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Abstract. Advanced Monte Carlo-based approaches are investigated for conjunction assessment 
with a breakup event, namely Line Sampling and Subset Simulation, which enable to detect the 
same extent of probability with fewer samples. The proposed approaches are applied to a 
hypothetical fragmentation and compared with the standard Monte Carlo approach. 
1. Introduction 
Probability estimation of Close Approaches (CAs) caused by a fragmentation is one of the key 
components for orbital neighbourhood awareness conjunction assessment. While the distribution 
of the fragments is often derived from the NASA Standard Breakup Model, a Monte Carlo 
simulation with large number of samples is required from such a model for a conjunction risk 
assessment, especially when the probability is small. 

On the other hand, advanced Monte Carlo methods, namely line sampling and subset simulation 
can be used. Both approaches were originally developed to estimate structural failure [1,2], similar 
to the CA assessment, the system failure probability is the fraction of the number of samples which 
lead to the failure region. From its nature, a large number of samples are required for standard MC 
method to guarantee the accuracy of the estimated probability, which causes high computational 
cost. Both line sampling and subset simulation reduce this problem, by transforming it to a one-
dimensional problem in the standard normal space, or by reformulating it as a combination of 
multiple conditional probabilities. Smaller number of samples will be required as a result, to 
achieve the same level of accuracy. The same approaches were applied later to the conjunction 
analysis of near-Earth objects for planetary projection as well [3]. 

In this work, we propose a line sampling and subset simulation approach to estimate the 
probability of close approach against debris fragments, to reduce the number of required samples 
and enhance computational efficiency and improve accuracy in the estimation of the collision 
probability. Instead of the uncertainty covariance of the initial condition, the probability 
distribution function from the breakup model can be treated in the same manner. The sample 
fragmentations are numerically propagated using high-fidelity gravity model implemented in ESA 
GODOT [4]. The performance of the proposed approaches is compared with the standard Monte 
Carlo simulation under the same condition, and the feasibility and the limitations of the proposed 
approaches are addressed by numerical simulations. 
2. Advanced Monte Carlo-Based Approaches 
Line Sampling 
The line sampling (LS) method is a Monte Carlo-based approach for the estimation of small 
probabilities. It was originally developed for the reliability analysis of failure in complex structural 
systems [5,6], and later applied to risk estimation for orbital conjunction analysis in combination 
with differential algebra [3,7]. Both problems have very low probability (generally in the range of 
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10-7 to 10-6) and therefore require a large number of samples for probability estimation. The main 
feature of the Line Sampling method is the analytical estimation of the probability, obtained by 
reducing the multi-dimensional integration problem across the uncertainty domain to many one-
dimensional integrals along lines following a reference direction that are used to sample the initial 
distribution; this direction is determined so that it points toward an impact region of the domain, 
and, if this is properly chosen, the method can considerably increase the accuracy of the solution 
or reduce the number of required system simulations with respect to a standard MC. It consists of 
four steps: 1) the mapping of random samples from the physical coordinate space into a normalized 
standard space; 2) the determination of the reference direction α ; 3) the probing of the impact 
region along the lines following the reference direction; 4) the estimation of the impact probability 
[8]. 

The first step of the LS procedure is to map the physical coordinates nR∈x  onto the standard 
normal space nR∈θ , whose components are all associated with a unit Gaussian distribution. The 
components of the vector θ  have the property of being independent and identically distributed 
random variables. In other words, each component has the same probability distribution as the 
others and all are mutually independent. Therefore, the joint PDF φ  of these random parameters 
is equal to the product of all the single PDFs. 
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Thanks to this property, this transformation grants efficiency to the method, especially with 
high dimensions. It reduces the problem to a series of one-dimensional analytical evaluations, thus 
enabling a simplification of the computation of the probability. The direct and the inverse 
transformation, from the physical domain to the normalized one and vice versa, which preserve 
the joint cumulative distribution function (CDF) between the two spaces, are defined as below. 
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Then the reference direction α  is determined, as the direction of a normalized “centre of mass” 
of the impact region in [3,8]. 
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This region is approximated by applying the Metropolis-Hastings algorithm [9,10] as below, to 
generate a Markov Chain Monte Carlo (MCMC) lying entirely in the impact subdomain starting 
from an initial condition within it. 

