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Radial fast diffusion on the hyperbolic space

Gabriele Grillo and Matteo Muratori

ABSTRACT

We consider positive radial solutions to the fast diffusion equation u; = A(u™) on the hyper-
bolic space HY for N > 2, m € (ms,1), ms = (N —2)/(N + 2). By radial, we mean solutions
depending only on the geodesic distance r from a given point o € HY. We investigate their fine
asymptotics near the extinction time 7 in terms of a separable solution of the form V(r,t) =
(1 —t/T)Y/ A=)y /™ (1) where V is the unique positive energy solution, radial with respect to
0, to —AV = ¢V¥™ for a suitable ¢ > 0, a semilinear elliptic problem thoroughly studied in [G.
Mancini and K. Sandeep, ‘On a semilinear elliptic equation in H™’, Ann. Sc. Norm. Super. Pisa
Cl. Sci. 7 (2008) 635-671; M. Bonforte, F. Gazzola, G. Grillo and J. L. Vazquez, ‘Classification
of radial solutions to the Emden—Fowler equation on the hyperbolic space’, Calc. Var. Partial
Differential Equations 46 (2013) 375-401]. We show that u converges to V in relative error, in the
sense that ||u™(-,t)/V™(-,t) — 1]jcc — 0 as t — T~ . In particular, the solution is bounded above
and below, near the extinction time 7', by multiples of (1 — t/T)Y/ (=™ ¢=(N=1r/m golutions
are smooth, and bounds on derivatives are given as well. In particular, sharp convergence results
as t — T~ are shown for spatial derivatives, again in the form of convergence in relative error.

1. Introduction and preliminaries

We analyse the asymptotic behaviour of solutions to the following fast diffusion equation (FDE)
on the N-dimensional hyperbolic space HY (throughout the whole of this work we shall always
assume N > 2):

{ut =A(™) onHN x (0,T), (1)

u=1ug >0 onHY x {0},
S

where A is the Riemannian Laplacian, m € (mg, 1) and my is the critical exponent

~N-2
CN+2
The initial datum ug is assumed to be radial in the sense that it depends only on the geodesic
distance r from a given point o (which we shall indicate as d(z,0)), such a point being
considered as fixed. Solutions to the FDE corresponding to radial data are of course radial
as well for any fixed time. In (1.1), the parameter T' = T'(ug) denotes, for an appropriate class
of data, the extinction time of the solution u, namely the smallest positive time ¢ at which
u(x,t) = 0 identically. In fact, the results of [8] show that, in a class of Cartan-Hadamard
manifolds which includes H”, such a time does exist finite for initial data which belong to
L4(HY), where ¢ > max(1, N(1 —m)/2). We refer to such paper also for the relevant existence
and uniqueness results provided there for solutions to (1.1) (see, however, an alternative
approximation procedure sketched in Section 2).

It is well known that the fine asymptotics of solutions to the FDE posed in the whole
Euclidean space RY is governed by (suitable rescalings of) Barenblatt, or pseudo-Barenblatt,
solutions. A huge literature on the topic has been produced in the last decade, and we limit
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ourself to quote the recent book [34] and, without any claim of completeness, the papers
[5, 6, 9, 12-15, 17-20, 22, 26, 30] and references quoted therein. Note that extinction in
finite time holds, in this context and for appropriate class of data, only for m < (N —2)/N
(provided one takes, for simplicity, N > 3).

The situation on negatively curved manifolds is different from the Euclidean one since
vanishing of solutions in finite time often occurs not only for m close to 0, but for all m < 1. In
fact, this is instead somewhat similar to what happens in the case of the homogeneous Dirichlet
problem on bounded Euclidean domains €2, which was deeply investigated in [2, 10, 21, 23, 32],
where at various levels of detail it is shown that the asymptotics of suitable classes of solutions
can be discussed in terms of separable solutions of the form (1 — ¢/T)"/(=m)§1/m(3) S being
a positive solution to the elliptic problem —AS = ¢ S/ in Q, § = 0 on 9, for an appropriate
value of the constant ¢ > 0 (in principle depending on the initial datum).

No positive solution to the above elliptic problem exists in the whole Euclidean space R,
but the fact that the bottom of the L? spectrum of —A on HY is strictly positive points towards
existence of such a solution in HY. In fact, this result has been proved in [29]. More precisely,
it is shown there that, given any ¢ > 0 and m € (mg, 1), the equation

— AV =cVV™ on HN (1.2)

admits strictly positive solutions V belonging to the energy space H*(HY) (what we call energy
solutions), which are necessarily radial with respect to some point o, the latter being therefore
the only free parameter characterizing such solutions. Note that solutions to (1.2) associated
to different values of ¢ are related by scaling, namely they are all multiples of the solution
corresponding to ¢ = 1. The asymptotics of V' as r — oo has been studied as well in [29] and
slightly improved in [7]: the main result is the existence of constants | = I(c,m, N) > 0 such
that, for all K € NU{0},

dk
rlggo e(Nil)r dr‘:

(r) = (-1D)*(NV = 1)*1. (1.3)

Actually, in [7, 29], (1.3) is shown in to be valid for k = 0,1 only, but the equation satisfied
by V allows to prove it for any k € N.

Infinitely many other positive solutions to (1.2) exist, but none of them belongs to H*(H")
and their behaviour as r — oo is polynomial (see again [7]).

The asymptotics of a given solution w to (1.1) starting from a radial initial datum wg is
related to the energy solution V' of (1.2) having the same pole o as up and corresponding to a
choice of ¢ that depends on wug itself via the extinction time of u, namely the one that satisfies

1

In fact, our main result is the following Theorem 1.1. Formula (1.5) in it will be proved in

Section 5, while formulas (1.6) and (1.7) will be proved in Section 6.

THEOREM 1.1 (convergence in relative error and convergence of derivatives). Let u be the
solution to the FDE (1.1) corresponding to a nonidentically zero initial datum ug > 0, which
is radial with respect to o € HYY and belongs to L4(HY) for some ¢ > N(1 —m)/2 with ¢ > 1.
If T > 0 is the extinction time of w and V is the unique positive energy solution, with pole o,
to the stationary elliptic problem (1.4), then

) u(t)
1 -1 =0. 1.5
N e 4o
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Moreover, for all k € N there holds

u(t)

lim =0, 1.6
t T ‘ (]_ _ t/T)l/(lfm)Vl/m CrR) ( )
where it is understood that
akgp
lplokm) = Hark’ R

for all regular functions y. As a consequence, for all k € N there exists a smooth function Fy,(r),
having the property

lim Fy(r) =1,
such that
. OFu(t)/ork
S | R T =0 4o

REMARK 1.2. Formulas (1.3) and (1.7) (and identity (6.15)) imply that, given k € N, for
all € > 0 there exist t. € (0,7) and r. > 0 such that

(0Fu/or®)(r,t)
(1 —t/T)H/A=m)(dkVL/m [drk)(r)
Note that (1.7) bears some similarity with some of the results given, for the Euclidean case

and in the range of m for which there is no extinction, in [28]. See also [27] for similar results
for the Euclidean p-Laplacian driven evolution.

1—e< <l+e Vrzer, Vtelt,T). (1.8)

The method proof of Theorem 1.1 and the known behaviour at infinity of V" and its derivatives
allow to show that the next Theorem 1.3 holds. In it, we shall first state a global Harnack
principle, in the spirit of [11, 21]. Secondly, we shall give upper and lower bounds on derivatives
of the solution. In fact, (1.9) will follow from Propositions 3.1 and 4.1, (1.10) and (1.11) follow
from the results given in Section 6 whereas (1.12) is an immediate consequence of (1.3), (1.8)
and (6.15).

THEOREM 1.3 (Global Harnack principle and bounds for derivatives). Let the assumptions
of Theorem 1.1 be valid. Then for all € > 0, there exist positive constants ¢; = ¢1(ug, m, N, &),
¢o = ca(ug, m, N,e) such that the bound

t 1/(1—m) " 1/(1—m)
a1 (1 — T) e ((N=D/m)T (e 1) < e (1 — T) e~ (N=1)/m)r (1.9)

holds true for all v > 0, t € [e,T). Moreover, for all k € N there hold

ok £\ 1/ (=m)
‘Mu(r, t)‘ < Chp <1 - T> e~ (N=D/m)r (1.10)

BL ek (N=1)(1/m—1)r £\ Y/ a=m)
=z < z o WN=/myr (2
‘atk“(r’ t)' SCr Ty © T

Vr >0, Vt € e, T), (1.11)

for suitable positive constants Ci , = Ci x(uo,m, N,¢), Co = Co 1 (uo, m, N,¢). In addition,
for any k € N there exist t € (0,T), ¥ > 0 and a suitable positive constant C, = C} (ug, m, N)
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such that

6’“ ¢ 1/(1—m) B
’Nu(r, t)‘ >Cy (1 — T) e ((N=D/m)T e > 7 vt € [£,T). (1.12)
.

Note that our global Harnack principle (as well as the corresponding bounds for derivatives)
is in the spirit of the one proved in the fundamental paper [21] by DiBenedetto, Kwong and
Vespri for bounded domains of RY, and of the corresponding results proved by Bonforte and
Viazquez [11] for the FDE in R”: in this latter case solutions can in fact be bounded above
and below for all times by suitable Barenblatt solutions. Convergence in relative error was
first discussed in [33] for solutions to the FDE in RY the attractor in that case being still a
Barenblatt solution. Later, Bonforte, Grillo and Vézquez showed in [10] that convergence in
relative error to a separable solution occurs in the case of bounded domains, thus improving
the results of [21].

It is worth pointing out that the techniques of proof of Theorems 1.1 and 1.3 can be used to
capture the spatial behaviour of solutions, for any fixed t > 0, to the FDE also in the subcritical
range m € (0,mg]. Indeed the following result holds (see Remarks 3.8, 4.6 and 6.1 for a sketch
of proof).

THEOREM 1.4 (Spatial behaviour for subcritical m). Let the assumptions of Theorem 1.1
be valid, and suppose that m lies in the subcritical range (0, m]. Then for any fixed t € (0,T),
there exist positive constants ¢; = ¢1(t, ug, m, N), ca = ca(t, ug, m, N) such that the bound

e 67((N71)/m)r < U(T’, t) < ¢ e*((Nfl)/m)T (113)

holds true for all r > 0. Moreover, for all k € N the bounds

ok
‘aku(r, t)’ < Oy e ((N=D/m)r (1.14)

r

k
‘aatku(r, t)’ < Oy p, FN=DA/m=Dr o =(N=D/m)r vy > 0 Wt € (0,T) (1.15)

hold true for suitable positive constants Cy j, = C4 i (t,up,m, N), Cop = Co i (t, ug, m, N).

Some words have to be said about the assumption of radiality that we require on the
initial data, which is related to technical issues. First, we need some a priori decay properties
for the solution in order to exploit suitable barrier arguments. Such decay properties hold
automatically for radial functions in the energy space but need not be valid for general solutions.
In second place, it is not obvious that the solution (suitably rescaled in time) corresponding
to a nonradial datum selects a unique limiting spatial profile V' along subsequences (recall the
degree of freedom given by the pole o). This was proved in [23] in the Euclidean case (on
bounded domains) but it is not known in the present context. Besides, in the proof of the key
Lemma 2.3 compactness of the embedding H! ;(HY) — Lg;'yl)/m(HN) is used in a crucial
way, and such property fails in the nonradial case.

