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Abstract

We prove on-diagonal bounds for the heat kernel of the Dirichlet Laplacian— AP
in locally twisted three-dimensional tubes §2. In particular, we show that

Q
for any fixed x the heat kernel decays for large times as e~ £17 t=3/2 where E| is

the fundamental eigenvalue of the Dirichlet Laplacian on the cross section of the
tube. This shows that any, suitably regular, local twisting speeds up the decay of
the heat kernel with respect to the case of straight (untwisted) tubes. Moreover, the
above large time decay is valid for a wide class of subcritical operators defined on
a straight tube. We also discuss some applications of this result, such as Sobolev
inequalities and spectral estimates for Schrodinger operators — A g - V.

1. Introduction

Let @ C R? be an open bounded set and let 29 = w x R be a straight tube in
RR3. By separation of variables it is easy to see that the heat kernel of the Dirichlet
Laplacian —Ago on §2 satisfies
D
k(r,x,y) :==e'F1 e % (x, y) ~ 177 ast — 00, (1)

where E is the principal eigenvalue of —A g , the Dirichlet Laplacian on w. Let us
now define the twisted tube 2 by

2 ={ro(x3) x | x = (x1, X2, x3) € L0},
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where

cosf(x3) sinf(x3) O
rg(x3) = | —sinf(x3) cosf(x3) O
0 0 1

and 6 : R — R is the angle of rotation. Here and in the sequel we will denote by
x the variable in the straight tube £2p and by x the variable in the twisted tube 2.
We assume that the support of 6, the derivative of @, is compact, see Section 2 for
more details. It then follows that the spectrum of —A _g coincides with the half-line
[E1, 00). Therefore, it is convenient to work with the shifted operator —A _g —E;.
This is a nonnegative self-adjoint operator which generates a contraction, positivity
preserving semigroup €’ (A3+ED) o L?($2). The main object of our interest is its
integral kernel

k(t,x,y) := et<Ag+E1)(x, y), X,ye€ . (2)

In particular, we are interested in the influence of twisting on the long time behavior
of k(z, x, y). This is motivated by the fact that, under appropriate assumptions on
and 6, the Dirichlet Laplacian in the twisted tube £2 satisfies a Hardy-type inequality

c

D
—AQ—EIE 1—|—X2
3

3)
in the sense of quadratic forms, see [ 14]. One of the consequences of this inequality
is the existence of a finite positive (minimal) Green function of — A g — E{, see for
example [20,35]. Using a different terminology, the associated semigroup is tran-
sient. On the other hand, (1) implies that the associated semigroup of —A _go —E;
corresponding to the straight tube is recurrent (see also [18]). In other words, in-
equality (3) implies that fooo k(t,x,y)dt < oo for all x # y, while the recur-
rency of —Agﬂ — E| means that fooo k(t, x, y) dt = oo. Moreover, since k(t, X, y)
and k(¢, x, x) are pointwise equivalent for all 7 = 1 [10, Theorem 10], and since
k(t, x, X) is nonincreasing in ¢ it follows that

k(ta X, X) = O(t_l) ast — oQ. (4)

This means that the heat kernel of the twisted tube must decay faster to zero than
the heat kernel of the straight tube given by (1). In fact, the validity of the Hardy
inequality (3) can be viewed as a qualitative description of the improved decay of
k(t,X,y), so that the present investigation of obtaining sharp quantitative bounds
for k(z, X, y) is a natural continuation of [14].

Twisted tubes or more generally curved waveguides provide thoughtful models
to study various theoretical and experimental physical phenomena, like heat transfer
[3,29], wave propagation [22], optics and electromagnetic theory [27,37], and fluid
and quantum mechanics [13, 14,38]. Surprisingly, the connection between twisting
and the heat equation was pointed out for the first time only in the recent paper
of KREJCIFK and Zuazua [25]. Let L*(£2, K) be the weighted L? space with the
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Gaussian weight K (x) = eX3/4. The authors of [25] proved that for any a < 3/4
there exists a constant C, such that

D
le" AT E 20 k)2 SCa(14DT @ <3/4, V120, (5)

Notice that a cannot be larger than 1/4 in a straight tube. A similar result was ob-
tained by the same authors in [26] for the heat semigroup of the twisted Dirichlet—
Neumann waveguide. From the applicative point of view, we mention that it is
known that twisting enhances heat transfer, see for example [3,29]. This phenom-
enon seems to be utilized in the so called Twisted Tube technology.

The aim of this paper is to establish sharp pointwise on-diagonal heat kernel
estimates. In fact, as one of our main results we will show that

k(t,x,Xx) <

At t

see Theorem 1. Such a two-sided pointwise bound on the heat kernel of course
gives us a more detailed information than an integral bound. Moreover, a simple
application of (6) allows us to extend inequality (5) to the critical value a = 3/4
and at the same time to a wider class of subspaces of L%(£2) and L1(£2), see
Proposition 3 and Theorem 6.

The proof of estimate (6) relies on the study of positive global solutions of
the equation (—A _g — Epu = 0 in £2 and of suitable functional inequalities on
the corresponding weighted L? spaces. We would like to point out that the Hardy
inequality (3) is used only implicitly, to ensure the subcriticality of —Ag — Ey.
Since heat kernel estimates can be reformulated in probabilistic terms in term of
the survival probability of the Brownian bridge killed upon exiting 2, our results
also imply sharp bounds for such probability: roughly speaking, the =3/ decay
of the kernel for a fixed x might be expressed by saying that the longitudinal part
of the Brownian bridge sees, asymptotically as 1 — oo, the twist as if it were a
Dirichlet boundary condition imposed on the cross-section of the tube. Hence the
corresponding heat kernel resembles the one generated by the Dirichlet Laplacian
on a half-line.

As applications of our heat kernel estimates we prove a family of Sobolev-type
inequalities for the operator —Ag — E1, see Theorem 8, and an upper bound on
the number of eigenvalues of Schrodinger operators —Ag — V, where V is an
additional electric potential, Theorem 7. Both these results fail in straight tubes.

While the behavior of the Dirichlet heat kernel on bounded Euclidean regions
is well understood (see for example [8,43] and references therein), much less is
known in unbounded regions because of the great variety of possible geometrical
situations. In fact, a rather complete study is available, as far as we know, only in
exterior domains, namely in domains of the form A€, A being a compact set with
nonempty interior: see [21] (and [6] for some particular cases) for its behavior both
in the transient and in the recurrent case when in addition the spatial variables are
required to be not too close to the boundary, and [44] for the remaining range, at
least in the transient case. See also [12] and references quoted therein for the study
of heat kernel behavior in other special classes of unbounded domains. Note also

. 2 1 +x2
dist(x, 3£2) min{ +X3’1], Vi1, ©)
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that the behavior of the heat kernel for ¢+ < 1 in the class of domains considered
in this paper is entirely known from [43]. We would like to mention that the fact
that heat kernels of subcritical operators decay faster than heat kernels of suitably
related critical operators has been proved in larger generality in [ 16], but the general
situation studied there does not allow for quantitative statements.