a. from the current element ux , ξ  is generated by randomly sampling a user-defined 
"proposal" pdf *( )up x ; 

b. compute the ratio ( ) ( )ur p p= ξ x ; 
c. set =x ξ  with probability min(1, )r  and set u=x x  with the remaining probability 

1 min(1, )r− , where x  is the candidate for the next element of the chain; 
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d. check whether the candidate x  lies in the region of interest I  or not: if I∈x , accept it as 
the next sample 1u+ =x x ; else, reject it and take the current sample as the next sample 

1u u+ =x x . 
After determining the reference sampling direction, TN  initial conditions kx  are randomly 

drawn from the nominal uncertainty distribution and then mapped to standard normal coordinates 
as kθ  using the transformation above. For each sample in the standard normal space, a line starting 
from kθ  and parallel to α  is defined according to the parameter kc , such that 
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where , kα θ  is the scalar product. In this way, the problem is reduced to a series of one-

dimensional evaluations associated with each sample, with kc  also normally distributed in the 
standard space. 

The standard domain is then explored along each line with the aim of identifying the impact 
region of an uncertainty set. For the problem under study, the occurrence of the events is expressed 
by the value of the non-dimensional performance function 

( ( )) ( ) 1impg c Y c Rθ = −θ                   (5) 

where Y  is a function that maps the value of the parameter c  to a performance index, an impR  
is the selected critical distance. By setting Y  as the minimum distance from the body of interest in 
the given time of window, while impR  as the radius around the body to define an impact, the 
performance can be written as 
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There will be a maximum of two intersections between each line and the impact region, 
meaning that two values of kc  exist for each standard normal random sample kθ . Once the value 

1 2( , )k kc c  are known for all the sampling lines, the unit Gaussian CDF provides each random initial 
condition kθ  with the conditional impact probability ( )kP I


, which can be computed as a one-

dimensional integrals based on the properties of the normalized coordinate space. 
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The total probability of the event ( )P I


 can be approximated as follows. 
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Subset Simulation 
The subset simulation (SS) method is an adaptive stochastic simulation method to compute 
efficiently small failure probabilities [3,7]. The approach was originally developed to address 
structural failure, but it was also used in different research areas in reliability, e.g. to address the 
failure probability of thermal-hydraulic passive system [5]. The basis of the method is to compute 
the probability as a product of larger conditional probabilities. Given a sequence of intermediate 
failure regions 1 2 mF F F F⊃ ⊃ ⊃ = , the failure probability becomes 
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where 1( )l lP F F+  indicates the probability of 1lF +  conditional to lF . The method is initialized 
using a standard MC simulation to generate samples at conditional level 0. Once the failure region 

1F  is determined and the probability 1( )P F  computed, a Monte Carlo Markov Chain (MCMC) 
algorithm is used to generate samples conditional to the failure region 1F . The next intermediate 
failure region 2F  is then located and other samples are generated with MCMC. The process can 
be repeated till the failure region corresponding to objects collision is identified. Similar to the LS 
method, the MCMC Metropolis-Hastings algorithm is to generate conditional samples in the new 
region [10]. The resulting SS algorithm can be performed through the following steps [7]. 

a. set 0l =  and generate N  sample vectors 0,
0

kx  by standard MC simulation. 
b. propagate each sample for the selected time window, and a list of possible target events is 

obtained. And compute the values of the performance function 0( )l
xg x  for the N  samples 

,
0

l kx . 
c. sort the N  samples in ascending order, according to their values of the performance 

function l
xg . The samples closer to the failure region will be at the bottom of the list. 

d. identify the intermediate threshold value 1lD +  from the 0(1 )p N− th value of the sorted list. 

