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1 Introduction

Acoustic source localization has been a leading research topic in the audio and acoustics
communities for quite a few decades. In the past two decades, however, this area of research
has raised particular attention as applications to teleconferencing and hands-free commu-
nications, as well as distributed sensor networks have become to proliferate. Among the
methodologies that are available in the literature, those based on measurements of Time
Differences of Arrivals (TDOAs), taken with microphone arrays, have proved robust against
reverberations and environmental noise. Relevant examples are Huang et al. (2000, 2001,
2004), Gillette and Silverman (2008), Smith and Abel (1987a,b), Abel and Smith (1987),
Schau and Robinson (1987), Huang and Benesty (2004). In this manuscript we focus on this
class of solutions, and we propose a novel representation for the related acoustic constraints,
which sheds new light on acoustic source localization problems, as it offers a unifying per-
spective and additional insight.

Two important categories of solutions are those based on Maximum Likelihood (ML) and
least squares (LS) criteria. In ML-based methods TDOA measurements are assumed to be
affected by gaussian i.i.d. error and a nonlinear cost function is defined, whose minimum
corresponds to the searched source location. Due to its nonlinearity, minimizing the ML cost
function turns out to be a difficult task, therefore several simplifications have been proposed
based on the LS criterion. More specifically, LS techniques localize the source by finding
the minimum of a cost function that depends on the source location itself and on the distance
between the reference microphone and the source. As the range depends on the source location
itself, techniques based on a Constrained Least-Squares (CLS) have been proposed in the
literature, which constrain the range to be equal to the distance between source and reference
microphone.

Other works in the literature have given an insight into state-of-the-art acoustic source
localization techniques. A relevant example is Huang and Benesty (2004), where an useful
and interesting categorization is given. In this manuscript we keep this categorization, but we
enrich this description with a geometric interpretation in the space-range reference frame.
Due to the role played by the range in the localization procedure, in this manuscript we propose
to visualize microphones and measurements in a space-range reference frame, obtained by
adding the range difference coordinate (i.e. the distance of the point from the reference
microphone) to the spatial coordinates of the source. In this multidimensional reference
frame the working principle behind different localization techniques takes on new intuitive
interpretation. This reference frame, in fact, was already adopted in Compagnoni et al. (2012)
for localization purposes. In this manuscript we show how that multidimensional coordinate
system can be use for understanding a wide range of source localization algorithms and, in
some cases, how to improve them.

The rest of this manuscript is structured as follows: in Sect. 2 the space-range reference
frame is introduced. Sections 3 and 4 offer a visual re-interpretation of various localization
techniques in the 3D space, and discusses their limitations. Section 5 describes how to select
configurations of microphones that lead to good localization results. This discussion is backed
with some simulations.

2 The space-range coordinate system

Let us consider a microphone array whose sensors are in m; = [x;, y;17,i = 0,..., N,
as shown in Fig. 1. The Oth sensor is the reference microphone, which means that the Time



Fig. 1 Geometric setup of the y A
localization problem X

Differences Of Arrival (TDOAs) are all computed with respect to it. Without loss of generality
we also assume that the origin of the reference frame is placed on the reference sensor, i. e.
mg = [0, 0]7. The acoustic source is located at xg = [xs, ys]? . The Time Of Arrival (TOA)
of the ith sensor is the time of flight of the signal from the acoustic source to the sensor itself,
and is therefore given by 7; = ||xs — m;||/c, ¢ being the sound speed. However, as there
is no synchronization between source and microphones, only TDOAs can be measured. In
particular, the TDOA ;¢ is defined as the difference between the time of flights from the
source to the ith microphone and from the source to the reference microphone

zio = ([Ixs —m; || = |[xs][)/c .

The range difference w; is defined as the difference between the distances from the source
to the ith sensor and from the source to the reference sensor, therefore range difference and
TDOA will be proportional to each other as

w; = cT0 = |Ixg —m; || — [[xs]] . (D

Because of the sampling and the noise in the acquisition chain the measurements of the TDOA
7,0 will be affected by an error and will therefore produce noisy estimations w; = c¢t;o of
the range difference.

The goal of acoustic source localization from TDOA measurements is to produce an esti-
mate Xs of the true source location xg through the analysis of the measured range differences
wi, i =1,...,N.

