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H I G H L I G H T S

• Physics-informed neural operators enable real-time battery state estimation.

• MIONet surpasses OCFE and Padé methods in computational efficiency.

• Robust SOC prediction under dynamic EV and HEV operating conditions.

• Generalizable framework adaptable across battery chemistries and designs.

• Electrochemical model-based observer outperforms ECM in accuracy and precision.
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A B S T R A C T

The rapid growth of electric vehicles (EVs) and hybrid electric vehicles (HEVs) has heightened the demand for 

efficient and safe lithium-ion (Li-ion) battery management systems (BMSs). Accurate state monitoring, such as 

state of charge (SOC) and state of health (SOH), is essential to prolong battery lifespan and ensure reliable 

EV performance. Although equivalent circuit models (ECMs) are widely used in BMSs for their simplicity, they 

provide limited insight into internal battery processes and struggle with high-dynamic applications. Physics-based 

models, particularly the Doyle-Fuller-Newman (DFN) model, offer a detailed representation of battery behavior, 

but their complexity demands model order reduction (MOR) for real-time applications. In recent years, deep 

learning, specifically operator learning techniques like the physics-informed multiple-input operator network 

(MIONet), has shown promising results in approximating complex partial differential equations (PDEs). In this 

work, we develop a physics-informed operator learning framework that learns the solution of Fick’s law within 

the Single Particle Model (SPM). Our results demonstrate the superior computational efficiency and accuracy of 

this approach compared to established MOR methods. Furthermore, we demonstrate the flexibility of the method, 

which can be seamlessly retrained for different battery chemistries provided that the underlying physics remains 

unchanged. Finally, we evaluate the framework’s effectiveness in SOC estimation tasks by embedding the reduced-

order model within an observer, showing its potential to outperform traditional ECM-based methods. This study 

underscores the promise of operator learning in advancing BMSs development, paving the way for more reliable 

and efficient battery management in EVs and HEVs applications.

1. Introduction

In recent years, electric vehicles (EVs) and hybrid electric vehi-

cles (HEVs) have experienced rapid growth due to a combination of 

environmental, economic, and technological factors [1]. As concerns 

about climate change and air pollution intensify, consumers and govern-

ments increasingly prioritize sustainable and environmentally friendly 

alternatives to traditional gasoline-powered vehicles [2]. This shift is 

driven by advances in EV/HEV technology that have significantly im-

proved the performance, range, and affordability of these vehicles. A

key component driving the efficiency and viability of electric vehicles 

is the lithium-ion (Li-ion) battery, which offers higher energy density, 

longer lifespan, faster charging times, and lower costs compared to other 

battery technologies [3–5].

Li-ion batteries are one of the most expensive components of an 

EV, making it essential to ensure their efficient use and to extend 

their lifespan by mitigating degradation and avoiding issues such as 

overheating and explosions. Achieving these objectives requires the 

development of an advanced battery management system (BMS) [6]
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Nomenclature

Abbreviations

BMS Battery Management System

CWC Coverage Width-Based Criterion

DeepONet Deep Operator Network

DFN Doyle-Fuller-Newman

ECM Equivalent Circuit Model

EKF Extended Kalman Filter

EV Electric Vehicle

FDM Finite-Difference Method

FVM Finite Volume Method

GRF Gaussian Random Field

HEV Hybrid Electric Vehicle

HPPC Hybrid Pulse Power Characterization

KF Kalman Filter

LFP Lithium Iron Phosphate

Li-ion Lithium-Ion

MCU Micro Controller Unit

MIONet Multiple-Input Operator Network

MOR Model Order Reduction

MPIW Mean Prediction Interval Width

MSE Mean Squared Error

NMC Nickel Manganese Cobalt

NN Neural Network

OCFE Orthogonal Collocation on Finite Elements

OCP Open-Circuit Potential

OCV Open-Circuit Voltage

ODE Ordinary Differential Equation

PDE Partial Differential Equation

PF Particle Filter

PICP Prediction Interval Coverage Probability

PINN Physics-Informed Neural Network

RC Resistance-Capacitance

RMSE Root Mean Squared Error

ROM Reduced-Order Model

SOC State of Charge

SOH State of Health

SPM Single Particle Model

SPMe Single Particle Model with electrolyte

UDDS Urban Dynamometer Driving Schedule

UKF Unscented Kalman Filter

UT Unscented Transform

capable of monitoring critical internal states, such as the state of charge 

(SOC) and the state of health (SOH), to ensure safe and efficient oper-

ation throughout the battery’s lifecycle. Since these internal states are 

not directly observable with prevailing sensor technologies, they must 

be estimated from measurable quantities like current and voltage, which 

are crucial for BMSs functionality. Consequently, a suitable mathemati-

cal representation of the battery cell is often necessary in the design of 

model-based methods for state/parameter estimators and control strate-

gies [7,8]. The accuracy achievable with these methods depends on the 

chosen battery cell model.