Finally, note that it is not even clear how to consider data which are not radial but bounded
above and below by suitable radial data, since the extinction times of the corresponding
solutions in principle change. The existence of ordered radial data such that the corresponding
solutions have the same extinction time 7' is an open problem. Should such a construction
be possible, the methods of the present paper would give convergence in relative error to the
separable solution extinguishing at time 7" also for nonradial data in between.
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REMARK 1.5. Keeping the fundamental hypothesis of radiality, our results hold in
somewhat more general geometric frameworks, but we preferred to state them in the case
of HY to avoid bothering the reader with heavier notation and technicalities. In fact, one could
consider Riemannian models (see [3, 25| as general references and [1] for the analysis of Lame—
Emden-Fowler equations in such context) whose metric is defined, in spherical coordinates
about a pole o, by ds? = dr? + 1%(r) d©2, © € SN, where 1) € C2(]0,00)), ¥(0) = 4" (0) =0
P'(0) =1, ¢'(r) >0 for every >0 and lim, . ¢’ (r)/1¢(r) € (0,00). Note that sectional
curvatures at a point P tend, as the geodesic distance d(o, P) tends to oo, to a strictly positive
constant. In such a kind of manifold, a radial energy solution having the properties of the
present solution V' has been shown to exist in [1].

1.1. Preliminaries

As for the initial datum ug = ug(r) in (1.1), in principle besides its nonnegativity we should

also assume that it is bounded and such that uJ* € HL ,(HV), where
H (HY) = {v radial : [|v]|3. = J v?(s)(sinh s)N "1 ds
. 0
—&—J' [v/(s)](sinh )V "1 ds < oo}. (1.16)
0

Note that HL  (HY) coincides with the space of radial functions about o which belong to
H'(HY). By energy solutions to (1.1), one should mean those starting from data ug as in (1.16)
(in the nonradial context, those starting from ug : uf* € H'(HY)), but in fact the results of
[8] show that the solution w corresponding to an initial datum which fulfils the integrability
conditions of Theorem 1.1 automatically satisfies u™(-,e) € HL ;(HY) N L (HY) for all € > 0.
This is stated in [8] for N > 3, but it holds true when N =2 as well because the methods
of proof exploited in [8] rely only on the validity of a suitable Sobolev inequality in H*(HY),
which is valid also when NV = 2.

Let us see now what problem (1.1) reads like for radial solutions. Recall that the Riemannian

Laplacian on the hyperbolic space, for radial functions v = v(r), takes the form
1
Av(r) = W[(sinhr)N_lv'(r)]’ =" (r) + (N — 1)(cothr)v'(r), (1.17)
where the apex ' stands for derivation with respect to r. From (1.17), we have that studying
energy solutions to (1.1) for radial initial data is equivalent to studying energy solutions to the
problem
up = (u™)” + (N — 1)(cothr)(u™)" in (0,00) x (0,7,
(u™) =0 on {0} x (0,T), (1.18)
u=uy =0 on [0,00) x {0}.
The fact that there exists a finite extinction time 7' > 0 is a straightforward consequence of
the validity in H' (HY) (indeed also in H'(H")) of both a Poincaré and a Sobolev inequality

rad

(see, for instance, [7, Section 3; 34, Section 5.10]), that is,

lvll2 < Cp||V'||2, lvllon/(N=2) < Csl|v'| 2, (1.19)

for all v € HL ;(HY) and suitable positive constants Cp = Cp(N), Cg = Cs(N), where

rad
00

Jollg = | ol (5)sinh )Y ds, 22, (%) = {o radial : o], < o).
0

Moreover, one can prove [4, Theorem 3.1] that the embedding of H} ,(H") into L ,(HY)

is compact for all p € (2,2N/(N — 2)). Note that, since m € (ms, 1), this means in particular
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that
HY (HY) € LU ™ mY), (1.20)

rad

a crucial fact that we shall exploit in the next section. Recall, however, that the compact
embedding (1.20) fails in H*(H"), another nontrivial issue that points out the advantage of
working in the radial framework.

In the sequel, for notational simplicity, we shall write L? instead of LP(HY) and do the same
for all the functional spaces involved.

1.2. Plan of the paper

All the above results will be proved in several intermediate steps. Local uniform convergence
of u™/(1 —t/T)™/(1=™) to the stationary solution V is shown in Section 2, along lines similar
to the ones [2]. Then, a suitable upper bound for solutions (holding as r — oo) is shown
in Section 3, whereas a matching lower bound is proved in Section 4. The more delicate
issue, namely the passage to the relative error w™/[(1 —t/T)™/(="™V] —1, is dealt with
in Section 5. Section 6 contains the proofs of the results concerning space-time derivatives
of solutions, which exploit both regularity theory and the claimed convergence in relative
erTor.

2. Local uniform convergence of the rescaled solution to the stationary profile

As previously mentioned, each solution to (1.1) extinguishes in a finite time 7" > 0. Therefore,
the asymptotic behaviour of w is, from this point of view, trivial: the solution goes to zero as
t T T. In order to study finer properties of u, it is very useful to look for separable solutions
to (1.1) (if any), so that their asymptotic behaviour might unveil at least the expected order
of convergence to zero of a generic solution. Hence, let us set u(x,t) = g(t)V'/™(x). After
some straightforward computations, one gets that u is a solution to (1.1) for some wuy = 0 (not
identically zero) if and only if ¢ satisfies

/(1—=m)
g(t) = (1 _ t)l ™ e, (2.1)

T

and V is a positive solution to the elliptic problem (1.4) for some parameter 7' > 0 (the
extinction time). When m € (my, 1) existence and uniqueness of such a V' and its dependence
the sole radial coordinate r is guaranteed by compactness and by a moving plane method
(see the fundamental paper [29]). Local regularity and strict positivity of V' are instead a
consequence of standard elliptic arguments. So the velocity of convergence to zero as ¢t T T
for separable solutions is given by (2.1). This suggests that, in order to analyse a nontrivial
asymptotics, it is convenient to study the behaviour of the rescaled solution w(r,t)/g(t). Note
that, if u(r,t) = g(t)V''/™(r), then such rescaled solution trivially coincides with V'/™. For a
generic u, this is of course not true: however, V'1/™ seems to naturally maintain the role of an
attractor for u/g.

Motivated by the discussion above, given the extinction time 7" associated to the solution u
of (1.1), let us consider the rescaled solution w defined as

1/(1—m)
w(r,T) = . u(r,t) = eT/(lfm)Tu(r T — Te*T/T)
b T _ t ) ) ) (2 2)

T
7 =Tlog (T—t) Vr € (0,00), Yt € (0,T), V7 € (0,00).
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Straightforward computations show that w solves the following problem:
1
wy = A(w™) + mw in (0,00) x (0, 00),
(W™ =0 on {0} x (0, 00), (2.3)
w=ug >0 on [0,00) x {0}.

The aim of this section is to prove that w™ converges locally uniformly in {r € [0,00)} to V as
T — o0 (since V is positive, this is equivalent to claiming that w converges locally uniformly
to V1/ ™). The basic estimates one needs to exploit in order to prove such result were obtained
in a celebrated paper [2] by Berryman and Holland, though for regular solutions to the FDE
on regular bounded domains of RY. Here, first we shall only point out how their techniques,
with minor modifications, can be applied to this framework too. This will ensure local uniform
convergence at least away from {r = 0}, while some further work will be required to extend
the result to neighbourhoods of the origin o.

To this end, it is convenient to see u as a monotone increasing limit of the sequence of
solutions {u,} (with extinction times {7},}) to the problems

(un)t = A(UZL) in (O,TL) X (Oan),
Up =0 on {n} x (0,T,),
(u™) =0 on {0} x (0,T}),

Up =ugy, =0 on [0,n] x {0},

(2.4)

where {ug, } is a sequence of regular data such that ug,(n) =0, (u{},) (0) = 0, up, < ug, which
suitably approximates ug, and T,, T T'. We shall identify u, (-, t) as functions in the whole [0, o)
by extending them to be zero outside [0,7n]. Note that (2.4) corresponds to the radial FDE
with homogeneous Dirichlet boundary conditions posed on the ball of radius n of HY centred
at r = o.

LEMMA 2.1. There exists a positive constant C' = C(m, N) such that

t 1/(1—m)
c<T—t>1/<1-m><||u<t>|m+1<(1—T) luolmpr Vte ©.T).  (25)

Moreover, the ratio

Il @)l (2.6)

[,

is nonincreasing along the evolution.

Proof. The left inequality in (2.5) can be proved exactly as in [2, Lemma 1] using the
identity

oo

iJ:o um+1(s7 t)(sinh s)N—l ds = —(m + ]_) JO [(um)/(S’ t)]Q(sinh S)N—l ds, (27)

and the Poincaré-Sobolev inequalities in (1.19). To justify the other statements, we proceed
as in [2, Lemma 2|, outlining only the main steps. At a formal level, we have

fgo[(um)’(s, t)]?(sinh s)N 1 ds fgo u™ (s, ) [A(u™)(s,1))%(sinh s)V 1 ds

Jo um (s, t)(sinh )N —ds T [(um) (s, ¢)]2(sinh s)N 1 ds ’ (2:8)
d (% v 9, . 1, [0 um (s, t)[A(u™)(s,t)])?(sinh s)V 1 ds
pn Jo [(u™) (s,1)])*(sinh s)V ! ds = —2m =2 fgo[(um)’(s,t)P(sinh N1 . (29
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where (2.8) follows from integration by parts and Cauchy—Schwarz. From (2.7)—(2.9), one shows
easily, exactly as in [2, Lemma 2], that the ratio in (2.6) is nonincreasing. Thanks to this, the
right inequality in (2.5) also follows as in [2, Lemma 2, Formula (14)].

To justify such steps, it is convenient to pass through the approximating solutions {u,}.
Indeed the proof of [2, Lemma 2] requires the finiteness of the quantity

J u™ (s, 1)[A(u™) (s, )]} (sinh s)N 1 ds,
0

for all t € (0,T"), which a priori may not hold here. However, one obtains (2.5) and (2.6) for u,
(we can assume that u!” is regular enough up to the boundary) and then passes to the limit as
n — oo. This is feasible since {u”(t)} converges weakly in H! ; to u™(t), and by monotonicity

ra

{un(t)} converges to u(t) in L™* and {T},} converges to T O

rad
The next result is a key one in order to establish the mentioned convergence of w” to the

stationary profile V.

LEMMA 2.2. The following inequality holds true for all T € (0, c0):

|7 Hmyen - s 6| inh )Y

+m J ' ro w™ (s, 0)[wy (s, 0)]2(sinh )V 1 ds do

0 JO
Rt I m a1 . _
: Jo {2[(% ) (s))? = AT * (8)] (sinh )V 1 ds. (2.10)

Proof.  For the smooth rescaled solutions w,, inequality (2.10) is in fact an equality, since
by straightforward computations one verifies that

% J:) [;[(wﬁ)’(s, ? - ﬁw?“(s, T):| (sinh )V~ ds
_ _mL WY (8, 7)[(wn)+ (5, 7P X (0. (5) (simh )V 1 dis. (2.11)

To get estimate (2.10), it suffices to integrate (2.11) from 0 to 7 and let n — oo: to the first
integral on the Lh.s. of (2.10) we can apply the weak convergence of {u(t)} to u™(t) in H. 4
and the strong convergence of {u, (t)} to u(t) in LT, while the second integral is handled by
means of Fatou’s Lemma (thanks to local regularity we can assume that, up to subsequences,
{(un)¢} converges pointwise to u;) or by the fact that

{uGmD/2) D2 i (0,75 L2y, -

Now we are able to prove the following important result.