As anticipated in the Introduction, we want to define a new reference frame based on
spatial coordinates and range difference, in order to visualize and re-interpret the problem
of source localization. Each point x = [x, y]” on the space plane is mapped onto the 3D
space—range x, w]?, where

w = [|IxXs — x| — [[xs]| . (@)

Using this definition, the w coordinate for the ith microphone is w; defined in Eq.(1), and
for the source is

ws = —|[Xs]| . (€)

The work in Compagnoni et al. (2012) considers a similar reference frame, but in that case
wgs = 0. Even if not developed with this reference frame in mind, also state-of-the-art local-
ization methodologies have a clear and intuitive representation in the space-range reference
frame. In the following sections we revisit the theory of some methodologies, at least one
for each class of localization techniques, with the goal of deriving their interpretation in the
space—range reference frame.



Fig. 2 The hyperbola described
by a TDOA measurement. The
dots are the foci of the hyperbola,
where the microphones are. The
white dot is the reference
microphone. The source (marked
by an asterisk *) is bound to lie
on one of the two branches of the
hyperbola

Ts

3 Maximume-likelihood TDOA localization

The hyperbolic Least Squares (LS) error on the ith microphone is defined in Huang and
Benesty (2004) as

eni(Xs) = w; — w;(Xg)
=w; — (IIxs —m;|| — [Ixs]), “4)

therefore the corresponding hyperbolic LS cost function is

N
Tn(xs) = D eni(xs)” . ®)

i=1

If the measurements are affected by an additive white gaussian noise w;, the cost function
(5) is proportional to the Maximum Likelihood (ML) cost function

N N 2 J
JurL (xs) = z [w; ;021 (xs)] _ h(SS) ,
i=1

and the estimated source position is

Xy = argmin(Jj (Xg)) .
Xs
A well-known geometric interpretation of the ey ; and Jj, is in terms of hyperbolic curves in
the geometric space of source locations. If w; ,i = 1, ..., N are noiseless we have the set
of equations

eni(xs) =w; —w; =0, i=1,...,N ©)

in the variable x5, which define a branch of the hyperbola with foci (mg, m;) and major axis
length |W;| (see Fig. 2).

If the measurements were noiseless, the source xs would lie on the intersection of hyper-
bola. Because of measurement noise, however, the hyperbola of Eq. (6) will not simultane-
ously pass through a single point fori = 1, ..., N. The cost function (5) measures how well
all all such equations are satisfied for a single value of xg.



Fig. 3 The negative half-cone
related to the ith microphone
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In the 3D space-range reference frame, we can derive a second geometric interpretation
of the hyperbolic errors and cost function. Using the coordinate wg, Eq. (6) becomes

ws — Wi = —|xs —my]|. @)

Equation (7) in (x5, wg) defines a negative right circular half-cone, with apex [miT ,wi]T and
vertex angle « = m /4, as shown in Fig. 3.

As forhyperbolas, with noiseless measurements the source xg should fall in the intersection
of all such half-cones, but because of the measurement noise this does not happen. Notice

that the distance between [xg, ws]7 and the surface of the cone is

V2

2

d= 2 [lixs —myll = (i — w) | = 2 [enstxo) |

therefore the cost function (5) turns out to be proportional to the sum of the squared distances
between the source and each cone and Xy, is the point that minimizes the cost function.
However the ML method minimizes the cost function J, (X5, ws) with respect to the variables
xs only, implicitly accounting for the fact that wg depends on the spatial coordinates. In fact
the ML minimization could also be rewritten as

Xy = argmin(J;, (Xs, ws)) st ws = —|xs]| ,
Xs,wg

which is a constrained optimization problem in the space-range coordinate system. Let us
define the reference half-cone as

ws = —[Ixs]. ®)

This is the negative right circular half-cone with apex [mg ,017 =10, 0, 0]7 and vertex angle
7 /4. The ML estimated source position Xz, , as shown in Fig. 4, is therefore the point on
the reference half-cone (8) that lies the closest to the remaining N half-cones (7).

The ML estimator is one of the most popular approaches to TDOA-based localization
thanks to its well-established advantage of asymptotic efficiency for a wide sample space.
However, the cost function (5) is highly nonlinear and in general its minimization is a difficult
task. In order to overcome this problem, many methods based on different algebraic error
definitions (statistically sub-optimal) have been developed Huang et al. (2000, 2001, 2004),
Gillette and Silverman (2008), Smith and Abel (1987a,b), Abel and Smith (1987), Schau
and Robinson (1987), Huang and Benesty (2004). In the next section we show the relation
between the referenced techniques and ML, which becomes very easy to interpret in the
space-range reference frame.



