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Abstract

We study the performance of adaptive Fourier-Galerkin methods in a periodic box in R¢
with dimension d > 1. These methods offer unlimited approximation power only restricted
by solution and data regularity. They are of intrinsic interest but are also a first step towards
understanding adaptivity for the hp-FEM. We examine two nonlinear approximation classes,
one classical corresponding to algebraic decay of Fourier coefficients and another associated
with exponential decay. We study the sparsity classes of the residual and show that they
are the same as the solution for the algebraic class but not for the exponential one. This
possible sparsity degradation for the exponential class can be compensated with coarsening,
which we discuss in detail. We present several adaptive Fourier algorithms, and prove their
contraction and optimal cardinality properties.

Keywords: Spectral methods, adaptivity, convergence, optimal cardinality.

1 Introduction

Adaptivity is now a fundamental tool in scientific and engineering computation. In contrast
to the practice, which goes back to the 70’s, the mathematical theory for multidimensional
problems is rather recent. It started in 1996 with the convergence results by Dorfler [13] and
Morin, Nochetto, and Siebert [I8]. The first convergence rates were derived by Cohen, Dahmen,
and DeVore [7] for wavelets in any dimensions d, and for finite element methods (AFEM) by
Binev, Dahmen, and DeVore [2] for d = 2 and Stevenson [2I] for any d. The most comprehensive
results for AFEM are those of Cascén, Kreuzer, Nochetto, and Siebert [6] for any d and L? data,
and Cohen, DeVore, and Nochetto [§] for d = 2 and H~! data; we refer to the survey [19]
by Nochetto, Siebert and Veeser. This theory is quite satisfactory in that it shows that AFEM
delivers a convergence rate compatible with that of the approximation classes where the solution
and data belong. The recent results in [8] reveal that it is the approximation class of the solution
that really matters. In all cases though the convergence rates are limited by the approximation
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power of the method (both wavelets and FEM), which is finite and related to the polynomial
degree of the basis functions, and the regularity of the solution and data. The latter is always
measured in an algebraic approximation class.

In contrast very little is known for methods with infinite approximation power, such as
those based on Fourier analysis. We mention here the results of DeVore and Temlyakov [12] for
trigonometric sums and those of Binev et al [I] for the reduced basis method. A close relative
to Fourier methods is the so-called p-version of the FEM (see e.g. [20] and [5]), which uses
Legendre polynomials instead of exponentials as basis functions. The purpose of this paper is
to present adaptive Fourier-Galerkin methods (ADFOUR), and discuss their convergence and
optimality properties. We do so in the context of both algebraic and exponential approxima-
tion classes, and take advantage of the orthogonality inherent to complex exponentials. We
believe that this approach can be extended to the p-FEM. We view this theory as a first step
towards understanding adaptivity for the hp-FEM, which combines mesh refinement (h-FEM)
with polynomial enrichment (p-FEM) and is much harder to analyze.

Our investigation reveals some striking differences between ADFOUR and AFEM and wavelet
methods. The basic assumption, underlying the success of adaptivity, is that the information
read in the residual is quasi-optimal for either mesh design or choosing wavelet coefficients for
the actual solution. This entails that the sparsity classes of the residual and the solution coin-
cide. We briefly illustrate below, and fully discuss later in Sect. [ that this basic premise is
false for exponential classes even though it is true for algebraic classes. Confronted with this
unexpected fact, we have no alternative but to implement and study ADFOUR with coarsening
for the exponential case; see Sect. [6] and Sect. [§l This was the original idea of Cohen et al [7]
and Binev et al [2] for the algebraic case, but it was subsequently removed by Stevenson [21].

We give now a brief description of the essential issues we are confronted with in designing
and studying ADFOUR. To this end, we assume that we know the Fourier representation v =
{vk }rez of a periodic function v, and its non-increasing rearrangement v* = {v}}°° | namely,
lvy (1] < |vs| for all n > 1.

Dorfler marking and best N-term approximation. We recall the marking introduced by
Dorfler [I3], which is the only one for which there exist provable convergence rates. Given a
parameter 6 € (0,1), and a current set of Fourier frequencies or indices A, say the first N ones
according to the labeling of v, we choose the next set A as the minimal set for which

[Poar|[ = O[], (1.1)

where r := v — Pyv is the residual and Py is the orthogonal projection in the ¢?>-norm || - || onto
A. Note that, if r, :==r — Pyar and A, := AUIA, then (LI can be equivalently written as

[rsll =[x = Poar|| < v1 = 62||r], (1.2)

and that r = v|pe where A® := N\A is the complement of A and likewise for r,. This is the
simplest possible scenario because the information built in r is exactly that of v. Moreover,
vV—r= {v;}évzl is the best N-term approximation of v in the ¢?>-norm and the corresponding
error En(v) is given by

Bx) = (3 13R) 7 = el (13)

n>N



Algebraic vs exponential decay. Suppose now that v has the precise algebraic deca

lvy| ~ nr Va1 (1.4)
with 1 ]
s
=24z 1.5
T d + 2 (15)

and s > 0. We denote by |[|v|ls;, the smallest constant in the upper bound in (L.4). We thus
have

_2 _ 25 _2s
Ex() = |vlE Y n 7 =|vlE D na vl N
n>N n>N

This decay is related to certain Besov regularity of v [12]. Note that the effect of Dorfler marking
(L2) is to reduce the residual from r to r, by a factor a = /1 — 62, or equivalently

EN, (v) < aEn(v),
with N, = |A,|. Since the set A, is minimal, we deduce that En,_1(v) > aExN(v), whence

Ny
— >~

N

d
s

d
= N.,—N~a sN (1.6)

for a small enough. This means that the number of degrees of freedom to be added is proportional
to the current number. This simplifies considerably the complexity analysis since every step adds
as many degrees of freedom as we have already accumulated.

The exponential case is quite different. Suppose that v has a genuinely exponential decay

lop| ~e” ™ ¥n>1, (1.7)

corresponding to analytic functions [14], and let ||v|| ¢1, be the smallest constant appearing in
the upper bound in (I7). These definitions are slight simplifications of the actual ones in Sect.
[43] but enough to give insight on the main issues at stake. We thus have

En()? = vl > e = |vil e
n>N

this and similar decays are related to Gevrey classes of C* functions [14]. In contrast to (L.0)),

Dorfler marking now yield
1

1
N, — N ~ —log —. (1.8)
n -«

This shows that the number of additional degrees of freedom per step is fixed and independent
of N, which makes their counting as well as their implementation a very delicate operation.

Plateaux. We now consider a situation opposite to the ideal decay examined above. Suppose
that the first K > 1 Fourier coefficients of v are constant and either

_1 -
pl = IVllgyn™  or |vp] = [[v]lme ™ Vn> K, (1.9)

!Throughout the paper, A < B means A < ¢ B for some constant ¢ > 0 independent of the relevant parame-
ters in the inequality; A~ B means B < A < B.
2Throughout the paper, A ~ B means A = B + ¢ for some quantity ¢ ~ 1.



for each approximation class. A simple calculation reveals that either
—s/d —nK
VI = vl K54 or[|v]| = [[v][me ™. (1.10)

Repeating the argument leading to (L.6) and (L&) with N = 1, we infer that either
1

1
N*:Ka_g or N,~ K+ —log—. (1.11)
n o«
For K > 1 this is a much larger number than the optimal values (L.6]) and (L8], and illustrates
the fact that the Dorfler condition (LLI]) adds many more frequencies in the presence of plateaux.

We note that K is a multiplicative constant in the left of (ILII]) and additive in the right of

CII).

Sparsity of the residual. In practice we do not have access to the Fourier decomposition of v
but rather of the residual r(v) = f — Lv, where f is the forcing function and L the differential
operator. Only an operator L with constant coefficients leads to a spectral representation with
diagonal matrix A, in which case the components of the residual r = f — Av are directly
those of f and v. In general A decays away from the main diagonal with a law that depends
on the regularity of the coefficients of L; we will examine in Sect. [24] either algebraic or
exponential decay. In this much more intricate and interesting endeavor, studied in this paper,
the components of v interact with entries of A to give rise to r. The question whether Luv
belongs to the same approximation class of v thus becomes relevant because adaptivity decisions
are made with r(v), and thereby on the range of L rather than its domain.

We now provide insight on the key issues at stake via a couple of heuristic examples; we
discuss this fully in Sect. B.Iland Sect. We start with the exponential case: let v := {vg }rez
be defined by

vp=e ™ if k=2pn-1), vy =0 otherwise,

for p > 2 a given integer and n > 1. This sequence exhibits gaps of size 2p between consecutive
nonzero entries for £ > 0. Its non-decreasing rearrangement v* = {v}}°° ; is thus given by

* _ _—Nn
v, =¢e T n>1,

whence v € 67(7; with HvHZg =1. Let A := (az’j)z.}:l be the Toeplitz bi-infinite matrix given by
aij =1 if[i—j| <gq, a;; = 0 otherwise,

with 1 < ¢ < p. This matrix A has 2¢ + 1 main nontrivial diagonals and is both of exponential
and algebraic class according to the Definition 2.1l below. The product Av is much less sparse
than v but, because ¢ < p, consecutive frequencies of v do not interact with each other: the
i-th component reads

(Av); =e ™ if ‘z —2p(n — 1)| <gq for some n>1,
or (Av); = 0 otherwise. The non-decreasing rearrangement (Av)* of Av becomes
(Av)y, =e ™ if (2¢+1)(n—1)4+1<m < (2g+ )n.
Consequently, writing (Av)* = e %™ and observing that

n 1

> =
“(2¢+1)n  2¢+1

n
m
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and the equality is attained for m = (2¢ 4+ 1)n, we deduce

n
2¢+1°

Av e [, with [Av]y =1 7=

We thus conclude that the action of A may shift the exponential class, from the one characterized
by the parameter n for v to the one characterized by 77 < n for Av. This uncovers the crucial
feature that the image Av of v may be substantially less sparse than v itself. In Sect. we
present a rigorous construction with a;; decreasing exponentially from the main diagonal and
another, rather sophisticated, construction that illustrates the fact that the exponent 7 = 1
in the bound |[v}| < e™™ = e " for v may deteriorate to some 7 < 1 in the corresponding
bound for Av.

It is remarkable that a similar construction for the algebraic decay would not lead to a change
of algebraic class. In fact, let v = {vy }rez be given by

vp=— if k=2p(n—1) forsome n>1,
n

and v, = 0 otherwise. The non-decreasing rearrangement v* = {v}}°°; of v satisfies v} = %
whence

d
v €y with s=3 [Vles, = 1.

On the other hand, the i-th component of Av reads
(Av); = % if |i—2p(n—1)]<q forsome n>1,

or (Av); = 0 otherwise. The non-decreasing rearrangement of (Av)* in turn satisfies
mw;:% it 20+ 1)(n—1)+1<m<(2g+ )n,

and arguing as before we infer that

whence writing (Av)’, = %%

Av ely with [[Avle =2¢+1.

Since [[Av||ss, > [[v]|es, we realize that Av is less sparse than v but, in contrast to the exponential
case, they belong to the same algebraic class 3. Moreover, we will prove later in Sect. [5.1] that
A preserves the class % provided entries of A possess a suitable algebraic decay away from the
main diagonal.

Since Dorfler marking is applied to the residual r, it is its sparsity class that determines the
degrees of freedom |OA| to be added. The same argument leading to either (L6l or (L8] gives

el \ ¢ 1 el

>S+1 or |OA] < —log
n

o] < ( +1,

alle] aljr]

for each class. We thus see that the ratios ||r[[¢, /||r|| and ||r||gg/||r|| control the behavior of the
adaptive procedure. This has already been observed and exploited by Cohen et al [7] in the
context of wavelet methods for the class ¢3. Our estimates, discussed in Sect. [l are valid for
both classes and use specific decay properties of the entries of A.

Coarsening. Ever since its inception by Cohen et al [7] and Binev et al [2], this has been
a controvertial issue for elliptic PDE. It was originally due to the lack of control on the ratio



[rlles, /l|x]| for large s [7]. It was removed by Stevenson et al [16] 21] for the algebraic class £3
via a clever argument that exploits the minimality of Dorfler marking. This implicitly implies
that the approximation classes for both v and Lv coincide, which we prove explicitly in Sect.
6.1 for the algebraic case. This is not true though for the exponential case and is discussed in
Sect. For the latter, we need to resort to coarsening to keep the cardinality of ADFOUR
quasi-optimal. To this end, we construct an insightful example in Sect. [0l and prove a rather
simple but sharp coarsening estimate which improves upon [7].

