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Abstract – The technique for the simulation of the dynamic
behaviour of rotating machines presented in the paper is
based on an equivalent circuit representation of the magnetic
configuration. The circuit parameters are obtained by a pre-
liminary automated sequence of magnetostatic FEM analyses
and take into account the local magnetic saturations.
The adopted solution technique is based on an invariant net-
work topology approach: its application, here presented for
the operation analysis of a low-power synchronous generator,
allows a great reduction of the calculation time in comparison
with a commercial FEM code for the transient simulation.

1. Introduction

Since many years the most commonly used tool in ad-
vanced design and study of electromagnetic devices has
been represented by the electromagnetic FEM analysis [1]-
[6]. More recent implementations of FEM-based codes al-
low the transient simulation, taking into account the de-
pendence on time of both the sources and the geometrical
configuration. Nevertheless, the steep application of such
codes does not allow a deep insight in the electromagnetic
behaviour and generally results in high calculation times,
even if a single configuration has to be analysed under
various operative conditions. Getting worse, the perform-
ance assessment in consideration of parametric variations is
time-consuming in proportion to the number of configura-
tions to be examined.

Low-power synchronous generators emphasize such
problems, due to the relevant “cross-coupling” effect be-
tween the d and q axes m.m.f.s caused by the high local
saturation in the pole shoe zone.

The alternative approach, presented in this paper, is
based on the representation of the synchronous machines
by an equivalent magnetic circuit [8], whose various ele-
ments accurately characterise the behaviour of different
zones by suitable magnetic permeances (reluctances) and
m.m.f.s. Such method, implemented in a code, allows the
fast and accurate calculation of the winding flux linkages,
given the rotor position and the winding currents.

An effective procedure for the transient analysis was
then obtained, integrating such code in a step-by-step pro-
cedure for the numerical integration of the voltage differ-
ential equations. Several integration techniques were con-
sidered, and their performances from the numerical view-
point were investigated.

In the examples of application, the results obtained by
the code based on the proposed technique are compared
with the ones related to a commercial FEM code for the
electromagnetic transient analysis [9].

2. Determination of the flux linkages

To illustrate and test the method, a 2D typical configuration
is considered (Fig.1a), related to a 2-poles 3-phase syn-
chronous generator with 24 stator slots, with single-layer
windings. It exhibits all the local saturation phenomena,
particularly relevant in the low power machines; in order to
evidence the cogging effects due to the stator teeth, an open
slot configuration was considered, even if it is not used in
actual machines. Various circuit patterns were examined,
related to different geometrical subdivisions; a good
agreement with the results of the corresponding FEM
analyses was obtained by the circuit representation of
Fig.1b, related to the partition of Fig.1a [8]. The nodes si, ci

(i=0,…, ns−1 with ns= 24 number of stator slots) and rj

(j=0,…, nr−1 with nr=8 divisions of the rotor surface)
identify respectively stator teeth, stator yoke radial sections
and rotor boundaries (configuration symmetry was deliber-
ately ignored, to demonstrate the procedure applicability
also to unsymmetrical structures).
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Fig.1. Synchronous machine structure and model: a): machine
structure considered for the analysis (dashed lines: boundaries of
the ferromagnetic branches); b): equivalent magnetic network
(only some representative elements are shown and labelled).



Parameters of the magnetic circuit

The configuration is subdivided in different magnetic
zones, which permeance (or reluctance) is represented al-
ternatively as:
- a linear parameter, unaffected by the load condition but

generally dependent on the stator-rotor relative position,
for the magnetic paths in air (air-gap and leakage);