Fig.4 ML localization technique. The reference microphone is marked by open circle, the other microphones
by filled circle, the source is marked by asterisk. A projection of the intersecting cones on the horizontal plane
is shown too. When the measurements are noisy, cones do not intersect and the ML optimization procedure
localizes the source as the point on the reference half-cone that minimizes the cost-function

Fig. 5 The reference half-cone
(dark) and reference double-cone
(dark and light)

4 Towards a closed-form solution

In the previous section we showed the geometric interpretation of the ML estimator of the
source position xg as the constrained least square estimation of the closest point Xg to the
half-cone surfaces (7). In order to obtain algebraic cost functions, Eq. (7) is squared to obtain

(ws —wi)? = IIxs —m;|? )
& (x5 —x)2 4 (vs — yi)? — (ws —;)? =0,

which defines a double (positive and negative) cone with the apex in [miT JwilT.
In particular, the reference cone (8) becomes
wi = Ixsl> ¢ x5+y5—ws =0, (10)

as shown in Fig. 5.
These equations are the starting point to obtain all the main known least squares localiza-
tion methods, as it offers a neat geometric interpretation of global validity.



4.1 Cone equation

As explained in Sect. 3, if the measurements w; are noiseless, the source coincides with the
intersection of all the cones. However, in a real-world scenario the measurements are noisy
and (9,10) are not simultaneously satisfied. Defining the cone LS errors as

ec0(Xs) = X3+ yz — w3, (11)
eci(Xs) = (x5 —x)% + (vs — yi)> — (ws — )7, (12)

the cone-based LS cost function
N
Je(xs, ws) = zeii (13)
i=0

measures how cone equations are simultaneously satisfied.

A source localization method based on the cost function (13), although with a different
derivation and geometrical interpretation, is proposed in Compagnoni et al. (2012). Here
the authors exchange the roles of (xs, ys, wg) and (x;, y;, w;) in egs. (9,10), interpreting
them as N + 1 conditions in the space-range reference frame on the points [x;, y;, W; 1Tto
lie on a unique (propagation) cone with apex [xs, vs, ws]” . In the presence of noisy
measurements the points do not perfectly fit this cone. In order to solve the localization
problem, authors find the best fitting cone by minimizing the cost function (13), and
estimate the source position
[XZ, ¢ ] as the propagation cone vertex.

4.2 Plane equation

The cost function (13) is a polynomial of fourth degree in (xs, ys, ws), therefore the mini-
mization problem is again a non-trivial task. In order to simplify the problem we can
manip-ulate the polynomial system that defines the cones. If we expand Eq. (9) and use Eq.
(10), we obtain 1
xixs + yiys = hiws = 5 (7 + )7 — ) =0. (14)

These are linear equations in (xg, ys, ws) fori = 1, ..., N, which define N planes I1; in
the space-range reference frame, with normal vector n; = [x;, y;, —w;17. Each plane IT;
contains the curve (conic section whose projection on the space plane is the hyperbola of
Fig. 2) obtained as the intersection between the ith cone (9) and the reference cone (10).

As usual, with noiseless measurements the N planes intersect exactly in Xg. In a real
scenario we define the errors

N 1 N
es,i(Xs) = xjxs + yiys — wiws — 3 (xl2 + yiz — w,z) .

These are exactly the spherical LS errors given in Huang and Benesty (2004). The spherical
LS cost function

N
Js(xs. ws) = > e}, (15)
i=1

is a quadratic polynomial in (xg, ys, wg) and gives a measure of how well the plane equations
are satisfied. Notice that the spherical function (15) coincides with the cone function (13)
if one assumes that the error e. ¢ on the reference microphones be equal to zero, i.e. if



Fig. 6 Intersecting planes. The ws
estimated location of the source

and its projection on the

horizontal plane are denoted by

asterisk. The solution given by SI

is the same
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the reference cone equation (10) is satisfied. Geometrically speaking, this means that the
restriction on the reference cone of the two functions is the same,

Js (X, w2 gz = Je(Xs, ws)]y2_ g2

Notice that the difference between the two functions grows as we move away from the
reference cone surface.

Because of its simplicity, many authors proposed localization methods based on the min-
imization of the spherical cost function. They differ exclusively on how the constraint (10)
is taken into account.