Phenomenological equivalent circuit models (ECMs) are widely used 

in BMSs development due to their simplicity, ease of implementa-

tion, and low computational demands [8–10]. ECMs emulate battery 

dynamics using an electrical circuit composed of elements like capac-

itors, resistors, inductors, and controlled voltage/current sources. A 

typical ECM with n parallel RC branches represents each parameter 

(e.g., resistances R and capacitances C) as a function of the battery’s 

SOC and temperature. Identifying these functions requires extensive 

offline testing and real-time parameter tracking [11]. Consequently, 

low-order ECMs are well-suited for applications with moderate opera-

tional demands, such as portable electronics, overnight EV charging, and 

renewable energy smoothing, where the model’s limitations are man-

ageable. However, ECMs face challenges in high-dynamic, high-power 

applications, such as those typically encountered in EVs and HEVs. 

Achieving sufficient model accuracy in such conditions requires in-

creasing the model order, function complexity, and testing efforts [11]. 

Moreover, because the components of ECMs do not directly correspond 

to the electrochemical processes of the battery, ECMs provide limited 

insight into meaningful physical parameters, degradation mechanisms, 

or internal safety constraints, which can lead to inaccurate predictions 

of battery performance as batteries degrade over time [12]. This lack of 

predictive insight complicates efforts to maximize battery performance, 

a key concern in applications with stringent safety and performance 

standards. To mitigate these limitations, commercial Li-ion battery sys-

tems are often designed conservatively, which leads to increased size, 

weight, and cost.

To fully harness the potential of Li-ion batteries, physics-based 

models grounded in electrochemical principles are advantageous for de-

veloping the future generation of BMSs [6]. The widely adopted Doyle-

Fuller-Newman (DFN) model exemplifies one such approach [13–15].

It uses partial differential equations (PDEs) and algebraic equations to 

describe spatial and temporal behaviors, such as Li-ion concentration 

and potential in both the electrode solid phase and electrolyte. The 

adaptability of the DFN model enables the modeling of batteries with 

different chemistries [16–19] and the inclusion of side reactions to sim-

ulate aging effects, such as growth of the solid electrolyte interphase film 

and lithium plating [20]. This makes the DFN model valuable for BMS 

applications aimed at extending battery life by capturing localized aging 

phenomena, which are challenging to address with conventional ECMs.

For practical BMS functions like state estimation, fault diagnosis, and 

power prediction, model order reduction (MOR) techniques are essen-

tial to reduce the computational complexity of the DFN model. MOR 

allows complex models to be simplified for real-time application with-

out sacrificing key dynamics. Advances in microprocessor technology 

have enabled the implementation of high-fidelity reduced-order models 

(ROMs) of Li-ion batteries with a system order greater than 100 [19]. 

Nevertheless, low-order systems closer in complexity to ECMs are often 

preferable [21], particularly in designing BMS functionalities like online 

state estimation [22], parameter estimation [23], and fault diagnosis 

[24]. 

Numerous MOR techniques are used to simplify physics-based Li-

ion battery models, generally categorized into four main approaches: 

spatial discretization, function approximation, frequency domain ap-

proximation, and simplified physics or spatial lumping [25]. In practical 

ROMs, assumptions are often made to exclude certain macroscale dy-

namics, simplifying complex couplings across submodels. The Single 

Particle Model (SPM) is one of the most simplified available ROM, pro-

viding adequate accuracy for low to moderate current applications with 

modest computational demand [26,27]. The Single Particle Model with 

electrolyte (SPMe) extends this framework by incorporating intra-cell 

concentration and potential variations, making it suitable for high-

current applications while maintaining lower complexity compared to 

the DFN model [27]. Combining these models with MOR methods, such 

as function and frequency domain approximations, can further enhance 

their computational efficiency. Efficient ROMs frequently blend mul-

tiple MOR techniques to strike an optimal balance between accuracy 

and computational cost, a necessity for the practical deployment of 

physics-based models in advanced BMS applications.