LEMMA 2.3. Let w be the rescaled solution (2.2) to (2.3) and V' be the radial, positive
energy solution to the stationary problem (1.4). Then

lim ||w™(7) = V||
T—00

loc

((0,00)) = 0, (2.12)

that is, w™(7) converges uniformly to V in any compact set K € (0,00) as 7 — oc.
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Proof.  We adapt the proof of [2, Theorem 2]. First of all note that, from (2.10), one deduces
the existence of a sequence {7,,} — oo such that

J w™ (s, 7,)[wr (s, 7,))* (sinh 8)V "t ds — 0. (2.13)
0

To show this fact note that, thanks to (2.2) and (2.5), ||w(7)||m+1 is bounded as a function of
7, hence the first integral on the Lh.s. of (2.10) is bounded from below. Moreover, the r.h.s.
does not depend on 7, therefore the integral

o0 o0
J J w™ (s, 0)[w,(s,0)]*(sinh s)N ! ds do
o Jo
must be finite. Still from (2.5) and (2.10), one gets the boundedness of ||w™ (7,)| 1; hence,
up to subsequences, {w™(7,)} converges weakly in H'  to a certain function R. From the
compact embedding (1.20), such convergence is in fact strong in LEZZIH)/ " In particular, R is
a nonnegative nonidentically zero function (indeed (2.5) prevents ||w™ ()|l (m1)/m from going
to zero) belonging to H! ;.
The next step is to show that R solves (1.4). To this end, take any test function ¢ : [0, 00) — R
with compact support in [0, 00), multiply by it the first equation in (2.3) (evaluated at 7 = 7,,)

and integrate by parts in [0, 00). This leads to the identity

JOO wr (s, 7,)(s)(sinh s)V "1 ds = — Jm(wm)'(s, )¢ (s)(sinh s)V 1 ds
: 3
—I—L ﬁw(s,%)c{)(s)(sinhs)lv_l ds. (2.14)

The two integrals on the r.h.s. of (2.14) are stable under passage to the limit as n — oo: indeed
{w™(7,)} converges weakly in HL; to R and {w(7,)} converges strongly in L7'T! to RY/™
(and so also in L%ad locally). Finally, the Lh.s. goes to zero since its modulus is bounded by

) 1/2 00 1/2

(J w' =™ (s, 7,) 2 (s)(sinh s)V 1 ds) <J w™ (s, ) [wy (5, 7y )] (sinh )V 1 ds) ,

0 0

which goes to zero thanks to (2.13) and to the boundedness of ||w(7)||m+1. From the
arbitrariness of ¢ and the uniqueness of energy solutions to (1.4), we infer that R must coincide
with V. Moreover, convergence of {w™(7,)} to R =V in H}, is also strong. To prove that,
just replace ¢(-) by w™(+,7,) in the computations above and get

> 1

lim Jw[(wm)’(s, 7)) (sinh )V 1 ds = J v m+D/m () (sinh s)NV ! ds

n—oo Jq 0 (1 —m)T

= J:O [V'(5)]?(sinh s)V 1 ds.

Hence, weak convergence plus convergence of the norms in H! , gives the claimed strong
convergence. Since H! ; is continuously embedded in L{°. (see, for example, Lemma 3.2), we
have proved (2.12) along the special sequence {7, }. To prove that such convergence takes place
along any other subsequence, one can argue by contradiction. That is, suppose there exists a
sequence {73} such that {w™(7x)} does not converge strongly in H! ; to V. By (2.10), we can
assume that, up to subsequences, {w™ (1)} converges weakly in H' ; to a certain function Q.

Now note that, again from (2.5) and (2.10) (up to a time origin shift), both

w(T)Imtl
and

1 m\/ 2 m m
§||(w V(O3 = m”w(Tﬂ mi%
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are nonincreasing functions of 7. In particular,

1@l mt1y/m = lm [fw(mi)[ny = lm fo(m)lme = 1V me)m (2.15)
and
9 L. 2 m m+1 m m+1
1@ < tynint (0™ ()18 = =g Bl + =y It
= T @™ ()3 = V'] (2.16)
Since V is the unique minimizer of ||v’||3 among all functions v with prescribed LEZQH)/ " norm
(see [29]), (2.15) and (2.16) necessarily imply that Q = V. Strong convergence of {w™ (1)} to
Q =V is then a consequence of (2.16), which leads to a contradiction. UJ

We are left with proving that the uniform convergence (2.12) takes place also down to r = 0.
In order to do it, we shall use Lemma 2.3 and the following two lemmas, which show how
positivity and boundedness of w can be extended to a neighbourhood of o.

LEMMA 2.4. For any € > 0, there exist r. > 0 sufficiently small and 7. > 0 sufficiently large
such that

w™(r,7) = V(0) —¢ V(r,7) €[0,7] X [T, 00). (2.17)

Proof. We can adapt the techniques of [21, Lemma 6.2]. First of all recall that, thanks to
the local uniform convergence to the stationary profile (2.12), we have uniform boundedness
away from zero in any compact set which does not contain o. In particular, consider a point
xg € HY such that 79 = d(zo,0) € (0, %) For a given 9 > 0, set

k= inf w(d(z,0),T), 2.18

(#,7): 7270, 2€ By y2(20) (d(,0),7) ( )

where B, /5(0) is the hyperbolic ball of radius ro/2 centred at x. Thanks to the observations

above, k > 0 provided 79 is sufficiently large. Let us consider equation (2.3) (more precisely, its

interpretation as a differential equation on H) centred at z in place of 0. To avoid confusion,
we shall call p the radial coordinate about such xgy. Upon defining

N =1+ (N —1) sup pcoth(p),

p€e(0,1)
for any function f = f(p) such that f’(p) < 0 we have
N-1
Af(p) = f"(p) + (N — 1) coth(p) f'(p) = f"(p) Tf’(p) Vp € (0,1), (2.19)

where the term on the r.h.s. of (2.19) is the Euclidean Laplacian of f associated to the ‘artificial
dimension’ N. Therefore, in order to seek for a subsolution 1 (p, ) to (2.3) centred at ¢ it is
enough to ask (we keep denoting as ’ derivative with respect to p)

m\// N -1 my/ my/

as long as p varies in (0, 1). The proof of [21, Lemma 6.2] ensures that the function
(1= p?)2m
(T + (602 (7 = )70

{ome(2a)x (om+3)}

Y(p,7) =k

satisfies (2.20) in the region
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upon choosing appropriately the positive parameters 3 = f(m,N), 6 = 6(m,N) and b=
b(m, N, k), k being as in (2.18). Let us check conditions on the parabolic boundary. For 7 = 7
and for p = 1, we have, by construction, ¢» = 0 and so trivially ¢ < w. For p = r¢/2 (actually for
any p € (0,1)), there holds ¢ < k, from which ¢ < w by definition of k. Hence, by comparison,

w(d(z,0), 70 +15/4) = Y(d(x, 20), 70 + 15 /4)

(1= (3ro/2)%)>/m
(1 + 9bki=m)o/(T=m)
37’0
2

In particular, we obtain the existence of a radius r; > 0 and a time 7; > 0 such that

> (3rg/2, 70 + 7"8/4) =k

=Cy>0 v:ceHNz%’gd(x,xo)g

w(r,7) =2 Co >0 VY(r,7)€[0,r1] x {1 }. (2.21)

Indeed (2.21) holds for all T greater than 7y, rather than only for 7 = 71. This is a trivial
consequence of the fact that Cy is a subsolution to (2.3) (the comparison condition on the
lateral boundary {r1} x (71, 00) is satisfied provided Cj is small enough, again as a consequence
of the local uniform convergence (2.12)).

Finally, we need to refine estimate (2.21). To this end, just observe that the function

9(7') _ CO e(7'7'1',‘)/(17711)T

is a solution to the differential equation in (2.3) for any 7. > 0. Still from the local uniform
convergence (2.12) (and from the fact that V' is decreasing), we have that, for any € > 0, we
can choose 13 = 12(€) < 11 and T2 = 72(€) > 71 such that w™(ry,7) = V(0) — € for all 7 > 7.
Therefore, g(7), with the choice 7. = T2, is a subsolution to (2.3) in the region

{(r,7) € (0,72) X (72,73)},

where 73 is the time at which ¢™(73) = V(0) — €. Since the constant (V(0) — ¢€)'/™ is then a
subsolution in {(r,7) € (0,73) x (73,00)}, estimate (2.17) follows. O

Now we prove the analogue of estimate (2.17) from above.

LEMMA 2.5. For any € > 0, there exist r > 0 sufficiently small and 7. > 0 sufficiently large
such that

w™(r,7) < V(0)+€ Y(r,7) €[0,7] X [Te, 00). (2.22)

Proof. Again, we shall proceed by constructing a proper supersolution to (2.3). To begin
with, let o and ¢ two small positive parameters. Our aim is first to obtain a suitable estimate
for A(V(r/a)) in the region {r < ac}. We have

fmvl/m(r/a) + Na; ! (avcoth(r) — coth(r/a))V'(r/a).  (2.23)

AV (r/a)) =

The function h(r) = r coth(r) is regular. In particular,
2
A(r) = 1+ K(O)r +q(r)r?,  h(r/a) =1+ 1 (0)= +q(r/a) (=), (2.24)
where both |¢(r)| and |¢(r/a)| can be bounded by

B (S)
Q B srél[%,)i] 2 7
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provided «, ¢ are smaller than 1. In order to control the right term on the r.h.s. of (2.23), we
use (2.24):

acoth(r) — coth(r/«)

rcoth(r) — (r/a) coth(r/a)

« ar
1(0) v H(0) r|_C
= T +Q(T)a - 2 _q(r/a)g < @a

for a suitable constant C' > 0 independent of «, . Note that, since V is regular and V/(0) = 0,
there exists D > 0 (independent of «, ¢) such that |V'(r/a)| < De for all r < ae. Hence,

N-1 (N - 1)CDe

a? a? ’

Then recall that V is decreasing and V' (0) > 0, so that from (2.23) and (2.25) we can claim

that there exists a constant E > 0 such that for any ¢ > 0 sufficiently small (depending only
on V, m and N) there holds

(accoth(r) — coth(r/a))V'(r/a)

< (2.25)

AWV (r/a)) < —% Vr € (0, a2). (2.26)

From the L9-L*° smoothing effects (see [21, Lemma 6.1] or [8, Theorem 4.1], together with
(2.5)), we know that there exist A > 0 and 79 > 0 such that w(r,7) < A for all (r,7) € (0, 00) x
(70,00). Let A1 > Ay be two given positive constants and let £ > 0 be so small that (2.26) holds.
For a fixed 7. > 19 + 1, set f(7) = (7 — 70)/(7* — 70). First we shall prove that if & > 0 is small
enough, then the function

p(r,m) = [AL(L = f(7) + Ao f (D" V (1 fa)t/m
is a supersolution to (2.3) in the region
{(r,7) € (0, ) X (70,74} (2.27)
To this end, note that
o(r,m) = Ai/mVl/m(r/a) > A}/mVl/m(E) Vr € (0, ae),

2.28
plag,7) > Aé/mvl/m(e) V1 € (70, T+), (2:28)
while derivatives of ¢ give
or(r,7) = ’%f’(T)Vl/m(r/a)(Al — Ag)[AL(1 = f(7)) + Ao f(r)] M/
> —%@41 — Ag) AT o), (2.29)
m AQE
A™) () = 411~ f() + Ao f (AW (/o) < ~ 222
and
o(r,m) < A"VY™0). (2.30)

Collecting (2.29) and (2.30), we get that for ¢ to be a supersolution in the region (2.27) it is
enough to ask

AE AVmyUm ()
a?T (1—m)T ~’
which is achieved by choosing a = a(V, T, m, N, Ay, As) sufficiently small.