4.2.1 Unconstrained least squares (ULS)

In the simplest approach to source localization based on the cost function (15), one simply
discards the reference cone constraint. What remains to be solved is just the unconstrained
minimization problem for the quadratic function (15)

Xyps = argmin(Jy(Xs, ws)).
(xs,ws)
Looking at the problem in the space-range reference frame, the ULS method searches for
the point that best fits the equations of the planes (Fig. 6).
A first method for solving the ULS problem is discussed in Huang et al. (2000), Gillette
and Silverman (2008) and it is known simply as the LS algorithm. Let us rewrite the cost
function (15) in matrix form as

Js(s) = || As — b||?,

where
Xy y1 —wi
X2 y2 —wp xs
A=| . . . ,s=1| ys |,
: ws
XN YN —WpN
2, 2 A2 (16)
!
| 2w



The gradient equation is
9Js(s) .
ds

The estimated source position is therefore

2sTATA —2bTA = 0. a17)

(%7, 151" =8 = argmin(J;(s)) = AT b. (18)
S

§ is the global minimum of the spherical cost function Jg(s) in the space-range reference
frame.

In Smith and Abel (1987a,b), Abel and Smith (1987) a different solution to the ULS
prob-lem has been proposed: the Spherical Interpolation (SI) algorithm. It is a two-step
method. First the ST method solves the gradient equation (17) with respect to the xg variable
only, finding the estimated source position X s; as a linear function of wg,

Rs1(ws) = ST (b + wsW), (19)
where
X1y Wy
x| 105
= . . |.w= .
XN YN Wy

In the second step the algorithm substitutes the function Xg; (ws) into the linear system
As—b=0. (20)
If we define
P:=1-SS",
the system (20) takes on the simpler form
P(wsWw+b)=0. (21)

This is an overdetermined linear system in the remaining variable wg, which can be solved
in a least-squares sense leading to

wiPb
wIPw

Wsy = — (22)

AATP
- f;S]:ST[I—WW ]b.

wiPw
Theorem 4.1 LS and SI methods give the same solution to the ULS problem
[Kig, wrsl =K, , wss 17,

Proof An algebraic proof of the theorem has been given in Huang and Benesty (2004). Here
we offer an alternative interpretation by means of the space-range reference frame.

For each real value of w, the function Xs; (W) is bound to give the point lying on the plane
wg = w that minimizes the spherical cost function Jg(xg, w)

Xg7 (W) = argmin(Jy(xs, ws)) s.t. ws=7w.
(Xs,ws)

Geometrically speaking, Xg7(w) is the point on the plane wg = w that best fits the plane
equations (14) and the function Xg;(wg) is a parametric description of the line in the 3D



space—range coordinate system that contains all these points. Notice that the global minimum
§ of the spherical cost function is bound to lie on this line. As a consequence, searching for the
least square solution of the system (21) is completely equivalent to minimizing the spherical
cost function Jy(Xs, ws) along the line Xg5; (ws), i.e.

gy = argmin(|[P(b + wsW)||*) (23)
wg
= argmin(Jy (x5, wg)) s.t. xg = Xg7(wg). (24)
(xs5,ws)

As § lies on the line, the solution of the constrained minimization in (23) is wys and Xg; =
Xs7 (Wrs) = XLs- u|

As shown above, while the LS algorithm finds the global minimum § of the spherical
cost function solving directly the gradient equation (17), the SI algorithm first solves the two
spatial components of the gradient equation (17) and then minimizes the cost function along
the third direction Xg; (ws).

Equations (18) and (22) give equivalent closed-form solutions of the ULS problem. How-
ever, since the constraint (8) has been completely discarded, in many situations the ULS
yields poor localization accuracy, to the point of often becoming physically meaningless.

4.2.2 Constrained LS (CLS)

Many authors (Schau and Robinson 1987; Huang et al. 2001; Beck et al. 2008) suggest
the reintroduction of the reference cone constraint (8) in order to increase the localization
accuracy. This way we study the constrained minimization of the spherical cost function (15)

Xcrs = argmin(Jy (x5, ws)) st ws = —[xs].
(xs,ws)

From the geometric standpoint, CLS searches for the point lying on the reference half-
cone (8) that best fits the equations of the planes (see Fig. 7). In the literature there is no
closed-form and exact solution. However, both closed-form approximate methods (Schau and
Robinson 1987) and iterative ones (Huang et al. 2001) and, more recently, the exact iterative
algorithm (Beck et al. 2008) have been developed. In the following, due to its relation to the
SI algorithm and its immediate geometric interpretation, we will offer an in-depth discussion
on the Spherical Intersection algorithm (SX) (Schau and Robinson 1987).

