such that uy (r) < ug(r). By Lagrange Theorem and Lemma 5.6 we deduce that there exists
o € (B, @) such that

(e, r) —u(.r) _
a—p

and proceeding as in the proof of Lemma 5.9 we find p € (0, r) such that

_ _ u _
Ve (r) =v(o,r) = a(o, r)=

_Agva = p|”6|pilvo in Bp7
Vg =0 ondB,.

Testing the above problem with v, € HO1 (B)), we obtain

Next we define w, € H! (M) as the trivial extension of v, outside B, in such a way that
/ Vows |3 dV, —/p|uo|l’*1w§dvg =0.
M M

But o € [0, ap] and hence by Lemma 5.10 u, is stable. Therefore w, is a minimizer of the problem

2
in fM [Veuly dVy
veHIMNO} [y Plug|P~ 102 dV,

and proceeding as in the proof of Lemma 5.9 we arrive to a contradiction.
5.3. Proof of Theorem 2.15

By Lemma 4.1 we have A1 (M) > 0. By Proposition 2.1, (2.1), Theorems 2.9 and 2.4 we get the existence of R > 0
such that plu(r)lf’_1 < A1 (M) for every r > R. Let now Bg be the geodesic ball of radius R centered at 0. From
what just remarked and (4.1), inequality (2.10) holds for every ¥ € CZ°(M \ K) and for every compact K such that
Br C K. In particular, u is stable outside a compact set.

5.4. Proof of Proposition 2.13

Since u is stable, from (5.1) we have

+00 oo
/(x%r))zw"—l(r)dr—p/!u<r)!”‘1x2(r>w"—1(r>dr>0, (5.11)
0 0

for every radial function x € C2°(M).



Inequality (5.11) holds for every x € H I'n Lo°(M) with compact support in M. Next, we choose x (r) = u(r)n(r)
with n € C1(0, +00) in (5.11) and we get

+00 +o00
/ (' ")’ () 9" () dr + / ()’ (' ) " () dr
0 0
+o00 +o00
T / W ) (2 ¥ Y dr > p f )| P 2y () .
0 0
An integration by parts and (1.3) yield
+o00 +o00
/ W) (1 O) 9"y dr > (p - 1) / )| P 2 )y (), (5.12)
0 0

for every radial function n € C2°(M).
For R > 0, let now ngr(r) = n(r/R), where n(r) € CL([0, +00)) is such that nr)y=1for0<r<1land n(r)=0
for r > 2. Taking ng as test function in (5.12), we get

2R 2R
I ||;°;(1,2) /(u(r))2 v N rydr > (p— 1)/|u(r)|p+1712(r/R)1/f"_1(r)a’r
R 0

R
>(p— 1)/|u<r>|”“1/r"*1<r) dr.
0
As R — +o0, recalling that f0+°° (u(r)> Y"1 (r)dr < +o0, we finally conclude that

+00
/ ) [Py oy dr =0,
0

Hence, u =0 in (0, 4+00).
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