Contraction constant. It is well known that the contraction constant p(f) = /1 — 2:62
cannot be arbitrarily close to 1 for estimators whose upper and lower constants, a* > a,, do not
coincide. This is, however, at odds with the philosophy of spectral methods which are expected
to converge superlinearly (typically exponentially). Assuming that the decay properties of A
are known, we can enrich Doérfler marking in such a way that the contraction factor becomes

o* 1

5(6) = (—) 21— 62

Qe
This leads to p(f) as close to 1 as desired and to aggressive versions of ADFOUR discussed in
Sect. Bl

This paper can be viewed as a first step towards understanding adaptivity for the hp-FEM.
However, the results we present are of intrinsic interest and of value for periodic problems with
high degree of regularity and rather complex structure. One such problem is turbulence in a
periodic box. Our techniques exploit periodicity and orthogonality of the complex exponentials,
but many of our assertions and conclusions extend to the non-periodic case for which the natural
basis functions are Legendre polynomials; this is the case of the p-FEM. In any event, the study
of adaptive Fourier-Galerkin methods seems to be a new paradigm in adaptivity, with many
intriguing questions and surprises, some discussed in this paper. In contrast to the h-FEM, they
exhibit unlimited approximation power which is only restricted by solution and data regularity.

We organize the paper as follows. In Sect. 2l we introduce the Fourier-Galerkin method,
present a posteriori error estimators, and discuss properties of the underlying matrix A for
both algebraic and exponential approximation classes. In Sect. Bl we deal with four algorithms,
two for each class, and prove their contraction properties. We devote Sect. [ to nonlinear
approximation theory with an emphasis on the exponential class. In Sect. [B] we turn to the
study of the sparsity classes for the residual r along the lines outlined above. We examine the
role of coarsening and prove a sharp coarsening estimate in Sect. [fl We conclude with optimality
properties of ADFOUR for the algebraic class in Sect. [7 and for the exponential class in Sect.
(S

2 Fourier-Galerkin approximation

2.1 Fourier basis and norm representation

For d > 1, we consider Q = (0, 27T)d, and the trigonometric basis

1
HD = myin

which is orthonormal in L?(Q); let

v=Y btk Ok =(v,dk),  with [[v][2q) =Y |k,
B

k

ek kez?, zeR?,



be the expansion of any v € L?(£2) and the representation of its norm via the Parseval identity.
Let H)(Q) = {v € HYQ) : v(z + 2me;) = v(x) 1 < j < d}, and let H, ! (Q) be its dual. Since
the trigonometric basis is orthogonal in H}(Q2) as well, one has for any v € H}(Q)

Hv\\%;( Q) = Z(l + [k)?) o) = Z Vi2, (setting Vi, := /(1 + [k[2)0y) ; (2.1)
k

here and in the sequel, |k| denotes the Euclidean norm of the multi-index k. On the other hand,
if fe H, (), we set

fo={(f¢r),  sothat (fo)=> fitr Vo€ Hy(Q);
B

the norm representation is

. 1 .
2 2 2 .
_ = F tting Fj, := —— . 2.2
1AW 51 ) Z s |I<:| |fk| Z| k7, (setting Fj i |k|2)fk) (2:2)
Throughout the paper, we will use the notation | . || to indicate both the H;(Q)—norm of a

function v, or the H, L(Q)-norm of a linear form f; the specific meaning will be clear from the
context.
Given any finite index set A C Z¢, we define the subspace of V := H}(Q)

Vi :=span{¢y | k € A} ;

we set |A| = card A, so that dim V, = |A|. If g admits an expansion g = ), gr¢y (converging
in an appropriate norm), then we define its projection Pyg upon V) by setting

Prag = kb -

keA

2.2 Galerkin discretization and residual

We now consider the elliptic problem

(2.3)

Lu=-V-wVu)+ou=f in Q,
u 2m-periodic in each direction ,

where v and o are sufficiently smooth real coefficients satisfying 0 < v, < v(z) < v* < oo and
0 <o <o(x) <o*<ooin Q; let us set

e = min(vy, oy) and o = max(v*,o%) .
We formulate this problem variationally as
1 . _ 1
uwe Hy() = alu,v) =(f,v) Vv e H,(Q), (2.4)

where a(u,v) = [ovVu-Vi+ [,out (bar indicating as usual complex conjugate). We denote
by [lo]l = v/a(v,v) the energy norm of any v € H} (), which satisfies

valvll < flvll < Var|vl| - (2.5)



Given any finite set A C Z%, the Galerkin approximation is defined as
up € Vo a(uA,vA) = (f, UA> Yop € Vi . (2.6)

For any w € V\, we define the residual

r(w)=f—Lw=> #(w)dy,  where  #(w)=(f—Lw,¢p) = (f,¢x) — alw, ) .
p

Then, the previous definition of up is equivalent to the condition
Ppr(up) =0, ie, 7r(ur) =0 Vk e A. (2.7)
On the other hand, by the continuity and coercivity of the bilinear form a, one has
)l < = ua ]l < e (2.9
o Ol

or, equivalently,

[l (ua)ll - (2.9)

1 1
=)l < flu —uall < —=

Var

2.3 Algebraic representations

Let us identify the solution u = 37, Gig¢y of Problem (24) with the vector u = (Uy) = (cxiix) €
CZ* of its H;—normalized Fourier coefficients, where we set for conveIAlience Cr = V1+ \dk‘P
Similarly, let us identify the right-hand side f with the vector f = (F}) = (CZI fo) € C° of
its H, L_normalized Fourier coefficients. Finally, let us introduce the bi-infinite, Hermitian and
positive-definite matrix

. 1
A = (ag’k) with g = —a((bk, (255) . (2.10)
CyCl
Then, Problem (2.4]) can be equivalently written as
Au="f. (2.11)

We observe that the orthogonality properties of the trigonometric basis implies that the matrix
A is diagonal if and only if the coefficients v and ¢ are constant in 2.

Next, consider the Galerkin problem (Z8) and let uy € C/Al be the vector collecting the
coefficients of u, indexed in A; let £, € CHl be the analogous restriction for the vector of the
coefficients of f. Finally, denote by R the matrix that restricts a bi-infinite vector to the
portion indexed in A, so that Ep = Rf\{ is the corresponding extension matrix. Then, setting

A\ =RyARY, (2.12)
Problem (2.06) can be equivalently written as

Apup =1y . (2.13)



2.4 Properties of the stiffness matrix

It is useful to express the elements of A in terms of the Fourier coefficients of the operator coef-
ficients v and o. Precisely, writing v = >, Dx¢y and 0 = ), 6¢y and using the orthogonality

of the Fourier basis, one easily gets
1 -k 1
=— | —Dp_ —0p—k | . 2.14

ALk (27)/2 <cgck Ve + cocy, ot k) ( )

Note that the diagonal elements are uniformly bounded from below,

1

Qg > W min(ﬁo,ﬁo) >0, le z? s (2'15)

whereas all elements are bounded in modulus by the elements of a Toeplitz matrix,
1 . . d
|ag| < (27T)d/2(‘7/£—k’ +160-kl), LkeZ®, (2.16)

which decay as [¢ — k| — oo at a rate dictated by the smoothness of the operator coefficients.
Indeed, if v and o are sufficiently smooth, their Fourier coefficients decay at a suitable rate and
this property is inherited by the off-diagonal elements of the matrix A, via (2.I6]). To be precise,
if the coeflicients v and ¢ have a finite order of regularity, then the rate of decay of their Fourier
coefficients is algebraic, i.e.

okl 164 S L+ [KDT" VEeZ?, (2.17)

for some 1 > 0. On the other hand, if the operator coefficients are real analytic in a neighborhood
of 2, then the rate of decay of their Fourier coeflicients is exponential, i.e.

0k, |6%| S e vk ezt (2.18)
Correspondingly, the matrix A belongs to one of the following classes.
Definition 2.1 (regularity classes for A) A matriz A is said to belong to
e the algebraic class Dy(nr) if there exists a constant cg, > 0 such that its elements satisfy

lags| < c(L+[0—k)™™ kel (2.19)

e the exponential class D.(ng) if there exists a constant cg, > 0 such that its elements satisfy

lag i < cpe™™IER g kend. (2.20)

The following properties hold.

Property 2.1 (continuity of A) If either A € D,(ng), with ng, > d, or A € D(ng), then A
defines a bounded operator on (?(Z%).

Proof. See e.g. [17,19]. a



Property 2.2 (inverse of A: algebraic case) If A € D,(nyg), with n;, > d and A is invert-
ible in (2(Z%), then A~' € Dy(nz).

Proof. See e.g. [17]. a

Property 2.3 (inverse of A: exponential case) If A € D.(nr) and there exists a constant
cr, satisfying (220) such that
1
cr < g(e”L — 1) ngn Qg , (2.21)
then A is invertible in *(Z%) and A~ € D.(r) where iz, € (0,n1] is such that Z = e~ is the
unique zero in the interval (0,1) of the polynomial

2 42 1
en(cp, + 1)

Proof. We follow the suggestion by Bini [3], and thus exploit the one-to-one correspondence
between Toeplitz matrices and formal Laurent series (see e.g. [4]):

o
FR)= ) at = Tr=(tiy), ti;=aiy.

k=—00

We refer to the function f(z) as to the symbol associated to the Toeplitz matrix Tf. We recall
now a few relations between f(z) and Ty. If f(2) is analytic on A, = {2z € C:e™® < |2| < e}
with o > 0, then there holds f(z) = z?ioo apz", where the coefficients a;, have exponential
decay with rate e™® in the sense that for every 0 < p < e~ there exists a constant v > 0 such
that |a,| < vpl¥l. As a consequence, the symbol f(z) of the Toeplitz matrix T 7 is analytic on A,
for some o > 0 if and only if the elements of T, decay exponentially with rate e™®. Moreover,
it is known that if f(z) is analytic on A, and it is non-zero on Az C A,, then the function
g(z) = 1/f(z) is well defined and analytic on Ag, the matrix T, is the inverse of Tf and the
elements of T, decay exponentially with rate e P,

We next introduce the analytic functions in A,

z Z_l

hz)=> e +27F) = + = felz2) =1—ch(2),

et — 2 et — 2z~
k=1

with ¢ > 0. For |2| = 1 we deduce |h(2)] < 2322, e % = 2/(e® — 1), whence c|h(z)| <
1 provided that ¢ < 3(e® — 1); moreover T4l < | Thlloo = 2/(e* — 1), which is indeed a
particular instance of Schur Lemma for symmetric matrices. For this range of ¢’s, f.(z) # 0 for
|z| = 1 and for continuity there exists Ag C A, on which f.(z) in non-zero. This implies that
ge(z) := 1/ fc(2) is analytic on Ag and the elements of the associated Toeplitz matrix T, decay
exponentially with rate e ?. The singularities of g. correspond to zeros of f., which are in turn

the roots (1, (s of the polynomial

2_e2°‘+2c+1

1.
e“(c+1) aF

These roots are real provided ¢ < %(ea — 1), in which case e ¥ = (; = C2_1 < 1.

10



Let A € D.(a), i.e. there exists a constant ¢ such that |agzy| < ce= =kl for ¢k € 72
By rescaling of the rows of A, it is not restrictive to assume that the diagonal elements A are
equal to 1. Then, it is possible to write A = I — S with |S| < ¢T}, the inequality being meant
element by element, and ||S|| < 1. Since g.(z) = 1/(1 — ch(z)) = Yoo Fh(2)" is well defined
and analytic on Ag C A,, it follows that

[o¢] o [o¢]
dosF <> ISF <> Ty =T,
k=0 k=0 k=0

Hence, the elements of the matrix Ty, decay exponentially with rate e . Property ||S| < 1

yields A7l = (I-S)7! = Y"22,S* and |A~1| < T,,, whence the coefficients of A~! being
bounded by those of T, decay exponentially with rate e B, ie. Al € D,(B) for some 3 < a.
This gives ([2.21)) once the row scaling of A is taken into account. O

Example 2.1 (sharpness of (Z2I])) The following example illustrates that (2Z.21)) is sharp.
Let A be
aij=—2""10 ik g =1,
which is singular because the sum of the coefficients in every row vanishes. This A corresponds
to €’ =2, ¢, = 5 and 1(e" — 1) = L, which violates (2:2I)).
For any integer J > 0, let A ; denote the following symmetric truncation of the matrix A

ag if[0—k| < J,
A = ’ 2.22
(A )é’k { 0 elsewhere. ( )

Then, we have the following well-known results, whose proof is reported for completeness.

Property 2.4 (truncation) The truncated matriz Ay has a number of non-vanishing entries
bounded by wyJ®, where wq is the measure of the Euclidean unit ball in R%. Moreover, under the
assumption of Property 21, there exists a constant Ca such that

(J+1)~m=d i A e D,(nL) (algebraic case)

A—Ayl|<oalLn) :=C
| 7 < Yaldm) A {(J +1)4te ) if A € De(n) (exponential case)

for all J > 0. Consequently, under the assumptions of Property[2.2 or[2.3, one has
A~ — (A7) ) < a1 (Jo7iL) (2.23)

where we let fj;, = nr, in the algebraic case and 7, be defined in Property[2.3 for the exponential
case.