The SX algorithm is a modified version of the SI and is organized in two steps. Similarly
to the SI method, the SX algorithm first finds the line (19)

X1 (ws) = ST (b +wsW) ,

then it estimates the range wgy by replacing Xg7 (wg) into the reference (double) cone con-
straint (10), and by taking the negative solution of the resulting degree-two polynomial
equation in wg, i.e.

IRsr (w)lI* = wg
which finally leads to
Xsx = Xs1 (Wsx) -

Geometrically speaking, the SX method estimates the source position ([f(?x . Wsx 17 as the
intersection point between the line (19) and the reference half-cone (8) (sé¢ Fig. §()



Fig. 7 The solution to the CLS
problem is the point lying on the
cone surface, which best fits the
planes equations. A projection of
the cone and planes on the
horizontal plane is also shown

Fig. 8 The source location
estimate Xgy is the intersection
between the line Xg; (wg) and the
reference half-cone. The result is
an approximation of the CLS
solution X¢ 7§

The SX method is a closed-form estimator, but it suffers from some limitations. First, it
fails if the line does not intersect the negative reference half—-cone. Second, it only offers
an approximate solution to the CLS problem. In fact [igx, Wsx]T is the minimum of the
spherical cost function (15) along the intersection of the reference cone with the plane wg =
wsx. There is no guarantee, however, that this is also the minimum of the cost function on
the whole reference half-cone.

5 Discussion

In Sects. 3 and 4 we have given a unified geometric interpretation of the main localization
methods. The 3D space-range reference frame is also a useful tool for understanding and
interpreting the behavior of localization techniques. However, a complete geometric analysis
of the source localization problem is beyond the scope of this manuscript. In order to show
the potential of our geometric approach, in this section we study the ULS problem for two
particular configurations of microphones in the case of noiseless measurements. Even in this
advantageous condition, in fact, there are situations in which the ULS is unable to localize
the source. Moreover, as we will see in the last section, this simplified analysis provides the
starting point to predict some of the critical configurations of ULS in more realistic scenarios.



Since measurements are noiseless, we have
W = w; = |Ixs —m; || — [Ixs]|.

Preliminarly, we present some simple results, which turn out to be useful in the next para-
graphs.

Lemma 5.1 Let I1; be the planes defined by Eq. (14) fori = 1,..., N. Then

N
m Il; # 2.
i=1
Proof In anoiseless measurements scenario, the source [xg, ws]?
(14), thus

satisfies all the equations

N
[x§, wsl” e ()N # 2.
i=1
Corollary 5.2 The system As = b admits solutions, therefore
rank(A) = rank(A|b).

Corollary 5.3 The solution of the ULS minimization is given by the intersection of the planes
(14)

N
arg min(J; (x5, wg)) = ﬂ I1;.

(x5,ws) i=1

The above results are used in the next paragraphs.

5.1 Aligned microphones

In this paragraph we consider the case of aligned microphones, i.e. exists a line r C R?
containing all the microphones m;, i =0, ..., N (Fig. 9). Without loss of generality, we set

r:y=0 = m,-=[x,-,O]T, i=1,...,N,

therefore
x1 0 —wq
x2 0 —wp
XN 0 —WN

We set r0 as the smallest segment that contains all the microphones and 7€ := r \ r? as its
complement in r.

Theorem 5.4 In the aligned scenario, the ULS does not have an unique solution. More
specifically:

e ifxg & r¢ we have

H,’ZICR3,

i=1

where 1 is a line with direction versor v = [0, 1,017 ;



Fig. 9 Linear microphone array.
Dots represent microphones, the
white one being the reference
one. In this example 0 is the
segment from mg to my

e ifxs € r¢, we have

N
(=1 cRr,
i=1

1.

where I1 is a plane containing the origin and with normal versor n = \%[:tl, 0,1

Proof We have 1 < rank(A) < 2, thus, by Lemma 5.1, there are only two possible cases.

e If rank(A) = 2 the intersection of all the planes defines a linear subspace of dimension
1 in the space-range reference frame. In particular, planes IT; determine a pencil of
planes all passing through the line / C R3. Since the vector orthogonal to the ith plane
ismj = [x;,0, —w;]" ,i =1,..., N, the line / is parallel to the vector v = [0, 1, 0]".

e If rank(A) = 1 ,the planes I1; are coincident.

We need, therefore, to determine the loci of points where rank(A) = 2 and rank(A) = 1,
which depends on the configuration of sources and microphones in the acoustic scene. First,
notice that rank(A) = rank(A|b) = 1 if, and only if,

Xi —Ww; b,’

rank |:x.,' —w; b;

]:1 foreach 1 <i < j<N.

