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SUMMARY

This paper aims at extending the well known critical statecept, associated with quasi-static conditions,
by accounting for the role played by the strain rate when $o@ion the steady, simple shear flow of a
dry assembly of identical, inelastic, soft spheres. An taltil state variable for the system, the granular
temperature, is accounted for. The granular temperatuedaged to the particle velocity fluctuations and
measures the agitation of the system. This state variablie,ia the context of kinetic theories of granular
gases, is assumed to govern the response of the materiaj@staain rates and low concentrations.

The stresses of the system are associated with enduringoffidl contacts among particles involved in
force chains and nearly instantaneous collisions. Wheffittstemechanism prevails, the material behaves
like a solid, and constitutive models of soil mechanics haldereas when inelastic collisions dominate, the
material flows like a granular gas and kinetic theories appnsidering a pressure-imposed flow, at large
values of the normal stress and small values of the sheathattheory predicts a non monotonic behaviour
of the stress ratio at the steady state, which is likely teegothe evolution of landslides. Copyrigiat 0000
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1. INTRODUCTION

Since the pioneering works of Roscet al[l] and Schofield and Wroth [2], the critical state
concept in soil mechanics has been introduced as a limit state condition whégttheed by means
of evolving loading paths. Experimental investigations,especially using staaitrolled triaxial
tests, have been performed to describe such an ideal condition, aswehg constitutive models
have been conceived by starting from such a theoretical definition.[®mthe contrary, the most
of works published within the granular flow community (e.g., see [5]) deals thigtrheology of
granular materials at large strain rates and low to moderate concentratitmonfiethe quasi-static
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2 D. VESCOVI ET AL.

conditions, and prevalently considers simple shear tests (rheometers) steddy conditions.
Within this community, kinetic theories |[6,] 7] 5], according to which the inelastitisams
associated with the random motion of the grains represent the main mechanisssipate the
energy of the system, have been developed. The theories take intoerafisia granular gaseous
or collisional states, in which force chains within the medium, forming the grarsileleton,
disappear.

There are several practical problems where the granular materiahpasges a transition from a
solid to a more gaseous state, thus suggesting that a collaboration betwivenm dbeve mentioned
communities would be fruitful. The landslide risk evaluation, requiring the moglalfrboth the
inception and the evolution of the gravitational collapse, is the tipical exampieedder, the
increasing success of computational tools in handling large deformatiggess that such an
ambitious goal is now possible and stimulates the need for constitutive modaldeapsimulating
the mechanical response of granular materials under both quasi-stattollisnal conditions.
The first step in this direction is the extension of the critical state conceptpiated hereafter as a
sort of limit condition for the steady state at vanishingly small strain rate, byasfimg the granular
temperature as in [8], as an additional state variable for the system. Wherathdar temperature,
T, defined as the mean square of the velocity fluctuations, quantitativelyilliegahe degree of
agitation of the system, is large, the stored energy of the system is prevddieretlic; whereas, at
small T, the stored energy of the system is mainly elastic. In this perspectivegt reanstitutive
model [9] for the granular material, valid under both quasi-static and coliisiconditions, is
slightly modified, mechanically interpreted in the light of visco-plasticity and mpatecally
discussed.

This paper wants to suggest a road map, allowing the Geotechnicians totgieteofrom their
“one-dimensional world” and discovering, as for the inhabitants of Fldtianthe well-known
masterpiece of Abbott [10], the “marvelous” multi-dimensional state-variatieerse.

2. THEORY

The Geotechnical community usually associates the concept of critical stata won-evolving
state reached after a progressive increase in strain, at a vanishimgjlystrain-rate. At the critical
state, an ideal mechanism of yielding is assumed to develop within the specimenténal work
is totally dissipated by frictional processes at the contact level (distegaboth crushing and
damage); the micro-structure does not evolve and, consequently,itheatio, e, remains constant
(i.e., segregation is inhibited). Focusing on triaxial tests (recently also bpsrdalistinct element
numerical simulations [11]), Geotechnicians have traditionally defined tlis loicthe critical state
using the void ratio, the effective pressure and the deviator (defintdtkatifference between the
axial and radial stress). Conversely, only few works have dealt vintiple shear flows (Fid11),
which instead represents the most studied configuration in determining thlegheof granular
gases[[12, 13,14, 15].
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FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 3
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Figure 1. Simple shear flow configuration.