- a flux-dependent parameter, for paths mainly developing
inside ferromagnetic branches, and therefore approxi-
mately restricted in a time-independent geometrical
structure, but affected by the magnetic saturation.
The air-gap permeances are distinguished in “mutual”

air-gap permeances λi,j (i.e., related to the fluxes flowing
between the i-th stator tooth edge and the j-th rotor bound-
ary edge) and air-gap leakage permeances λ�s,i and λ�r,j
(associated to the fluxes between i-th and (i+1)-th stator
teeth and between j-th and (j+1)-th rotor boundaries, re-
spectively). An automated sequence of FEM analyses al-
lows to calculate the air-gap permeances as the ratio be-
tween the fluxes (flowing between the involved zone and
the adjacent ferromagnetic surfaces) and the difference of
the magnetic potential impressed by means of suitable
probe sources (an infinite magnetic permeability µFe of the
iron core being provisionally assumed). The interpolation
of the results obtained by such analyses sequences allows
to define the various permeances as functions of the rotor
position α (Fig.2a).
According to such scheme, each stator tooth is ideally cou-
pled with each rotor zone and vice versa for every position
α (in practice, the related permeance function rapidly de-
cays as the distance between the two zones increases).
Hence, the network structure, albeit non-planar, is time-
invariant, the dependence on α being assigned to the per-
meance values: this choice greatly simplifies the analysis,
because no topological update is needed during rotation.

Also the iron core reluctances are evaluated via a suit-
able sequence of automated FEM analyses [8]:
- the flux ϕ in each considered branch is evaluated by a

non–linear FEA, applying suited probe m.m.f. sources,
taking into account the proper non-linear B(H) relation-
ship for that ferromagnetic branch and assuming µFe→∞
in the rest of the iron core;

- the air-gap magnetic voltage drop (m.v.d.) can be deter-
mined evaluating the corresponding air-gap permeance,
as previously explained;

- deducting the air-gap m.v.d. contribution from the total
m.v.d., the drop in the ferromagnetic branch and the cor-
responding reluctance θ is calculated;

- the previous steps are repeated for different values of the
probe m.m.f. sources;

- the interpolation of {θ,ϕ) values gives the non-linear
function θ(ϕ) (Fig.2b).

Non-linear magnetic circuit solution algorithm

While some solvers were previously developed, just for
the analysis of no-load conditions [10], the following de-
scribed method leads to direct and general formulations; its
integration in an efficient code for transient analysis allows

good performances from the point of view of both the accu-
racy and speed of calculation. The solution of the magnetic
network is based on explicit recursive formulations of the
magnetic potentials of the nodes si, ci and subsequent ex-
pressions of the fluxes on iron core branches.

Referring to the circuit of Fig.1-b, let introduce some
further magnetic stator and rotor quantities:
Us,i: magnetic potential of the i-th stator tooth head;
ϕts,i: flux flowing out the i-th stator tooth;
ϕys,i: flux flowing through the stator yoke section between

the i-th and the (i+1)-th teeth;
As,i: ampere⋅turns in the i-th stator slot (between the i-th

and the (i+1)-th teeth);
Ur,j: magnetic potential of the j-th rotor zone surface;
ϕtr,j: flux flowing out the j-th rotor zone;
ϕpr: flux flowing through the rotor pole;
Ar,j: ampere⋅turns related to rotor lap embraced by the j-th

and the (j+1)-th zone.

A. Calculation of the scalar magnetic potentials

− Stator
Referring to the generic lap of the i-th stator slot, the

following ns recursive equations hold (i=0, 1,…, ns−1; 1i +
is the remainder of the division of i+1 by ns, so that when

i = ns−1, 1i + = 0; similarly, for i = 0, 1i − = ns−1):
 

0 

5 

10 

15 

20 

25 

30 

35 

40 

45 

-90 -80 -70 -60 -50 -40 -30 -20 -10 0 

λ0,0 

λ0,1 

λ0,2 

[µH/m] 

α [°] 

FEM calculated points 

(a) 

10
6

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70

θts

θys

θtr1,3

θtr2

θp

10
5

10
4

10
3

10
2

θ [H-1 m]

ϕ [Wb/m]

FEM calculated points

(b)

Fig.2: (a) - air-gap permeances as functions of the rotor position α;
(b) - iron core reluctances as functions of the proper branch fluxes
(θts: stator teeth; θys: stator yoke sections; θtr1,3: polar shoe ex-
pansions; θp: polar bodies).
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(Λs,r is the global permeance between stator and rotor).

By means of (5), the other potentials Us,i are determined
by the recursive relations (1).