We consider here the case i = 1, j = 2. We should therefore study the equation system

X1w2 = Xowp
x1by = x2b1 . (25)
wiby = wyb

Let us assume that xg & r. From Eq. (16), the second line of (25) is
X1 (x% — w%) = xz(xl2 — w%).
By replacing the first line of (25) and simplifying, we get
wiwy = X1X2.
In the case xg ¢ r the triangular inequality implies that
lwil = [lIxs —m; || — lIxsll| < |xi] = [wiwz| < |x1x2],

which means that rank (A) = 2 for each xg ¢ r. In this case, the intersection of the planes is
a line / passing through the source position [Xg, ws]”.
Conversely, if xg = [xg, 017 e r we have

w; = |xs — x| — |xs].



It is then straightforward to verify that

det[x" _wii|:—xiwj+iji:O, l<i<j<N, (26)
Xj —wj

are satisfied if, and only if, xg € r¢. Moreover, in this case we have b; = 0 and n; =
%[:I:I,O, 117, foreachi =1,..., N. O

The above theorem confirms that both LS and SI algorithms fail to localize the source,
because do not carry any information on the coordinate ys of the source, no matter what
the noise level of the measurements is. However, the situation changes if we consider the
reference half-cone constraint (8). In the aligned scenario the above analysis suggests us the
way to obtain the closed-form and exact resolution of the CLS problem, working even in the
presence of noisy w;. However, we observe that, in the general noisy case, the planes IT;
could have trivial intersection. Anyway, with the exception of the special situations where
rank(A) = 1, the solution of the ULS minimization is still a line/ C R3 with direction versor
v = [0, 1,0]7, because the spherical cost function does not depend on ys. The ULS solution
for (xs, wg) is given by

[fuLs, urs)T = ARb,

where
x| —wp
Xy —wn
AR =
XN —WN

Before stating the theorem 5.6 on the CLS, we give some preliminary properties about ULS
and the plane IT,,, defined by ys = 0. If rank(A) = 2, the restriction Ji|r, is a positive
quadratic form, with the unique global minimum [£y s, 0, Wy zs]”, which is the projection
of [ on I,,,. Moreover, let us define the open region

U := {[xs,0, ws]” | x5 < —ws, x5 > ws} C M. 27

Its closure U is a convex closed set and it is the projection of the negative reference half-
cone (8) on I1,,,. In fact, we observe that the generatrices xg = +wg divide Iy, into four
regions and it is straightforward to verify that any point on the negative half-cone region (e.g.
(0,0, —1]7) satisfies the inequalities (27) (see Fig. 10).

Fig. 10 The U region ws,
highlighted in gray

s = —wWs s = ws

Ts

U ou

(0,0,—-1)




Fig. 11 Reference cone
intersected by /. The open
neighborhood w and its
projection into the U region are
shown

Finaly, the boundary of U is

U = {[xs5,0, ws]” | xs = £ws, ws < 0}.

Lemma 5.5 The point [’A‘ELS’ Wersl? on the reference cone is a local minimum of CLS if,
and only if, its projection [Xcrs, 0, Wers]T € My is a local minimum of Jg Im,, onU.

Proof Letus assume that [ﬁg LS wers]T be a CLS minimum point, then there exists an open
neighborhood w of the point on the reference cone surface, such that

Js(xs, ws) = Jy(XcLs, Wers)s (28)

for each [xg, ws]? € w. Let us define ' C U as the projection on IT,,, of the set w. It is an

open neighborhood of [£crs, 0, wers]? in U (Fig. 11).
Since J; does not depend on yg, we have Js(xs, 0, ws) = Js(Xs, ws), hence inequality
(28) implies

Js(xs,0, ws) > J(Xcrs, 0, Wers), (29)

for each [xs, 0, ws]? € '. This proves one direction of the lemma. The converse is similar.
O

Theorem 5.6 Assume that the microphones be aligned and rank(A) = 2. Then:

e if[furs. 0, Wyrsl? € U, the solutions of the CLS are two points

T
Reps = [fULS’ £/ =RfLs + @%/Ls] ; (30)

o if[fuLs. 0, Wyrs)? & U, the solution of the CLS is exactly one of the following three

points:
. S — o2 + i) ]
. S+ i) (x; — W) !
= [Fn e o] @)
%%, =10,01". (33)

Proof First, we study the minimization problem of Jg|r,,, on U. Since the restriction J; I,
is a positive quadratic form and U is a convex closed set, there exists one, and only one,
global minimum [X¢rs, 0, We s1T. By Lemma 5.5, this point is the projection on the plane
I1,,, of the solutions [f(gLS, wers]! of CLS.