Limiting the analysis, for the sake of simplicity, on the homogeneous simple sheaassembly of
identical, dry spherical particles of diameteand density,, the variables governing the problem
are the shear stress the normal stress along the transversal directignthe void ratio,e, or
alternatively, the concentration= 1/(1 + ¢), the shear strain, the strain raieand the granular
temperaturd’. In the realm of Geotechnique, the strain rate is usually taken to be zertherefore
disregarded, whereas the granular temperature is ignored. In theakghanular flows, the shear
strain is infinite, as for classic fluids, therefore not influencing the prmobla our view, the two
realms are strictly connected, and the critical state, for which the sheiaristiafinite and both the
strain rate and the granular temperature are zero, represents thebobetiveen them.
To merge the two approaches, it is quite useful considering the enelgyckbeaof the system. In
the simple shear flow, at the steady state, under the usual assumptionstaintahear and normal
stresses, the flux of energy is neglected, so that the energy createziviogrk of the internal stresses
equals the dissipated enerdy being the rate at which energy is dissipated in frictional, enduring
contacts and'¢ the energy dissipated by collisions, the balance of energy for the simplay, #ow
reduces to

79 =Tq+Tc. (1)

As suggested by several authars|[16],[17,/18] 19, 9], we assumédisie the granular stresses

into two contributions:
0 =o0q+og,
2
T =179+ Tc.
Here and in what follows, the subscript(quasi-static) and: (collisional) refer to quantities
associated with enduring, frictional contacts of particles involved in fateEns (soil skeleton)

and nearly instantaneous collisions, respectively. By substituting Eant¢2Eq. (1), we obtain

Tq’.Y—FTc’.}/:Fq—FFc. (3)
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4 D. VESCOVI ET AL.

Unlike suggested in other works [19], enduring contacts among particlEsda chains cannot
produce fluctuating energy. As a consequence,[Eg. (3) reduces to

Tq"}/ = Fq, (4)
TC"}/ = Fc.

2.1. Quasi-static contribution

The quasi-static component of the shear stress is assumed to be pr@ddditime quasi-static
component of the normal stress through the tangent of the internal frentighe at the critical state
! [2,120]:

ss?

Tq = 0q tan ¢,. (5)

.+ being a function of both the inter-particle friction coefficigntand the simple shear constraints
[21].
For dimensional reasons, the critical state locus irbther plane can be written as
oa=fos ©)
where the particle stiffness is equal tordE£'/8 in the case of linear elastic contactsl[22], whhs
the Young's modulus, whereds is solely a function of the concentration.
To be consitent with physical observations on granular packings, stevasthat the functiorf,
vanishes when the concentration is equal to the random loose packireg ugjudefined as the
minimum concentration at which a disordered packing exists [23]. In otloedsy at the random
loose packing, the granular material undergoes a phase transition telg paollisional regime.
The concentration at random loose packing is a decreasing functiore d@ftér-particle friction
coefficienty,, [23,[24,25]. For frictionless particles, that ig, = 0, vy coincides with the random
close packingyrcp = 0.636, defined as the densest possible disordered packing of identicaésphe
[23]. On the other handi, must diverge ats, another critical value, at which the force chains span
the entire domain and a shear rigidity develdps [26]. Therefore, we take
am ifand only if v > vy anduyp < vs
Vs — UV
fo= Q)

0 otherwise

whereq is a dimensionless material coefficient [9].

Experimental investigations on the critical state of identical spheres argtth@re. To our
knowledge, only Wroth[[27] performed experiments on the critical state mirl stainless steel
spheresK = 8.25 - 107 Pa m) using a shear cell[28]. The experiments confirm that the ratig of
to oq is constant and thaf, is a unique function of the concentration. In Hig. 2(a) the theoretical
expression of Eq.L{7), withis = 0.619, vyp =0.598 anda = 1.8 - 105, obtained from linear
regression, is drawn. The data of Hig. 2(a) are plotted in ternfs afainst void ratio in Fid. 2(b).