− Rotor
Referring to Fig.1b, a sequence of rotor magnetic laps

analogous to the stator ones can be recognised, and a set of
nr−1 recursive equations like (1) could be therefore ob-
tained. Taking advantage of the geometrical and magnetic
symmetry, the problem is simplified, since only nr/2 equa-
tions are required, corresponding to contiguous rotor laps
embracing a 180° arc (it results Ur,j+nr/2 = –Ur,j). Defining
the quantities related to the rotor ampere⋅turns:
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B. Calculation of fluxes

− Stator
Once the stator and rotor potentials are defined, the flux
delivered by the generic i-th stator tooth is given by:
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Rearranging (3), the stator yoke fluxes can be explicited
as in the following:
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Since the net m.m.f. acting inside the stator yoke is null,
the sum of the m. v. drops along the yoke must be zero, i.e.:
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and so all the other stator yoke fluxes can be determined.

− Rotor
The flux in the j-th rotor zone can be expressed as a

function of the magnetic potentials in the form:
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The rotor pole flux ϕpr is then given by:

,1 ,2 ,3pr tr tr trϕ = ϕ + ϕ + ϕ (13)

The previous equations define a non–linear system, re-
quiring an iterative procedure to be solved. In such appli-
cation a fixed-point technique is adopted: let X(n) the set of
values of the magnetic circuit quantities (ampere-turns,
magnetic potentials, fluxes) evaluated at the n-th step. En-
tering such values in the previous equations, a preliminary
updated set Xu

(n+1) is obtained; the new solution vector
X(n+1) is then determined as:

( 1) ( 1) ( 1)(1 )u u
n n nX X X+ + += β + − β   . (14)

A suited choice of the relaxation factor β<1 is essential to
prevent the numerical instability, limiting at the same time
the number of iterations: the higher the saturation, the
lower is the instability threshold value of β. The conver-
gence estimation is based on the calculation of the flux
variation ∆ϕ(n) from the n−1-th to the n-th iteration (sub-
subscripts (n-1) and (n)):
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The iterations are continued until the number n exceeds
a maximum nmax or ∆ϕ(n)  goes below a threshold value εϕ.
The process is outlined by the flow diagram of Fig.3.
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Fig.3. Outline of the procedure for the fluxes calculation.

C. Determination of the flux linkages

The stator windings flux linkages ψ1, ψ2, ψ3 are deter-
mined multiplying the fluxes ϕts,i by the linkage coeffi-
cients {wp,0,…,wp,ns-1} of the p-th phase winding, according
to the following formulations:
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the p-th phase connection coefficients γp,i are given by the
number of conductors in the i-th slot with a leading + if
current flows towards the reader, − if it flows in the oppo-
site direction, 0 if p-th phase has no conductor in the slot.
For a symmetrical 3-phase winding, once the phase 1 link-
age coefficients are determined, the corresponding ones for
phase 2 and phase 3 are simply obtained by shifting the co-
efficients to the left of ns/3 and 2ns/3 positions respectively.

Analogous expressions can be defined for the rotor
windings. More directly, the flux linkage of the Ne turns
excitation winding is given by:

( )3,2,1, trtrtree N ϕ+ϕ+ϕ−=ψ    . (17)

3. Procedure for the transient analysis

With reference to Fig.4, let v={v1−v0,v2−v0,v3−v0,ve},
i={i1,i2,i3,ie}, ψ={ψ1,ψ2,ψ3,ψe} the voltage, current and
flux vectors, respectively (e-subscripted quantities refer to
the excitation winding, the other elements to the armature
phases). The voltage equations can be expressed (according
to the active bipole representation) in the matrix form:
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ψ
= − − ⋅
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(18)

with Rw diagonal matrix related to the winding resistances
{Ra, Ra, Ra, Re} and Ve field supply constant voltage.
The wye midpoint voltage v0 can be determined according
to the characteristics of the neutral connection: if such con-
nection, as in most cases, is absent (i.e., i1+i2+i3=0), the
sum of the armature windings equations gives:

0
321

0 3
ψ=





 ψ+ψ+ψ= ppv (19)

with ψ0 homopolar component of the flux.
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Fig.4: circuit representation of the armature and excitation
windings (Ra: armature phase resistance; Rl, Ll: load resistance
and inductance; Re: excitation winding resistance).