Spatial discretization methods, such as the finite-difference method 

(FDM) and the finite-volume method (FVM), offer a straightforward
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approach to ROM, where accuracy is enhanced by increasing the num-

ber of discretization nodes or control volumes at the expense of higher 

computational costs [28–31]. Function approximation methods, such as 

spectral methods, can achieve comparable accuracy with fewer nodes, 

making them more efficient for smooth spatial solutions [32]. Frequency 

domain approximation methods, such as residual grouping or Padé ap-

proximation, are effective for applications where batteries cycle within 

a narrow SOC range, as in HEVs or grid frequency regulation. However, 

these methods are limited when addressing large signal variations due 

to their reliance on linear assumptions [33]. Even the most stream-

lined physics-based ROMs still incur non-trivial online computation for 

real-time implementation. This has motivated parallel efforts to by-

pass detailed electrochemical models entirely and instead learn the 

state-of-charge mapping directly from data.

Recent advances in computational power and artificial intelligence 

have enabled data-driven methods for SOC/SOH estimation. These ap-

proaches typically use artificial neural networks (NNs) to model the 

battery as a black box, without requiring any information about its 

internal electrochemical structure [6,34]. NN-based SOC/SOH estima-

tors commonly take terminal voltage, current, and ambient temperature 

as inputs and return the SOC/SOH as output. This approach avoids 

the need for internal parameter identification and physical modeling. 

Examples of NN-based SOC/SOH estimators can be found in [35–40]. 

The primary advantage of these black-box models is their simplicity, 

computational efficiency, and flexibility. Once trained, NN models are 

extremely fast to evaluate, making them highly suitable for real-time im-

plementation in BMSs. However, they depend heavily on large quantities 

of training data, which can be difficult and time-consuming to collect in 

real-world experiments. Furthermore, because they do not incorporate 

any physical constraints, purely data-driven NNs may lack robustness 

under non-nominal or previously unseen operating conditions.

Bridging the gap between purely physics-based and purely data-

driven approaches, recent work has explored the use of deep learning 

techniques for solving PDEs, such as those associated with the DFN 

model and its simplified variants (i.e., the SPM and SPMe). The univer-

sal approximation theorem provides the theoretical foundation for deep 

learning, asserting that NNs can approximate any continuous function 

[41]. Additionally, an extension of this theorem states that a NN can 

approximate any continuous non-linear functional or operator, defined 

as a mapping between functions [42,43]. Leveraging this foundation, Lu 

et al. [44] introduced the deep operator network (DeepONet), designed 

to facilitate the learning of explicit and implicit operators, as exemplified 

by PDEs. This architecture has also been adapted to a physics-informed 

framework [45] to address the data scarcity inherent in real-world appli-

cations, where data acquisition is often costly and sparse. Jin et al. [46] 

further expanded upon this approach with the multiple-input operator 

network (MIONet), a more general architecture that can handle multi-

ple input functions, enabling the learning of more complex operators. 

Thus, operator learning shows potential as a novel MOR framework for 

constructing ROMs.

In the field of battery research, in recent years diverse studies have fo-

cused on the application of physics-based machine learning to enhance 

state estimation [47–52]. Concerning model-based algorithms, Zheng 

et al. pioneered a physics-informed MIONet to approximate the state-

space representation of the PDE governing the evolution of solid-particle 

concentration in an extended SPM [53]. In their work, the authors used 

input concentration profiles and currents sampled from offline constant-

discharge simulations performed at different C-rates with a numerical 

solver to generate the training database. Consequently, they validated 

their approach solely against constant positive-current profiles at dif-

ferent C-rates. However, investigating the performance of this approach 

under more challenging input-current profiles, such as those represen-

tative of dynamic EV/HEV operation (e.g., the UDDS profile), is crucial. 

Accounting for these highly dynamic inputs may also require redesign-

ing the training process to enable the operator network to accurately 

map such complex inputs. Furthermore, no comparison has been made

with other established MOR methods to assess the method’s relative effi-

ciency, nor with classical ECM-based methods when the surrogate model 

is embedded in an observer for online estimation of critical states (e.g., 

SOC) to assess the potential superiority in accuracy and precision of 

ECM-based observers.