Copyright@© 0000 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomegb000)
Prepared usinghagauth.cls DOI: 10.1002/nag



FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 5

0.8 0.8

0.6 0.6
04 0.4

0.2 0.2

0 . . .
0.62 0.62 0.64 0.66 0.68 0.70
\Y e

(@) (b)

0.59

Figure 2. Experimental (circles, after [27]) and theomtigsolid line) coefficientf, for steel spheres as
function of (a) concentration and (b) void ratio.

2.2. Collisional contribution

The constitutive relations for the collisional stresses and the rate of dissijgd fluctuating energy
are those proposed by Garand Dufty [29], as modified by Jenkins and Belzil[26],

oc = ppf1faT, (8)
¢ = ppdf2 f4TY?%, 9

and ;
Pe= prgf4T3/2~ (10)

Functionsfi, fo and fs, reported in Tab[]l, are solely dependent on the concentratiand e.
The latter is an effective coefficient of restitution which depends on (intrenal coefficient of
restitution (ratio of precollisional to postcollisional relative velocity betweelliding particles in
the normal impact direction), (ii) the tangential coefficient of restitution in &isticcollision, and
(iif) the Coulomb friction coefficient characterizing sliding collisions|[30]the elastic limit, that is,
whene = 1, vs equalsircp [31]. In Eq. [10),L is the correlation length, accounting for the decrease
in the rate of collisional energy dissipation due to the correlated motion of lesrtitat is likely to
occur when the flow is dense [32,133] 26]. In its expression, repart€&db.[l, c is a dimensionless
material coefficient of order unity.

The function f4, not present in the constitutive relations of Jenkins and Bérzi [26gstakto
account the influence of the particle stiffness on the collisions, and expliEfignds on both the
concentration and the granular temperature. By following [34],

1/27~
d ( p,T
1+2% (””)
S

b , (11)

fa=

wheres is the mean separation distance among patrticles. At equilibrium, the latter caaniied
as the mean free path (mean distance traveled by a particle between twsssteecellisions). In
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6 D. VESCOVI ET AL.

Table I. List of expressions for the collisional contrilmrtito the stresses.

f1 = 4Z/GF
8J
f2 = 57’[’71/2VG
12
f3= l/2 (1_62)VG
G= vgo
@-n v < 0.49
2(1-v)
9= 5.69 0.49
L v > 0.49
vs—v
_ 1+e 1
F= > Tic

L+e  m[5+2(1+6)Be—1)G][5+4(1+¢€)G]
2 32 [24-6(1—¢)® —5(1—€2)] G2

L 1 GY3
7= max{l, (gch/de)}

the context of classic kinetic theories [35],

V2d
S= oG (12)
By using Egs.[(R)[(6) and8),
T — L(’K/d. 13
ppf1fa (13)
And also, from Eq.[(T3) and E4.{111),
1 d | © [od 1
5 nsn (% 0) g 1=e 4
that gives
2
= A v TA (15)
where 262 i
Y5 g
A= 7 (K - fo) . (16)

As expectedf, tends to one a& tends to infinity.

It is important to notice that taking into account the role of particle stiffnestherduration of

a collision, the collisional contributionse, 7c andI'c depend not only on the concentration, the
granular temperature and the shear rate, as in classic kinetic theoriatsdan the ratio between
the normal stress and the particle stiffnegéK/d).
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FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 7

2.3. Constitutive relationship

By substituting Eqs[{9) an@(IL0) intdl (4), and using the constitutive egje forL of Tab.[, the
granular temperature results an algebraic function of the shear rate,

T = d® 54 (17)
with L
2
and s
22/3
g = max [1, (CCihf?’) ] . (29)

By introducing Eq.[(1l7) into EqslI(8) anld (9), the expressions for ttad $tresses in steady, simple
shear flows read

K .

o= Efo + ppd? f1 faf57? (20a)
K

™= = fotan g, + ppd? fo fo L1242, (20b)

Egs. [20) represent an extension in a four dimensional space of itlmlcstate condition to
nonzero values of (or T'). A graphycal illustration of such a locus is reported in Eig. 3, where the
different lines in ther — o — e space correspond to different valuesiofThe material parameter
values employed to obtain the curves coincide with those in[Sdct.3.2. An altemaiy of writing

T=0 m?/s?
— — T=10"%m%s?
‘ LT —T=10%m%s?
x10® = =~ T=102 ms?
6 - \Z‘ : —= =-T=103m%s’
AN e T=210 2 ms?
.l O T=5103 m?/s?
S| T o T=10 4 mss?