Define the ( 1)l + th conditional level as { }1 1el t iF d D+ ∆ += < . Considering how the threshold 

is defined, the associated conditional probability 1 0( )l lP F F p+ =  
e. if 1 limlD D+ < , where limD  is the target threshold distance, go to the last step. Otherwise 

select the last 0p N  samples of the list. By definition, these samples belong to the ( 1)l + th 
conditional level. 

f. using MCMC, generate 0(1 )p N−  additional condition samples starting from the 
previously selected seeds belonging to 1lF + . A sample is set to belong to 1lF +  according to 
the following performance function. 

g. set 1l l= +  and return to step b. 
h. stop the algorithm. 

The total number of generates samples is 

0( 1)(1 )TN N m p N= + − −                 (10) 

where n  is the overall number of conditional levels required to reach the impact region. Since 
the conditional probability is equal to 0p  for each level, the impact probability becomes 
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where N  is the total number of samples at each conditional level and FN  is the number of 
samples at conditional level m , whose distance from the target is lower than limD . 

3. Simulation Studies 
The proposed LS and SS approaches are applied to a breakup scenario in Table 1, together with 
the standard Monte Carlo, for both explosion and non-catastrophic collision cases.  

Table 1 Breakup simulation scenario 

Parent orbit @ 2025-01-01 00:00:00 
SMA [km] Ecc Inc [deg] RAAN [deg] AoP [deg] TA [deg] 
8000.8008 0.0001 98.0 50.0 0.0 180.0 
Target orbit @ 2025-01-01 00:00:00 
SMA [km] Ecc Inc [deg] RAAN [deg] AoP [deg] TA [deg] 
8248.307 0.03 80.0 50.0 0.0 188.0408 

 
Conjunction assessment results after 2 hours from the breakup are summarized in Table 2. 

Taking into account the fact that each Monte Carlo simulation is different, it is noticeable that LS 
gives the same order of probability with a one hundredth of samples. If the standard deviations of 
the computed probabilities are considered, advanced Monte Carlo-based approaches provide 
smaller error covariances, meaning the LS is more reliable than the standard Monte Carlo when 
the number of samples is the same, or even smaller. 

Table 2 Probability of close approach < 5 [km] 

 Explosion Collision 
Standard MC ( 100,000N = ) 6.3282e-4 3e-5 
LS ( 1000N = ) 2.5442e-4 2.7482e-5 

 
A couple of points shall be added. First, the essential idea of the LS is based on the Gaussian 

distribution of the samples, which is the assumption used in the domain transformation. The 
distribution of the fragments from the breakup model, on the other hand, is not Gaussian, which 
explains the difference between two probabilities. Moreover, we suspect that this distribution 
becomes even less Gaussian along the propagation. It is expected the LS cannot find the 1 2( , )k kc c  
at a certain point. Second, we decided to discard the SS at the moment, not because it is not able 
to calculate the probability, but the value is strongly dependent on the distribution used in the 
MCMC, and it is not clearly figured out yet which distribution shall be used. The SS is still a 
considerable approach when the objective of the application is to detect possible close approaches, 
however the proposed distribution part should be investigated further for probability estimation. 
4. Conclusion 
Line sampling (LS) and subset simulation (SS) are applied to the conjunction assessment with a 
breakup event, which are alternatives to calculate a small probability with less random samples. 
While the approaches detect 1e-4 to 1e-5 probability of close approaches, we also notice some 
limitations, which are worth investigating further. One possible future work is the sensitivity 
analysis of the LS with respect to propagation time, to check when it starts not finding the roots in 
the standard normal domain. Another idea is to think of a way to keep the samples distribution 
Gaussian as possible, e.g. by introducing Gaussian mixture model. Last but not least, Markov 
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Chain in the SS could be examined further, to decide which proposed distribution provides the 
most realistic probability. 
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