Proof. We use the Schur Lemma for symmetric matrices, ||B| < ||B|loc = sup, > |bex| for
B = A — A ;. Thus, in the algebraic case

SUP Z lagr] < Crsup Z W

ki o—k|>J ¢ k\f k|>J

S sup Z 2. T +1q)’7L S sup Z AR

q=J+1 k:|{—k|=q q= J+1

A similar argument yields the result in the exponential case. d

11



2.5 An equivalent formulation of the Galerkin problem

For future reference, herafter we rewrite the Galerkin problem (2.I3)) in an equivalent (infinite-
dimensional) way. Let
Py : (24 — 2(29)

be the projector operator defined as

vy ifAeEA,

(Pav)y = {0 A A

Note that P can be represented as a diagonal bi-infinite matrix whose diagonal elements are
1 for indexes belonging to A, zero otherwise. Let us set Qx = I — Pj and we introduce the
bi-infinite matrix KA := PAAP ) + Qp which is equal to A for indexes in A and to the identity
matrix, otherwise. The definitions of the projectors P and Qy yield the following result.

Property 2.5 (invertibility of :&) If A is invertible with either A € Dy(nr) or A € De(nL),
then the same holds for A,.

Now, let us consider the following extended Galerkin problem: find @ € £?(Z¢) such that
AAﬁ = Pf . (2.24)

Let Ep : CIA — ¢2(Z9) be the extension operator defined in Sect. 23 and let uy € CI* be the
Galerkin solution to (2.13)); then, it is easy to check that i = Epu,.

In the following, with an abuse of notation, the solution of (2:24]) will be denoted by uy.
We will refer to it as to the (extended) Galerkin solution, meaning the infinite-dimensional
representant of the finite-dimensional Galerkin solution. In case of possible confusion, we will
make clear which version (infinite-dimensional or finite-dimensional) has to be considered.

3 Adaptive algorithms with contraction properties

Our first algorithm will be an ideal one; it will serve as a reference to illustrate in the simplest
situation the contraction property which guarantees the convergence of the algorithm, and it
will be subsequently modified to get more efficient versions. The ideal algorithm uses as error
estimator the ideal one, i.e., the norm of the residual in H,; L(Q); we thus set, for any v € H;(Q),

() = [r@)* =" |Ri)P, (3.1)
kezd

so that (2.8) can be rephrased as
1 1
= <llu—upl < — : 3.2
o 1) < llu—uall < —=n(ua) (3.2)

recall that Ry(v) = (1 + |k|?)~"/2r,(v) according to (Z2). Obviously, this estimator is hardly
computable in practice; in Sect. [3.2] we will introduce a feasible version, but for the moment we
go through the ideal situation. Given any subset A C Z¢, we also define the quantity

(0 ) = [|Par()|* = Y[Ry (0)]?
keA

so that n(v) = n(v; Z%).

12



3.1 ADFOUR: an ideal algorithm

We now introduce the following procedures, which will enter the definition of all our adaptive
algorithms.

o up = GAL(A)
Given a finite subset A C Z¢, the output up € Vj is the solution of the Galerkin problem
([2.6)) relative to A.

e 7 :=RES(vy))
Given a function vy € V) for some finite index set A, the output r is the residual r(vy) =
f— Loy

e A* := DORFLER(r, )
Given 6 € (0,1) and an element r € HP_I(Q), the ouput A* C Z< is a finite set such that
the inequality

[ Pa=r

| > |l (3.3)

is satisfied.

Note that the latter inequality is equivalent to

|r — Ppsr]] < /1 =627 . (3.4)

If r = r(uy) is the residual of a Galerkin solution up € Vj, then by (Z7]) we can trivially assume
that A* is contained in A°:= Z?\ A. For such a residual, inequality ([3:3)) can then be stated as

n(up; A%) > 0n(uy) , (3.5)

a condition termed Dérfler marking in the finite element literature, or bulk chasing in the wavelet
literature. Writing Ry = Rx(uyp ), the condition ([B.5) can be equivalently stated as

D RP =07 Ry (3.6)

keA* kA

Also note that a set A* of minimal cardinality can be immediately determined if the coefficients
Ry, are rearranged in non-increasing order of modulus; however, the subsequent convergence
result does not require the property of minimal cardinality for the sets of active coefficients.

In the sequel, we will invariably make the following assumption:

Assumption 3.1 (Dorfler marking) The procedure DORFLER. selects an index set A* of
minimal cardinality among all those satisfying condition (33).

Given two parameters 6 € (0,1) and tol € [0,1), we are ready to define our ideal adaptive
algorithm.
Algorithm ADFOUR(6, tol)

Set Ty ‘= f, A(] = @, n=-—1
do

n<—n-+1

13



dA,, := DORFLER(r,,, )
A1 = Ay UOA,

Uny1 = GAL(Apy1)

Tnt1 = RES(up41)

while ||rp41]] > tol

The following result states the convergence of this algorithm, with a guaranteed error reduc-
tion rate.

Theorem 3.1 (convergence of ADFOUR) Let us set

p=p(0) = ,/1_%926 (0,1) . (3.7)

Let {Ay, up}tn>0 be the sequence generated by the adaptive algorithm ADFOUR. Then, the
following bound holds for any n:

lw = wniall < pllu = unll -

Thus, for any tol > 0 the algorithm terminates in a finite number of iterations, whereas for
tol = 0 the sequence u, converges to u in H;(Q) as n — o0.

Proof. For convenience, we use the notation e, := |lu — u,| and d,, = |Jupt+1 — un|l. As
VA, C VA the following orthogonality property holds

nt17
ey = ey — dy. (3.8)
On the other hand, for any w € H}(f2), one has in light of (2]

Lw,v a(w,v v
1wl = sup E2% gy 20 s B g
veri@) vl wemie) vl vem @ 0]

Thus, using ([3.3)),

1 1
Bz L — )] =

1 1 02
> JHPArrrl(TTH‘l —r)|)? = JHPATLJAT"”2 > g”%”z .

5”7%—1—1 - rnHZ

On the other hand, the rightmost inequality in (2.9) states that ||r,,||* > a.e2, whence the result.
a

3.2 F-ADFOUR: A feasible version of ADFOUR

The error estimator n(up) based on (B.]) is not computable in practice, since the residual
r(up) contains infinitely many coefficients. We thus introduce a new estimator, defined from an
approximation of such residual with finite Fourier expansion (i.e., a trigonometric polynomial).

14



To this end, let 7, ¢ and f be suitable trigonometric polynomials, which approximate v, o and
f, respectively, to a given accuracy. Then, the quantity

F(up) = f — Lup = f 4+ V - (9Vup) — Gup (3.9)
belongs to Vi for some finite subset A C Z% i.e., it has the finite (thus, computable) expansion
Flun) = ) Fr(un)or -

kehA

The choice of the approximate coefficients has to be done in order to fulfil the following condition:
for a fixed parameter v € (0, ), we require that

7 (un) = 7(ua) || < A7 (ua)ll - (3.10)

Satisfying such a condition is possible, provided we have full access to the data. Indeed, on the
one hand, the left-hand side tends to 0 as the approximation of the coefficients gets better and
better, since (we keep here the full norm indication for a better clarity)

Ir(un) = Fun)llrr iy < I = Fllasiq) + 112 = Pl @) I Vuall 2@y + llo = 6l ooy lluall2 (@)

IN

~ 5 5 1
1f = Flpzr o) + (v = 2llree@) + llo = U|’Lw(ﬂ))a—*|’f|’H51(Q) ,

where we have used the bound on the solution of the Galerkin problem (2.6)) in terms of the
data. On the other hand, if up # wu, then r(up) # 0, whence the right-hand side of (B.10)
converges to a non-zero value as A increases.

With this remark in mind, we define a new error estimator by setting

7 (un) = |F(ua)|® = Y |Ri(ur)? (3.11)
keA
which, in view of ([B.I0), immediately yields

11—~ 1
—Li(un) < Ju =l <

Lii(un) - (3.12)

*

Lemma 3.1 (feasible Dorfler marking) Let A* be any finite index set such that
M(ua; A") > 07 (un) -
Then,
n(up; A*) > On(uy) | with 6 = fj_—z € (0,0) . (3.13)
Proof. One has

[Par(ua)ll > [ Pas#an) | = [[Pa (r(uan) = 7)) |
> 0l (un)| = lr(un) = 7(un)]|
2 (0 =)l 2 7 )l
which is the desired ([B.13]). a

The previous result suggests introducing the following feasible variant of the procedure RES:
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e r:=F-RES(vp,7)
Given v € (0,0) and a function vy € V} for some finite index set A, the output r is an
approximate residual 7#(vy) = f+ V- (7Vvp) — vy, defined on a finite set A and satisfying

I (va) = (o)l < 7 (oa)]] -

Theorem 3.2 (contraction property of F-AFOUR) Consider the feasible variant F-FADFOUR
of the adaptive algorithm ADFOUR, where the step ry41 := RES(u,41) is replaced by the step
Tnt1 := F-RES(uny1,7) for some v € (0,0). Then, the same conclusions of Theorem [31] hold
true for this variant, with the contraction factor p replaced by p = p(é), where 0 is defined in

(213). 0

In the rest of the paper, we will develop our analysis considering Algorithm ADFOUR
rather than F-ADFOUR,; this is just for the sake of simplicity, since all the conclusions extend
in a straightforward manner to the latter version as well.

3.3 A-ADFOUR: An aggressive version of ADFOUR

Theorem [B.] indicates that even if one chooses 6 very close to 1, the predicted error reduction
rate p = p(0) is always bounded from below by the quantity /1 — 5%. Such a result looks
overly pessimistic, particularly in the case of smooth (analytic) solutions, since a Fourier method
allows for an exponential decay of the error as the number of (properly selected) active degrees
of freedom is increased. Fig B.3] displays the influence of Dérfler parameter on the decay rate
and number of solves: choosing 6 closer to 1 does not significantly affect the rate of decay of the
error versus the number of activated degrees of freedom, but it significantly reduces the number

of iterations. This in turn reduces the computational cost measured in terms of Galerkin solves.

Motivated by this observation, hereafter we consider a variant of Algorithm ADFOUR,
which — under the assumptions of Property 2.2 or 2.3] — guarantees an arbitrarily large error
reduction per iteration, provided the set of the new degrees of freedom detected by DORFLER
is suitably enriched.

At the n-th iteration, let us define the set A, 41 := A, UJA,, by setting

O\, :=DORFLER(r,, 0)

- (3.14)
dA, :=ENRICH(0A,, J) ,

where the latter procedure and the value of the integer J will be defined later on. We recall

that the set A, is such that g, = 5n. Tn satisfies

70— gnll < V1 - 92““LH

(see B4)). Let w, € V be the solution of Lw,, = g,, which in general will have infinitely many
components, and let us split it as

Wy = Pr, wn + Ppe wn =1 Yn+ 20 € VA, & Vae, | -
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Figure 1: Residual norm vs number of degrees of freedom activated by ADFOUR, for different
choices of Dérfler parameter 6; solid line: § = 1 — 10~!; dash-dotted line: # = 1 — 1072; dashed
line: # = 1 — 1073, The symbols (circles, diamonds, stars) identify the various ADFOUR
iterations for the sample 1D problem (2.3]) with analytic solution u(x) = exp(cos 2x + sinz) and
coefficients with v = 1+ Jsin3z and o = exp(2 cos 3z).

Then, by the minimality property of the Galerkin solution in the energy norm and by (2.5]) and
[239), one has
lu = wnall < flu = (un + yn)ll < llu = up — wy + 20|

1 — 1

A

IN

70 — gnll + Var|lzn| -

Thus,

1
le = uniall < aV (1= 60%) [Irnll + Va*||za] -

Now we can write z, = (PA%HL_lPéX )rn; hence, if A1 1 is defined in such a way that
keAl,, and Ledh, = |k—t(>J,

then we have
1Pac, L7 Pz || < AT = (A7Y) ]l < da-1(712)

where we have used (2.23]). Now, J > 0 can be chosen to satisfy

, (3.15)

in such a way that

1 o\ /2
s € =V Tl < () VI . (3.16)
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Note that, as desired, the new error reduction rate

p= <O‘—*>1/2\/m (3.17)

*

can be made arbitrarily small by choosing € arbitrarily close to 1. The procedure ENRICH is
thus defined as follows:

e A*:=ENRICH(A,J)
Given an integer J > 0 and a finite set A C Z%, the output is the set

A*:={k € Z® : there exists £ € A such that |k —¢| < J} .

Note that since the procedure adds a d-dimensional ball of radius J around each point of A, the
cardinality of the new set A* can be estimated as

|A*| < [Ba(0,J) N Z |A| ~ waJA[ (3.18)

where wy is the measure of the d-dimensional Euclidean unit ball B;(0, 1) centered at the origin.
It is convenient for future reference to denote by dA,, := E-DORFLER(r,, 0, J) the proce-
dure described in ([B.I4]). We summarize our results in the following theorem.