Figure 3. Evolution of the steady state locus as a functich@fjranular temperatufe
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8 D. VESCOVIET AL.
Egs. [20) is the following:

K 2
1——f0—l§ (z—tanqﬁgs) =0 (21a)
od v5 \o

T_ t /I @ 22
an ¢ 5 0 (21b)
o 71

1/2

where t,,, = d(ppv/o)~'" is the microscopic time scale associated with the rearrangement of

particles|[[13], and

1/2
~ 14
1= )
fi (213~ tan gl fifs )
(22)
B |: y :|1/2
= R .
Eq. (21b) provides
. l z B , 1/2
=0 (U tan ¢) , (23)
that can be interpreted, in the visco-plastic framework, as
where® (F) is the viscous nucleus function of the yield locag36]. In this case,
®(F) = (F)"?, (25)
and
F=1_tang.,. (26)
g
In Eq.[24,7 is the fluidity parameter,
~ 71

tm
that is not constant, unlike commonly assumed in the literature.
The model parameters which affect the constitutive relatibns (21) carulbdivided into (i)
micro-mechanical parameters, characteristics of the single particlepfj,el, K, ¢, ande); (ii)
macro-mechanical parameters, characteristics of the “continuum” mediumyfpe vs, tan ¢,
a andc). As previously mentioned, micro and macro-mechanical parameterslatedréo each
other; for instance, the inter-particle friction coefficient affects theceatration at random loose
packing and the critical friction angle, and the coefficient of collisionatingtion influences the
concentration at which the shear rigidity develops. Atsand ¢,, are not, in principle, totally
independent.
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FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 9
3. DISCUSSION AND RESULTS

In this section, the aforementioned constitutive relationship is theoreticallystied by (i)
introducing a phase diagram, (iij) commenting the role played by the normas $trepressure-
imposed flows, (iii) highlighting the occurence of a non-monotonic behawbtlre stress ratio for
large values oF and (iv) solving the relationship for (iv-a) concentration and (iv-igss ratio-
imposed flows.

3.1. Phase diagram

From [20&), because the second term on the right hand side is alasiyigey it must be that
1- Efo > 0. (28)
do
By substituting Eq.[{[7) into EqL(28), for positive valuesfgf we obtain
v < VUm (29)

where
alrlp Vs

M Y od/K 1t a(od/K) (30)
represents the maximum concentration that can be achieved under stealityoos, for a fixed
value ofo, when the shear rate vanishes.

Fig.[4 shows the gualitative phase diagram in the plane concentrationdnsiness. For large
values ofod/ K, vm approachess; on the other hand/n tends tovyp whenod/K is sufficiently
small. Then, the range of coexistence of quasi-static and collisional edresaid “transitional

regime”, depends on the imposed normal stress.

0.64

quasi-static

0.58 f + collisional
> regime
0.56
VrIp ”””””””””””””
0.54
collisional regime
0.52
0.50 : :
10° 10° 10° 10° 10°

o [Pa]

Figure 4. Phase diagram for steady, simple shear flow ofstielapheres in the plane— v.

Analogously, in Figl b the qualitative phase diagram in the plane v for the steady, simple shear
flow of inelastic spheres, that is< 1 andvs < vicp, for an imposed value of the normal stress, is
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10 D. VESCOVI ET AL.

illustrated.
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Figure 5. Phase diagram for the steady, simple shear flonetdstic spheres at imposed value-of

For a given value of the inter-particle frictiop,, the concentration decreases as the shear rate
increases (as already mentioned, the maximum value is when, i.e., at the critical state, when
the collisional stresses vanish). For small values gfvy, is greater thams (here assumed to be
constant, in absence of clear evidences of its possible dependengg, @o that the quasi-static
stresses are zero: the maximum concentration therefore coincidesswtid the steady, simple
shear flow is always in the collisional regime. At larger, vy is lower thanvs: the concentration

at the critical state i$m, and quasi-static and collisional stresses coexist in the range between
vip < v < vm. Atthe value ofy which corresponds to a concentration equakfg the quasi-static
stresses vanish and the material undergoes a phase transition to the edblfisgime. The range

of coexistence of quasi-static and collisional stresses depends orithedk , which affects the
value ofvm. In particular, for small values ofd/ K, i.e., small values of the total normal stress or
large values of the particle stiffnessy approachess, as already mentioned, thus reducing the
range of influence of quasi-static stresses on the flow.