Differently from Zheng et al. [53], who validated a physics-informed 

MIONet surrogate only under constant-current discharges, the present 

work improves and generalizes the physics-informed MIONet training 

strategy, and extends the investigation to highly dynamic load pro-

files. Furthermore, in this work we explicitly integrate the surrogate 

model into a state observer for online SOC estimation, and offer a di-

rect comparison with existing MOR and ECM-based approaches. The key 

novelties and contributions can be summarised as follows:

• Development of a physics-informed MIONet surrogate for the effi-

cient state-space representation of the SPM, enabling direct integra-

tion into a model-based observer.

• A purely physics-informed training strategy that, unlike Zheng et al.

[53], avoids pre-computed labeled datasets and numerical PDE 

solutions. Initial conditions and current inputs are sampled from 

Gaussian random fields and Gaussian distributions, following the 

methodology of physics-informed DeepONet pioneers [54]. This ap-

proach eliminates the need to synthetically generate initial-condition 

datasets, reduces the computational cost of offline simulations, and 

enhances model prediction under unseen initial conditions and 

inputs.

• Comprehensive validation under non-constant current profiles, in-

cluding both charging and discharging phases, as well as varying 

environmental temperatures, and demonstration of the framework’s 

adaptability to different chemistries with minimal retraining using 

transfer learning.

• A comparative analysis with established MOR techniques and an

ECM-based observer to contextualize the proposed MOR method 

within BMS frameworks, proving its superior efficiency, accuracy 

and precision.

The work is organized as follows. Section 2 outlines the electrochem-

ical model used to simulate Li-ion battery dynamics and presents our 

operator-network approach for reduced-order state-space formulation 

modeling. Section 3 details the training pipeline, demonstrates minimal 

retraining requirements for different chemistries governed by the same 

underlying PDEs, and compares (i) our method with two established 

first-principles MOR techniques and (ii) SOC estimation performance 

when paired with an observer against a standard equivalent-circuit 

model under realistic EV/HEV load profiles and varying ambient tem-

peratures. Section 4 concludes with future research directions.

2. Methodology 

2.1. Mathematical modeling of the battery cell

A Li-ion cell consists of a negative electrode, separator, and positive 

electrode between two current collectors (Fig. 1). Active material par-

ticles in each electrode store lithium, while the electrolyte enables ion 

transport during charge/discharge. We model the cell using the DFN 

framework [13–15], following the formulation in Ref. [27]. This model 

resolves lithium transport in solid particles and electrolyte, charge con-

servation in both phases, and electrode kinetics. Let x 

* ∈ [0, L 

* ] denote 

the through-thickness coordinate, and r 

* ∈ [0, R 

* 

k
] the radial coordinate

within spherical active particles of electrode k ∈ {n, p}. Domains are

Ω 

*
n = [0, L 

*
n], Ω 

*
s = [L 

* 

n, L 

* – L 

* 

p], Ω 

* 

p = [L 

* – L 

* 

p, L 

* ],

and variables carry subscripts for region k ∈ {n, s, p} and phase (solid s, 

electrolyte e). The complete dimensional DFN equations and boundary 

conditions are listed in Table A.5, with parameters in Table A.6.

We nondimensionalise using the scaling in Eq. (A.2) (details 

in Appendix A.2), introducing time scales associated with the different
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Positive electrodeNegative electrode

Load

Electrolyte

Separator

Fig. 1. Schematic of the DFN model for a battery cell, composed of anode, 

separator, cathode, and electrolyte.

physical processes and C-rate C. Dimensionless parameters are reported 

in Table A.7 and A.8. The resulting adimensional DFN equations are 

summarised in Table A.9. 

The terminal voltage expression in the nondimensional DFN model

can be written as

V = - U p – - U n 

+ 𝜂 p 

– 𝜂 n 

+ Ohmic losses,

with the current path-wise decomposition and full derivation in 

Appendix A.2. Considering the high-conductivity, fast-electrolyte-

transport limit (Appendix A.3) yields the Single Particle Model (SPM), 

reported in Table A.10. In the SPM, lithium diffusion is solved within 

one representative spherical particle per electrode, and potential drops 

in both phases are negligible at leading order. The leading-order cell 

voltage is

V 

0 = - U p 

(c 

0
s,p| r=1) – - U n(c 

0
s,n| r=1)