According to (19), (18) can be rearranged as:
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Defining the equivalent global flux linkages
φp=ψp− ψ0+Llip and including the armature winding resis-
tances in the resistance diagonal matrix R with non-null
elements {Ra+Rl, Ra+Rl, Ra+Rl, Re}, (20) are rearranged as:
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(21)

Integrating (21) from tk to tk+1=tk+∆t (∆t=const) by the
trapezoidal rule yields (k, k+1 subscripts refer to tk, tk+1, re-
spectively; αk+1−αk= ω ⋅∆t, with ω rotation speed):
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Evidencing the occurring k+1-th state quantities ik+1,
φk+1, it results:
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where all the right-side quantities are known, as soon as the
previous k-th state is determined. Due to the non-linear de-
pendence of φk+1 on ik+1, (23) has to be solved via an itera-
tive algorithm, according to the following points ((q), (q−1)

superscripts denote the values related to the current q-th
iteration and to the previous one respectively):
- the flux φk+1

(q) can be expressed by its Taylor series ex-
pansion arrested to the first-order term, starting from the
previous estimated values {φk+1

(q−1), ik+1
(q−1)}:
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- substituting (24) in (23) and collecting ik+1
(q−1) yields:
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with I 4×4 identity matrix; finally ik+1
(q−1) is given by:
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- the quantities 
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∂
 can be quickly determined via

the method of solution of the magnetic network previ-
ously described;

- as starting values (q=0), the following ones are assumed
(α value has to be updated from αk to αk+1):
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- as a stop criterion, the relative value of the ampere-turns
variation ∆i(q) is compared with a predefined threshold
value εi (N: diagonal matrix containing the numbers of
the winding turns):
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4. Examples of application

The described technique was applied to the purely hy-
pothetical configuration sketched in Fig.1a, in order to
compare the results with the ones obtained by a commer-
cial FEM code for the electromagnetic transient analysis
[9]. A time step ∆t=50 µs (angular step: ω⋅∆t⋅180°/π=0.9°)
was adopted in the proposed procedure to achieve an ade-
quate angular resolution, while ∆t=138.9 µs (angular step:
2.5°) in the FEM transient analysis. Mechanical transient
was neglected, assuming a constant rotation speed
ω =314.16 s-1 (3000 rpm).

A. No-load excitation current build-up

As a first case, the excitation current build-up at no load
was considered, starting from null initial value and apply-
ing a constant voltage Ve=100 V to the field winding
(Ne=1260 turns, Re=20 Ω). More than 8 s are required to
reach a nearly complete steady state running. Figs.5 and 6
show the current ie and flux linkage ψe of the excitation
winding, respectively, as functions of time, comparing the
results of the proposed procedure and of the FEM transient
analysis. The cogging effect on the excitation current is
evidenced in Fig.5b. The relative difference is about 3% for
the current values, and ≈1.3% with reference to the fluxes.
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Fig.5. No-load field current ie: (a) during the entire simula-
tion (with ripple smoothing for sake of clearness); (b) fo-
cused on a 10 ms period to display the cogging effect.
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Fig.6: build-up of the excitation flux ψe at no-load.

B. Simulation of load insertion

A sudden load insertion (Ra+Rl=3.2 Ω) at t=0 s was simu-
lated maintaining Ve=100 V and assuming initial current
values {i1,i2,i3,ie}={0,0,0,5 A}. The currents and the flux
linkages of the armature windings in the early instants of
the transient are compared with the FEM results in Fig.7,
showing a good agreement.
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Fig.7: (a) armature currents and (b) flux
linkages after a resistive load insertion.

It is worth to remark that the calculation time with the
FEM code is at least one order of magnitude higher than
that of the proposed method, the same time resolution be-
ing maintained.

5. Conclusions

A method for the electromagnetic transient analysis of
synchronous machines, based on the solution of an
equivalent magnetic circuit, was described. Such method
could be extended to a wider class of electromechanical
devices with minor modifications of the algorithmic struc-
ture.

The examples of application of a code, based on such
method, show a good agreement with the results of a com-
mercial FEM code, allowing on the other hand a great re-
duction of the calculation time.
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