)
Now fix € > 0 sufficiently small. Set A; = A™/V (e), As = V(0)/V (), where we assume
without loss of generality that A™ > V(0) and pick «(V,T,m,N,A,¢s) that complies with

1 ~
— (A — A ATy Ym gy > 2.31
m 1
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(2.31). Thanks to (2.28), we have
o(r,m) = A Vrel0,ae], ¢lae,7)=VY™0) V7€ [, nl. (2.32)

From the fact that V' is decreasing and from the local uniform convergence (2.12), we can take
7o so large that w™(ae, 7) < V(0) for all 7 > 7 (note that ¢ is a supersolution independently
of 79, 7. provided 7, — 79 > 1). Since (2.32) holds we can conclude, by comparison, that w < ¢
in the region (2.27). In particular,

V2(0)
Vie)

w™(r, ) < vr € [0, ael.

By the remarks above, this last result is actually valid for all 7. > 79 + 1. Hence, since V(g) —
V(0) > 0 as € — 0, we conclude that for any e > 0 there exist r. so small and 7. so large that
(2.22) holds true. O

Thanks to Lemmas 2.3-2.5, we can extend the result of Lemma 2.3 down to » = 0 and get
the following proposition.

PROPOSITION 2.6.  Let w be the rescaled solution (2.2) to (2.3) and V' be the radial, positive
energy solution to the stationary problem (1.4). Then

Jim {[w™(7) = V| Lgz, (10.00)) = 0, (2.33)

that is, w™ (1) converges uniformly to V in any compact set K € [0,00) as 7 — oo.

3. Estimates from above

The goal of this section is to bound the ratio w™(r,7)/V(r) in L*>((0,00)) (and not only in
L2 ([0,00)) as we did in Section 2) from above. Since V(r) behaves like e~ (V=17 at infinity
(see (1.3) or Lemma 3.3), it will be enough to give an upper bound for w™(r,7)/e~N=17 In
fact, our goal is to prove the following result.

ProprosiTION 3.1. Let w be the rescaled solution associated to a nonnegative energy
solution u to (1.18), as in (2.2). Then, for any e > 0, there exists a positive constant
Q' = Q' (up,m, N, &) such that

w(r,7) < Q e ((N=D/mr y(r 1) € [0,00) x [g,00). (3.1)
To this end, we begin with some preliminary lemmas.

LEMMA 3.2. Let v € H] ;. For any ro > 0, there exists a positive constant C(ro, N) such
that

v(r) < C(ro, N)||v||m e~ ((N=1)/2)r yp [ro, 00).

Proof. Consider the function z(r) = (sinh )Y ~1v?(r). We have

2/ (r) = (N — 1)(cosh r)(sinh )V =202(7) 4 2(sinh )N ~Lo(r)o’ (r);
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integrating between r and rg gives

z(r) = (sinh o)V "2 (r) + (N — 1) Jr v?(s)(cosh s)(sinh s)N"2ds

To
+ 2J' v(s)v'(s)(sinh s)N "1 ds. (3.2)
T0

Since 79 > 0 and the behaviour at infinity of sinhr and coshr is the same, we can control the
last two terms on the r.h.s. of (3.2) with a constant (depending on r¢ and N) times ||v[|3,.. As
for the first term, note that H'(r¢/2,3rq/2) is continuously embedded in L>(rq/2,3ry/2) and
H! , is in turn continuously embedded in H'(r(/2,3r¢/2) (again, through constants depending
on o and N). Hence, there exists C'(rg, N) > 0 such that

2(r) < C*(ro, N)|Jvll3p Vr € [ro, 00),

which gives the claimed result since sinhr < e” for r large. |

LEMMA 3.3. For any m € (mg, 1), there exists a solution V' to

—AV(r) =VY™(r) Vre (0,00), (3.3)

1

which is smooth, strictly positive, belongs to H , and satisfies

A lemW=Dr <V () < Ae= W=D e € [0, 00), (3.4)

for some positive constant A = A(m).
Proof.  As already mentioned in the Introduction, see [7, 29]. |

LEMMA 3.4. Let u be a bounded, nonnegative energy solution to (1.18). There exists a
positive constant Cy = Cy(ug, m, N) such that

u(r,t) < Cope”((N=D/2m)m vy 1) € [0,00) % (0,T). (3.5)

Proof. 1t is a matter of straightforward computations to show that
— A(emN=D/2my > 0 e e (0,00). (3.6)

Thanks to Lemma 3.2, the fact that uf' € H! ; and the boundedness of u, one can choose Cj
so large that Co e~ ((N=1/2m)7 is above u on a parabolic boundary of the type [rg, 00) x {0} U
{ro} x (0,T), for a given rg € (0,00). The conclusion then follows from (3.6), the comparison

principle and again the boundedness of . ]

We are now ready to prove a better (spatial) estimate from above for nonnegative energy
solutions to (1.18).

LEMMA 3.5. Let u be a nonnegative energy solution to (1.18). For any t, € (0,T'), there
exists a positive constant QQ = Q(t«,up, m, N) such that

u(r,t,) < Qe ((N=D/mIr yr e [0, 00). (3.7

Proof. 'We shall proceed by constructing a proper barrier. In particular, we shall prove that
for a suitable choice of the parameter £ > 0, the following function is a supersolution to (1.18)



RADIAL FAST DIFFUSION ON THE HYPERBOLIC SPACE 297

in the parabolic domain (£, 00) x (0,,):
a(r,t) = Co[AelN=D/DEY () f(£) + e~ ((N=D/2r (1 — f(2))]V/™, (3.8)

where V' is the solution to (3.3) associated to a fixed m € (2m/(1 +m),1) (A being the
corresponding constant that appears in (3.4)) and f(¢) : [0,¢.] — [0, 1] is a regular increasing
function such that f(0) =0, f(¢.) = 1, which we shall define later. The constant Cy is the one
from (3.5): indeed, thanks to smoothing effects (recall the discussion in Subsection 1.1), there
is no loss of generality in assuming that ug is bounded. Since

a(r,0) = Coe”((N=D/2m)m > 40 (r) Vi € [0, 00)
and
(€, 1) = Co[ ANV (&) f(8) + e~ (N=H/DE(1 — f(2)))/™
> Coe” ((N=D2MIE > y(et) Wt €[0,t.),

in order to prove that w(r,t) < a(r,t) for all (r,t) € [{,00) x [0,t.] we are left with showing
that, by choosing appropriately &, there holds

ur(r,t) = A(@™)(r,t) Y(rt) € (& 00) x (0,L).
We have
t(r,t) = Cof'(t)[A e((N‘l)/2)5V(r) _ e-((zv_n/z),.]
% l[A 6((N*1)/2)5V('r')f(t) + 67((N71)/2)r(1 . f(t))](l/m)—l
> —g;f’@) ¢ N0/ 42 ol N0/ = (V20 p(1) o o= (VD1 ()] 0/
Also, thanks to (3.3),
Aa™)(r,t)

m N—-1)/2 1/m (N_1)2 —((N=-1)/2)r
=—Cf {Ae(( /2y (M) +—F—e (N-1)/2) (2cothr—1)(1—f(t))]

(N_ 1)2 e—((N—l)/2)7-(1 _ f(t)):| )

<—cm {Al—u/vm V=072 g =vrmr gy 4

In particular, there exist two positive constants By(m,m) and B (m, N) such that
— (1, 1) < CoBof' (t)[e WV =DA=m)/2m)E o= (N=1)(2=m)/2m)r ¢(1/m)=1 1)

+ e*((Nfl)/2m)r(1 _ f(t))(l/m)fl},

— A@™)(r,t) = C"B, [e((Nfl)/2)§ e*((Nfl)/fn)rf(t) + e*((Nfl)/2)r(1 —f®)).
Hence, it is enough to show that, if £ is properly chosen, then the following inequality holds in
(§,00) x (0,14):

O&—mB*f/(t)[6((N*1)(1*m)/2m)§ e (N=D)@=m)/2m)r (1/m)=1 4
+ e ((N=D/2m)r(q _ g(3))(/m)=1]
< e((N-1)/2)¢ e—((N—l)/ﬁ%)rf(t) + e—((N—l)/2)r(1 — (), (3.9)
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where B, = B,(m,m, N) is another suitable positive constant. Applying the change of variable
p =1 — & and using the fact that m < 1, we infer that (3.9) is implied by

CymB, f/(t) e~ (N=D/2m)E[o=(N=1)(2=m)/2m)p ¢(1/m)=1 4
+ 6*((N71)/2m)p(1 _ f(t))(l/m)fl]
< e ((N=DE=m)/2m)E (o =(N=1)/m)p £ (1) 4 o= (N=D/2p(1 _ f(¢1))]
V(p,t) € (0,00) x (0,t4). (3.10)

Since we choose m to lie in the interval (2m/(1 4+ m), 1) we have that

therefore, (3.10) reads
—((N=1)@=m)/2m)p f(1/m)=1 (4} 4 o=~((N=1)/2m)p(1 _ f(1))(1/m)=1
e~ ((N=D/m)p f(2) + e (N-D72p(1 — f(1))

l(p,t)

Cy™B. e /(1)

< 1.

(3.11)
Our aim is now to show that for a suitable choice of f(¢) the function I(p, ) remains bounded in
(0,00) x (0,t,). To this end, let us set = e~ (N=1? and f(t) = h(t/t.), h being a function to be
defined which satisfies all the fulfilments required to f in the interval [0, 1] instead of [0, ¢.]. The
boundedness of [(p, t) is implied by the boundedness of the ratio (recall that m > 2m/(1 + m))
I((l/m)—(1/2))h((l/m)—l)(T) + xl/Qm(l _ h(T))(l/m)—l

x(1/2mA/2)p(7) + 21/2(1 — h(T))
he (1) + z*/2(1 — h(r))*
2@t D2h(r) + 1 - h(1) ’
1

a=——1,
m

h'(7)

=h'(7) (3.12)

for (z,7) € (0,1) x (0,1). If @ > 1, which corresponds to m < %, then the numerator in (3.12) is
always smaller than or equal to the denominator. Therefore, we remain with the case a € (0, 1),
that is, m € (3,1). Here, it is convenient to choose h as

h(r)=1—(1—7)e
In this way, performing the change of variable o = 1 — 7, (3.12) becomes

lg(l/a)fl xa(l _ O,l/a)a + CCa/QO'
a $(0‘+1)/2(1 _Ul/a)+01/a7

(3.13)

for (z,0) € (0,1) x (0,1). Now note that, for o varying in [,1), (3.13) is bounded by a
constant that depends only on «a (recall that « € (0,1)). If instead o varies in (0, %), then

>
the boundedness of (3.13) is equivalent to the boundedness of

a1 +xa/2 g1
platl)/25-1/a +1 = platl)/25-1/a +1

+1. (3.14)

For any fixed = € (0,1), the maximum of the r.h.s. of (3.14) as ¢ € (0,00) can be found
explicitly, and it is equal to

a:(o‘/Q)(lfa)aa(l —a)l T 41,

Summing up, we have proved that for a suitable choice of f(t) (depending on whether m < %
or m € (1,1)) the function I(p, t) in (3.11) is bounded by a positive constant K = K (t,,m) as
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(p,t) varies in (0,00) x (0,¢,). This means that if we set
£> Tlog (G} B.K),
then we ensure that @(r,t) as in (3.8) is a supersolution to (1.18) in the region (&, 00) x (0, t.).
By the comparison principle, in particular,
u(r te) < a(rty) < Co A%/ ((N=1)/2m)¢ o ~(N=1)/m)r ). (&, 00).
Since u(-, ) is also bounded in (0, ¢], this gives (3.7). O

The result just proved is not enough in order to bound from above the ratio w™ (r,7)/V(r)
since it provides such boundedness only at any fixed 7 € (0,00): indeed, recall that wu(-,¢) is
bounded (so is w(-, 7)), V(r) is locally bounded away from zero and its behaviour at infinity
is the same as e~ (V=17 What estimate (3.7) lacks is a decay rate of order (T — t,)"/('=™) on
the r.h.s.: we shall now prove that this is indeed the case.