3.2. Pressure-imposed flow

Steady, simple shear flows can be physically and numerically simulated (i) bingpihne normal
stress, and measuring the concentration (or alternatively the void ratio)hanshear stress as
functions of the shear rate (pressure-imposed); (ii) by imposing thesatration (void ratio), and
measuring the normal and shear stress as functions of the shear ratenfation-imposed); (iii)
by imposing the stress ratio, and measuring the concentration and the ateeas ffunctions of
the normal stress (stress ratio-imposed). The results of the three catifigs are equivalent, if
dimensionless quantities are employed|[14]. In this section, we will considsspre-imposed
flows, commonly taking into consideration in the Geotechnical community, whiche&onsidered
as a mixed-control test.

All the results illustrated in Fid.16 refer to an ideal granular material whiclulsheomehow mimic
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FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 11

the behaviour of sand. Hence, we take= 1 mm; p, = 2600 kg/m*; K = 2.8-10* kPam (from

the Young’'s modulus for quartz};,= 0.6 andc = 0.5 (as appropriated for glass spheres,| [26]);
a=1.8-10"% andvs = 0.619 (from Wroth’s experiments on stainless steel spheres, see section
[2.1); tan ¢, = 0.5 (the tangent of the angle of repose obtained by Forterre and Pouligugfof

0.8 mm sand)yy, = 0.55 (as appropriated for very frictional particles, [24]). Hig. 6(a) )6
show respectively the stress ratio and the concentration as a functioe shéar rate for four
different values of the imposed normal stress.

06 ‘ ‘ ‘ 07
06 — —mmm oo .
tan ¢, Vip [ 7777wy v
05
8 > \
04 [----c=10Pa '

041 c=103Pa |
“To=10"Pa 03k |77 o=10%Pa '
—o=10"Pa —o=10"Pa !

0.3 L L L 0.2 . o

107 10° 10° 10* 10° 107 10° 10° 10°
v [1/s] y [1/s]
(@ (b)

Figure 6. Theoretical (a) stress ratio and (b) concentna®a function of the shear rate for 1 mm sand, at
different values of the applied normal stress.

0.6

: 07
----5=10 Pa
. _ 103 Vs
05t "‘wspa 06f :
----5=10"Pa
—oc=10"Pa || ¢ '
04+ ; . K 05
o , \
G > \
037 041 [——5=10Pa :
A J 5=103Pa \
02t ! 03F |---5=10°Pa :
o i —oc=10"Pa \\
. ; ‘
0.1 -2 ‘0 ‘2 6 0.2 2 ‘0 Hz 6
10 10 10 10 10 10 10 10
v [1/s] v [1/s]
(@ (b)

Figure 7. Theoretical (a) stress ratio and (b) concentradi® a function of the shear rate for 1 mm sand,
at different values of the applied normal stress, when gstasic stresses are ignored (purely collisional
model).

Fig.[6a shows that, in purely collisional regime, whefe reaches the maximum value (0.562), all
the curves exhibit a peak. The subsequent deacreasing behaviber parely collisional regime
seems to be confirmed by numerical simulations on unbounded shear [fI6jvdf [the applied
normal stress is sufficiently large (solid line in Fig. 6a) the present themgigis an additional
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12 D. VESCOVI ET AL.

reduction in the stress ratio occuring in the transitional regime, when bothi@otllsand quasi-
static stresses coexist. Here, the steady flow is characterized by thgaond

T <tan s (31)
o

This peculiarity of the mechanical response will be discussed in detail iretktesactions.

Fig.[4 shows the results of the present theory when the quasi-static cioimibare ignored. The
comparison of Fig.]7 with Fid.]6 allows to emphasize some key predictions of ¢oeyth(i) the
value of the concentration far — 0 would be independent anin a purely collisional model; (ii)
a purely collisional model cannot predict the asymptotic approach of thgsstatio to the critical
friction angle fory — 0 [14].