Our results are not restricted only to twisted tubes. Indeed, if L := —V-(aV)+V
is a uniformly elliptic operator with smooth enough coefficients which is defined
on £2g such that L = —A — Eyin {(x/, x3) € £2¢ | |x3| > R}, for some R > 0 and
L is subcritical in £29, then a straightforward application of our technique yields

dist(x, £29)? 1+ x2
exp(—tL)(x, x) < ist(x, 92) min[ 3

1y, Y21, YVxe$.
Ji r ] R

(N

See Subsection 3.3 and in particular Theorem 5 for a more detailed discussion.

Let us briefly outline the content of the paper. In Section 2 we formulate our
main assumptions on  and 6 and fix some necessary notation. The crucial heat
kernel upper bound is proven in Section 3.1, see Theorem 3. The central idea of
the proof is to establish suitable generalized Nash inequalities on carefully chosen
weighted L? spaces and to use the equivalence between such inequalities and ultra-
contractivity estimates, cf. [7]. Off-diagonal upper bound are then a straightforward
consequence of [19]. In Section 3.2 we prove the lower bound in (6) by means of a
Dirichlet bracketing argument. Improvements of inequality (5) for a larger class of
data, including optimal L' and L versions, are given in Section 4. In the closing
Section 5 we prove spectral estimates for Schrodinger operators on §2 and a fam-
ily of Hardy-Sobolev type inequalities for functions from H(} (£2) (cf. [36]). The
latter are, similarly as the Hardy inequality (3), yet another example of functional
inequalities induced by twisting; that is they fail in the straight tube £2y. The ap-
pendices contain some instrumental technical material, mainly on one-dimensional
Schrodinger operators, and some remarks on Davies’ conjecture (see [10]) in the
present case.

2. Preliminaries

Throughout the paper we will work under the following hypotheses on w and 9:

Assumption 1. o is an open bounded connected subset of R? with a C2-regular
boundary which contains the origin. Moreover,  is not a disc or a ring centered at
the origin.

Assumption 2.. The function 6 belongs to the class C%*(R) with some > 0 and
the support of ¢ is compact. Without loss of generality we assume that 6 (x3) = 0
for all x3 < inf suppé.

Under these assumptions we define the Dirichlet Laplacian —Ag as the unique
self-adjoint operator in L?(§2) generated by the closed quadratic form
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/ |Vul?>dx u € H}(2). (8)
2

As for the notation, given a set M and functions fi, fo : M — R4 we will use
the convention

fil) = fo(z) < Fc>0:VzeM ¢ 'fi@ < ) £ cfi@).

Moreover, given a measure du(x) = u(x)dx on 29 and p = 1, we denote by

LP (82, j¢) the corresponding L? space with respect to diu. The same notation will
be used for the Sobolev spaces H'! and Hol. A point x € £2¢ will be denoted by
x = (x’, x3), where x’ € w and x3 € R. Set

wq = {(x',x3) € 20 | x3 = a}.

We will also need the functions

172, 0<t=1,

) = 2, 0<t <1,
VD= 04-32 0 1 <4 < o0,

F@:= [t_l/z, 1 <t <oo0. ©)

By the symbol ¢ we will denote a generic positive constant whose value might
change from line to line. Finally, we introduce the distance function

p(x) :=dist(x, 0§2), x € £2.
We have the following auxiliary result.

Lemma 1. Let vy be the normalized principal eigenfunction of —Ag associated
to E1. Let Ty : 2 — w be defined by

Ty (x) = (cos6(x3) x| — sin B (x3) Xy, sin O (x3) X; + cos 0(X3) Xp) .
Then ¥r1(Tp(x)) < p(X).

Proof. Let 2x = {y € £ : y3 = x3} and define p(x) =dist(x, d£2x). Since
the boundary of w is C2-smooth, the Hopf boundary point lemma, cf. [9, Sect.4.6],
implies that ¥{ (Tp (x)) < p(x).On the other hand, from the regularity assumptions
on 6 it follows that p(x) < p(x). O

3. Heat Kernel Bounds

The main result of this section is the following

Theorem 1. There exists a constant ¢ > 0 such that for any x € 2 and any t = 1
we have

2 1 2 2 1 2
! p\/(f) min[ tx3,1]§k(t,x,x)§cp\/(§) min[ tX3,1]. (10)
t t
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Remark 1. Note that while k(¢, x, X) =< t~3/? as t — oo holds pointwise for any
X € §2, we have sup, k(f, X, X) =< t~1/2 a5t — oo. This is caused by the fact that
the faster decay of k(z, x, X) in time is balanced by the spacial growth of the factor
1+ x% Similar discrepancy between the behavior of k(, x, X) and sup, k(¢, X, X)
has been observed also in [10] for heat kernels on suitable complete manifolds with
a finite number of ends with different asymptotic dimensions. Our case shows a
similar behavior in a situation in which the two ends of the manifold considered
are diffeomorphic (in fact, related by a rigid motion).

Remark 2. It was pointed out in [14] that a local twisting has consequences for
the transport in quantum waveguides in the sense that it decreases the probability
of a particle being trapped. Theorem 1 shows that it has consequence also for the
heat transport. Indeed, Equation (10) implies that with a given initial data (satisfy-
ing a natural growth condition), the solution to the heat equation in twisted tubes
converges faster to the equilibrium state (zero) with respect to the corresponding
solution in straight tubes. Hence twisting improves the heat transport, which is in
agreement with the numerical results obtained in [3,29]. The presence of the spa-
tial factor 1 + xg then shows that the effect of a local twisting decreases with the
distance to the twisted part of the tube.

Remark 3. The behavior of k(¢, x, y) for small times is known and, as expected,
is independent of twisting. The following two-sided estimate is due to [43]:

0% (x)

2
visi: oo min[ ,1] 173 < kit x,%) <cmin[p t(X)’ll 3,

an

see also [8]. This is in accordance with the well-known principle of not feeling the
boundary of M. Kac (see [5,24,42]) which can be loosely stated as: the Brownian
loop joining x to itself in time 7 does not touch the boundary with a probability
tending to one as ¢ | 0. Hence our Dirichlet heat kernel is close to the free, three-
dimensional one for short time.