LEMMA 3.6. Let w be the rescaled solution associated to a bounded, nonnegative energy
solution u to (1.18). There exists a constant Cy = Cy(ug, m, N) such that

w(r,7) < Cpe” (N2 y(r 1) € [0, 00) X (0,00). (3.15)

Proof. The fact that
Ju®lle < DT = V0= we e (0,T), (3.16)

for a suitable positive constant D = D(ug, m, N) can be proved exactly as in [21, Sections 5
and 6] (see also the results of [8]). Then note that Lemma 2.1 in particular yields

Iw™) (T)ll2 < l[(ug") 2 V7 € (0,00). (3.17)
The Poincaré inequality in (1.19), Lemma 3.2 and (3.17) provide the following bound:

w7n(r7 T) <D ('f‘o, )H( m) ‘|2€_((N_1)/2)T V('I",T) € [7‘0,00) X (0700>7

which together with (3.16) gives the claimed estimate (3.15). O

Note that we proved (3.15) under the hypothesis that u is a bounded, nonnegative energy
solution. However, thanks to the aforementioned smoothing effects, it also holds for any solution
associated to data as in the hypothesis of Theorem 1.1, provided one starts from 7 =¢ > 0
instead of 7 = 0.

The bound (3.15) for w is the exactly the same as (3.5) for u, which was a key starting point
in order to prove the claim of Lemma 3.5. Indeed, as we shall see now, the barrier exploited in
the proof of such lemma also works for the equation solved by w. This allows us to obtain the
next fundamental estimate from above.

Proof of Proposition 3.1. As just remarked, we need only prove that for a suitable choice
of the parameter £ > 0 the barrier constructed in the proof of Lemma 3.5 still works. So, for a
given 7, € (g,00), consider again the function

w(r,7) = CL[AeN=V/DEY (p) f (1) + e~ ((N=D/Dr(1 — f(r))]H/™, (3.18)
)=

where &, V', A, f are as in (3.8) (just replace ¢ by 7 and let f(¢) = 0) and C is the constant
appearing in (3.15). First of all, since f(-) is always included in [0, 1], m < 1 and m € (2m/(1 +
m), 1), we can bound the reaction term in (2.3) (what makes (2.3) actually differ from (1.1))



300 GABRIELE GRILLO AND MATTEO MURATORI

in the following way:

1 _
mw(ﬂ'+§ﬂ')
C, B e—((N_l)/2m)£[e—((N_l)/m)pfl/m(T) + e—((N—l)/Qm)p(l _ f(r))l/m}
C1 By e—((N—l)/2m)€[e—((N—l)/ﬁl)Pf(T) + e—((N—l)/2)P(1 — f(M)]

)

where B> is a positive constant depending only on T', m, m and we performed the usual change
of space variable p = r — £. So, the equivalent of (3.10) in this context reads

C1Bof'(7) e—e&[e—((N—1)(2—m)/2m)pf(1/m)—1(7.) + e—((N—l)/2m)p(1 _ f(T))(l/m)—l]
< (C'By = CiByem )| (NI f(7) 4 em (VD200 (1 — f(7))]
Y(p, ) € (0,00) X (&, 7x).
By elementary computations, one gets that
CT"B;
2

1 201"™B
£€> ~log (01312> (3.19)

Therefore, under assumption (3.19), we can repeat the same proof of Lemma 3.5 starting from
(3.11) (one replaces B, by 2By/B; and Cy by Cy). Hence, we end up with the existence of a
positive parameter £ = £(Cy(ug, m, N, ¢),T, €) such that

<CMB, — C1Bye <,

provided

w(r,7) < w(r,7) Y(r,7) € [§,00) X [, T (3.20)

The validity of (3.1) is then a consequence of (3.20), (3.18) (evaluated at 7 =7.) and
(3.16). O

REMARK 3.7. In the proofs of Lemmas 3.4, 3.5 and Proposition 3.1, we applied the
comparison principle in parabolic regions of the form (&, 00) x (0,t.), without considering
the {r = oo} side of the parabolic boundary. However, this technical issue is easy solvable
by approximating u with the solutions w,, to (2.4), applying comparison between u,, and @ in
(&,n) x (0,t) and passing to the limit as n — oo (using also the fact that T, 1 T)).

REMARK 3.8. The estimate from above provided by Lemma 3.5 actually holds for all
m € (0, 1), since its method of proof only requires the existence of a solution to (3.3) satisfying
(3.4) for a value of m which can be taken as close to 1 as necessary.

4. Estimates from below

This section is the dual of the previous one: our aim here is to bound the ratio w™(r,7)/V (r)
from below. Again, thanks to (3.4), this will be equivalent to providing a lower bound for
w™(r,7) /e~ =17 More precisely, we shall prove the following result.

PROPOSITION 4.1. Let u be a nonnegative nonzero energy solution to (1.18). For any
e € (0,T), there exists a positive constant P’ = P'(ug, m, N, &) such that

u(r,t,) > P e”((N=D/mr(p g YV O=m) (1) € [0,00) X [¢,T). (4.1)
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To this end, we need a preliminary step.

LEMMA 4.2. Let u be a nonnegative nonzero energy solution to (1.18). For any given
a> N —1 and t. € (0,T), there exists a positive constant P = P(t.,«,ug,m, N) such that

u(r,t,) = Pe= (@™ yre[0,00). (4.2)

Proof. We shall prove that for a suitable choice of the positive parameters ug and £ the
following function is a subsolution to (1.18) in the parabolic region (&, 00) X (t./2,t.):

u(r,t) = pol(1 + e~ *=9) f(t) — 114/, (4.3)

where f:[t./2,t,] — [3,1] is an increasing function such that f(t./2) =3, f(t.) =1, to be

defined later. We have
1 —a(r— —a(r— m)—
uy(r,t) = Moaf’(t)(l +e TN (L4 em ) f(2) — 1)/t
and
A(™)(r 1) = g f(t) e~ (0® = (N = Lavcothr)

in the region where (1 +e~*("=€))f(¢) — 1 is nonnegative (below, we shall always work tacitly
in such region), while both w, and A(u™) are zero outside it. Let us check conditions on the
parabolic boundary. On [¢, 00) x {t./2} u satisfies

u(r,t/2) = pol5 (1 + e *09) — 1™ = 0,
and on {£} x (t./2,t.) there holds
u(€,t) = po[2f(t) = 11"/ < po.
won [£,00) x {t./2} U{E} X (t./2,t.), we need only ask

inf = * 9 )
te(tl*r>2,t*)u(§,t) A&, b, ug) > 0

Therefore, in order to have u <
<

=

0

the last inequality following from standard positivity results (if ¢, is close enough to T', one
can also exploit the results of Section 2). Now let us check the differential equation. Upon the
usual change of spatial variable p = r — ¢,

w0 < AWM Vi) € (€00) x (ar.)

reads

o /() (14 ) [(1 4 =) (1) — 1]/

Ly
<ultf(t) e (a® — (N — 1)acoth(p +€)) Y(p,t) € (0,00) x (2,t*> . (4.4)
If we choose £ = £(a, N) so large that, for instance,
a® — (N —Dacothé > 2 (a® — (N — 1)a) = Ci(a, N) > 0, (4.5)
then we get that (4.4) is implied by
m 1 1+ e 2P)[(14 e f(t) —1]/m)~1
i Ly eI e @) -
mCy f(t)e—r

<1vmwemmw(§¢)
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which is in turn implied by (recall that 3 < f(¢) < 1)

4
mC’1

1—m

Ho

F@)e[(14e ) f(t) —1]M™=1 <1 V(p,t) € (0,00) x <t2t> . (4.6)

L(p,t)

If m < %, then the function L in (4.6) is bounded from above (take f regular) by a constant
that depends only on t., o, m and N. If instead m € (%, 1), then this is in general false, unless
one chooses f carefully. To this end, consider the function

h(r)=1-3(1 7)™/ =™ vreo,1],

t ty
ty=h(2——1) Vvte |=t.].
Elementary computations (one can find the exact maximum of L(p,t), in the region where
(L+e ") f(t) > 1, at any given t) show that

and set

C Ty
Lipt) < 2 Wip.1) € (0,00) x (z,t*) |
for a suitable positive constant Cy = Cy(, m, N') (which we assume to work for the case m < 1
too). Hence, we proved that u as in (4.3) is indeed a subsolution to (1.18) providing that
£\ Va-m)
o < min | A(&(a, N), s, up), (C’) .
2
In particular, at ¢ = ¢, there holds
u(r,te) = ulr,ty) = po(ts, o, ug, m, N) ela/m)E(aN) g=(a/m)r vy, o (&, 00),
which yields the thesis together with the local positivity of u(-, t.) in (0,£). O

The result provided by the previous lemma asserts that at any given t. € (0,7 (ug)) all
nonnegative nonzero energy solutions of (1.18) go to infinity (as 7 — 0o) slower than e~ (/™)
for any a > N — 1. Exploiting such fact, we are able to prove that one can actually take
a=N—1.

Proof of Proposition 4.1. Once again we construct a lower barrier which has the desired
property stated in (4.1). Indeed, given t, € (2¢,T) (the final result will follow just by replacing
e with €/2), consider the function

u(r,t) = poll(e P8 + ATV (r) NI f(8) — PO em O (4.7)
where a« = a(m, N) and 3 = B(m, N) are fixed parameters such that

1
a>N-1, B<N-1, a<pf+(N-1)—2, (4.8)
m
f e te] — [0,1] is a regular increasing function that satisfies f(¢) =0, f(¢t.) = 1 and V is the
solution to (3.3) associated to m = m (A being the corresponding constant appearing in (3.4)).
We want to prove that, if one chooses the positive parameters £ and pg properly, then u is a
subsolution to (1.18) in the parabolic region (£, 00) x (g,t,). By (4.7), we have

u(r,to) = o /™ e~/ € €, 00)

and
w(é,t) < po[ATV(€) eV TVE L 1™ L g2 Vit € (e,t,).
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Therefore, u and u are correctly ordered on the parabolic boundary [£,00) x {e} U {&} X (e,t.)
provided (recall (4.2))

Ho < ef(a/m)ﬁp(e’ Q, Ug, M, N)
and
po < 27Y™ inf u(&,t) = A&, tu,up,m, N, ) > 0,

tEe(e,ty)
that is,
po < min(e~(@/™EP XY, (4.9)

Now let us compute the derivatives of w(r,t):
1 .
uy(r,t) = po— f' (1) (e A= 4 A7V (r) eV =V sign, g(r, t)
m
% [[(6—5(7“—5) + A7V (r) e(N_l)f)f(t) — e_ﬂ(“@h + e—a(r—f)](l/m)—17

A@™)(ry) = g [(F() — 1)(82 — (N = 1)Beothr) e 409
— ATV () N TDE F(1)] sign g (r, )
+ (a® = (N = 1)acothr) e8],
where for the sake of notational convenience we have set
q(r,t) = (P08 1 A7V (r) e N=DE) () — P9,