If [fyLs, 0, wyrs]? € U, then it has to match with [£crs, 0, Wers]? . In this case the line [
passes through [XcLs, 0, We 51T and intersects the negative reference half-cone (8). Hence,



the solutions fig 15 of the CLS are the projections of the intersection points on the horizontal
plane ws = 0. If we replace the equation of / into Eq. (10) we get the solution in (30).

If [fyLs. 0, Wyrs]? & U, the constrained minimum of Jg Ir1,,, is located on 0U, which
means that Jg, in turn, can have the constrained minimum only at

)A(jCELS = argmin(Js(Xs, wg)) s.t. ys =0, wg = £xg (34)
(xs,ws)

or at f(% 1s» that is the unique irregular point of dU . If we keep into account of the constraint
in (34), we get the result in (31)—(33). ]

Summarizing, Theorem (5.6) gives us the prescription to obtain the exact solution of the
CLS minimization problem, which, by Lemma 5.5, is essentially equivalent to the constrained
minimization problem of J|r1,,, on U. Notice that

xw

o if [Xyrs, 0, Wyrs]? € U we have two solutions f(jCELS, which correspond to the two
intersections of / with the reference half-cone and it is not possible to discriminate
between them,;

o if [Xyrs, 0, Wwyrs]? & U, it is first necessary to verify if ’%LS lies on the negative
reference half-cone. The estimated source position is then the admissible point where the
spherical function J; assumes the minimum value.

5.2 Microphones at the vertices of a square

A necessary condition for the ULS methods to be able to localize the source is that the
microphones are not collinear. On the other hand, one might wonder if this is also a sufficient
condition. In this Subsection we prove that other configurations could cause problems in the
localization. Let us assume a four microphones setup, one at each vertex of a unit square.
Without loss of generality, we set

my =1[0,0]", m; =[1,0]", my=111]7, m3=10,1]".

Therefore, we have

10—w1
A=1|11—-w; |,
01 —ws

where

wi = Jles — D2+ 33— a2+l
wy = (es — 12+ (s — D2 — /23 4% (35)
w3 = \/x§ + (ys — D2 — \/xg + yé.

Theorem 5.7 In the above scenario, ULS does not have a unique solution if, and only if, the
source Xg lies on one of the two straight lines

1 1
rCR2: x== and ¥ CR*:y=—.
2 )

In these cases, in fact, we have



Fig. 12 The curve [A| = 0 when \ .
microphones (dots) are located at e \\ :
mg =1[0,01”, m; = [1,01", 08 ;
T T - :
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which is a line in R3 contained, respectively, in the planes x = % ory = % In particular, if

X§ # [%, %]T, the projection of | on the horizontal plane ws = 0 is, respectively, the line r
/

orr'.

Proof We have rank(A) > 2. Using Lemma 5.1, the planes I1;, i = 1, 2, 3 intersect along
a straight line / ¢ R if, and only if, rank (A) = 2. Let us study

Al = —w; +wy — w3 =0,

with respect to xs. Using (35) and simplifying, the determinant equation becomes

Jas = D2+ (s = D2+ /32 + 32 =

Jas— 12492+ Jx2+ 05— D2,

Squaring both sides of the equation and simplifying, we obtain

(s = D2+ s = D)2+ D) =

Js = 12 43D a2 + s — D),
then, squaring once more, yields
(—2xs+ 1)(—2ys + 1) =0.

If xg € r, we have w; = 0 and w> = w3. Hence, the vectors orthogonal to the planes I1;
are, respectively, n; = [1, 0, 017, m =1, 1, —w2]17 and n3 = [0, 1, —w»]7, which implies
that the vector parallel to the line / is v = [0, wa, 117 If x5 # [5, 317, we have wy # 0,
thus the projection of / on the plane wg = 0 is exactly r. The case xg € r’ is analogous. O

In the configurations of Theorem (5.7), the ULS fails to localize the source. In the special
case Xy = [%, %]T, the line [ is perpendicular to the plane wg = 0, therefore Xy .5 = [%, %]T.
Anyway, also in this situation both the LS and the SI algorithms fail. In fact, since w = 0,
one cannot define A" and Egs. (22) become meaningless.