Theorem 1 will be proven in several steps in the following two subsections.

3.1. Heat Kernel Upper Bounds

We shall prove here our main upper bounds for the heat kernel. Since the proof is a
bit subtle, let us first outline it. The key steps are on the one hand, Theorem 2 which
proves the equivalence of the Green functions for general subcritical operators that
coincide far away the twisting region, and on the other hand, suitable weighted
Nash-type inequalities (see Lemmas 3 and 4), which are known to be related to
ultracontractive estimates for the heat kernel. More precisely, the equivalence of
such Green functions implies the equivalence of the cone of the positive solutions
of the shifted Laplacian that vanish on the boundary of the twisted tube and the
corresponding cone of a reference skew-product equation for which such positive
solutions are given explicitly. These positive solutions are used as the weights in the
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corresponding Nash-type inequalities. In view of [7], these functional inequalities
are equivalent to our diagonal heat kernel upper bounds.
We introduce the transformation

(Us 9)(x) == ¢ (rg(x3)x),  x €80, ¢eL*(),

which maps Lz(.Q) unitarily onto LZ(QO). A straightforward calculation shows
that H = Uy(—A _(DZ) Uy !'is the self-adjoint operator in L2(£2¢) which acts on its
domain as

H:=—AP — (35 +60(x3) 8,)%, (12)

where d; := x102 —x2d1. The shifted Laplacian —A g — E transforms accordingly
into the operator

Hy:=H — Ej = Up(—AB —EnU;", in L2(20)

which is generated by the quadratic form

9[u] :=/ (|VTu|2 + 183u + 6d.ul? — E1|u|2) dx, ue D(2) = H} ().
20

(13)
where Vi := (91, 8).
We will also consider the reference operator
A= —AQ +6%(x3) — Er in L* (o) (14)

with Dirichlet boundary conditions at d§2¢. Recall the Hardy-type inequality

/ (IVul® + 1830 + 68.u|* — E1|ul*)dx = ch/ 62 lul*dx, Yu e Hj(82),
0 20
(15)

where the constant ¢;, > 0 depends on 6 and  but not on u, see [14]. In the
language of criticality theory this inequality says that Hy is a subcritical operator in
£20 (see for example [35]). On the other hand, since —Ago = Eq, it follows from
the definition of the operator A that

A =62

Hence A itself is a subcritical operator in £29. We denote the minimal positive
Green functions of Hy and A in §£29 by Gy (x, y) and G 4 (x, y), respectively. The
following theorem plays a crucial role in the proof of our heat kernel upper bounds.

Theorem 2. Let Hy and Hj be two subcritical operators in the tube $2¢ such that
Hy = Hy in {(x',x3) € 29 | |x3] > R} for some R > 0. Let Gi(x, y) be the
positive minimal Green function of Hy in 20, k = 1, 2. Assume that the coefficients
of Hy and Hy are Hélder continuous in {(x’, x3) € 20 | |x3] < R + 6}. Then

Gi =Gy in$20 x 20\ {(x, %) | x € 20). (16)
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In particular, there exists a positive constant C such that
C7'Gy(x,y) £ Galx,y) = CGy(x,y) (17)
forall x,y € £.

Proof. Without loss of generality, we may assume that H; = H in {(x/, x3) €
20 | |x3| > 1}. By the interior Harnack inequality for H,", the formal adjoint of
H; and the behavior of the Green functions near the singular point we have that
G1(0, (0,0, £2)) < G(0, (0, 0, £2)). Hence, the Harnack boundary principle for
H{ = Hj [1,4] implies that

G1(0,y) < G2(0,y) Vy € wir. (18)

Since G (0, y) has minimal growth at infinity of {y = (y’, n) € 382 | n > 2} and
{y=(',n) €08y |n < —2} it follows from (18)

G1(0,y) < G2(0,y) Vy€wy, Inl>2. 19)

Now, fix y € wy, |n| > 3. Without loss of generality, we may assume n > 3.
Then by the Harnack boundary principle for H; = H, we have

G](x,y) - G2(x9y)
G1((0,0.£2),y) © G2((0,0,%2), y)

Vx € w2, Vy € wy, In| > 3. (20)

Recall that by the interior Harnack inequality for H; we have
Gr((0,0,£2), y) < Gk (0, y).
Hence, it follows from (20) that

G](.X, )’) - GZ(x’ y)

= Vx € wir,Vy € wy, |n| > 3. 21
G10.y) ~ G2(0.y) rEen
Combining (19) and (21) we obtain
Gi(x,y) < Ga(x,y) Vxewyr, Vye€aw, Inl>3. (22)

The minimality of G (-, y) in {(x", &) € 0§29 | § < —2} and (22) imply
Gi(x,y) < Ga(x,y) Vx €cwg, § < —2.

On the other hand, since G (x, y) < G2(x, y) in a small punctured neighborhood
of y (the size of the neighborhood depends on dist(y, 052¢)), and in light of (22)
and the minimality of G, we obtain that

Gi(x,y) x Ga(x,y) Vx €wg, §>12.
So, we obtained

Gi(x,y) < Ga(x,y) Vxewg, [§/] 22 and Vyew, [n|=3. (23)
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Denote by Gf” (x, y) the positive minimal Green function of Hy in 2y = w X
(=N, N),k=1,2, N < 6.1Itis known (see for example [2,23]) that for a fixed N
we have

GV < G¥V in 2y x 2y \ {(x,x) | x € 2y). (24)

Fix N = 5. It follows from the boundary Harnack principle (in x) that for k = 1, 2
we have

Giry) G,y
G((0.0,8).5) ~ G%5((0,0,8), y)

Vx € wg, & =34,Vy € wy, In] £ 3.