︸-----------------︸-----------------︸
OCV

–2sinh 

–1

(

I
j0 

0,p 

Lp 

) 

– 2sinh 

–1 

(

I
j00,nLn 

) 

︸--------------------------------︸--------------------------------︸
Reaction overpotentials

·

(1) 

0j  

k
= 𝛾k

 C (
 

)1/2c s,k  (1 –0   

 

c s,k 

)1/2 

 . with , r,k
In the remainder, unless otherwise

stated, the SPM is the electrochemical model embedded in the observer 

for SOC estimation, while the full DFN model, solved with PyBaMM [55], 

a Python-based framework for battery modeling, acts as the high-fidelity 

plant for generating synthetic validation data. 

2.2. Physics-informed operator networks

The objective of this study is to leverage the operator learning capa-

bilities of NNs to efficiently model the non-linear dynamics of the battery 

cell. It is well known that NNs are universal approximators of continuous 

functions y → f (y). By modifying the network structure and adapting 

the training process, it is also possible to approximate non-linear oper-

ators. Lu et al. proposed a specific NN structure called the DeepONet 

[44], which can learn various types of non-linear operators, including 

integrals, fractional Laplacians, and implicit operators that represent de-

terministic and stochastic differential equations. Let G be an operator 

that takes an input function u, with G(u) being the corresponding out-

put function: u(.) → G (u(.)). For any point y, called a coordinate, in the 

domain of G(u), the output G(u)(y) is a real number. Therefore, once 

trained, the DeepONet can predict the solution of the considered op-

erator at any given coordinate y, when subjected to an arbitrary input

Fig. 2. The architecture of the MIONet. There are n input
{

 functions u
}

 ,1 

, u 2 

, ... u n  

 

 

each of them is discretized in a set of m sensori  points xi i
1, x 2 ... x 

i andm  is fed 

 
 i

into the respective branch network. The trunk network receives the coordinate 

vector y as input. This vector contains the coordinates where the output function 

will be evaluated. The output layers of all branches must share the same length 

p, since they are merged through the scalar product.

function u. It is important to emphasize that operator networks, such as 

the DeepONet, are approximators of operators, thereby operating be-

tween sets of functions. In contrast, classical function approximators 

only approximate relationships between sets of scalars. However, the 

presented DeepONet structure has a significant limitation: it can only 

approximate operators from a single Banach space, where the input func-

tion is a single function. To overcome the limitation of handling a single 

input function from the DeepONet structure, Jin et al. [56] introduced 

the MIONet, which is capable of accepting more than one input function. 

Let X1 , X 2,...X andn  Y be n + 1 Banach spaces and Ki ⊂  

 

X  

   i 

(i = 1, 2... n)
is a compact set, then the continuous operator G can be defined as:

G : K 1 

×K2 ×... ×Kn → Y , 

( 

u 1 

, u 2 

,... , u n 

) 

→ u

The MIONet architecture is similar to the DeepONet, and it is schemat-

-

-

ically illustrated in Fig. 2. The main difference is that the single branch 

network in DeepONet is replaced with multiple branch networks, each 

taking as input a different function u i 

(.); indeed, there are as many 

branch networks as input functions. Each input function, u i 

(.), fed into a 

branch net is discretized in a set of corresponding m i 

sensor points. The

sensor points represent the number and the position of the coordinate 

points, where the input functions are discretized. It is not necessary that 

all branch networks share the same number of sensor points: different 

input functions can be discretized in different ways. The MIONet also 

consists of a single trunk network, which takes as input a vector con

taining the coordinates where the solution is evaluated. The output of 

the branch and the trunk network is then merged using a scalar prod

uct, which requires consistency in the dimensions of the output layers 

of all branch and trunk networks. The output of the MIONet, 

^ G, can be

computed according to Eq. (2):

^ G 

( 

u 1 

, u 2 

, ... , u n 

) 

(y) =
p
Σ

k=1

[ n
Π

i=1
bik

]

. tk (2)

where b 

i
k is the k-th output node of the i-th branch net, and t k 

is the k-th 

output node of the trunk net.
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Fig. 3. Schematic representation of the physics-informed loss implementation and parameter update in MIONet. The learning process incorporates physics-based 

components into the loss function. Specifically, the total loss L(Θ) consists of the sum of three weighted terms: the PDE residual loss LPDE 

 

(Θ), the boundary condition 

loss LBC (Θ), and the initial condition loss LIC (Θ), weighted by 𝜆 PDE, 𝜆 BC and 𝜆 IC, respectively. This total loss is used to update  

    

the MIONet parameters Θ. A single

training iteration involves  

 computing L(Θ), followed by backpropagation to 

*minimize the loss and obtain updated network weights Θ . This framework enables the 

network to learn solutions that satisfy the underlying physical laws encoded in the PDE and boundary/initial conditions.