Notice also that even in irregular configurations of microphones it could happen that
|A| = 0 and, in this case, the ULS still retains non-isolated minima for xg lying on some
non-trivial curve. Figure 12 shows a possible configuration of microphones that can cause
problems. In particular, |[A| = 0 when the source lies on the depicted curve.
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Fig. 13 Bias on x and y using the linear setup expressed in [m]. Open circle represents the reference micro-

phone, filled circle the other ones

5.3 Experimental results

So far we have presented a theoretical analysis considering only noiseless measurements. We
now consider what happens in the more common scenario where measurements are, in fact,
affected by noise. In order to answer this question, in this Section we verify the theoretical
results and that they hold even in the case of noisy measurements.

For every simulation, localization algorithms have been tested for every source posi-
tion on a regular grid of 51 x 51 points spaced by 18mm. For every source position,
100 realizations of range differences corrupted with a zero-mean and 1cm standard devi-
ation gaussian noise have been considered. The metric used for comparison is the aver-
age bias on the x and y coordinates of the localized source. For the x coordinate it is
computed as
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Fig. 15 Bias on x and y expressed in [m] with a microphone on the square diagonal. Open circle represents
the reference microphone, filled circle the other ones

1"
by = |- _Ai ,
nZ(Xs Xs,i)

i=1

where 7 is the number of noisy measurements tested for each source location, xg is the x
coordinate of the source, and X ; is the estimation based on the i th realization. The definition
of the bias by on the y coordinate is straightforward.

Let us first consider the case of a linear array. We have simulated an array of four micro-
phones spaced by 10cm and sources are placed in front of the array. Fig. 13 shows b, and
by for the CLS algorithm presented in Sect. 5.1, SX, and one of the methods presented in
Compagnoni et al. (2012) (EQCONE). As the localization suffers of ambiguities for sources
that are placed in front and behind the array, we preliminarily informed the algorithm that



sources are placed in the half-space y > 0. Notice that, for this configuration, the pro-
posed CLS algorithm outperforms SX and its accuracy is at least comparable with that of
EQCONE. It is worth noticing that the choice of these algorithms is due to the fact that,
as explained before, LS and SI do not work with this configuration. Moreover, notice that
also the algorithm in Beck et al. (2008) cannot be applied, since it requires a full rank
matrix A.

We consider now the scenario of four microphones located at the vertices of a unit square.
Sources are bound to lie inside this square. Figure 14 shows b, and by, for LS and SX. Notice
that LS fails to estimate the x or y coordinate of the source when it lies respectively on
r' 'y =1/2o0rr :x = 1/2. On the other hand, SX works properly, confirming that the
localization problems are related to the LS algorithm, as from theorem (5.7) for the noiseless

case. However in a noisy case, planes IT; will be perturbed into IT; = IT; 4 ¢;, where ¢; isa
noise term. We have therefore

3
II; = p,
i=1
which is a point in R?, such that the distance from the line / is small for small values of
€;. This means that a source placed near r’ or r will be estimated by ULS at a point not far
from [ (e.g. sources with yg ~ % are localized close to the line y = %, leading to a correct

ys estimation, and a wrong xg one). This explains why there are areas surrounding r and r’
where the source is not well localized in a noisy case.

In the same way for other setups, if we find positions where the source cannot be localized
in a noiseless scenario, we expect to find areas around those positions where the localization
accuracy is poor when noise is present. Indeed Fig. 15 shows b, and b, for LS, when three
microphones are on the vertices of a square, and the fourth one lies on the square diagonal.
As mentioned at the end of par. 5.2, in fact, there could exists positions of the sources such
that |A| = 0, also for irregular configurations of the microphones. In the noiseless case the
source LS algorithm cannot localize the source when it lies on the curve in Fig. 12, while in
the noisy case we can clearly see two areas of low accuracy around this curve.

6 Conclusions

In this manuscript we have presented a framework that provides a unifying perspective on
TDOA-based techniques for acoustic source localization. More specifically, we defined a
space—range reference frame and used it to visualize and visually interpret numerous source
localization techniques. In particular, localizing a source corresponds to minimizing a cost
function, possibly constrained, in the space-range reference frame. This theory, however, goes
beyond the mere tutorial intent. In fact, the space-range reference frame can also be used for
predicting configurations of microphones and sources that could cause localization problems.
We also presented a closed-form solution of the constrained least squares technique for the
case of aligned microphones, which is derived from analysis in the space—range reference
frame.
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