If we take £ = £(a, N) large enough so that (4.5) holds, set p = — & and use (3.4), then we
obtain

i p+ €6) < o ()€™ e NI P0 o = (NTIR) () — I e/,

AW™)(p+E,t) > ug%[,A(lfm)/m ef(Nfl)((1fm)/m)€f(t)ef((Nfl)/m)p + Cp e
V(p,t) € (0,00) X (g,t).
Hence, once we choose £ = {(«, m, N) such that, in addition to (4.5), it also satisfies
A=m)/m o= (N=1)((1=m)/m)é %
we deduce that in order to have u < wu in (§,00) X (g,) it is enough to ask (recall that
f(t) €[0,1))
uo%f’(t)(e_ﬁp + e—(N—l)p)[e—(N—l)p + e—ap](l/m)—l < %n% e P
Y(p,t) € (0,00) x (g,4). (4.10)

Upon setting f(t) = h((t —e)/(t« —€)), h:[0,1] — [0,1] being a given regular, increasing
function such that h(0) = 0 and h(1) = 1, (4.10) reads

2 t—e¢
1-m / (a=B)p (a=N+1)p\[,—(N—=1)p —ap)(1/m)—1
h <1
o Ot =) (t*—s> (e +e )]e +e ]
L(p,t)
Y(p,t) € (0,00) x (g,14). (4.11)

Thanks to (4.8) and to the fact that ¢. € (2¢,T), the function L(p,t) in (4.11) is bounded in
(0,00) X (e,ts) by a positive constant Cy = Co(T, m, N, e). Therefore, u(r,t) is a subsolution
to (1.18) providing that (recall (4.9))

o < min ef(o‘/m)gP, C'_l/(l_m), 2=M™m inf ),
H 2

te(e,ty)
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which is implied by
1o < C3min (1, inf u(f,t)) , (4.12)
te(e,ty)

for a suitable positive constant C5 = C3(&, ug, m, N, ). Exploiting Proposition 2.6, we can give
a quantitative lower bound for the r.h.s. of (4.12). Indeed (2.33) yields (in particular) the
existence, for any given £ > 0, of a time ¢ = ¢(£, ug) such that

vme)

w(é,t) > (T —t)Y0=m) vt e (7). (4.13)

From standard positivity results, we also know that, should ¢ < # hold, u(&,t) is still positive
between ¢ and ¢; this fact and (4.13) (together with the local positivity of V') ensure the
existence of a positive constant Cy = Cy (&, ug, m, N, ) such that

w(&,t) = Oy (T — )Y =™ vt e (e,T),

which gives

inf w(E,t) > Cy(T —t,)Y/ ™), (4.14)
te(e,ty)
Combining (4.12) and (4.14), we infer that (4.12) is implied by
po < Cs(T — t,)Y/ =™, (4.15)

for another positive constant Cs = C5(&, ug, m, N,e). The validity of (4.1) for r varying in
(£, 00) is then a consequence of choosing 1o as the r.h.s. of (4.15) and evaluating the subsolution
u(r,t) at t = t,, recalling (3.4). On the contrary, the validity of (4.1) as r varies in (0,¢] is a
direct consequence of (2.33) and the local positivity of . |

Proposition 4.1 can of course be reformulated as follows.

COROLLARY 4.3. Let w be the rescaled solution associated to a positive energy solution u
to (1.18). For any 1o > 0, there exists a positive constant P = (1q, ug, m, N) such that

w(r,7) = P" e~ ((N=D/m)r vy 1) € [0, 00) x [rg,00).

Note that, as already anticipated in the Introduction, from Propositions 3.1 and 4.1 we
deduce formula (1.9) in Theorem 1.3.

REMARK 4.4. Both in the proofs of Lemma 4.2 and Proposition 4.1, when computing the
hyperbolic Laplacian of the barriers (4.3) and (4.7), we neglected Dirac terms coming out from
the second derivatives of positive parts. However, this makes no problem since it is easy to
check that such terms are nonnegative.

REMARK 4.5. When we applied the comparison principle to v and u, both in the proofs of
Lemma 4.2 and Proposition 4.1, we did not take into account {r = oo} as part of the parabolic
boundary. To justify more rigorously those passages, it is enough to consider the following
family of modified barriers:

_di/m <ﬂ7 €> 07

u, = [u™

e o2

where u is either (4.3) or (4.7). Straightforward computations show that u, is a subsolution
to (1.18) as long as u is. Moreover, for any fixed € > 0, u (-, t) has the property of being zero
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outside a compact set of the form [, R(€)] C [£, 00). One then applies the comparison principle
in (§, R(€)) x (e,t.) (let € =t,/2 when w is as in (4.3)), gets u, < u and lets € — 0.

REMARK 4.6. The estimate from below (4.1) holds for all m € (0, 1), even though one has
to admit that the constant P’ in there, for m € (0,m;], depends on t* as well. Indeed, in
the proof of Proposition 4.1, for simplicity we exploited the existence of a solution V' to (3.3)
satisfying (3.4) for m = m. However, if m € (0, ms], such a solution does not exist. Nonetheless,
it is easy to see that the choice of any m € (my, 1) instead of m would have worked the same
(provided one requires in addition that o < (N —1)/m).

Hence, this result together with the one discussed in Remark 3.8 prove the bounds (1.13) of
Theorem 1.4.

5. Results for the relative error

As previously discussed, our interest is to show that the solution u to (1.18) converges in a
strong sense to the stationary state V' which solves (1.4). More precisely, in this section we
shall prove uniform convergence in relative error, namely

w™(7)

—-1| =o, (5.1)

lim ’ ’
oo

T—00

that is, (1.5) rewritten in rescaled variables.

Since V is strictly positive in any compact subset of HY, as a direct consequence of
Proposition 2.6 (formula (2.33)) we already know that (5.1) holds locally on H” . The nontrivial
point is to prove that (2.33) holds up to r = co, what we are concerned with in this section.

To begin with, let us write the equation solved by the relative error ¢ = w™/V — 1. Using
the fact that V' satisfies (1.4), we get
V¢ 1 1

1 /m_ (1 5.2

ot 9 el 62)
where, as remarked above, the apex ' stands for derivation with respect to r. It is also important
to consider the equation solved by minus the relative error ¢ = 1 — w™/V | which is

i(l ) Um=lyy  pi=(/m) Ay 4 g Ve L1 (1= %) — (1 — )1/m]

m i vi/m = (1 —m)T '
In order to prove (5.1), we shall construct suitable upper barriers both for ¢ and v, following
the approach of [10].

The next lemma shows a good approximation property for V', which will turn out to be very
useful to overcome some technical difficulties related to the upper barrier for 1.

—(1+ ¢)(1/M)*1¢T =VI=WmAp 42
m

LEMMA 5.1. There exists a sequence of positive, regular radial solutions {V,} to

1 1/m
AV, = ——+V, on By,
(1 —=m)T, (5.3)
V,=0 on 0B,
where B,, is the hyperbolic ball of radius n centred at o, such that:
(i) Vi(r) < V(r) for allr > 1 and V,, — V pointwise;
(i) T, — T;
(iii) for e > 0 arbitrarily small, one can choose n. and r, so large that the following inequality
holds:

V/

(r) < (L-V'(r) Vre (ren), Yn>n.. (5.4)
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Proof. For any given n € N, let X,, be the set of all functions v € H), ; such that v(r) =0
for all 7 > n and ||[v]|(m+1)/m = [V || (m+1)/m- Consider the following minimization problem:
Find v, € X,,: [|v],|l2 = min [|v]|2. (5.5)
veX,
Thanks to standard arguments (in particular, the compact embedding of H} rad iDtO LEZ;H)/ ™,
the solution v, of (5.5) exists, is unique and solves (5.3) for some T;, > 0. Since X,, C X1, the
numerical sequence {||v},||2} is nonincreasing. This implies that {T},} is nondecreasing: indeed
multiplying (5.3) by v, (upon replacing V,, by v, ) and integrating by parts yields
m+1 m m+1 m
lonll bt Vet

" —m)olE T = m)enl3

Let us call T the limiting value of {T}, }. Because {||v/,||2} is bounded, {v,,} (along subsequences)
converges weakly in H' raq and therefore strongly in L£m+ )/™ 46 a certain function V. Passing

to the limit in the (weak formulation of the) equation solved by v,,, we get
- 1 .
—AV=—" V" onHN. (5.6)
(1—-m)T

First of all note that 7" cannot be oo if it were, from the Poincaré inequality in (1.19) V would
be zero, while we know that

IV Il (m1yym = i {vnllgmr1)/m = IVl gmt1)/m > 0.

So Visa positive, energy solution to (5.6) for some T < o0, having the same LE::;F /™ orm

as V: by the uniqueness result recalled in the beginning of Section 2, it necessarily coincides
with V' (and so T,, 1 T)).

The next step is to prove that {v,} converges to V also in Lia/gl. Since {v,} converges
LEZEH)/ ™ is continuously embedded in Lia/bén ;
we need only dominate {v,,} outside a compact set with a function that belongs to Lia/én . To
this end note that, from Lemma 3.2 and from the fact that {||v] ||z} is nonincreasing, there
exists a constant K > 0 such that

Un(T) < Ke—((N_l)/Z)T Vr € [1, OO), Vn. (57)

When m is greater than or equal to 1, the function on the r.h.s. of (5.7) does not belong

pointwise to V' (up to subsequences), and locally

to LZ(T . Therefore, we have to improve (5.7) using the equation solved by v,,: integrating it
between 0 and r we obtain the equality

rvl/m(s)

— (sinh )N 71! (r) = J HT(sinh s)N=1ds. (5.8)
0 n

Suppose now that (5.7) holds with a generic exponent —(N —1)a (let @ >0, a # m) in

place of —(N — 1)/2. Exploiting the corresponding analogues of (5.7) and (5.8), after some
straightforward computations we get

- (r)<Q m e_(N_l)r(e(N_l)((m_a)/m)r —-1) Vrell,o), (5.9)
m—

where @ > 0 is a suitable positive constant that does not depend on n (which may change from
line to line). Since v, (n) = 0, we have

a

v (1) = Jn —vl(s)ds Yre[l,n). (5.10)

T

If a > m, then (5.9) gives —v/,(r) < Q e~ V=17 in which case an integration of (5.10) entails
v (1) < Qe MU e (1, 00). (5.11)
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If instead a < m, then (5.9) gives —v/,(r) < Q e~ N=1(@/m)r “and still integrating (5.10) one
gets

v (1) < Qe W=D/MIT e 1) 00)

(the case a = m can be dealt with similarly). It is plain that starting from a = % and proceeding
1/m
rad

we have our dominating function and the convergence of {v,} to V takes place also in Lia;n.

Such convergence is crucial because it ensures that (5.4) holds for the sequence {v,}. Indeed
applying (5.8) to v, =V yields

in this way, after a finite number of steps we obtain (5.11). Since e=(M=1" helongs to L

oo y71/m
lim —(sinh )V =1/ (r) = J VT(S)(sinh s)N"lds = Cy > 0; (5.12)
r—00 0

for a given € > 0, take r. so large that

e ym(s) _ €
J %(smhs)N 1ds§C’V§.

Te
Thanks to the just proved convergence of {v,} to V in Li;(;n and to the fact that T;, T T, there
exists n = n(r, €), sufficiently large, such that

re 1/m
on_(5) (sinh s)¥~1ds

r 1/m
—(sinh )N "1/ (r) = J on’_(s) (sinh s)V~1ds > J
0 n

Jre Vl/m(s)
0
Vr € (re,n), Yn = n(re,e).