Theorem 3.3 (contraction property of A-ADFOUR) Consider the aggressive variant A-
ADFOUR of the adaptive algorithm ADFOUR, in which the step OA,, := D(.jRFLER(rn7 0)
1s replaced by

OA,, :== E-DORFLER(r,,0,J) ,

where 0 is such that p defined in (3.17) is smaller than 1, and J is the smallest integer for
which (3.13) is fulfilled. Let the assumptions of Property[2.2 or[2.3 be satisfied. Then, the same
conclusions of Theorem [31] hold true for this variant, with the contraction factor p replaced by

p. a

3.4 C-ADFOUR and PC-ADFOUR: ADFOUR with coarsening

The adaptive algorithm ADFOUR and its variants introduced above are not guaranteed to
be optimal in terms of complexity. Indeed, the discussion in the forthcoming Sect. [0 for the
exponential case will indicate that the residual r(us) may be significantly less sparse than the
corresponding Galerkin solution u,; in particular, we will see that many indices in A, activated
in an early stage of the adaptive process, could be lately discarded since the corresponding
components of up are zero. For these reasons, we propose here a new variant of algorithm
ADFOUR, which incorporates a recursive coarsening step.

The algorithm is constructed through the procedures GAL, RES, DORFLER already
introduced in Sect. Bl together with the new procedure COARSE defined as follows:

e A:= COARSE(w,¢)
Given a function w € Vj~ for some finite index set A*, and an accuracy e which is known
to satisfy ||lu — w|| < e, the output A C A* is a set of minimal cardinality such that

|lw — Pyw]|| < 2e. (3.19)
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We will subsequently show (see Theorem [6.1]) that the cardinality |A| is optimally related to
the sparsity class of u. The following result will be used several times in the paper.

Property 3.1 (coarsening) The procedure COARSE guarantees the bounds

llu — Pawl| < 3e (3.20)
and, for the Galerkin solution uy € Vy,
lu —uall < 3vVare. (3.21)

Proof. The first bound is trivial, the second one follows from the minimality property of the
Galerkin solution in the energy norm and from (2.5):

lw = uall < flu = Paw]| < Var|lu — Pyw|| < 3vare. 0

Given two parameters 6 € (0,1) and tol € [0,1), we define the following adaptive algorithm
with coarsening.

Algorithm C-ADFOUR(4, tol)
Set ro:=f, Ag: =0, n=—1
do

n+<n+1

set Apo=Ap, Tho ="y
k=-1

do

k+—k+1

O\, := DORFLER(r, 4, 0)
An,k—l—l = An,k U 8An7k

Upkt1 = GAL(Ay k41)

Tn k1 = RES(tp g41)

while ||7y, g41] > V1= 62|r,||

Ans1 = COARSE (1 t11, | 1))
Uns1 = GAL(Api1)

Tnt1 = RES(up41)

while ||rp41]] > tol

We observe that the specific choice of accuracy € = €,= —=||ry, x+1]| in each call of COARSE
Vo TR+
in the algorithm above is motivated by the wish of guaranteeing a fixed reduction of the residual
and error at each outer iteration. This is made precise in the following theorem.

Theorem 3.4 (contraction property of C-ADFOUR) The algorithm C-ADFOUR. sat-
isfies
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(i) The number of iterations of each inner loop is finite and bounded independently of n;

(ii) The sequence of residuals r,, and errors u—u, generated for n > 0 by the algorithm satisfies
the inequalities
[rns1ll < pllrall (3.22)

and
v —uns1ll < pllu — un|| (3.23)

for
p= 32— V1-62. (3.24)

In particular, if 8 is chosen in such a way that p < 1, for any tol > 0 the algorithm
terminates in a finite number of iterations, whereas for tol = 0 the sequence u, converges
to w in H(Q) as n — oo.

Proof. (i) For any fixed n, each inner iteration behaves as the algorithm ADFOUR considered
in Sect. B.Il Hence, setting again p = /1 — 262, we have as in Theorem B.1]

k
= gl < Pl = unll

which implies, by (2.9,

a*
rn sl < Vorllu = un gl < Voo Hu — ] <4/ =—plral]
*

This shows that the termination criterion

17 e1ll < V1= 62l (3.25)
is certainly satisfied if

Z_pk+1 S V 1_027
i.e., as soon as
log (22(1 — 62))
2log p

k+1> > k.

log( 5% (1-62))

We conclude that the number K,= k + 1 of inner iterations is bounded by 1 + STogp

which is independent of n.
(ii) By (28], we have

1
[ = vn psall < —lrnprall -
(e

At the exit of the inner loop, the quantity on the right-hand side is precisely the parameter €,
fed to the procedure COARSE:; then, Property [3.] yields

lw = unall < 3vare, .

On the other hand, the termination criterion (325 yields
1

€n < 2V 1= 02[|ry]l ,
*
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so that

/a*
e = wnsrll < 3=——=V/1 = 2[|ra]] -

This bound together with the left-hand inequality in (2.9) applied to 7,41 yields (8.:22), whereas
the same inequality applied to 7, yields (3.23]). d

A coarsening step can also be inserted in the aggressive algorithm A-ADFOUR considered
in Sect. B3} indeed, the enrichment step ENRICH could activate a larger number of degrees
of freedom than really needed, endangering optimality. The algorithm we now propose can be
viewed as a variant of C-ADFOUR, in which the use of EEDORFLER instead of DORFLER
allows one to take a single inner iteration; in this respect, one can consider the enrichment step
as a “prediction”, and the coarsening step as a “correction”, of the new set of active degrees of
freedom. For this reason, we call this variant the Predictor/Corrector-ADFOUR, or simply
PC-ADFOUR.

Given two parameters 6 € (0,1) and tol € [0,1), we choose J > 1 as the smallest integer for
which (B3] is fulfilled, and we define the following adaptive algorithm.

Algorithm PC-ADFOUR(0, tol, J)
Set ro:=f, Ag: =0, n=—1
do

n<n+1
dA,, := E-DORFLER(r,, 0, J)
Any1 = A, UBA,
Unt1 = GAL(A,)
Any1 := COARSE (anﬂ, a%m“rn”)
Ups1 = GAL(Ay41)
Tni1 = RES(up11)
while ||r,41]| > tol

Theorem 3.5 (contraction property of PC-ADFOUR) If the assumptions of Property[2.2
or Property be satisfied, then the statement (ii) of Theorem applies to Algorithm PC-
ADFOUR as well.

Proof. The first inequalities in both (316) and (2.1 yield
. 1
[ = Upga | < Vv 1= 02 |ry]| -

Since the right-hand side is precisely the parameter €, fed to the procedure COARSE, one
proceeds as in the proof of Theorem [3.41 d
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4 Nonlinear approximation in Fourier spaces

4.1 Best N-term approximation and rearrangement

Given any nonempty finite index set A C Z% and the corresponding subspace Vy C V = HI%(Q)
of dimension |A| = card A, the best approximation of v in Vj is the orthogonal projection of v
upon Vj, i.e. the function Pav = ), -\ Ux¢x, which satisfies

1/2

lo = Prol = D Vil

kA

(we set Pyv = 0 if A = ()). For any integer N > 1, we minimize this error over all possible
choices of A with cardinality N, thereby leading to the best N-term approximation error

Ex(v) = inf v — Pl .
Nw)= it o= Pl

A way to construct a best N-term approximation vy of v consists of rearranging the coefficients
of v in decreasing order of modulus

Vil = oo = Vi | = Vi | > -

and setting vy = Ppyv with Ay = {k, : 1 < n < N}. As already mentioned in the

A~

Introduction, let us denote from now on v}, =V, the rearranged and rescaled Fourier coefficients
of v. Then,

1/2
Ex(v) = (Z |v;:|2> .
n>N

Next, given a strictly decreasing function ¢ : N — R such that ¢(0) = ¢g for some ¢y > 0
and ¢(N) — 0 when N — oo, we introduce the corresponding sparsity class Ay by setting

EN(U)

$(N)

Ay = {v eV |vla, = ]Svu>1i()] < +oo} . (4.1)

We point out that in applications ||v|| 4, need not be a (quasi-)norm since A4 need not be a linear
space. Note however that [|v]|4, always controls the V-norm of v, since [|v]| = Eg(v) < ¢ollv]|.a,-
Observe that v € Ay iff there exists a constant ¢ > 0 such that

En(v) <cop(N), VN >0. (4.2)

The quantity [[v]|4, dictates the minimal number N of basis functions needed to approximate
v with accuracy . In fact, from the relations

En.(v) <& < En.-1(v) < ¢(Ne = Dol a,

and the monotonicity of ¢, we obtain

N€§¢‘1< c >+1. (4.3)

[0]].4,
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The second addend on the right-hand side can be absorbed by a multiple of the first one, provided
¢ is sufficiently small; in other words, it is not restrictive to assume that there exists a constant
k slightly larger than 1 such that

N. < k¢! <L> . (4.4)
0|4,

Remark 4.1 (sparsity class for V') Replacing V by V’ in (1)) leads to the definition of a

sparsity class, still denoted by Ag, in the space of linear continuous forms f on H;(Q) This

observation applies to the subsequent definitions as well (e.g., for the class Agt). In essence, we

will treat in a unified way the nonlinear approximation of a function v € H;(Q) and of a form
feH ). a

Throughout the paper, we shall consider two main families of sparsity classes, identified by
specific choices of the function ¢ depending upon one or more parameters. The first family
is related to the best approximation in Besov spaces of periodic functions, thus accounting
for a finite-order regularity in €2; the corresponding functions ¢ exhibit an algebraic decay as
N — oo, which motivates our terminology of algebraic classes. The second family is related to
the best approximation in Gevrey spaces of periodic functions, which are formed by infinitely-
differentiable functions in €2; the associated ¢’s exhibit an exponential decay, and for this reason
such classes will be referred to as exponential classes. Properties of both families are collected
hereafter.

4.2 Algebraic classes

The following is the counterpart for Fourier approximations of by now well-known nonlinear
approximation settings [11], e.g. for wavelets or nested finite elements. For this reason, we just
state definitions and properties without proofs.

For s > 0, let us introduce the function

G(N) = N—%/4 for N> 1, (4.5)
and ¢(0) = ¢o > 1 arbitrary, with inverse

dHN) = AT for \<1, (4.6)
and let us consider the corresponding class Ay defined in (@.1).

Definition 4.1 (algebraic class of functions) We denote by Aj; the subset of V' defined as

= {v eV ¢ Jlellag = ol + sup E(v) N*/* < +o0} .
N2>1

It is immediately seen that A% contains the Sobolev space of periodic functions HSH(Q). On

the other hand, it is proven in [12], as a part of a more general result, that for 0 < 0,7 < oo, the

Besov space BSHH(Q) = BET(L7(Q)) is contained in A$; provided s* := s —d(1/7 —1/2)1 > 0.
Let us associate the quantity 7 > 0 to the parameter s, via the relation

5
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The condition for a function v to belong to some class A% can be equivalently stated as a
condition on the vector v = (Vj)pcza of its Fourier coefficients, precisely, on the rate of decay
of the non-increasing rearrangement v* = (v};),>1 of v.

Definition 4.2 (algebraic class of sequences) Let (5(Z%) be the subset of sequences v €
(%(Z4) so that
[vlles, (zay = sup n/T|v¥| < 400 .
B n>1

Note that this space is often denoted by E;(Zd) in the literature, being an example of Lorentz
space.
The relationship between A% and £%(Z9) is stated in the following Proposition.

Proposition 4.1 (equivalence of algebraic classes) Given a function v € V and the se-
quence v of its Fourier coefficients, one has v € A% if and only if v € ESB(Zd), with

[ollag, S lvlles,zey S lvllag, -

At last, we note that the quasi-Minkowski inequality
o+ llg 2oy < Cs (e oy + 0l )

holds in /3 (Zd), yet the constant Cs blows up exponentially as s — oo.

4.3 Exponential classes

We first recall the definition of Gevrey spaces of periodic functions in Q = (0,27)? (see [14]).
Given reals n > 0, 0 <t < d and s > 0, we set

s k YD
Gt (Q) = {v € LAQ) ¢ ol = D02 (14 )]0k < oo}
keZ

Note that GJ'"*(Q) is contained in all Sobolev spaces of periodic functions Hy(Q), r > 0.
Furthermore, if t > 1, G"*(2) is made of analytic functions.

Gevrey spaces have been introduced to study the C°° and analytical regularity of the solu-
tions of partial differential equations. For our elliptic problem (23]), the following statement is
an example of shift theorem in Gevrey spaces.

Theorem 4.1 (shift theorem) If the assumptions of Property are satisfied, then for any
1,t,5+2

n<mnL, 0<t<1ands>—1, L is an isomorphism between G (Q) and G (Q).