(25)
On the other hand,
Gr((0,0,8),0) <1, G,'?S((O, 0,6,0) <1 &=44, k=12
Hence, the boundary Harnack principle (in y) implies that
Gr((0.0.8).y) < GZ*((0,0.£), y) VE =£4. ¥y € w,, [y £3.  (26)

Consequently, (25), (26), the behavior of Green functions near the singularity, and
the comparison principle imply that

Gr(x.y) = GO (x.y) Vx € wg, ] S4.¥y € wy, |n] £ 3. 27
In light of (27) and (24) with N = 5 we obtain
Gi(x,y) < Ga(x,y) Vx € wg, |&] <4, andVy € wy, |1 < 3. (28)
Since G has minimal growth at infinity, it follows from (28) that

Gi(x,y) < Ga(x,y) if
(x,y)elx ewe, 124y € wy, =3} U {x € wg, [E|=2;y € wy, [n] 23).
(29)
Thus, (23), (28), and (29) imply (16). O

Remark 4. Let M be a noncompact smooth Riemannian manifold and let £2 and
22,j=0,1,...,¢be subdomains of M with Lipschitz boundaries such that

=J2 @2ne=0Vvii<j<t

and such that £2g is compact in M. Let H; and H, be two subcritical operators in
§2 such that H; = H» in Uﬁ»:l £2;, and let G (x, y) be the positive minimal Green
function of Hy in 2, k = 1, 2 (cf. [32, Section 7]). Assume that the coefficients of
H; and H, are Holder continuous in £29. By adopting the proof of Theorem 2 we
obtain that

G <Gy in2xN2\{(x,x)]|xeR}
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- 2 : .
The subcriticality of the operator —j7 + 6%(r) on R implies that there are
exactly two positive minimal solutions (in the sense of Martin boundary) g;, j =

1, 2 of the equation (—szz +62%(r))g =0inR satisfying g;(0) = 1 [31, Appendix
1]. Moreover, we may assume that

g1(x3) < 1+ 6(—x3) [x3], g2(x3) < 1+ O(x3) [x3], (30)
where @ is the Heaviside function. Let
8o = (g1 +82)/2. (3D
Clearly, we have
go(x3) < 1+ |x3]. (32)
The functions w; : £2 — R given by
wj(x) == Yi(x,x2) g(x3), j=0,12, (33)
then satisfy
Aw; =0, w; >0 infp, w;=0 ondsy. (34)

We note that for any positive solution w of the equation Aw = 0 on £ that
vanishes on 92y there exists a unique pair of nonnegative numbers « and 8 such
that w = aw + Bw; [32, Theorem 7.1].

Next, we apply the above crucial results to obtain the following lemma.

Lemma 2. There exist positive functions v; € C 2(R20), j =0, 1,2, such that
Hovj =0, vj(x)=<w;(x). 35)
Proof. This follows from Theorem 2 and [33, Lemma 2.4]. 0O
With this result at hand, we define the (ground state) transformation
Uy L*(£20) — L*(£20, v%), (Y u)(x) = val(x) u(x), x € 2. (36)

2y maps L2(.Qo) unitarily onto LZ(.QO, v%) and 2[u] transforms into the closed
quadratic form

Oulf1i= 21 = | (1VefP+10sf +00:fF) o ds,
0
f € D(Qo) = H'(2, wp).

The fact that the form domain D (Qg) coincides with H 1820, w%) follows from the
regularity of w, see [11], and from the equivalence

(37

CIVFPF SIVefPP+ 103 f + 08 fI* < c VSR

The upper bound is immediate. The lower bound will be given in the proof of
Proposition 1.
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We denote by By the self-adjoint operator in L (2o, v%) associated with the
form Qo[ f]. By standard arguments, see for example [9, Section 4.7], it follows
that the semigroup exp(—¢ Bp) is symmetric and subMarkovian on L2(£2, v%) and
since

= %y ' Bo %,
we get
e, y) = vo(x) vo(y) e~ (x, ). (38)
Let A > 1 and introduce a C! decreasing bijection m; of R, onto itself by

132, 0<1<1/2,
my(t) ;=11 x(0), 1/2<t=1, (39)
t’3/2, 1 <t < o0,

where x isa C ! decreasing convex function chosen such that m; (¢) is C l(]RJF).
Next we define

£.(r) == —m/ (mj '), reR;. (40)
We have

Lemma 3. There exists Ay > O such that the inequality
2.2

61/ s ayug) < [ V7P udd 1)

holds forall f € H' (20, wj)NL" (20, wg) with | £ | 11, w2) S landall . > 1o

Proof. Consider the heat kernel e /4 (x, y) of the operator A. Since
A= (AP —Ep@1+1® (-] +6%),

where ® denotes the tensor product, we have

o
exp(—tA)(x, y) = > e FED g (e x0) Y (1. y2) gt X3, y3), (42)
Jj=1
where g (z, r, s) is the heat kernel of the one-dimensional Schrédinger operator

2

32 +6%(r) in L*(R), (43)

and E; and ; are the eigenvalues and (normalized) eigenfunctions of —Ag . By
Proposition 4, see Appendix A (cf. [30, Theorem 4.2]), there exists a positive
constant ¢ such that

2
cgi(r
qt,r,r) < f30/(2) if t 21, q(t,r,r) <

c
— if0<t <], (44)
Ji
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where g is the function defined by (31). On the other hand, by the ultracontractivity
of /4% we have [9, Theorem 4.2.5]

[IA

(0.¢]
D ETE YR (xy, ;) £ ey x) 121 45)

j=1

Finally, by [9, Theorem 4.6.2] we have

o0
tAb tE t(E1—Ej) ;2
e/ ((x1, x2), (1, x2)) B = D" ! FIED Y (xy, 1)
j=1
(&
2

Yix,x) 0<t< 1. (46)

Combining all these estimates gives

e A, x) S ey (a1, x2) g5 (x3) ¥ (1) = cwj(x) y (1) (47)

Next, mimicking the construction of the operator By above we notice that the

operator Ay := % A ”//0_1, where 7( is the unitary (ground state) transformation
Y : L2(820) — L%($2o, w%) acting as

(Hou)(x) = wy' (D ux), x e, (48)

is associated with the closed quadratic form

Ool f] :=/ﬂ VP widx, feD(Qo) = H"(2, w)). (49)
0
By (47) we then get
- —tA
sup e " 40 (x, x) = sup ¢ z(x, *) <cy@) (50)
x X wo(x)

for all + > 0. Hence, in view of (77), we get
||e_[A0||L1(_Qo,w(2))*>LOC(QOYw(2)) = my(t) (5D

if A in (39) is chosen large enough. Note that (—logm; (7))’ has a polynomial
growth. Therefore, (51) and [7, Proposition I1.4] yield

Sx(llflliz(%wg)) §/ VAP wide ¥ feCe(R0) 1 I fllpgyu S 1

20
(52)

Hence (41) follows by density. O
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In a similar way as we introduced the functions m; and &, we define

1732, 0<1t <12,
pwa(t) :==aq x(@®), 1/2<t =1, (53)
t’l/z, 1 <t < o0,

where ¥ is a C! decreasing convex function chosen such that 1, (r) is C'(R4.).
Accordingly, we define

9(r) = =i (u ' (r), 1 e Ry (54)

Lemma 4. There exist .; > 0, j = 1,2, such that the inequality
2 2.2 s
(1 gy ) < /:20 VPulde, j=1.2 (55)
holds forall f € H'($2y, w?)ﬂLl(.Qo, w%)wim I 11 g2y S Vandall . > 4.
h L

Proof. We introduce operators A =7 A ”//j_l, where ¥, j = 1, 2 are unitary
transformations 7 : L2(£20) — L2($20, w?) which act as

(V) x) = w; ) u), xe . (56)
These operators are associated with closed quadratic forms
0,111 :=/Q VPulds, feD@p=H (20 u).  (57)
0
We follow the arguments of the proof of Lemma 3 replacing (44) by

2
L cgn)

<
q(tvrir):\/m: \/l_‘

which follows from Proposition 4 given in Appendix A. This leads to

t =0,

- e A(x,
sup ¢ 47 (x, x) = sup 2(x x)
x x wj(x)

Scl'(t), j=12 (58)
for all # > 0, and therefore, if A in (53) is chosen large enough, then

e
lle™" ||L1(Qo,w§)—>Loo(go,w§) < ua ().