3.3. Nonmonotonic behaviour in the transitional regime

The condition for the occurence of a minimum fpe£ 0 and 7/0 < tan ¢, in the transitional

EER

regime, (Fig[(ba) can be derived from EQq.](23). Indeed, for tharstaée being a real number,

T/0 — tan ¢

> 0. (32)
fo (12132 = tan gt fu s )
Hence, condition(31) can occur if
F2f2% = fifstan ¢, <0, (33)

given thatf, is always positive. By using the expressions of Thb. |[Ef. 33 gives

v> v, (34)
where B (tan )
tan -
* — SS 35
Y T VSBI(tan ¢..) 0 + 5.69 (s — 0.49) (35)
with

(36)

(1- 62)2 J4 o
15¢2 ’

1/2
B_ 48
5m(1 4 ¢€)?

whereJ and F are calculated from Taf. | in the dense limit, that is,for oo [26].

If vm is larger thanv*, the material exibits a non-monotonic behaviour in the whole range of
concentration betweert andvm. In contrast, iivm < v*, ther /o trend is monotonically increasing.
By using Eg[3D, the conditiony, > v* corresponds to

o>o", (37)
where
) K (38)
(vs—v*) d°
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FROM SOLID TO GRANULAR GASES: THE STEADY STATE FOR GRANULAR RTERIALS 13

The dependence afy, on o and the values of and o satisfying conditions[{34) and(B7) are
depicted in FiglB.

0.64
V[ L
s Non-monotonic
0.60 behaviour |

A%
quasi-static
0.58 .
+ collisional
S .
0.56 - regime |
VrIp ”””””” T
0.54 | 8
collisional regime
0.52 ! .
0.50 : ‘ — ;
10° 107 10 ° 10° 10°

c [Pa]

Figure 8. Maximum concentration attained in the steadypkrehear flow of 1 mm sand as function of the
applied normal stress. Thiarkgray area represents the range of existence of the non neadkehaviour
for 7 /o when both collisional and quasi-static stresses coexist.

For v > v*, the aforementioned visco-plastic interpretation previously suggested2@cstill
holds, if the fluidity parameter is allowed to be an imaginary number. The depeadof the
fluidity parameter on the concentration for different values &f depicted in Fig.19. The gray area
represents the range of concentration for whijdls imaginary. This condition can not be a priori
excluded but it must be further investigated by using either experimentalimerical tests. In
fact, this unexpected trend could be a misleading consequence of thewmgghgsical constitutive
parameters as well as of having assuméd be constant, that is, independent on betand the
relative velocity among colliding particles.

10° : \ ‘ ‘ ] ‘

i 1

0% ! |
E __________________ 3 3
= | | 3
02l —---6=10Pa || ]
__________________________ s=103Pa | 1
ot |l

——6=10"Pa || :

o0 | ‘ ‘ ‘ ] 1
050 052 054 056 058 V' Vs

\Y

Figure 9. Fluidity parameter as a function of the conceiatngfor different values of the normal stress.
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14 D. VESCOVI ET AL.

3.4. Concentration ans stress ratio-imposed flows

In order to highlight the nature of the constitutive relationship, and in pdatidche meaning of
condition [31), or, equivalently[ (34) and _{37), in this section the stesdte condition will be
discussed with reference to (i) concentration and (ii) stress ratio-imflosesl Here, all the graphs
are obtained by employing the parameters previously defined.

(i) The concentration-imposed flow is a kinematic-control test where ssem® computed as a
function of the two kinematic variables: concentration and shear rate. ladhfgguration, by using
Eq. (20), the stress ratio is given by

K .
- Efo tan ¢, + ppd® fa fafs 42
T_ (39)

K .
7 o+ ppd i fuf53?

where functionf, is computed by substituting Ed._{17) into Elg.1(11) as a function of the shear r
and of the imposed concentration.

Figured 10(3) and Fi§. I0(b) show the results in terms of stress ratiosveigar rate and normal
stress versus shear rate, respectively, for different values obtieentration.

06 ‘ ‘ ‘ 10
tan ¢, 10°
. - - ~---v=054
Loar [----v=054 1 £t [ESEE V056
""" v=056 © - —--v=058
————— v=058 "
* -5 v=v
03r v=v 0 . - v=060
- v=060 T vev
"""" V=V s
=10
02 ‘ ‘ ‘ 10 ‘ ‘ ‘
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7 [1/s] 7 [1/]
@) (b)

Figure 10. Theoretical (a) stress ratio and (b) normal stassfunctions of the shear rate for 1 mm sand, at
different values of the applied concentration.