Proof. Proceeding as in Sect. [2.3] it is immediate to see that the problem Lu = f can be
equivalently formulated as Au = f, where the vectors f and u contain the Fourier coefficients
of functions f and u normalized in H3(Q) and H32(2), respectively. If W = diag(e*) is a
bi-infinite diagonal exponential matrix, then we can write Wu = WA~1f = (WA~ W~ 1)Wf.
We observe that property ||[Wul|;z < [[WS£]|2, which implies the thesis, is a consequence of
[WATITW 1,2 < 1.

To show the latter inequality, we let x,y € £2(Z%) and notice that

yTWAT W x| <o S e STy e ek gy .
meZzZd kezd
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Since 0 < ¢ < 1, we deduce |m + k[t < |m|t + |k|* and en(Im+E=IK) < enlml®  whence

TWA—lw—l
[WA™'W || = sup y x

<cp eI < x|
y€ezd ||YH Z

mezZ4

because 77, > 1 and the series converges. This implies the desired estimate. d

From now on, we fix s = 1 and we normalize again the Fourier coefficients of a function v
with respect to the H;(Q)—norm. Thus, we set

t, .~

GIHO) =GP Q) ={veV : |[v|g,, =D Vi[> < +oo} . (4.7)
k

Functions in GZ’t(Q) can be approximated by the linear orthogonal projection

Puv=3" Tioy.
|k| <M
for which we have

A _ + t o~
v — Pyl = Z Vil? = Z e~ 2nlkl" g2nlkl" 7 12
|k|>M |k|>M

< oM Z HIk 7 2 < 6_2"Mt\|v‘|é,n,t :

|k|>M

As already observed in Property 24} setting N = card{k : |k| < M}, one has N ~ wgM?, so
that .
—t
En(v) < v = Pyvl < exp (—nwyNY?) elln (4.8)

Hence, we are led to introduce the function
B(N) = exp (g VINUT) (N 20), (49)

whose inverse is given by

oI\ = 4 <log 1>d/t (A< 1) (4.10)
nd/t )\ - ) :

and to consider the corresponding class Ay defined in (41, which therefore contains G Q).

Definition 4.3 (exponential class of functions) We denote by Ag’t the subset of G (Q)
defined as

AL = {U eV : ||v]| ynt := sup En(v)exp (nw;t/dNt/d> < —i—oo} .
¢ N>0

At this point, we make the subsequent notation easier by introducing the ¢-dependent func-
tion

T=-<1.

Ql =+

As in the algebraic case, the class Ag’t can be equivalently characterized in terms of behavior of
rearranged sequences of Fourier coefficients.
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Definition 4.4 (exponential class of sequences) Let th(Zd) be the subset of sequences v €
(%(Z4) so that
”VHZ’gt(Zd) = ilil; n(l—T)/Qexp (T,w;TnT) ’U;’ < +o0,

oo

o, 15 the non-increasing rearrangement of v.

where v* = (v}))
The relationship between Agt and Egt(Zd) is stated in the following Proposition.

Proposition 4.2 (equivalence of exponential classes) Given a function v € V and the se-
quence v = (Vi) peza of its Fourier coefficients, one has v € Agt if and only if v € Egt(Zd),
with

lolage S IWlgeay S ol

Proof. Assume first that v € Egt(Zd). Then,
By = o - Py = 30 i S 30 7 esp (~200 ) IV e -
n>N n>N
Now, setting for simplicity o = 2nw, ", one has
>t kS
S = n " tean’ N/ 2T lem M dy
n>N N

The substitution z = =7 yields

S ~ %l/ e Ydz = ie_O‘NT

T at

whence HquAnc,t < ”VH[IC]:,t(ZCl). Conversely, let v € _Agt. We have to prove that for any n > 1,

one has
n' i < e_a"THvHAgt-

Let m < n be the largest integer such that n —m > n'=" (note that 0 < 1 —17 < 1), ie
m ~ n(l —n~7"). Then,

n

n' g ? < (n—m)loy | < 0512 < o = P ()| < e [0l -
‘AG
j=m+1

Now, by Taylor expansion,
mi~n(1-n"T)" =n"(1-mn " +o(n" 7)) =n" —7+0(1),
so that e=@m" < e7"" and HVHZrGj,t(Zd) < ||U||Ag,t is proven. a
Next, we briefly comment on the structure of the set th(Zd). This is not a vector space,

since it may happen that u, v belong to this set, whereas u+ v does not. Assume for simplicity
that 7 = 1 and consider for instance the sequences in Egt(Zd)

- -2 -3 —4
u = (e 7.0,e”“",0,e°",0,e ”,0,...),

_ - -2 -3 —4
v = (O,e 7.0,e 47,0, °",0,e ”,...),
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Then,
—n —n =2 —2m —3n —3n .—4n _—4
ut+v=(u+v) = (e M e e ™M 721 721 7™ e 77,...) :

thus, (u+v)3; = e ™ so that €% (u + V)5; — 00 as j — +0o0, le, u+v ¢ th(Zd). On the

other hand, we have the following property.

Lemma 4.1 (quasi-triangle inequality) Ifu; € Eg’t(Zd) fori=1,2, thenu;+us € Egt(Zd)
with
_1 1

=m 7+

_1
pm

las vl < [Junllne + fJuzll e, 9
Proof. We use the characterization given by Proposition [£.2] so that
i — Py, ()] < [l geexp (—mog™NF) i =12
Given N > 1, we seek Ny, N5 so that
N = N1 + No, mN{ = n2N3.

This implies

1 1 1

1, 1 _1 1 1
N=N177f<771’+7727)=N177f77 T,

and
[[(u1 4 u2) — P (ur + u2)|| < [lur — Py (u1) || 4 [Juz — P, (u2)
< Jeall g eexp(=mwy "NT) + |z yoocexp(=npwy "N3))
< (el g+ oo (o "N,
whence the assertion. d

Note that when 7 = 1, we obtain n = 277y, < 27); thereby extending the previous
counterexample.

5 Sparsity classes of the residual

For any finite index set A, let » = r(up) be the residual produced by the Galerkin solution wuy.
Under Assumption [B.1], the step

dA :== DORFLER(r, 6)

selects a set JA of minimal cardinality in A® for which [r — Poar|| < V1 —62||r||. Thus, if r
belongs to a certain sparsity class Aa’, identified by a function ¢, then (4.3)) yields

OA] < ¢ <\/1 —gr > +1. (5.1)

HT”.AJ,

Explicitly, if r € A% for some § > 0, we have by (0]

d/s
oy-apos [ Wl \”
|[OA] < (1 —67) —F5 +1,

I
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whereas if r € Agf for some 77 > 0 and ¢ > 0, we have by (£I0])

171l a2 vt
|0A| < n‘;’jf <log H:\‘\G —|—|log\/1—92|) +1.
We stress the fact that the cardinality of OA is related to the sparsity class of the residual.
We will see in the rest of this section that such a class does coincide with the sparsity class
of the solution in the algebraic case, whereas it is different (indeed, worse) in the exponential
case. This is a crucial point to be kept in mind in the forthcoming optimality analysis of our
algorithms.

The cardinality of OA depends indeed on how much the sparsity measure ||| A; deviates
from the Hilbert norm ||r||. So, before embarking ourselves on the study of the relationship
between the sparsity classes of the residual and of the solution, we make some brief comments
on the ratio between these two quantities. For shortness, we only consider the exponential case,
although similar considerations apply to the algebraic case as well. The size of the ratio

171
7]

depends on the relative behavior of the rearranged coefficients r; of r, which by Definition 4.4l
and Proposition {2 satisfy
[l < XD e T

||A7-é,z (5.2)

for some constant A\* > 0, with 7 = ¢/d. Let us consider two representative situations.

Example 5.1 (genuinely decaying functions) The most “favorable” situation is the one in
which the sequence of rearranged coefficients decays precisely at the rate given by the right-hand
side of (5.2)); in other words, suppose that there exists a constant A, > 0 such that for all n > 1

N P - N R TP (5.3)
G G
Then,
(A2 D nT Ve ™2 0 < P < (W)Y T e 2
n>1 ¢ n>1 ¢
and since
- _ =T 7 oo — =T 7 oo _ -7
Zn(ﬂ-—l)e—2nwd nT / QZ‘T_le_2nwd 7 dr = / e—2nwd y dy —C ’
w1 1 1
we obtain
1 1
<Q< .
CA* C.
Thus, if (53] is a “tight” bound, the ratio @ is “small”, and the procedure DORFLER activates
a moderate number of degrees of freedom at the current iteration. d
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Example 5.2 (plateaux) The opposite situation, i.e., the worst scenario, occurs when the
sequence of rearranged coefficients of r exhibits large “plateaux” consisting of equal (or nearly
equal) elements in modulus. Fix an integer K arbitrarily large, and suppose that the K largest
coefficients of r satisfy

il =173l = = ol = Ikl = M KR K
G
Since
_ o0 - - _ —
Z n(?—l)e—2ﬁw;7—n" ~ / e—2ﬁw;'ry dy _ e—2ﬁw;T(K+1)T < e—2ﬁw;7—K" ’
n>K (K+1)7
there exists d € (0,1) such that
717 = ()2 (K + 6)Te 2™ KT |2, 7
G
We conclude that the ratio o
elwy TKT
Q= L A2
M(K +0)T
turns out to be arbitrarily large, and indeed for such a residual it is easily seen that Dorfler’s
condition ||Pypr|| > 0||r|| requires |OA| to be of the order of K. a

Let us now investigate the sparsity classes of the residual, treating the algebraic and expo-
nential cases separately. Note that, in view of Propositions [£.1] or [£.2] for studying the sparsity
classes of certain functions v and Lv we are entitled to study, equivalently, the sparsity classes
of the related vectors v and Av, where A is the stiffness matrix (2.10).

5.1 Algebraic case

We first recall the notion of matrix compressibility (see [7] where the concept has been used in
the wavelet context).

Definition 5.1 (matrix compressibility) For s* > 0, a bounded matriz A : (>(Z3) — (2(Z%)
is called s*-compressible if for any j € N there exist constants oj and C; and a matriz A; having
at most ozj2j non-zero entries per column, such that

A — Al < Cj
where {aj}jen is summable, and for any s < s*, {C’j25j/d} s summable.

Concerning the compressibility of the matrices belonging to the class D, (nr) of Definition 211
the following result can be found in [9, Lemma 3.6]. We report here the proof for completeness.

Lemma 5.1 (compressibility) If s* := n; —d > 0, then any matric A € Dy(ng) is s*-
compressible.
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Proof. Let us take N; = [%
2.4] (algebraic case) there holds [|A — Ay, || < 2~ ite=d)/d (j 4 1)20m=d) =. C; and Ay, has
aj2j non-vanishing entries per column with «a; ~ 24(j + 1)724, It is immediate to verify that
Zj a; < oo. Moreover, for s < s* and setting 6 = s* — s, we clearly have zj C’j2js/d =

>, 2799/ (j 4 1)%° < oo, .

|, where [-] denotes the integer part plus 1. Then by Property

We now consider the continuity properties of the operator L between sparsity spaces. The
following result is well known (see e.g. [10]) and its proof is here reported for completeness.

Proposition 5.1 (continuity of L in A%) Let A € Dy(nr), n > d and s* = nr —d. For
any s < s*, if v € Ay then Lv € Aj, with

[Lvllag < llvllag, -
The constants appearing in the bounds go to infinity as s approaches s*.

Proof. Let us choose N; = [%] as in the proof of Lemma B.Il If we set A; := Ay, then by

Property 2.4 (algebraic case) we have
A — Al 27T/ (G4 )2 = 97a T (1)

On the other hand, for any j > 0, let v; = P;(v) be a best 2/-term approximation of v € /3,
which therefore satisfies ||v — v;| < 2775/9||v|| ¢5,- Note that the difference v; — v;_1 satisfies as
well

Ivj = viaall < 277 v]e, -

Let
WJ—ZAJ —j(vj—vj1),
where we set v_; = 0. WI‘ltIHgV—V—VJ—l-Z] o(Vj —vj_1), we obtain
J
Av—-—wy=A(v—-vy) —I—ZA Aj_)(vj—vj1).
7=0

The last equation yields

J
JAv = wyll < Al = voll+ D 1A = Ayllv = vil
=0
J
< |2 S e T (g 1y 9 s
j=0
J .
S 214 Y o U (] )2 v,
j=0
S 277 vy,
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where the series >, 27 k(s"=9)/d (] 4-1)?%" is convergent but degenerates as s approaches s*.
Finally, by construction w; belongs to a finite dimensional space Vj ,, where

J J
Al S wad Nj;$2' 3 (T-j+1)7 52
j=0 j=0
This implies [|[Av|g, < [[v]e, for any s < s*. a
At last, we discuss the sparsity class of the residual r = r(uy) for some Galerkin solution
UA-

Proposition 5.2 (sparsity class of the residual) Let the assumptions of Property be
satisfied, and set s* = n;, —d. For any s < s*, if u € Aj then r(up) € Ap for any index
set A, with

Ir(ua)llag, < lullas -

Proof. Denoting by ry the vector representing r(u,) and using Proposition 5.1l we get
[ralleg, = A —uan)lle, S la—ualle, < llulle, + [[ualle,- (5.4)

At this point, we invoke the equivalent formulation of the Galerkin problem given by ([2.24)),
which yields G = (AA)_I(AP Af). Using A € D,(nr) and combining Property 2.5 together with
Property 2.2, we obtain (Ay)~! € D,(nz). Hence, applying Proposition 5.1 to (Ax)~! we get

lualles, = llalleg, = [(Ax) T Paf)lles, < [Paflle, < IIflleg, ,

where the last step is an easy consequence of the definition of the projector P. By substituting
the above inequality into (5.4]), we finally obtain

ralley, < lhalleg, + IElleg, = llulles, + [|Aulleg, < lulles, (5.5)
where in the last inequality we used again Proposition B.11 d

We observe that the previous bound is tailored to the “worst-scenario”: one expects indeed
that for A large enough the residual becomes progressively smaller than the solution.
5.2 Exponential case

As already alluded to in the Introduction, and in striking contrast to the previous algebraic case,
the implication v € A?;’t = Lv € Ag’t is false. The following counter-examples prove this fact,
and shed light on which could be the correct implication.