The statement then follows as in the proof of Lemma 3. O
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3.1.1. On-Diagonal Upper Bounds The functional inequalities proven in the
previous Lemmata enable us to prove the following on-diagonal heat kernel esti-
mates.

Proposition 1. There exists a constant C such that for any x € 29 and any t > 0
the following inequality holds:

e Mo (x,x) £ Cyixr, x) 1 +x3) y(0). (59)

Proof. We note that |9, f|> < C, Vi f |2 for some constant C,,. Using the in-
equality

200113 f 118 f1 S eldsf1* + e 1017 10 f17, 0<e <],
and taking ¢ close to 1, it is then easy to see that
IV f12+103f + 60 12 = co [V fI? (60)

for some co > 0. Let || fll11(q, 2) < 1. By Lemma 2 we have KO_I < v(z)/wé < ko

for some ko > 1. We apply Lemma 3 to the function f := Ko ! f. Using the fact
that &, is increasing, in view of Lemma 5, see Appendix B, and (60) we obtain

2 < 30 Fn2 < 712
.1 1200y 02) = 60065 1 W20 u2) SCig & (11 2 02)
SCak? | IVFPwidx a7l Qolfl,  agi=cokoC
=% Ko 2 o Ux =dy ) : K
where ¢ is the constant in (60). Hence

a0 (151720, 2)) S QolfT ¥ f € CF(R0) : IF L1 gyapy S 1. (61)

This inequality extends by density to all functions f € H'(£2o, v%) satisfying the
condition || fl 1 20.2) < 1. By the standard Beurling—Deny criteria and the result
of [9, Thm.1.3.3] it follows that the operator By associated with the form Q¢ gen-
erates a positivity preserving semigroup e ~'50 which is contractive in L? (£2, v%)
forall p € [1, 00] and all ¢ = 0. These facts and the integrability at infinity of 1/&;,
(see Appendix B) allow us to apply [7, Proposition II.1] which, in view of (61),
gives

le™ Pl 1 20 1o (20.02) S M@0 ). (62)
Equation (59) thus follows by applying (38). O

Remark 5. As expected, the twisting influences the decay rate of e~/ (x, x) for
large times. On the other hand, the faster decay in time is compensated by the
additional weight factor (1 +x32) .From our heat kernel lower bounds, see Theorem 4,
it follows that the growth of this weight cannot be improved.

The next result holds for twisted as well as for straight tubes, that is for § = 0.
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Proposition 2. There exists a constant C such that for any x € 29 and any t > 0
e M (x,x) S CyYilxr, x2) T (0). (63)

Proof. We define the (ground state) transformations %; : L2(20) — L%(£2, v%)
by ‘

(% u)(x) == vj_l(x)u(x), x e, j=12. (64)

Hence %; map L?(£20) unitarily onto L?(£2o, vf) and 2[u] transforms into

Qjlf1:= 2lv;f] =/ (ISP + 15 + 60 ) 3,
20

[ € D(Q))=H"($0, w)). (65)

Accordingly, we introduce operators B; := %; Ho % j_l generated by the quadratic
forms Q. As above, we get

e y) = v ey, j=1.2 (66)
In the same way as in the proof of Proposition 1 (using Lemma 4) we thus arrive at
le™ 5011 g 021 100202 = @D, j=1,2.
where a; > 0. Hence by (66)
e M (x,x) ey gt (xa) F(1), e (x, x) Sy x2) g3 (x3) I'(1)
for all x € 29 and ¢ > 0. This concludes the proof. O

Theorem 3. There exists a constant C > 0 such that for anyx € 2 and any t = 1
the following inequalities hold true

k(t, X, x) < C p2(x) min {(1 +x3)¢72, 172}, (67)
Proof. Letx,y € £2. From
Uy et Uy = ¢ (AQ+ED
we get
k@t,x,y) =e "M%, rply).

The statement thus follows directly from Propositions 1, 2 and Lemma 1. O
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3.1.2. Off-Diagonal Upper Bounds A combination of (11) with Theorem 3 gives

Corollary 1. For any C > 4 there exists a constant K¢ > 0 such that for any
X € 2 and any t = 1 it holds

K x.y) = Ke p0 () min [\(1 4331 +y3) EmH] 585 o8)

Proof. From (11) and Theorem 3 it follows that

k(t,x,x) £Cp*x) (1+x3)y(t) Vxe R, Vi>D0.

A direct inspection shows that [19, Theorem 3.1] is applicable to k(z, x, y) with the
respective functions f and g which parametrically depending on x and y (see the
example in [19, p. 37]). Hence for any C > 4 and all # > 0 it holds

r x.y2
k(t. X, y) £ 8(C) ppy)y/ (1 +x2)(1 +¥2) y()e e

where r(x,y) is the geodesic distance between x and y and §(C) is a positive
constant which depends on C and y(-). Repeating the same procedure with the
bound

kt,x,x) SCp*x) (1) VxeR, Vi>0,
which again follows from (11) and Theorem 3, we obtain

~ _rx y)2
k(t,x,y) = 8(C) p(x)p(y) I'(t)e™ ¢
The fact that r(x, y) = |x — y| completes the proof. O

Remark 6. By [43], there exist positive constants ¢, C and T such that for any
X,y € £2 and any 0 < t < T the following off-diagonal estimates holds true

_ Clx—y[? x—y[?

ce 7 [P py) e @
< <
M Skexy) S min { 2R}

(69)

: { px) p(y)
min :

3.2. Heat Kernel Lower Bounds and the Brownian Bridge Reformulation

The aim of this section is to show that the long time decay rate r=3/? of the
upper bound (59) is sharp. In fact, we show that a matching lower bound holds. The
proof of such a lower bound is easier than the previous ones. It uses monotonicity
of the Dirichlet heat kernel with respect to the domain to compare the heat kernel
k(t, x, x) of the twisted tube with the Dirichlet heat kernel of a straight half-tube.
In fact, we have