0 n

> (sinhs)N_1 ds—Cvg >Cy(l—ce)

Hence, there holds
—vp(r) —(sinh )N =1 (1) - Cy(1—e)
—V'(r)  —(sinhr)N-1V7(r) = Cy

that is, (5.4) for the sequence {v,}.
In general, it is not guaranteed that v, (r) < V(r) for all » € [1,00). Therefore, in order to
conclude our proof, it is necessary to modify {v, }. To this aim, consider the following sequence:

Vn = )\nvna

>1—¢ Vre(ren), Yn=n(ree),

where, for any fixed n, A, is the largest number belonging to (0, 1] for which A, v, (r) < V(r) for
all 7 € [1,00). We can assume that \,, < 1 eventually, otherwise there is nothing to prove since
along a subsequence {V;,} has all the properties claimed in the statement of the lemma. But if
An, 18 strictly smaller than 1, then V;,(r) necessarily touches V(r) at some point r = &, € [1,00)
(see Figures 1 and 2), because otherwise A, would not be the largest number in (0,1) for
which A, v, (r) < V(r) for all r € [1,00) (recall that each v, is compactly supported, V is
strictly positive and both v, and V are continuous). Now there are two possibilities: either the
sequence {&,} remains bounded or it is unbounded. In the first case, along subsequences {, }
converges to a certain value £ € [1,00). Since {v,} also converges locally uniformly in [1,00)
to V (see Remark 5.2), then

Un(fn) I V(g) > 0;
but by definition of &,

A vn(€n) = V(€n) — V(§).

Hence, A, — 1. In the case &, — oo (again, along subsequences), clearly each &, lies in the
interior of [1,7n) eventually. Therefore, in addition to V,,(&,) = V(&,), we also have V(&) =
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r=1 =05 r=n

FIGURE 1. (colour online). The case in which V,, touches V at &, > 1.

F=1=g. r=n

FIGURE 2. (colour online). The case in which V,, touches V at &, = 1.

V(&) So,
7)‘n(Sinh§n)N71v;L(£n) = 7(Sinh§n)N71Vé(§n) = 7(Sinh§n)N71V/(§n) — Cy >0,
but also
En , 1/m 00 1/m
—‘.hnN_ll n) = Un (S) sinh N_ld—> 14 (S) sinh N—ld :C,
(sinh &)™ ~ v, (&) Jo T (sinh s) s L —7 (sinh s) s v

where we have used once again the fact that {v,} converges to V in Lg&n and 7,, T T. This
means that in this case as well {\,} is forced to go to 1 and so {V},} is indeed a sequence which
has all the required properties (no subsequence is needed since the ongoing proof actually holds
along any subsequence). Just observe that the parameter T,, appearing in (5.3) here is actually

T AL ™ O

REMARK 5.2. As anticipated in the proof above, convergence of the sequence {v,} solving
(5.5) to V also occurs locally uniformly in [1,00). This fact can be proved in several ways.
One of them is the following: {v,} converges weakly in H! , to V (so strongly in Lf;’fl)/ m

but using the equation solved by each v,, and the fact that T;, T T one gets |[v],]]a — ||[V'||2-

)
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Therefore, such convergence is actually strong. Since Hrlng is locally (in (0,00)) continuously
embedded in L°, the assertion holds.

For reasons that will become clearer later (see the proof of Proposition 5.4), instead of
analysing minus the relative error ¢ it is convenient to study its natural approximation v,, =
1 —w™/V,, where {V,,} is the sequence coming from Lemma 5.1. It is straightforward to check
that ¥ > 1,, and the equation solved by 1, is the following:

1 (1/m)—1 1—(1/m) Vain
7(1 - 1pn) wn;r — Vn Awn +2 1
m Vn/m
1 1 1
o | (1= n) — = (1 =)™, (5.13)

(1—m) |T, T

valid in the region {(r,7) € (0,n) x (0,00)}.
The following fundamental lemma provides a family of supersolutions to (5.13).

LEMMA 5.3. Let 79 > 0. Consider the function

B
U(r,7)=C— P A(r —19). (5.14)
If the positive parameters A, B, C, T satisfy the condition
! 2
BKe (N-1)(1—e)(1/m—1)T 2 o = 5.15
¢ m (1—m)T’ (5.15)

where € > 0 is a small fixed number (e = % will work) and K. is a positive constant, then ¥
is a supersolution to (5.13) in the region {(r,7): U(r,7) € [0,1)} N {(r,7) € (#,n) x (70,0)}
independently of n provided

F=TVrY, n>=n",
r* and n* being positive numbers depending only on €, m and N, where we use the notation
a Vb= max(a,b).

Proof. Let us compute the derivatives of U:

U, =—-A V= 52,
r
1 2 th
AV = —BA (> - B (3 ~(N-1Z& Q(T)) .
r r r
In order to ensure that ¥ is a supersolution to (5.13), it is enough to ask
1 VI’ 1
—(1—w) WMty > yl-/mAg o n 1-v
~(-w) v, 2 T (L )
that is,
A _ B 2 coth(r) v, 1
~La-—mWm-ts 2y (S (N-—1 R4S R ——
m( ) ylm T s ( ) r2 r2 + (l—m)Tn( )
R

(5.16)

where we have dropped the nonpositive term —(1 — W)Y/, Now we need to suitably estimate
from above the r.h.s. of (5.16). To this end, take € > 0 sufficiently small. Moreover, take ng
and rg so large that T,, > T/2 for all n > ng and coth(r) < 1+ € for all » > r¢. Thanks to (5.4)
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and to the fact that V;, <V in [1,00), we have
B V, | 2

ng (N_1>(1+6)?;+27; +m(1—\11)

Y(r,7) € (ro Vre V1,n) x (19,00), ¥n = ng V ne.

Recall that the stationary solution V' satisfies (5.12); in particular, by (1.3), there exists rq
sufficiently large such that

V'ir) < —(N-1)1—-eV(r) Vr=r.

Therefore,
BV , 2
< (N —-1)—"__[— _ (11—
R<—(N 1)7’2an/m[ (I4+e)+2(1—¢) ]+(1—m)T(1 )
V(r,7) € (ro Vri VreV1,n) x (19,00), Vn = ng V ne. (5.17)

Since € is small (it is enough that —(1+¢€) +2(1 —¢)? >0) and V,, <V in [1,00), we can
replace V,, by V in (5.17), which yields

B 2
< - —_ 1= )2 (1
R < 1 (N=1)[-(1+¢€)+2(1—¢) ]Jr(l—m)T(l )
K.
V(r,7) € (ro Vri Vre V1,n) X (19,00), Vn = ngVne. (5.18)

Collecting (5.16) and (5.18), we deduce that a necessary condition for ¥ to be a supersolution
to (5.13) in the region {(r,7): U(r,7) € [0,1)} N{(r,7) € (ro Vri Vr.V1,n) x (19,00)} is
B A 2

_ B g A g 2
ez G 1= ) Y aTaT

Still from (1.3) and (5.12), we get that

(1— ). (5.19)

K
e (N=1)(1=e)((1/m)=1)r
Iy /)1 >K.e Yr > 1o,
for another positive constant K¢, as long as 79 is large enough. So, the final condition on 7 is
- A 2
BK( (N=1)(1—¢)(1/m—1)T 2 o = 5.20
¢ m + (1—=—m)T (5:20)

Summing up, if one fixes the positive parameters e (small enough, say € = %), A, B, C, chooses
r* =19 V1 VryVreV1and takes 7 so large that (5.20) holds, then the function ¥ as in (5.14)
is a supersolution to (5.13) in the region {(r,7): ¥(r,7) € [0,1)} N {(r,7) € (#,n) X (79,00)}
forall# > 7Vr* and n > ngV n. =n*. ]

In the next theorem, we shall see, along the lines of the proof of [10, Theorem 2.1], how to
use the (family of) barriers provided by Lemma 5.3 in order to prove that ¢ becomes smaller
and smaller as 7 — oco. To this aim, it is crucial to recall that Theorem 1.3, which we proved
in Sections 3 and 4, implies the existence of a time 7,, > 0 and two positive constants cg, ¢y
such that

<c Y(r,7)€[0,00) X [Ty, 0), co <1< cq. (5.21)

PROPOSITION 5.4. Let ¢ =1 — w™/V. There holds
limsup sup ¢(r,7) < 0.

T—00 ref0,00)
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Proof. First of all consider the barrier ¥ as in (5.14), with the choices A = B = 1. Then set
C =1 —¢p/2 and assume that 7 is greater than (2/co) V 7V r*, where 7 is taken large enough
S0 as to satisfy

- 1 2
K. (N=-1)(1—¢)(1/m—1)T > — -
‘ m A= m)T
that is, (5.15) when A = B = 1. By construction, such a ¥ is always lower than 1. Therefore,
from Lemma 5.3, it is a supersolution to (5.13) in the region (#,n) x (79, 00) (let 79 > 7,) for
all n > n* as long as it is greater than or equal to zero. Since we want to compare W with the
solutions 1y, let us check conditions on a parabolic boundary of the form [#,n] x {79} U {7} x

(10, m1) U {n} x (10, 71), where 71 > 7¢ is a positive time to be chosen later. On the bottom we
have that, thanks to the choice of C' and (5.21),

1
U(r,m9) =C — . >1—co 2 (r,70) = Yn(r,m0) Vre€l[if,n],

the last inequality following from the fact that V' > V,, for > 1. On the inner lateral boundary
there holds

\Il(f,T):C—;f(TfTo)zl——f;f(TfTo) V7 € (10, 71)-

Now let us fix a small € > 0 (let £ < ¢p/2). Assume that 7 is also larger than 2/e. Exploiting
the local uniform convergence of ¥ to zero (Proposition 2.6), we know that if 79 > 79(7, ),
then

€
P(r, 1) < 5 VT > 10
Hence, once 7 satisfies
Co 1 3
TSm=T0+tl-——-—-—527+1-c¢c >0,
2 7 2
it is guaranteed that
- . € . X
W(T,T) 2 \I/(rle) = 5 2 w(raT) 2 '(/JH(T?T) VT € (7-0’7-1)'

On the outer lateral boundary {n} x (79, 71), it is plain that U(n,7) > ¢, (n,7) = —oco. In fact,
this is the reason why we needed to suitably approximate V from below with the sequence V,,,
otherwise we would have not been able to compare W with 1 in an outer lateral boundary. So,
from the comparison principle, we get that ¥ > 1), in the region [, n] x [r9, 71]. In particular,

Yo(r,m) < U(r,m) <e Vrelr,n]. (5.22)
Passing to the limit in (5.22) as n — oo yields

Y(r,m) < VU(r,m) <e Vrelr,o0). (5.23)
Since 11 =79+ 1 —¢o/2 — 1/ — £/2 and (5.23) holds for all 7y > 79(7, ), we have

Y(r,7) <e Y(r,T)€F,00) X [T,00), (5.24)

where 7 = 19(7,¢) + 1 — ¢9/2 — 1/7 — £/2. Thanks to (5.24) and to the local uniform conver-
gence of 1 to zero, we conclude that

limsup sup ¥(r,7) <e. (5.25)

T—00 rel0,00)
Because (5.25) is true for all £ > 0, it holds for € = 0 too and the proof is complete. U
The final step is to prove an analogous result for the relative error ¢ = w™/V — 1. Since the

ideas are similar to the ones developed in the proofs of Lemma 5.3 and Proposition 5.4, we
shall proceed in a concise way.
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LeEMMA 5.5. Let 79 > 0. Consider the function
B
O(r,7)=C—— — A(T — 70). (5.26)
r
If the positive parameters A, B, C, 7 satisfy the condition

(5.27)

BK. e(N-D(=0(/m=1F 5 (1 | ¢)(1/m)-1 (A N 2(14C) ) |

m  (1—m)T

where € > 0 is a small fixed number (e = % will work) and K. is a positive constant, then ®
is a supersolution to (5.2) in the region {(r,7): ®(r,7) > =1} N{(r,7) € (#,00) X (79,00)},
provided 7 > 7V ry, where r, = r.(e,m, N) > 0.