Example 5.3 (Banded matrices) Fix d = 1 and ¢ = 1 (hence, 7= 4 = 1). Recalling the
expression (2.14]) for the entries of A, let us choose 7y = 6o = /27, which gives

apy =1 VieLZ.
Next, let us choose &5, = 0 for all h # 0, which implies (because d = 1)

L [el[k|

| = — ——|Dp_ 0+ Ek
‘ZJC‘ \/ﬁcﬁck‘gk’7 7& )
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i.e.,
1 1
— |Vpi| < ag | < —= Dokl , CFEk, |k >1.
s e lael < =il Lk LK
At this point, let us fix a real 77, > 0 and an integer p > 0, and let us choose the coefficients 7,
for h # 0 to satisfy
il V2me Ml if 0 < |h| < p,
Vp| = .
0 if |h| >p.
In summary, the coefficient v of the elliptic operator L is a trigonometric polynomial of degree
p, whereas the coefficient ¢ is a constant. The corresponding stiffness matrix A is banded with
2p + 1 non-zero diagonals, and satisfies

Lemmelt=t < gy p | < e7mElt=kl 0<|0—Fkl<p, |€,|k|>1. (5.6)

In order to define the vector v, let us introduce the function ¢ : N, — Ny, ¢«(n) = 2(p + 1)n.
Let us fix a real n > 0 and let us define the components (v); = 0, of the vector in such a way
that .

e 2" if k=(n) for somen >1,
[(V)k] = {

0 otherwise .

Thus, the rearranged components (v)* satisfy |(v)5| = e"2", n > 1, whence v € Kgl(Z) (or,
equivalently, v € Agl), with ||v]| oz = 1, according to Definition 4]

The definition of the mapping ¢ and the banded structure of A imply that the only non-zero
components of Av are those of indices ¢(n) + ¢ for some n > 1 and ¢ € [—p,p|. For these
components one has

(AV)i(n)+q = @u(n)+q.um) (V)in) >

thus, recalling (5.6]), we easily obtain
1eTPeT " < |(AV),my4ql S€72", g€ [-p,p]. (5.7)
This shows that, for any integer N > 1,
#{0 2 |[(Av)e| > demmPe 3N} > (2p + 1)N

hence

12p+ )N < 1.— N
|(Av)zk2p+1)N|e2(p+) > se PP — fo00 as N — 400,

ie., Av ¢ 6241(2) (or, equivalently, Lv & Agl) regardless of the relative values of nz, and 7.

On the other hand, let m, be the smallest integer such that %e_"”’ > e 2™ Given any
m > 1,let N > 1and Q € [-p,p| be such that (Av)} = (AVv),(n)+q@, Which combined with

BT yields

e 2 (VFme) o« [(Av)E | < e 2V
The rightmost inequality in (5.7)), namely [(Av),(N4m,)+ql < e~ 3(N+m0) shows that there are
at most (2p + 1)(N + m,;,) components of Av that are larger than e~ 2(N+7) in modulus. This
implies m < (2p + 1)(N + m,,), whence

n n ___n
e 2V < e2re @D
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Setting 77 = ﬁ, we conclude that Av € KZI(Z) (or, equivalently, Lv € Agl), with

n
1AV a1z < 2™ [IVlipa g -

Therefore, the sparsity class of Av deteriorates from Egl(Z) for v to Egl(Z) with 7 = #. a

Next counter-example shows that, when the stiffness matrix A is not banded, in order to
have Av € Egt(Z) it is not enough to choose some 7 < 1 as above, but a choice of ¢ < ¢ is
mandatory.

Example 5.4 (Dense matrices) Let us take again d = ¢ = 1 and modify the setting of the
previous example, by assuming now that the coefficients 0, satisfy

0] = v2me Il for all |h| >0,
so that A is no longer banded, and its elements satisfy

Tem =kl < gy | < e R for all |¢] k| > 1. (5.8)

If M > 0 is an arbitrary integer, we now construct a vector v = Yo vMn with gaps

of size A(M) > M between consecutive non-vanishing entries. To this end, we introduce the
function ¢3; @ N, — N, defined as tp7(n) := A(M)n and the vectors v" with components

‘(VM’n)k’ = e_gn(sk,LM(n) R kecZ.

From (5.8) and the fact that only the 1p7(n)-th entry of vM™ does not vanish, we obtain

%e—nLM—LM(n)\e—gn < ‘(AVM’H)A < e—ﬁLw—LM(")‘e_g" . (59)

As in Example 53] it is obvious that v € Kgl(Z) with HVM”Zn,l(Z) = 1. However, we will prove
G
below that ||AVMH£7-,,£ < WMl n1 cannot hold uniformly in M for any 77 > 0 and > 1/2.
G G
We start by examining the cardinality #.,, of the set

Fo={leZ : |(AVM™),| > e 2M}
In view of (5.39), the condition [(Av™"),| > e~2M is satisfied by those £ = t37(n) +m such that

0<|m| < ——(M—n),

21
whence n < M and #F,, > %(M —n)+ 1. We now claim that

M
Coar o= #{C : [(AVM)| > e 8} >N 97, (5.10)

n=1

whose proof we postpone. Assuming (5.10) we see that

M
7 n 2
>3 (Zor-n+1) ~ far
n=1 "L 277L
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or equivalently there are about Ny = {%LLM 2—‘ coefficients of v with values at least e 3.

This implies that the Nj;-th rearranged coefficient of AvM satisfies
](AVM)}}M\ >e M > o= 32Ny forall M > 1.
This proves that for any 7 > 0 and t > %, one has
IAVM ) = AV, [ = N3 @m0 N s oo as M = oo,
whence the following bound cannot be valid
HAVHZZJt(Z) S ”VHggl(Z) ’ for all v € (%;(Z) .

It remains to prove (B.I0). We first note that the sets F,, are disjoint provided tps(n + 1) —
tpr(n) = ANM) > niLM We next set

= 3 3 A M,n _ —gM>0
“ar i i, g (A e

which is a constant only dependent on M. We observe that for every ¢ € F,, there holds

(AVM)[ > [(AVM) = [ Y T(AVMR) [ > e 2M oy = Y |(AVMP),. (5.10)
p#n p#n

We write ¢ € F, as £ = tpr(n) + m, make use of (5.9) and the definition of ¢pr(n) = A(M)n to
deduce

Z [(AvMP),| < Z el (P)lg=3p < Z e MIm+AM)(n—p)| < Z e~ A(M)|n—p|—|m][)
p#EN pFEN p#EN p#EN

Since |m| < %M , the above inequality gives

Z [((AvMP),| < 2l Z e~ MmAM)g < 9p5M Z e~ LA(M)g (5.12)
pFEN q=>1 q>1

Combining (5.11]) and (5.12)) yields

[(AVM)g| > e 3M gy — 2e3M Y~ emmedMa
q>1

By choosing A(M) sufficiently large, the last term on the right-hand side of the above inequality
can be made arbitrarily small, in particular < e, We thus get [(Av™),| > e 3M and prove

G.10). 0

Guided by Examples [5.3] and 5.4] we are ready to state the main result of this section. We

define

1+t\ a0
t) = (—())
¢(t) I+¢

d

VO<t<d. (5.13)
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Proposition 5.3 (continuity of L in Agt) Let the differential operator L be such that the
corresponding stiffness matrix satisfies A € D.(nr) for some constant nr, > 0. Assume that
v E Agt for somen >0 andt € (0,d]. Let one of the two following set of conditions be satisfied.

(a) If the matriz A is banded with 2p + 1 non-zero diagonals, let us set

_ n —
:77 t:t
T= eptay

(b) If the matriz A is dense, but the coefficients nr, and n satisfy the inequality n < nrwy, let

us set
t

=, 521—4—75'

Then, one has Lv € .A , with
Lol yrp < Mol gt - (5.14)

Proof. We adapt to our situation the technique introduced in [7]. Let L; (J > 0) be the
differential operator obtained by truncating the Fourier expansion of the coefficients of L to the
modes k satisfying |k| < J. Equivalently, L; is the operator whose stiffness matrix A ; is defined
in (2.22)); thus, by Property [2.4] (exponential case) we have

|L— Lyl =||A—Ay|| < Ca(J+ 1) e

On the other hand, for any j > 1, let v; = P;(v) be a best j-term approximation of v (with
vo = 0), which therefore satisfies ||v — v;| < e_"w;TjT\\vHAg,t, with 7 = t/d. Note that the
difference v; — v;_1 consists of a single Fourier mode and satisfies as well

— —Ty
|vj —wvjal < e ™ ]THUHAZ’t'

Finally, let us introduce the function x : N — N defined as x(j) = [j7], the smallest integer
larger than or equal to j7.
For any J > 1, let wy be the approximation of Lv defined as

'wJ—ZL (J] Vj —Vj— 1)
Writing v =v — vy + Z}]:l(vj —vj_1), we obtain
J
Lv—wy=Lv—uy —I—Z ) —vj-1) .
7j=1

We now assume to be in Case (b). Since L : (2(Z%) — (?(Z%) is continuous, the last equation
yields

J
Lo —wsl| < [ e™d™ 4+ ST (1T = 5)71 + 1) e el ey 737) o]l gne - (5.15)
j=1
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The exponents of the addends can be bounded from below as follows because 7 < 1
no[(J=3)" 1 +mwg 73" = nl(J =571 —nwy " (J = 3)" +nwy " ((J = 5)" +57)
> (=) = nwy (I = )" +nwy (] —4) +4)7
= /B(J_j)T—i_nw;TJTa
with § =7z — nw;" > 0 by assumption. Then, (5.13)) yields

J-1
. d-1 i | —puTIT T
1Zv —wsll S (14> (TT+1)T e ) o™ o] e S ™ o] o . (5.16)

~

J=0

On the other hand, by construction w; belongs to a finite dimensional space Vj ;, where

J J—1
) o, w
Ag| < wy E x(J — )4 = wy E [j del——itJHt as J — 00 . (5.17)
j=1 =0

This implies o
120 —wyll S e M o e

with 7 = 7= = m and 77 = (i;ff];) n = ((t)n as asserted.
We last consider Case (a). One has Ly;_;) = L if x(J —j) > p, whence if j < J —p'/7 then

the summation in (5.15]) can be limited to those j satisfying j, < j < J, where j, = [J —p/.
Therefore

J
B < —nwy TJT _aTd—1 Z —nwy " j7 h
o=l & |4 [0 =9 e ol g
—JP

Now, J — j < p/7 if jp <j<Jandj" >j5 > (J—pl/T)T > J™ — p, whence
HL’U _ wJH S (1 _|_pd_1+1/7'eﬁw;7p) e_nw;TJTH’UHAgt ‘

We conclude by observing that |[A;| < (2p + 1)J, since any matrix A has at most 2p + 1
diagonals. 0

Finally, we discuss the sparsity class of the residual r = r(uy) for any Galerkin solution u,.

Proposition 5.4 (sparsity class of the residual) Let A € D.(n;) and A~' € D.(7L), for

constants nr, > 0 and 7z, € (0,n1] according to Property 2.3, and let 1 < d < 10. Ifu € Agt for

somen >0 and t € (0,d], such that n < wfl/d(H%)ﬁL, then there exist suitable positive constants

7 <mn andt <t such that r(uy) € Agt for any index set A, with

() L % el
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Proof. We first remark that the hypothesis 1 < d < 10 guarantees wy > 2 (see e.g. [15, Corollary
2.55]); this implies 7 < w}; for any 7 > 0, whence the function ¢ introduced in (5.I3]) satisfies
¢(t) < 1 for any ¢t > 0. Assume for the moment we are given 7 and ¢. By using Proposition [5.3]
and Lemma [L.T], we get

Irall e = llA( —ua)ll e S o —uaflgen Sl e+ llaall gz (5.18)

where, 7 =t/d, 71 = t1/d and the following relations hold

From (2.24) we have uy = (Ap)"L(PAf). Using Property B8 and applying Proposition B3] to
(Ap)~! we get

laallzrin.o = ||(AA)_1(PAf)||Z2GTln1,t1 S Pafllgzie < [£llme ez,

with
to

1 + 19
By substituting the above inequality into (B.I8) and using again Proposition (5.3 we get

2" = ((t2)me < 2, t1 <ts.