Unlike standard physics-informed neural networks (PINNs), which 

are designed to approximate particular solution fields, operator net-

works such as DeepONet and MIONet learn the mapping between entire 

function spaces. This property enables the operator network to gen-

eralize non-parametrically across initial conditions and input profiles, 

making it particularly well suited to surrogate the state-space formula-

tion of electrochemical models, where the full state-transition dynamics 

must be represented rather than a single solution instance. In contrast, 

a PINN-based surrogate would typically require retraining for each new 

set of initial conditions or input profiles, making it impractical for online 

estimation in BMS applications.

To approximate the desired operator, the MIONet needs to be trained 

to learn the mapping between input and output function spaces. To 

avoid the computational complexity and time consumption associated 

with traditional discretization methods (e.g., finite difference or finite 

element methods) for generating training datasets, especially when deal-

ing with complex operators, the MIONet can be trained using a purely 

physics-informed approach. This method leverages efficient automatic 

differentiation techniques to compute derivatives of the network’s out-

put with respect to its inputs. Consequently, the partial derivatives 

present in the PDEs describing a generic system can be obtained by dif-

ferentiating the MIONet’s output with respect to the trunk net inputs. 

These derivatives are then used to incorporate physical loss terms into 

the loss function during training.

In the case of a generic PDE system defined over a temporal-spatial 

domain with specified boundary and initial conditions, the total physical 

loss function can be split into three components: one loss enforcing the 

governing PDEs, one loss enforcing the boundary conditions (BC) and 

one loss enforcing the initial conditions (IC). Given the generic PDE sys-

tem, N (u 1, u 2,... , u n, G(u1 , u 2,... , u = 0, subjectedn))    

     

to generic boundary 

conditions, B(u 1 

, u 2 

,... , u n 

, G(u 1 

, u 2 

,... , u n 

)) = 0, where u 1 

, u 2 

,... , u n  

 

are

the input functions and G(u 1 

, u 2 

,... , u n 

) represents the solution of the 

operator to the corresponding input functions, the three loss terms are 

computed as shown below:

L IC 

=

ΣNIC
i=1

ΣNy,IC
j=1

[

G(u(i)1 , u 

(i)
2 

,... , u(i)n )(y j 

) – Ĝ(u 

(i)
1 , u 

(i)
2 

,... , u(i)n )(y j 

) 

]2

N IC 

× N y,IC
(3)

L PDE 

=

ΣNPDE
i=1

ΣNy,PDE
j=1

[ 

N (u 1 

, u 2 

,... , u n 

, 

^ G(u 1 

, u 2 

,... , u n 

)) 

]2

N PDE 

× N y,PDE 

(4)

L BC 

=

ΣN BC
i=1

ΣNy,BC
j=1

[

B(u1, u 2 

,... , u n 

, ^ G(u 1 

, u 2 

,... , u n 

))
]2

N BC 

× N y,BC
(5)

where Ĝ (u 1, u 2,... , u )  

   

is the MIONet approximated solution of the opera-n
tor G, N PDE, N BC, and IC 

  

N are the number of input functions sampled in

each domain, and N PDE 

, N BC, 

 

and arey, y,  N y,IC  

 

the number of collocation

points within the respective domains. The total loss L is the weighted 

sum of all the three physical terms:

L = 𝜆 PDE 

. L PDE 

+ 𝜆 BC 

. L BC 

+ 𝜆 IC . L IC 

(6)

The weights are used to balance the losses coming from different terms. 

A schematic representation of the MIONet trained utilizing a purely 

physics-informed loss, is illustrated in Fig. 3. In Section 3.1, we will 

demonstrate how the physics-informed MIONet can be trained and em-

ployed to define the state-space formulation of the SPM for a Li-ion 

battery cell.