Fig. highlights the difference between the purely collisional and togsitional regime.
Indeed, when the imposed concentration is lower than the random loo&mgdcollisional
regime), the stress ratio is constant, as is predicted by the kinetic theomgasha the transitional
regimer /o is affected by the shear rate. The different shape of the normal sirgsstwo regimes

is also evident in Fid. I0(b).

Furthermore, when the concentration is lower tlrnthe stress ratio is an increasing function of
4, otherwise it presents a decreasing behaviour as a consequermaition [34). The limit case
isv = v*, where the stress ratio is constant and equadiiay’, for all the values of the shear rate.
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(ii) A stress ratio-imposed flow is obtained by keeping constant the stréssya and measuring
the shear rate and the concentration as a function of the normal stress.

In the transitional regime, i.e, when> vy, by using Eq.[(3P) and(2Da), the relation between the
concentration and the normal stress reads

1+f1f5 (tan¢;s—£) d

fo =—o0o (40)
hiss - R ] K
and the shear rate is given by
K
) 0= Efo (a1)
TN R ks

wheref, is computed by using Ed. (IL5).
In the collisional regimex < yp), the concentration is imposed by the stress ratio through

f2 T
Y 2

and it does not depend on the normal stress. Then, the shear ratesedu

TN BT “

The threshold between the two regimes is the stress ratio value associatedewiindiom loose
packing concentration(,f/a)”p (by employing the previously defined material parameters it is
0.558).

In Fig.[I1(a) andl 11(b) the concentration and the shear rate versostimal stress, respectively,
for different values of the imposed stress ratio, are plotted. The cofery.[11(a) represent the
iso-stress ratio lines in the phase diagram plane mentioned i Skct.3.1.

v ----1/6=046

v, =
> " - - 15 =046 =
———————— t/o =048 i

. t/o =0.50

035t ---1/6=052

030 0 ‘2 4 G5 6 ‘8 10
10 10 10" % 10 10 10
o [Pa]

Figure 11. Theoretical (a) concentration and (b) shearagtefunction of the normal stress for 1 mm sand,
at different values of the applied stress ratio.
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16 D. VESCOVI ET AL.

The two solid lines in Fig. T1(h) represent the limit cage = tan ¢/, = 0.5. From Eq. [(3D), by
imposingr/o = tan ¢, we obtain:

88t

(2837 = pfstan gl ) 42 =0, (44)
which leads to two solutions:

1. 4 =0: it is the so called critical state, where the collisional contribution vanishdstfam
concentration is equal tay, (30).

2. f2f§/2 — fifstan ¢, = 0: implying a concentration not depending erand equal ta*, as
was stated in EqL(35), and a shear rate defined, as usual, Hy Eq. (41)

When the normal stress reachesdtievalue (corresponding tay, = v*), the steady flow undergoes

a loss of unigueness of the solution in terms of the two kinematic variabbasd.

This loss of unigueness of the solution characterizes also all the cunvegased stress ratio lower
thantan ¢’,,. Furthermore, when /o < tan ¢/, there is only a limited range of the normal stress
for which the steady state is possible, and, in this range, there are away®ncentrations and
two shear rates for a given value @f The range of existence of the steady state (range of possible
normal stresses) increases accordingly to the imposed stress ratio,mmiimeim normal stress
moves on the left and tends 4 asr /o tends totan ¢/ .. Then, all the curves characterized by an
imposed stress ratio lower tham ¢’ are included between the two solid linesrdtr = tan ¢/,
corresponding to the dark gray area of the phase diagram ialFig. 8.

Both the theoretical concentrations are larger thanas was predicted by Ed. (34), and so both
the steady states are in the transitional regime. In[Eig. 12 a curve at appéissl itio lower than
tan ¢’ is discussed.

062 10
B C
VB
10°
=
> 061 b =
=
A 104
a
060 4 6 8 10 102 4 ‘ 6 ‘ 8 10
10 10 10 10 10 10 10 10
o [Pa] o [Pa]
(@ (b)

Figure 12. Theoretical (a) concentration and (b) shearasgefunction of the normal stress fofo = 0.48.