Theorem 4. There exists a positive constant ¢ such that for any X € §2 and any
t = 1 it holds

k(t, %, %) = ¢ p(x)? min{(l +xd) 3, z—%}. (70)
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Proof. We start by proving that for any x € £ with [x3] > R+ 1 and any ¢ = 1
we have

2
kKt x, %) > C p(x)21? min{l, ’;—3 } C 0. 1)

Suppose that x3 < —(R + 1). To get a lower bound on k(z, X, X) we impose
additional Dirichlet boundary conditions at w_pg, and denote by k(z, X, y) the heat
kernel of the Laplacian on w x (—oo, —R)). In view of the reflection principle, see

. .. D
for example [9, Section 4.1] and the ultracontractivity of e/4«, we get

k(t,x,y) Zk(t, X, y)

1 3y et
(e a —e

+2R)?
4 )Z eF1mEDT Y (x1, x0) ¥ (y1, ¥2)

4t =
1 _ (x3 —y3)2 _ (X3+y3+2R)2
20— (5 = i1y (72)
T

forally € £2 with y3 < —R — 1. Using the inequality

l—e?2>20—eYHminfl, z}, 220 (73)
we thus get
kexn) 2 e o 2 min {1 —(X3+R)2}
s Ay ZcC y A2 1 ’ .
Jaz ! f

Taking into account Lemma 1 and the elementary inequality

2
(X3 + R)? > (ij_l) Vxs < —R— 1,

we obtain (71) for x3 < —R — 1. The proof of the corresponding lower bound for
X3 > R + 1 is completely analogous.

In order to treat the case |x3| < R + 1, we fix a yq such that (yg)3 < —(R+ 1),
and a number & < min{p?(yo), 1}/4. We then use the semigroup property to get,
forany r > 1:

k(t,x,x) = /ng k(%, X, y)k(t — %, Y, z)k(%, Z, x) dy dz

- /B(YO,S)xB(yO,g) k(é X y)%(t - % Y, Z)k(%, z, X) dy dz.

To bound from below the terms involving the time s = 1/3, we use Zhang’s off-
diagonal lower bound (69). From the choice of yo and ¢ and it follows that

1 1
K(3:%¥) 2 Q0.0 P, k(3.2.X) Z Cav0.£) p(). Vy.z € B(yo.e).
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Here we used the fact that [x — y|> + |x — z|? is bounded from above since |x3]| <
R + 1. Hence

~ 2
k(t, X, x) = Cp*(x) k(r —=.,y, z)dydz.
B(y0.6)x B(¥o.€) 3

From (72) and (73) we get

2 1+x32
k(t—g,y,z) ECI_% min{l, E

} Vy.z € B(yo. ¢).
which concludes the proof. O

Remark 7. In view of (71) it follows that the quadratic growth of the weight (1 —i—x%)
in (70) is sharp. The lower bound (71) holds also for r < 1. However, for small
times the bounds (11) proved in [43] are sharper.

It is also worth noticing that, because of a well-known probabilistic interpreta-
tion of the Dirichlet heat kernel, the above results can be reformulated in terms of
the survival probability of the Brownian bridge killed upon exiting £2. In fact we
have the following nonstandard asymptotic result.

Corollary 2. Let {X},>( be the Brownian loop process joining x to itself in time

t and let P"** be the conditional Wiener measure, normalized so that its total
mass coincides with the free heat kernel on R3. Then there exist strictly positive
constants cy, ¢y such that, forall x € §2 :

c1 (14 |x3%) p?(x) < liminf [z% B PIXY (X € 2 Vs €[0,1]) ]
t—400

A

lim sup [t% eE1 PIXX (X € Q2 Vs e [0, z])]

t—+00

A

e (14 1x31%) p2(x).

3.3. Generalization

As already mentioned in the Introduction, the method that we use to prove Theo-
rem 1 is applicable to a wide class of operators in L?(£20). To be more specific, let
us consider nonnegative uniformly elliptic operators of the form

3
Lf== 2 oy, )+ V. 7w

ij=1

where a;; and V are real valued functions, and L is understood as the Friedrichs
extension of the differential operator on the right hand side defined originally on
C§°(£20). We suppose that a := (aij) and V are sufficiently smooth in £2( and that
L = —A — E for |x3] large enough. The arguments in the proof of Theorem 4
then immediately give a lower bound on e ~/% (x, x) given by the right hand side of
(70) with x replaced by x and p(x) replaced by dist(x, 9£2¢).
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On the other hand, if we also suppose that L is subcritical, then by Theorem 2
and [33, Lemma 2.4] it follows that there exist smooth positive functions u ;, j =
0,1,2,suchthat L u; = 0in £2p,andu; < w ;. Moreover, by the uniform ellipticity
of L we have

(@, L(uj )20 =/ (Vo - (aVe)) ujdx = c/ IVol* w? dx,
20 £20

for j = 0, 1, 2. Hence a straightforward modification of Propositions 1 and 2 gives

Theorem 5. Let L be a uniformly elliptic operator of the form (74), and assume
that a;j and V are Hélder continuous in §2o, and that L = —A — Ey in {(x, x3) €
20 | |x3] > R} for some R > 0. Assume further that L is subcritical in §2¢. Then

dist(x, 3820)* . {1+x32
X ———— min

Xp(—1L)(x x) = = ,1}, Vi>1, Vxe Q.

(75)

4. Integral Estimates

In this section we will prove certain integral estimates for the semigroup e/ (Y2 +£1,

We start with a simple consequence of Theorem 3.