HrAHggf 5 Hu”zglmﬂﬁ + Hf”g"GZ’tz = ”quG‘rlmﬂﬁ + HAuH[g’tZ 5 Hu”Z"G't (519)
where .
e = C(t)n < 2= 13

This shows that the thesis holds true for the choice

1= () ) -

It remains to verify the assumptions of Proposition 5.3l when A is dense. Since wy > 2 and

t
<ty = —— <,

-
YT 2 1+t

we have w}' < w}? < wj. Moreover, using 1 < 2™n; <12 <1 and n, > 7, > w, ' yields

n < wanc, m < wy'ne, n2 < WML,

which are the required conditions to apply Proposition [5.3] when A is dense. This concludes the
proof. d

Remark 5.1 (definition of wy;) The limitation 1 < d < 10 stems from the fact that the
measure of the unit Euclidean ball wy in R? monotonically decreases to 0 as d — oo. To avoid
such a restriction, one could modify the definition of the Gevrey classes Gp* () given in (@7,

by replacing the Euclidean norm |k| = ||k||2 appearing in the exponential by the maximum norm
||lk||so- Consequently, throughout the rest of the paper wy would be replaced by the quantity 24
strictly larger than 1 for any d. d
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6 Coarsening

We start by considering an example that sheds light on the role of coarsening for the exponential
case. We then state and prove a seemingly new coarsening result, which is valid for both classes.

6.1 Example of coarsening

Let a,b € RP for p > 1 be the vectors

Let v,z be the sequences defined by

V= (e_"ka)zozo, Z = (e_"kb)zozo.

We first observe that

1
2 2 _ _ _
IVIZ =l = = s ¥l ) = el s ) = 1

(recall that wy = 2 for d = 1). Given a parameter £ < 1, we now construct a perturbation w of
v which is much less sparse than v by simply scaling z and adding it to v (see Fig. 2 (a)):

00
k=1"

w:=v+ez= (e (a+eb))

Figure 2: Pictorial representation of (a) the components of the vector w = v + ez and (b) its
rearrangement w*. It turns out that w* exhibits the decay rate e " of v up to a level of
accuracy ||[w — v|| in £?(Z) but a worse decay rate e "% of z for smaller tolerances. Therefore,
truncating w* with a threshold § > ||w — v|| captures the behavior of v.

The first task is to compute the norms of w. We obviously have ||w|| ~ ||v||. To determine
the weak quasi-norm of w we need to find the rearrangement w* (see Fig. 21 (b)). Let ny be the
smallest integer such that

(1 + E)e"?"l >Ce s (1 + E)e—"(m“) ,
P “p P
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namely the index corresponding to the first crossing of the exponential curve e dictating the
behavior of the first portion of the rearranged sequence w* (which coincides with the behavior
of v*), and the first plateaux of z. This implies

1 1
—log(l—i—g) <np S1+—log(1+£> .
n € n €
Next, let no be the smallest integer such that
<1 + E)e—m& > 56—277 > <1 + E)e—ﬁ(n2+1) ,
p P p

which corresponds to the beginning of a number of decreasing exponentials preceeding the second
plateaux of w*. This implies

1 1
1+—log(1+£) <n2§2+—10g(1+£)
n € n €

and shows that ny — n; = 1, and that there is exactly one exponential between the first and
second plateaux. Iterating this argument, we see that the difference between two consecutive
n;’s is just 1, and that there is exactly one exponential between two consecutive plateaux (see
Fig2 (b)).

We are now ready to compute the weak quasi-norm of w. Let v, denote the index correspond-
ing to the end of the k-th plateaux of w, which in turn corresponds to the value w;, = ek,
Then

1
v = pk +n1 ~ pk + —log <1+£) .
n €
To determine the class of w, we seek A so that w € Eg’l(Z), namely

1 2
sup (e)‘”k/ze_nk> <o & iApk —nk<0 & A< il .

k>0 p

We thus realize that w € E?/ P ’1(Z) belongs to a sparsity class much worse than that of v, that
deteriorates as the size p of the plateaux tends to co. On the other hand, we note that the
restrictions W|*[1,n1} = V|*[1,n1] coincide, thereby showing that the decay rate of the first part of
w* is the same as that of v* (see Fig 2(b)). This example explains the need to coarsen the
vector w starting at latest at nq1, to eliminate the tail of w* which decays with rate 2n/p instead
of the optimal rate 2n of v.

In addition, we observe that the best ni-term approximation of w satisfies

21

€ 2
gm [

2 — &’ —2kn 2 2
W =W, > =) pge 7 = =|v-w|"=¢"z
=0 P

which is precisely the size of the perturbation error of v. Given an error tolerance d > ¢||z||, the
best N-term approximation wy of w satisfying |[w — wy|| < § would require

1.1 2 Ivizng
N~ =log = = = log —<a_ &)
n og5 2n o8 1)
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6.2 New coarsening Result

We extract the following lesson from the example of Sect. [6.1} for as long as we deal with the

first part of w*, which has a decay rate e *7 dictated by that of v*, we could coarsen w and

obtain an approximation of both w and v with the decay rate e *7 of v. This requires limiting

the accuracy to size |[v — w|| since a smaller accuracy utilizes the tail of w which has a slower
n

decay e Fp.

We express this heuristics in the following theorem, which goes back to Cohen, Dahmen,
and DeVore [7]. However, our proof is much more elementary and the statement much more
precise. Although the result holds for the general setting of Sect. .1l we just present it for the
exponential case, since it will be used only in this situation.

Theorem 6.1 (coarsening) Let e > 0 and let v € Agt and w €V be so that
[lv —wl| <e.
Let N = N(e) be the smallest integer such that the best N-term approximation wy of w satisfies

|lw—wy]| < 2e.

d/t
wq ”U”An’t
N < 1 ¢ 1
ot <og € +

Proof. Let A, be the set of indices corresponding to the best approximation of v with accuracy
€. So A, is a minimal set with properties

1] gne \ "
lo— Pyl <e, A< 4 [log—2¢ | +1

Then, |[v —wy|| < 3e and

If z=w — v, then

lw— Pywl| < ||(v+2) = Pa.(v+2)|| = [[(v—Prv) + (2 — Pp.2)|
< v = Pavll + ||z — Pazl] <e 2] < 2¢,

because I — Py, is the projector onto Vza\, . Since N is the cardinality of the smallest set
satisfying the above relation, we deduce that N < |A.|. This concludes the proof. d

7 Optimality properties of adaptive algorithms: algebraic case

The rest of the paper will be devoted to investigating complexity issues for the sequence of
approximations u, = wuy, generated by any of the adaptive algorithms presented in Sect. Bl
In particular, we wish to estimate the cardinality of each A, and check whether its growth is
“optimal” with respect to the sparsity class Ay of the exact solution, in the sense that |A,| is
comparable to the cardinality of the index set of the best approximation of u yielding the same
error |[u — uy||.

The algebraic case will be dealt with in the present section, whereas the exponential case will
be analyzed in the next one. The two cases differ in that no coarsening is needed for optimality
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in the former case, whereas we will prove optimality in the latter case only for the algorithms
that incorporate a coarsening step. The reason of such a difference can be attributed, on the
one hand, to the slower growth of the activated degrees of freedom in the exponential case as
opposed to the algebraic case and, on the other hand, to the discrepancy in the sparsity classes
of the residuals and the solution in the exponential case, discussed in Sect.

7.1 ADFOUR with moderate Dorfler marking

The approach followed in the sequel, which has been proposed in [16] in the wavelet framework
and adopted in [21], 6] in the finite-element framework, allows us to prove the optimality of the
algorithm in the algebraic case, provided Dérfler marking is not too aggressive.

The two following lemmas will be useful in the subsequent analysis.

Lemma 7.1 (localized a posteriori upper bound) Let A C A, C 7% be nonempty subsets
of indices. Let upn € Vi and up, € Vi, be the Galerkin approzimations of Problem (2.7)). Then

1 A 1
—upll? < — R 2 2 AL .
lua, —uall® < - Z | Ri(up)l o (un, Ax)

* kEANA
Proof. One has
lun, —uall® = alua, —ua, ua, —ua) = (f,un, —un) —a(ua,un, —ua) = > F(un)(@a, — aa
ke

because A, is the support of us, — up. The asserted result follows immediately by the Cauchy-
Schwarz inequality, upon recalling that 75 (up) = 0 for all k € A. d

Lemma 7.2 (Dorfler property) Let A C A, C Z% be nonempty subsets of indices. Let up €

Vi and up, € Vy, be the Galerkin approzimations of Problem (27]). Let the marking parameter
0 satisfies 0 € (0,0,), where 0, = \/ %, and set jig = 1 — 3—192 > 0. If

2 < pillu—ual?

llw — wa.
for some p € (0, pg|, then A* fulfils Dorfer’s condition, i.e.,
n(ua, A*) > On(ua) -

Proof. Since u — up, L up — up, in the energy norm because of Pythagoras, the assumption

yields

I

lu = uall® = fu — ua I + llua, —wall® < plle = wall® + flua, —uall® .

Invoking the lower bound in (B.2]) gives
1
fua. —ual® > (1 = p)flu —usll? > (1 - M)gnz(uA) ;
whence applying Lemma [7.1] implies
Qs Qv
0 (uas M) = (1= p)—=m*(un) = (1= po) —n*(un) = 0% ().
This concludes the proof. a

We are ready to estimate the growth of degrees of freedom generated by the algorithm
ADFOUR of Sect. 3.1l For the moment, we place ourselves in the abstract framework of Sect.
411 only the final result being specifically for the algebraic case.
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Proposition 7.1 (cardinality of 0A,) Let 6 satisfy the condition stated in Lemma and
let € (0, ug] be fizred. Let {A,, up}tn>0 be the sequence generated by the adaptive algorithm
ADFOUR, and set €2 = pl|lu — uy||?. If the solution u belongs to the sparsity class Ay, then

En
1wl 4,

[0AR| = [Ansa] — A Smb‘l( > ., VYn>0, (7.1)

where k > 1 is the constant in (L4).

Proof. Let € = €, and make use of (£4]) for u € Ay: there exists A, and w, € V}_ such that

Ju—wlP <& and rAa\gw—l(—E )
llul 4,

Let A, = A, U Ac be the overlay of the two index sets, and let u, € Vi, be the Galerkin
approximation of Problem (2.4]). Then, since V), C Vj,, we have

o = well® < flu = well® < pllu — u)? -
Thus, we are entitled to apply Lemma to A, and A, yielding
N(un, A*) = On(un) -

By the minimality property of the cardinality of A, 1 among all sets satisfying Dorfler property
for u, (Assumption B.1l), we deduce that |A, 41| < |As| < |An| + |Ac], Le.,

[Apt1] = [An| <AL, (7.2)

whence the result. O

Corollary 7.1 (cardinality of A,: general case) Let the assumptions of Proposition [7.1] be

valid and p = /1 — 22602 be given by (3.7). Then

n—1
Anl <KD ¢! <pk_" “n > ., VYn>0. (7.3)
k=0

1wl 4,

Proof. Recalling that |Ag| = 0, the previous proposition yields

n—1 n—1
An] =D |0A] §RZ¢_1< °k > :
k=0 k=0

1wl 4,

On the other hand, by Theorem 3.1l one has
en = Vitllu = unll < V" Flu —wgll = p" e VO<k<n-—1, (7.4)

and we conclude recalling the monotonicity of ¢. d

At this point, we assume to be in the algebraic case, i.e. u € A% for some s > 0. Then, (Z.3)
reads

—d/2s . —d/s d/s d/s n—k
(Al < w2 =l a3 (070) T ¥zo0.

k=0
Summing-up the geometric series and using (2.5]), we arrive at the following result.
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Theorem 7.1 (cardinality of A,: algebraic case) Under the assumptions of Proposition[7.1],
the growth of the active degrees of freedom produced by ADFOUR . in the algebraic case is esti-

mated as follows:
[An] < Cullu = wn|~Ju|%s . ¥n>0,

where the constant Cy depends only on oy, p and p. d

This result is “optimal” in that the number of active degrees of freedom is governed, up
to a multiplicative constant, by the same law (4.4)-(45]) as for the best approximation of w.
The optimality of this result is related to the “sufficiently fast” growth of the active degrees of
freedom: the increment of degrees of freedom at each interation may be comparable to the total
number of previously activated degrees of freedom (geometric growth).