2.3. Online state estimation

To estimate the internal states of a dynamical system, observers 

are commonly used to estimate the observable system states from the 

available measurements. The linear Kalman filter (KF) serves as the foun-

dational framework for this purpose, providing optimal state estimates 

under the assumptions of linear dynamics and Gaussian noise [57]. 

However, real-world systems often exhibit non-linear behavior, render-

ing the linear KF inadequate. To address this limitation, the Extended 

Kalman Filter (EKF) was developed [58]. The EKF linearizes the sys-

tem dynamics at each time step by propagating the state and covariance 

through the Jacobian of the non-linear state function. Although this ap-

proach extends the applicability of the KF to mildly non-linear systems, 

it introduces significant drawbacks: (i) linearization errors accumulate 

over time, particularly in highly non-linear regimes, and (ii) computing 

Jacobian matrices can be analytically complex or numerically unstable, 

especially for highly non-linear systems. These limitations degrade the 

accuracy and robustness of the EKF in practical scenarios. To circumvent
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the reliance on linearization, the Unscented Kalman Filter (UKF) was 

proposed [59,60]. Instead of linearizing the system, the UKF employs 

a deterministic sampling technique known as the Unscented Transform 

(UT). This method strategically selects a minimal set of sigma points 

to approximate the system’s probability distribution. These points are 

propagated directly through the non-linear state function, and the trans-

formed distribution is reconstructed from their weighted statistics. By 

avoiding Jacobian computations and retaining the original non-linear 

dynamics, the UKF achieves higher fidelity in capturing the true sta-

tistical behavior of the system. This results in improved robustness 

and accuracy, especially in systems with strong non-linearities or dis-

continuous dynamics, where the EKF’s linearization assumptions break 

down.

The UKF algorithm operates in two stages. First, during the predic-

tion stage,  

 2N + 1 sigma points (✗ 

i) and their corresponding weights 

(W 

i ) are generated based on the previous state, x[t], and covariance,

P [t], estimate,xx  according to Eq. (7):

✗ 

0 [t] = -x[t], W 

0 = k/ (n + k) k ∈ R

✗ 

i [t] = -x[t] + 

( 

√ 

(n + k)P xx 

[t] 

)

i 

, W 

i = 1/2(n + k) i ∈ {1, 2... N }

✗ 

i+N [t] = -x[t] –
(

√

(n + k)P xx [t] 

) 

i
, W 

i+N = 1/2(n + k) i ∈ {1, 2... N}

(7)

( 

√ 

)

√

where (n + k)P [t]
 

 is the k ,xx  i-th row of the matrix (n + )P
 

xx [t]  n 

i
is the number of states, and k is an integer scaling factor that can reduce 

high order errors.

Note that there are different methods to determine the sigma points; 

in this work, we follow the method proposed by Julier et al. [61]. The 

computed sigma points are then propagated to the current time step,

t + 1, through the non-linear state-space function, denoted with f :

Y 

i [t + 1] = f 

( 

✗ 

i [t] 

)

(8)

The propagated points are used to reconstruct the mean and the covari-

ance of the state at the current step through the UT, using the weights 

previously defined in Eq. (7):

-x 

– [t + 1] =
2 N 

Σ

i=0
W 

i Y 

i [t + 1] (9a)

P 

–
xx[t + 1] =

2 N 

Σ

i=0
W 

i (Y 

i [t + 1]– -x 

– [t + 1] 

( 

Y 

i [t + 1] – -x 

– [t + 1] 

) T + Q (9b)

where Q is the covariance matrix of the process noise.

Second, the update stage follows the prediction stage: the propa-

gated sigma points are mapped through the measurement function, h. 

Subsequently, the mean (μ z) and the covariance (P z 

) of these points, 

along with the cross-covariance between the states and the measurement 

(P xz), are estimated using the UT:

Z 

i = h
(

Y i) (10a)

μ z =
2 N
Σ

i=0
W 

i Z 

i (10b)

P zz =
2 N
Σ

i=0 

W 

i (Z 

i –μ z)
(

Z i – μz
) T + R (10c)

P xz =
2 N
Σ

i=0
W 

i (Y 

i – -x k(–))
(

Z i – μz
)T

(10d)

where R is the covariance of the measurement noise.