Corollary 3. There exists a constant C such that for any u, v € [0, 1] and any
t = 1t holds

v 14u+v
k(t, %, y) S Cpx) p(y) (1 +xD)7 (14yDs 17 7. (76)
Proof. We recall the following well-known inequality:
k(t,x,y) < V@, x,x) Vk(t,y,y). (77)

For the convenience of the reader we briefly recall the proof of this fact. By the
semigroup property and the symmetry of the heat kernel

k(2,X,X) = / k(r,x,y)*dy. (78)
2

Hence, again by the symmetry, and the semigroup property, and in light of the
Cauchy—-Schwarz inequality, we get

172 12
k(2z,x,y)=/ k(t, x, )k(t,y, 7) dzg(/ k(t,x,z)zdz) (/ k(t,y,z)zdz)
2 2 2
=kt x, %) k(2. y. )"/ (79)

as claimed. It now remains to apply Proposition 2 and Theorem 3. O
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Now let us introduce the following family of weighted L? spaces:
L5 = {F 1 1f g <0} 11z
1
= (/ |f|P(1+x§)f’dx)”, B eR.
Q

With this notation we have

Proposition 3. Forany k € [0, 2] andany B > (1+«)/2 there exists C = C (B, k)
such that

I(Agﬂ-El)”L2

_ Ll
2(2)~L2(2) SCA+rn 7 Vi 2> 0. (80)

lle

Proof. Let f € L?(£2). In view of (78), Cauchy—Schwarz inequality and (76)
applied with u = v = « /2 we get

D —
|ef (AetED f”%Z(Q) < ”f”iém)/_qxgk(t’x’ v +y§) P dx dy
_ 2 2\—8 5o — Lk 2
= ||f||L}23(m/9k(2t,y, (1 +y3) Fdy =Cr 2 ||f||L%(m
for all + = 1. This shows that

D 14k
”et (AQ+E1)”L/23(.Q)—>L2(Q) < C[_% Vi=>1. (81)

Equation (80) then follows from (81) and from the fact that e’ (AG+ED) is, for all
t > 0, a contraction from L2(£2) to L2(£2). O

Remark 8. Proposition 3 with k = 2 extends inequality (5) to the case a = 3/4
and at the same time allows for a much slower growth of the integral weight than
the one used in (5), namely (1 + x%)ﬂ with any 8 > 3/2. On the other hand, the
corresponding estimate in [25] was obtained under weaker regularity assumptions
on 6.

The following estimate is a version of Proposition 3 in suitable L' and L> spaces.
In order to state it we introduce for 8 = 0 the spaces

L% @) = {f : If ley02) = 1A +3x)7F fllLe(e) < oo}
We then have
Theorem 6. For any € [0, 1/2] we have

t(A§+E1)”L2 z(Ag+E1)”L1

€
|| ;

@)L <t * 2
(82)

@)—15,@) = lle
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Proof. The equality in (82) follows by duality using the scalar product (u, v) =
f_Q avdx in L2(£2). Let f € L2(0). By (78), Cauchy-Schwarz inequality and
estimate (76) with u = v = 28 we obtain

D —
le A2TED fll ) S 1f 2@ 11 +30) 7P VEQL X, %) l12o(0)

1
Cot™ 3P N fll2)-

This proves the upper bound in (82). To prove the lower bound let us consider a
generalized function f; given by a Dirac delta distribution placed in apointz(z) € 2
such that 1 4 z%(t) =2t and p(z(t)) > ¢ > 0 for all t. From (70) and (78) it then
follows that

A

D
e 42 5 filli2e) _ VEQLZD, 2D | 4o
1 fillLy o) (1+230))F '

Remark 9. In the absence of twisting we have

D
(a8

=

1 (A5 +Ey) +E1) -
lle 0 Il .2 ||L},(!20)—>L2(90) =1

Vi1, VB0,

(Q0)—>L%(20) = Il

which can be easily derived from the explicit expression for the integral kernel of
D

e Ay TED jp £20. Notice also that proceeding as in the proof of Theorem 6 but

choosing z(#) = constant shows that no matter how large S is, the left hand side of

(82) will never decay faster than t_%.

5. Spectral Estimates and Sobolev Inequality

Let V : £2 — R be areal valued measurable function and consider the Schrédinger
operator
—AB —v inL*(0)

associated with the quadratic form
/ (qu|2 — V|u|2) dx, u e H (). (83)
Q

Let us denote by N(—A g —V, s) the number of discrete eigenvalues of —Ag -V
less than s (counted with multiplicity). If V = 0, then of course N (—AD ,E;) =0.
In the problems concerning spectral estimates one usually tries to control N (—Ag
—V, Ey) interms of V.

Without loss of generality we may assume that V = 0 (otherwise we replace
V by V,). By the Lieb’s inequality, see [17,28,40], we have

N(=AB —v,E))=N(=a5 —E - V,0)

§M;,/ /Ook(t,x,x)t_l (tV(x) —b) dtdx, (84)
2 JO
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where b > 0 is arbitrary and
o —1
My = (e —b/ sTle S ds) .
b

From inequality (11) and Theorem 3 it follows that there exists a constant C such
that for all # > 0 and all x € £2 it holds

k(. x,x) < C(1+x3) 172 (85)
A direct application of (85) and (84) then gives

Theorem 7. There exists a positive constant L such that
N(-43 -V, E1)§L/ V%(X) (1+x3)dx (86)
2

holds for all 0 < V e L32(£2, (1 +x3)).

Remark 10. Due to the criticality of —A go — E1,inequality (86) fails in the absence
of twisting since

N(—Ag, —aV,EZ21 Va>0
provided V = 0 satisfies the assumptions of Theorem 7, see [15,35,41]. Note also
that the bound (86) has the right semiclassical behavior since it is well-known (see
for example [41]) that
N(—Ag—av, E)) = o7 o .

Remark 11. It also easy to see that the weight (1 + x%) in (86) cannot be improved
in the power-like scale. For if V (x) =< |X3|_2+8 as |x| — oo with some ¢ > 0, then
a standard test function argument, cf.[39, Theorem 13.6], shows that

N(—AQ, —aV,E)=00 Ya=>0.

Estimate (86) in combination with Hardy inequality (3) yield the following family
of weighted Sobolev inequalities, which have no analogue in the straight tube £2.

Theorem 8. For any p € [2, 6] there exists a constant C, > O such that

2
/ (qu|2 —E, |u|2) dx > C, (/ ul? (1 +x2)~ % dx) P
2 2

holds for all u € H{ (£2).
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Proof. First we mimic the argument used in [17] and note that by (86)

L/ V32(x) (14 x3)dx < 1 (88)

2

/ (qu|2—E1 |u|2—V|u|2) x>0 VYue H (). (89)
2

Letu € H(} (£2). Choosing

_2
3

Voo = nuft (14372 (L [ ul® (146)7 ax)
2

with n < 1 we see that (88) is satisfied and (89) gives

/9 (qu|2 —E |u|2) dx = C (/Q ul® (1 +x§)—2dx)l/3

for some C > 0. This together with Holder inequality and (3) implies

6—p

(/Q |u|6(1Jnc%)*zdx)p%2 (/Q |u|2(1+x§)*ldx)T

1A
2

c(/g(|Vu|2—E1|u|2) dx) ,

IIN

2
/ ul? (1+x3)~"% dx
2

A

as claimed. O
Let us define the sequence of functions g, : R — R by

1-1(s+R, -R-n<s<-R
gn(s) =1 1, ~R<s<R,
1—%(S—R), R<s<R+n,

HATIA

and g, = 0 otherwise, recalling that suppé C (—R, R). We make the following
observations.