7.2 A-ADFOUR: Aggressive ADFOUR

We now examine Algorithm A-ADFOUR, defined in Sect. B3] which allows the choice of the
parameter 6 as close to 1 as desired. Such a feature is in the spirit of high regularity, or equiv-
alently a large value of s for u € A%. This is a novel approach which combines the contraction
property in Theorem B3] and the key property of uniform boundedness of the residuals stated
in Proposition [5.2]

Theorem 7.2 (cardinality of A, for A-ADFOUR) Let the assumptions of Property[2.2 and
Theorem be fulfilled, and let u € A% for some s > 0. Then, the growth of the active degrees
of freedom produced by A-ADFOUR is estimated as follows:

[An] < Co = un |~ ull gy, V020,

Here, J is the (8-dependent) input parameter of ENRICH, whereas the constant Cy is inde-
pendent of 6.

Proof. At each iteration n, the set g&n selected by DORFLER is minimal, hence by (3.4]),
([#3) and (44]), one has

—~ —d/s d/s
08l < (VI=02[mall) ™ rall s + 1.
Using (2.9) and Proposition [5.2] this bound becomes
—~ —d/s d/s
Ohal < (VI llu—uall) " llul % -
On the other hand, estimate (3I8]) for the procedure ENRICH yields
—d/s d/s
08l S I (VI= @l —wall) s -

Now, as in the proof of Corollary [7.1]

n—1
—d/s —d/s d/s
S L (Z — ) ull?f (7.5)

k=0
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The contraction property of Theorem B.3] yields for 0 < k <n —1
_n—k
lu = unll < p" " lu — ugll

with p = Cov1 — 02 < 1 (see B.I7); thus,

~

n—1 n—1

_ _ _dp_ _d — —
Do lu =l < a7 Y5 S gy —unl T S (1= 0 |
k=0 k=0

Substituting into (Z.5)), the powers of 1 — §? cancel out, and the asserted estimate follows. d

8 Optimality properties of adaptive algorithms: exponential
case

From now on, let us assume that u € Agt for some n > 0 and ¢ € (0,d]. Let us first observe
that none of the arguments that led to the complexity estimates of the previous section can be
extended to the present situation.

For ADFOUR with moderate Dérfler marking, Corollary [7.1lin which ¢~ is replaced by its
logarithmic expression yields a bound for |A,,| which is at least n times larger than the optimal

bound it
wa (Nl
Abest <k 1o G

for the given accuracy ¢, (see the proof of Proposition B.1lfor more details, in a similar situation).
Manifestedly, the first cause of non-optimality is the crude bound (.2]), which in this case is no
longer absorbed by the summation of a geometric series as in the algebraic case.

On the other hand, for A-ADFOUR a sharp estimate of the increment |0A,,| is indeed used
in the proof of Theorem [(.2, but this involves the sparsity class of the residual, which in the
exponential case may be different from that of the solution, as discussed in Sect.

Incorporating a coarsening step in the algorithms allows us to avoid, at least in part, these
drawbacks. For these reasons, herafter we investigate the optimality properties of the two
algorithms with coarsening presented in Sect. B

8.1 C-ADFOUR: ADFOUR with coarsening

Let us now discuss the complexity of Algorithm C-ADFOUR, defined in Sect. B4l The
following optimal result holds.

Theorem 8.1 (cardinality of A, for C-ADFOUR) Assume that the solution u belongs to
AL for somen >0 andt € (0,d]. Then, there exists a constant C > 1 such that the cardinality
of the set A, of the active degrees of freedom produced by C-ADFOUR satisfies the bound

d/t
wa (o Il g
< >
|As | _mnd/t <log o — ] +logC , Vn>0. (8.1)
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Proof. Since each Galerkin approximation u,; comes just after a call A1 := COARSE(u;, k+1,€n)
with threshold g, = oz*_l/2\|rn7k+1\| > || — up k41|, Theorem 6.1] yields

d/t
wa [l
|An+1| < 77d/t (lOg c +1

n

On the other hand, (2.3) and Property Bl yield

=t || < @i 2w — unpa]] < 3(a* /) ?e,. (8.2)

Since n > —1, this gives the result, up to a shift in the index. d

Next, we investigate the optimality of each inner loop. We already know from Theorem [3.4]
that the number K, of inner iterations is bounded independently of n. So, we just estimate
the growth of degrees of freedom when going from k to k + 1. We only consider the case of a
moderate Dorfler marking, i.e., we subject 6 to the condition stated in Lemma (since the
case of 6 close to 1 will be covered in the next subsection). The following result holds.

Proposition 8.1 (cardinality of A, ; for C-ADFOUR) Assume that u € Agt for some
n >0 and t € (0,d], and that the marking parameter satisfies 0 € (0,60), where 0, = \/%x.
Then, there exist constants C > 1 and 7 € (0,7n] such that, for alln >0 and all k =1,...,K,,

one has it
[[wll gn.e
Ak <k d <log Ad 4 log C :

't [ — tnga ]

Proof. Each inner loop of C-ADFOUR can be viewed as a truncated version of ADFOUR;
hence, the analysis of this algorithm given in Sect. [(.I] can be adapted to the exponential case.
In particular, for each increment A, ; of degrees of freedom, Proposition [Z1] gives

el gt \ "
A, <~ (log—2¢ ) +1, VO0<j<K,.
5] Ud/t En.j

Since, e, i, < pXr~Ie, ; by ([T4), it follows that

d/t
wa (Nl |
o< =2 _ .
|0A,;] < it <10g P + (K —j)|logpl ] +1
Thus, recalling that ¢ < d by assumption, we have
k—1
A i < AT 0N, 4T
§=0
<

L.
ALY + k2 | Kk log S+ O(K?)|logpl| | .
”7 n,Kn
Combining (323]), 1), and [82) with ¥ < K, < 1, we conclude the assertion with 7 <
n/(1+ K,). a

We remark that the previous result provides a complexity bound, relative to the sparsity
class Ag’t of the solution, which is optimal with respect to the index ¢, but suboptimal with
respect to the index 77 < 7.

45



8.2 PC-ADFOUR: Predictor/Corrector ADFOUR

At last, we discuss the optimality of Algorithm PC-ADFOUR, presented in the second part
of Sect. [3.41

Theorem 8.2 (cardinality of PC-ADFOUR) Suppose that u € Agt, for some n > 0 and
€ (0,d]. Then, there exists a constant C > 1 such that the cardinality of the set A,, of the
active degrees of freedom produced by PC-ADFOUR satisfies the bound

d
Wy [l gt /!
|An] < kK log HU +logC , vV n>D0.
n

d/t n”

If, in addition, the assumptions of Proposition are satisfied, then the cardinality of the
intermediate sets An4+1 activated in the predictor step can be estimated as

A swd (o llulg "
|Apt1] < |Ap| + KJ i/t logm+|log\/l—62‘+logC , Vn>0,

where J is the input parameter of ENRICH, and 7 <1, t <t are the parameters which occur
in the thesis of Proposition [5.4)

Proof. The proof of the first bound is the same as that of Theorem BIl Concerning the
second bound, we invoke Proposition (5.4 to write r,, € A"’t and recall that |[r, — Pyrrall <

(1— 92)1/ 2||r,,|| for each iteration n. This, combined with the minimality of the set A, Selected

by DORFLER, yields
0A,] < 1 Mrllage " 1
o) + 1.

77 T

Estimate (B.I8]) for ENRICH yields

/i
00| < rd (1 7ol g )
n| > 7 7 .

P\ VT=

Using (2.8) and Proposition 5.4 this time to replace r, by u and u — u,, we obtain the desired
result. d

We observe that in the case 7 < 1 and # < ¢, the cardinalities |A, 4| and |A,| are not
bounded by comparable quantities. This looks like a non-optimal result, yet it appears to be
intimately related to the fact that in general the residuals belongs to a worse sparsity class than
the solution.

Acknowledgements

We wish to thank Dario Bini for providing us with Property 2.3, and Paolo Tilli for insightful
discussions on the exponential classes.

The first and the third author have been partially supported by the Italian research fund PRIN
2008 “Analisi e sviluppo di metodi numerici avanzati per EDP”. The second author has been
partially supported by NSF grants DMS-0807811 and DMS-1109325.

46



References

1]

[14]

[15]
[16]

P. Binev, A. Cohen, W. Dahmen, R. DeVore, G.P. Petrova, and P. Wojtaszczyk, Conger-
gence rates for greedy algorithms in reduced basis method, STAM J. Math. Anal. 43 (2011),
no. 3, 1457-1472.

P. Binev, W. Dahmen, and R. DeVore, Adaptive finite element methods with convergence
rates, Numer. Math. 97 (2004), no. 2, 219-268.

D. Bini, Personal communication.

A. Bottcher and B. Silbermann, Introduction to large truncated Toeplitz matrices, Univer-
sitext, Springer-Verlag, New York, 1999.

C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang, Spectral methods, Scientific
Computation, Springer-Verlag, Berlin, 2006, Fundamentals in single domains.

J. M. Cascon, C. Kreuzer, R. H. Nochetto, and K. G. Siebert, Quasi-optimal convergence
rate for an adaptive finite element method, SIAM J. Numer. Anal. 46 (2008), no. 5, 2524~
2550.

A. Cohen, W. Dahmen, and R. DeVore, Adaptive wavelet methods for elliptic operator
equations — convergence rates, Math. Comp 70 (1998), 27-75.

A. Cohen, R. DeVore, and R.H. Nochetto, Convergence rates for afem with H™' data,
(2011).

S. Dahlke, M. Fornasier, and K. Groechenig, Optimal adaptive computations in the jaffard
algebra and localized frames, Journal of Approximation Theory 162 (201), no. 1, 153 — 185.

S. Dahlke, M. Fornasier, and T. Raasch, Adaptive frame methods for elliptic operator equa-
tions, Adv. Comput. Math. 27 (2007), no. 1, 27-63.

R. DeVore, Nonlinear approximation, Acta numerica, 1998, Acta Numer., vol. 7, Cambridge
Univ. Press, Cambridge, 1998, pp. 51-150.

R. DeVore and V.N. Temlyakov, Nonlinear approximation by trigonometric sums, J. Fourier
Anal. Appl. 2 (1995), no. 1, 29-48.

W. Dorfler, A convergent adaptive algorithm for Poisson’s equation, SIAM J. Numer. Anal.
33 (1996), no. 3, 1106-1124.

C. Foias and R. Temam, Gevrey class regularity for the solutions of the Navier-Stokes
equations, J. Funct. Anal. 87 (1989), no. 2, 359-369.

G. B. Folland, Real analysis, second ed., John Wiley & Sons Inc., New York, 1999.

T. Gantumur, H. Harbrecht, and R. Stevenson, An optimal adaptive wavelet method without
coarsening of the iterands, Math. Comp. 76 (2007), no. 258, 615-629.

S. Jaffard, Propriétés des matrices bien localisées” pres de leur diagonale et quelques ap-
plications, Annales de I'l.LH.P. 5 (1990), 461-476.

47



[18] P. Morin, R. H. Nochetto, and K. G. Siebert, Data oscillation and convergence of adaptive
FEM, STAM J. Numer. Anal. 38 (2000), no. 2, 466488 (electronic).

[19] R. H. Nochetto, K. G. Siebert, and A. Veeser, Theory of adaptive finite element methods:
an introduction, Multiscale, nonlinear and adaptive approximation, Springer, Berlin, 2009,
pp- 409-542.

[20] Ch. Schwab, p- and hp-finite element methods, Numerical Mathematics and Scientific Com-
putation, Oxford University Press, New York, 1998.

[21] R. Stevenson, Optimality of a standard adaptive finite element method, Found. Comput.
Math. 7 (2007), no. 2, 245-269.

48



	1 Introduction
	2 Fourier-Galerkin approximation
	2.1 Fourier basis and norm representation
	2.2 Galerkin discretization and residual
	2.3 Algebraic representations
	2.4 Properties of the stiffness matrix
	2.5 An equivalent formulation of the Galerkin problem

	3 Adaptive algorithms with contraction properties
	3.1 ADFOUR: an ideal algorithm
	3.2 F-ADFOUR: A feasible version of ADFOUR
	3.3 A-ADFOUR: An aggressive version of ADFOUR
	3.4 C-ADFOUR and PC-ADFOUR: ADFOUR with coarsening

	4 Nonlinear approximation in Fourier spaces
	4.1 Best N-term approximation and rearrangement
	4.2 Algebraic classes
	4.3 Exponential classes

	5 Sparsity classes of the residual
	5.1 Algebraic case
	5.2 Exponential case

	6 Coarsening
	6.1 Example of coarsening
	6.2 New coarsening Result

	7 Optimality properties of adaptive algorithms: algebraic case
	7.1 ADFOUR with moderate Dörfler marking
	7.2 A-ADFOUR: Aggressive ADFOUR

	8 Optimality properties of adaptive algorithms: exponential case
	8.1 C-ADFOUR: ADFOUR with coarsening
	8.2 PC-ADFOUR: Predictor/Corrector ADFOUR