Proof. Condition (5.27) can be obtained reasoning as in the proof of Lemma 5.3. Indeed it
is even easier to get to an inequality like (5.19) with (1 — W)/™~1 replaced by (1 + ®)1/™~1
and (1 — W) replaced by (1 4+ ®)*/™, because here we need not deal with the approximating
sequence V,,. Then, in order to arrive at (5.27), one just uses the fact that by construction
o< C. O

Thanks to the (family of) barriers (5.26), we can now prove the analogue of Proposition 5.4
for ¢.

PROPOSITION 5.6. Let ¢ = w™/V — 1. There holds

limsup sup ¢(r,7) < 0.

T—00  rel0,00)

Proof. Again, we proceed along the lines of the proof of Proposition 5.4. Fix A= B =1,
C=c — %, e < % and 7 large enough so that it satisfies # > 7 V 1, V 2 /e, where 7 complies with
(5.27). These choices ensure that ® is a supersolution to (5.2) in the region (7, 00) x (79, 71),
with

Then, one takes 79 = 79(7,€) so that ¢(7,7) <e/2 for all 7> 79(7,¢); in this way, & and
¢ are correctly ordered on [f,00) X {79} U {7} X (10,71). However, we have no control over
their relation in an outer lateral boundary of the form {n} x (r9,71), for n > #. In order to
overcome this difficulty, it is enough to replace w by w, < w, the latter being the sequence of
rescaled solutions to (2.4), which vanish on {n} x (79, 7). By construction, ¢, = w"/V — 1 <
¢ and the equation solved by ¢,, is basically the same as (5.2) (just replace (1 + ¢)'/™ /T with
(1+ ¢,)'/™/T,), so that for n large (that is, T}, close to T) ® is a supersolution also to such
equation. Therefore from now on, one proceeds exactly as in the proof of Proposition 5.4. []

Going back to the original variables ¢ and u(r, t), we have that Propositions 5.4 and 5.6 give
convergence of u™(r,t) to (1 — t/T)™/ =™V (r) in relative error. From this fact, the first main
result stated in Theorem 1.1, namely formula (1.5), clearly follows.

6. Results for derivatives

This section is devoted to proving the claimed results of Theorems 1.1, 1.3 and 1.4 which deal
with derivatives. In order to do that, we shall exploit a useful change of spatial variable and
rescaling techniques in the spirit of [21].
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Let
+oo 1
5= s(r) = J ST (6.1)
so that
d d
— — _(sinh N—li-
7 (sinhr) o

Note that s | 0 as r T oo, while s T oo as r | 0. Hence, the hyperbolic Laplacian of a regular
function f = f(r) = f(r(s)) is
d2
Af = (sinhr)_2(N_1)d—SJ2C.
Let w be the solution to (2.3). Take 79 > 1 and rg > R with R large enough (to be chosen
later), and let so = s(rg). Consider the rescaled function

W(z,y) = (sinh ro)(N_l)/mw(r(so + x(sinh ro)_(N_l)), To + y(sinh ro)_(N_l)(l/m_l)), (6.2)

where (z,y) varies in the square (—a, a)?, a > 0 being a fixed number to be set later. After
straightforward computations, one sees that W satisfies the following equation:

. (sinh To)Q(N_l) (Sinh TO)—(N—I)(I/m—l) 63
v = ‘bz Ve 0 m)T (6.3)
(I ——
a(riro) o)

From now on, we shall fix & = a(N), independent of ry and 79, so small that s is forced not
to go out of the interval (so/2,3s¢/2) as x varies in the interval (—«, ). Such a choice of « is
feasible. Indeed, note first that from (6.1) one has

: s(r)
1 —— = (C(N 0. 6.4
s (sinhr)—(N=1) (N) > (6:4)
Moreover, s varies in the interval (s —a(sinhro)_(N_l),so +a(sinhr0)_(N_1)). Hence, if
ro = R (namely, sop < s(R)) with R = R(N) large enough, then a proper choice of o = a(N)
(sufficiently small) ensures that s does not leave the interval (s9/2,3s0/2) as © € (—a, «). Still
from (6.4), one deduces that

i%T(S/Q) —r(s)=C, 113% r(3s/2) —r(s) = C, (6.5)

for suitable constants C' and C. The choice of a above and (6.5) imply that, for ro = 7(sg)
large enough (again, greater or equal than a given value R that depends only on N), there
holds

1
ol sinhrg < sinhr < Cysinhrg  Vr € (r(sg/2),7(3s0/2)), (6.6)
1

C7 being another positive constant. Gathering all this information, let us go back to equation
(6.3). First, from the global Harnack principle (1.9) and from (6.6), one deduces that

|W(x7y)| < M V(x,y) € (—04,04)2, (6'7)
for a positive constant M = M (ug, m, N) that does not depend on rg, 79. Moreover, note that
4 __(sihn)"7 d (6.8)

dx (sinhrg)N—1 dr

Hence, (6.3), (6.8) and the inequality

1
o coshrg < coshr < Cycoshrg  Vr € (r(s0/2),7(350/2)),
1
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which can be proved as (6.6), give

1 _[d5a(r(2),70)
Pk = d:L’k

< Pi [b(ro)l < Q  V(z,y) € (—a,a)?, Yk € NU {0}, (6.9)

again for positive constants P, = Px(N) and Q = Q(T(up), m, N) that do not depend on rg, 9.
The bounds (6.7) and (6.9) permit to conclude, as in the proofs of [21, Theorem 1.1 and Lemmas
3.1-3.2] (one uses the regularity results of [16, 24] for bounded solutions to nonlinear parabolic
equations like (6.3)), that the following estimates hold:
"W "W

20,0 < May, VkeN, 6.10
‘ axk ayk ( ) 27k ( )
M and Ms ) being suitable positive constants depending only on M, o, T, m and N.
Going back to the original variables, we end up with the existence of positive constants
A1 = A1 i(ug,m, N,e), Aaj, = Az i(ug, m, N,€) such that

(05 O)‘ < Ml,k:a

ak .

‘ 0 IkU(TOﬂ'o) < Ay e ((N=1/mino, (6.11)
"

oFw k

‘ ork (ro,m0)| < Agj, FIV"DA/m=1)ro o =((N=1)/m)ro

Vro =20, Vo > e, Vk € N. (612)

In order to prove (6.11) and (6.12) in the region 79 > R, 7 > 1, one just uses (6.2), (6.8),
(6.10) and the equality dr = (sinhrg)~NV=D(/m)=1) gy recursively. To extend such bounds to
ro € (0, R), it is enough to apply the aforementioned regularity results to w directly, since in
this region w is bounded away from zero. Finally, they also hold for 79 > ¢ up to admitting
dependence of the constants A; i, A, on e as well through a and M (as a consequence of the
global Harnack principle (1.9)).

Using the fact that the solution V(r) to (1.4) and any of its derivatives V(¥ (1) behave
like e~ V=17 at infinity (recall (1.3) and see formula (6.15)), it is only a matter of tedious
computations to check that estimates (6.11) imply that

|5

-
8rk( )

(up to possibly different constants that we keep denoting as Aj ), where ¢ is the relative error
o(r,7) = w(r,7)/VY™(r) — 1 (note that it is different from the relative error ¢ we dealt with
in Section 5). By exploiting the interpolation inequalities (we refer the reader to [31, p. 130]
or [9, Appendix 3] for a short review on general interpolation inequalities)

=lp(M)ler@ < A1x VT 2e, VEEN (6.13)

oo

k/j —k/i . .
(T or iy < Crrlo()| e eI WhjeN: k<3,

the bounds (1.5) and (6.13) (that is, the fact that ||¢(7)]cc — 0 as 7 — 00), we conclude that
also

TlLHQlo lo(T)lermy =0 Vk €N, (6.14)

Recalling (2.2), this is equivalent to formula (1.6) of Theorem 1.1. As for estimates (1.10) and
(1.11) of Theorem 1.3, just note that they can be readily deduced from (6.11) and (6.12) and
again (2.2).

Finally, let us investigate what (6.14) means in terms of spatial derivatives for w (or u). That
is, we are going to prove formula (1.7) of Theorem 1.1. First of all we show, by induction, that

lim (d*V e /drF)(r)

Jim Sy = (Ca@V = 1)" Va0, vkeN. (6.15)
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Indeed, the existence of the limit in (6.15) is a consequence of the chain rule and (1.3). Then,
suppose that (6.15) holds for a given k. Consider the limit

(dF Ve /drt () 1 lim (d* Ve Jdrkt 1ty (r) V(r)

lim

r—o0 (dVe/dr)(r)  ar—oo Ve(r) V'(r)
1 (dF Ve /drkt1) (r)
= li 6.16
—a(N — 1) 7o Ve(r) (6.16)
Since the limit on the r.h.s. of (6.16) exists, by de I'Hopital’s Theorem it coincides with
kY o k
lim (d*ve/dr )(r);

r—oo Ve(r)

this proves the inductive step. Because (6.15) is trivially valid for k& = 0, we conclude that it
holds for all k£ € N.
Now recall that, for the kth spatial derivative of ¢, one has the binomial formula

0 _ 5~ (M o) (y-1m) ki)

W:Z(j)w (v /myk=3), (6.17)
j=0

where, to simplify notation, we use apexes to denote derivatives with respect to r. We are

going to show that, for all k& € N, the ratio w®)(r,7)/V¥/™(r, 7) converges in L> to a smooth

function Gi(r) such that

lim Gp(r) = (—1)F <N_1>k (6.18)

r—00 m

This is clearly equivalent to proving (1.7). For k =0, (6.18) is exactly (1.5), with the choice
Go = 1. For further derivatives, we shall prove that (6.18) holds by induction. Indeed, suppose
such result is true for all j < k — 1. From (6.14) and (6.17), we get

B S (R Gy et/ )
Jim | —ZO— i) (r)(V 1™y =0. (6.19)
1= (o]
Thanks to the inductive step and (6.15), (6.19) implies
I = s" (V—1/m) (k=)
A | v —Z—@Gﬂ‘v-; =

j=0 o

So, we are left with proving that the function

I N L VAN U Ll 0}
Gulr) = ;Q)Gm) —

complies with (6.18). From (6.15) and the inductive hypothesis, this will follow provided there

holds -
() S (= ()

=0

an equality which is in fact true in view of the identity Zf;é (’;)(—1)J = (=1)*=1, valid by
Newton’s binomial formula.

REMARK 6.1. In order to obtain the bounds (1.14) and (1.15) of Theorem 1.4 (subcritical
m), note the quantities ¢;(¢,-), c2(f,-) appearing in (1.13) can be taken to be continuous
functions of t € (0,T), as a consequence of the method of proof of such inequality (see Sections 3
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and 4). This fact is sufficient to prove, as above, that there exists a constant M (now depending
on 7y too) such that (6.7) holds true. This is enough in order to proceed along the previous
lines and get (1.14) and (1.15).
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