Here, pointA corresponds with the minimum normal stress possible at the steady stateawher
B represents the minimum shear rate achievable. Given these two pointsnwistiraguish three
zones:
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zone a.. where the shear rate is an increasing function of the normas stteereas
concentration is deacresing;

zone b.: where the concentration increases and the shear rate dedozascreasing normal
stresses;

zone c.: where both the shear rate and the concentration increase withrifed stress.

When the imposed stress ratio is greater than the tangent of the critical faciger /o > tan ¢’
the steady state is possible for all valuessofFurthermore, the loss of uniqueness of the solution
can still occur depending on the value ofo. If the applied stress ratio is lower than/o),,
there is always a solution in the transitional regime, characterized by agasing shear rate
given by Eq.[(4ll), and an increasing concentration (40), which vavith o between the random
loose packing and the valug. Another solution can be found in the collisional regime. Here the
concentration is constant as stated by Eqgl (42), and the shear rat@sixregith the normal stress
@3).

Given that, in the collisional regime, the minimum stress rdtigy), . , is reached for ~ 0.26

and can be larger thaian ¢/, there is a range af /o where the steady state can not be reached in
the collisional regime and the stress ratio-imposed flow solution is unique. iBquatticular ideal
granular material, the minimum stress ratio in the collisional reginte/s) . ~ 0.513, then for

all the imposed stress ratio in the rartge — 0.513 the solution, in terms af and+, is unique and

is in the transitional regime.

In contrast, when(7/0),,;, < 7/0 < (7/0)q,. there is at least another concentration, lower than
lp, and another shear rate solving the problem. The additional collisionaicsotan be one or
more depending on the the imposed stress ratio since the kinetic theory peedtsmonotonic
trend of the stress ratio versus concentration curvel[(Bq. 42). Refeo Fig [11(D), forr /o equal

to 0.52 there are three possibleand also three concentrations, one in the transitional regime and
two, constants, beneath, (in Fig.[11(a) only one of these twois plotted, the other one is lower
than 0.3).

Finally, when the applied stress ratio is larger than the threshold),,, there are no possible
solutions in the transitional regime, and the concentrations and shear ohtewy she stress
ratio-imposed flow have to be sought in the collisional regime [(Elf. 42-43).

It is worth noting that when stress ratio exceeals¢’,, there is only one solution in the transitional
regime and, if the loss of uniqueness occurs, the other solutions are iarélg pollisional regime.

On the other hand, the loss of uniqueness of the solution in the transitigialerés possible only

if the imposed stress ratio is lower tham ¢’ (condition[31), corresponding to the dark gray area

of Fig.[8.

4. CONCLUDING REMARKS

This work has provided a theoretical framework, in which both standaat€ghnical constitutive
models, based on the critical state theory, and kinetic theories of grarades @re merged. In
particular, the steady state condition of a granular material under simplehsieebeen analyzed by
employing a constitutive approach recently proposed by the authorsewbth enduring contacts
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18 D. VESCOVI ET AL.

among particles involved in force chains and nearly instantaneous colligiensonsidered. The
interpretation of the constitutive relationship in the light of standard viscskplyy is a first
step towards an evolving constitutive model capable of describing the mieah&éehaviour of
granular material under both solid-like and fluid-like conditions. Three flowfigurations have
been considered: pressure, concentration and stress ratio-impmggd¥tcounting for the stiffness

of the particles allows to highlight the occurence of the limit conditiole = tan ¢, which
produces a peculiar behaviour of the variable’s profiles in the thresidened flow conditions.
Indeed, in the pressure-imposed flow, the stress ratio curves beconmeammtonic in the range of
concentration between* andvm, where the fluidity parameter gets imaginary. At the same time,
in the concentration-imposed flow, thgo function changes from an increasing to a decreasing
dependence on the shear rate. Finally, the occurence of the same cogditierates in the stress
ratio-imposed flow a loss of uniqueness of the solution in the transitional regiss®ciated
with a limited range of normal stresses at which steady state is possible. Allsthenptions
introduced to conceive the constitutive relationship (the restitution coeffizidependent on both
the normal stress and the relative velocity among colliding particles; the sielity concentration
independent on the friction coefficient; both the collisional and the quastsormal stresses
diverging at the same concentration) have to be confirmed. This paparsigdtbe interpreted
as a theoretical stimulus for further experimental/numerical researches.
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