Remark 12. Due to the criticality of —Ago — Ej, inequality (87) fails if 6 = 0
[36]. Indeed, the choice u, (x) = ¥1(x1, x2) gn(x3) gives u, € HO1 (£20) and

[ (Vi = EvuaP) ax = [ lg ol an = o6 0 o0,
20 R
while
2 2
/ lun|? (1 +x§)_% dx — /(1 +x§)_% dx3 n— oo
20 R

by the monotone convergence theorem. This will be in contradiction with (87) if
we replace £2 with £2p.
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Remark 13. The decay rate of the weight in the integral on the right hand side of
(87) cannot be improved in the power-like scale. In other words, the inequality

2
/ (|Vu|2 - E1|u|2) dx > C (/ ul? (1 +x3)~7 dx)” Vue H(2)
2 2
(90)
fails whenever y < (p + 2)/4. To see this we use the sequence of test functions

u,(x) = vo(rglx) gn(x3). Then u, € H(} (£2) and using (35) we get

| (19l = Evn?) ax < € [ a4 g0 dxa = o),
2 R

and

2(p+1-2y) 2(p+1-2y)

2
/|un|p(l+x3) de)”; P +o(n P )

as n — o0o. Hence from (90) it follows that y = (p + 2)/4.

Acknowledgements. The authors wish to thank the anonymous referee for his/her valuable
and detailed remarks and suggestions.

Appendix
A One-Dimensional Schrodinger Operators

In this section we prove an auxiliary result concerning the semigroup generated by
the nonnegative operator

d? o2
P = 2 +6%(r) in L*(R).
Proposition 4. (cf. [30, Theorem 4.2]) There exists a constant ¢ such that
2
1
q(t.r,r)i=eP(r,r) < ¢ min {gzO%%) ﬁ} Vi 0, 1)

where g is given by (31).

Proof. One estimate follows immediately by the Trotter product formula:

P d2 1/2
e P (r,r) < exp (tﬁ)(r, r) = (4mt)~ 2.

To prove the remaining part of (91) we note that since Pgy = 0, the operator
P = =g I'p goin LR, & (r)dr) is associated with the quadratic form

/R If'(M*gdrydr, fe H' (R, gk(r)dr),
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t

and the corresponding semigroup e ' satisfies

e () = go(r) g0y e F ().
Hence it suffices to show that

supe P (r,r) St 2 viso. 92)

r>0

By the well-known Theorem of Varopoulos, see for example [9, Theorem 2.4.2],
estimate (92) will follow from the Sobolev inequality

1/3
/le/(r)lzgé(r)dr > ¢ (/R|f(r)|6g3<r>dr) VfeH' (R gj(r)dr).
©3)

To prove (93) we consider a functionu € H ! R4, (1 +r)2dr). Integration by parts
yields the identity

o / u 2 2 _ o 72 2
/0 (u+m) (147 dr_/o W' 121 + )2 dr

w2y 1 [,
- _Z/o lu>dr.  (94)

Moreover,

lu(r)|)? = —Z/OOM/(s)u(s)ds g/Ooo|u’(r)|2dr+/ooo|u(r)|2dr.

This in combination with (94) and the Holder inequality gives
/ /(1 +r)*dr 2 -/ |u’|2dr+-/ lu'|*(1 + r)*dr
0 8 Jo 2 Jo

1 [ 1 [ 1 1 1 1/3
2o [T wrare g [Cularz gz g ([ wrar) 09
8 Jo 8 Jo 8 s\ /o

On the other hand, restriction of the standard Sobolev inequality in R* with the
critical exponent ¢ = 6 onto the subspace of radial functions gives

e} o0 1/3
/ Wi2rldr > @ (/ |u|6r2dr) . (96)
0 0

Hence inequality (93) follows from (95), (96) and from the fact that g%(r) =
A+rh?=<1+r2onR. O
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B Properties of the Functions &, and v,

Lemma 5. Let &, 9 be the functions defined by (40), (54). For any k > 0 there
exists a constant ¢, such that for all v > 0 and all » = 1 it holds

Ekr) = Ce(r),  Dalkr) = Ce Da(r). o7

Proof. Since &, is increasing, we may assume that k > 1. A straightforward
calculation gives

%)»_%V%, 0<r<a,
5@ =1 “Ax'(x"'r/h),  A<r <23,
%)»7%"%, 2%)\§r<oo,
and
%)\_2’”3, 0<r<a,
0.0 = AF G /). A<r <234,
%)\_%V%, 2%A§r<oo.

It can be now directly verified that &, and ¥, satisfy (97).

C Remark on Davies’ Conjecture

Large time behaviors of the heat kernel and in particular sharp two-sided heat kernel
estimates are closely related to the following conjecture.

Conjecture 1. (Davies’ Conjecture [10]) Let M be a noncompact Riemannian man-
ifold, and consider a linear, time independent, second-order parabolic operator of
the form

1223 + P(xa 8)()“

which is defined on M. Assume that E1 = E{(P, M), the generalized principal
eigenvalue of the elliptic operator P in M is nonnegative. Let kﬂ,’l (x,y,t) be the
corresponding positive minimal heat kernel. Fix reference points xo, yo € M.

Then

KM (x, vt
im # =a(x,y) (98)
=00 kp (X0, Y0, 1)

exists and is positive for all x, y € M (see also [16,34] and the references therein).
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Recall that Davies’ conjecture holds if P — E is critical in M and the product of the
corresponding ground states is in L' (M). Moreover, it holds true in the symmetric
case if the cone of all positive solutions of the equation (P — E1)u = 0 that vanish
on dM is one-dimensional. Hence, it holds true for a critical symmetric operator.
In particular,
e'“% (x. y)
t—oo tAD

e "% (0,0)

In the following remark we consider Davies’ conjecture in the present situation.

= Cyri (x1, x2)¥1 (01, ¥2)-

Remark 14. It follows from [30, Theorem 4.2] that Davies’ conjecture holds true
for Schrodinger operators on R provided the potential satisfies Murata’s assump-
tions in [30]. Clearly,

—00

tim (D e EED gy, x5 (1 92)) = V(e v, ). (99)
j=1

Using the heat kernel decomposition (42), (99) and [30, Theorem 4.2], it follows
that Davies’ conjecture holds true for the operator A on £2¢, where A is the sub-
critical operator defined by (14). The validity of Davies’s conjecture for operators
L satisfying the assumptions of Theorem 5 and for the Laplacian on a twisted tube
remains open.
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