Finally, the state and covariance predictions at the current time step 

are updated with the residual of the measurement, z[t + 1]:

-x 

+ [t + 1] = -x 

– [t + 1] + P xzP 

–1
zz

( 

z[t + 1] – μ z 

) 

(11a)

P 

+
xx[t + 1] = P 

– 

xx[t + 1] +
(

PxzP 

–1
zz

) 

P zz
(

PxzP 

–1
zz

) T
(11b)

In adapting the UKF to the electrochemical model, the hidden states 

represent the concentrations of lithium in the two electrodes, modeled 

as a single equivalent particle, while the measured quantity is the volt-

age. In contrast, the state function f (.) is derived from the PDEs of the 

SPM (Table A.10) using the physics-informed MIONet, while the mea-

surement function h(.) is implemented in its analytical form, derived 

from Eq. (1). The scope of such defined observer, is to propagate the 

states from time instant t to time instant t + 1, using as input the cur-

rent intensity, I[t]. Once the states are propagated to the next time step, 

the observer acts to update these values based on the measured termi-

nal voltage V [t]. In practice, the observer recursively propagates and 

updates the state estimate based on the available measurements. In this 

way, it is possible to mitigate the errors coming from the measurements 

and from the model. Finally, from the estimated states, i.e., the concen-

tration of lithium in the electrodes, it is possible to calculate the SOC of 

the Li-ion battery cell.

3. Results and discussion

In this section, we first address the training and the state-space for-

mulation of the physics-informed MIONet, tailored to the problem of 

solving the SPM. The state-space formulation of the SPM is essential 

for embedding the considered EM into the UKF, which is necessary 

for performing online state estimation. We then present a comparison 

of the model surrogation performance between this method and two 

established MOR techniques. Once the state space model of the SPM 

is successfully formulated using the physics-informed MIONet and its 

computational efficiency is proven, it can be used for a practical imple-

mentation within the BMS. We demonstrate the advantage of replacing 

a physical electrochemical model, i.e., the SPM, with an observer, the 

UKF, when performing a critical BMS task, the online SOC estima-

tion, under different realistic scenarios, representative of an EV/HEV 

operation.

3.1. MIONet training and state-space formulation

In this subsection, we address the development of the state-space 

model formulation for Li-ion concentration in electrode particles by 

training the MIONet in a purely physics-informed manner. The state-

space model is essential for embedding the SPM into an observer for 

online state estimation. Referring to Table A.10, it is evident that the two 

concentrations of Li-ions in the electrodes serve as the system’s states. 

As spatial functions, these concentrations are discretized along the ra-

dial coordinate into vectors c s,p 

and c , while the load current density,s,n      

 

I , acts as the control input. The concentrations at the current time step,

t + 1, depend on the concentrations and the load current density value at 

the previous time step, t. The voltage, V [t], at time step t depends on the 

lithium concentrations in both electrodes and on current value. Since 

the two electrodes have different boundary conditions and parameters 

(see Table A.10 and A.8), the state-space formulation of the SPM can be 

written as:

c s 

[t + 1] =
(

c s,p 

[t + 1]
c s,n 

[t + 1]

) 

= 

(

f p
( 

c s,p 

[t], I[t],Δt
)

f n
( 

c s,n 

[t], I[t],Δt
)

)

= f 

( 

c s 

[t], I[t] 

)

(12)

 

V [t] = h 

(

c s 

[t], I[t] 

)

(13)

where f is the state transition function and h is the measurement 

function.

The objective now becomes designing and training the physics-

informed MIONet to learn the two non-linear state functions f p 

and f n, 

for the positive and negative electrodes, respectively. Therefore, two 

physics-informed MIONets are required, one for each electrode. Each 

physics-informed MIONet includes two branch networks because only 

two independent functions, the concentration profile and the current 

input at the previous time step, appear in the state functions of the
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Fig. 4. (a) Example of initial concentration profiles sampled from a zero-mean GRF with squared exponential kernel and length scale factor, l = 0·3. (b) Example of 

input current scalar values sampled from a normal distribution with zero-mean and σ = 1 (95 % of points within [−2, 2]). (c) Example of Ny, IC  

 

, N y,BC 

, and Ny, PDE 

collocation points; they are randomly sampled through Sobol sampling method.

two electrodes. The first branch network receives as input the lithium 

concentration, discretized into 50 equidistant sensor points (m 1 

= 50). 

The second branch network takes as input the scalar value representing 

the intensity of the load current (m 2 

= 1). The latter does not require 

discretization, as it is assumed to be constant within each time step (a 

negative value indicates charging, while a positive value indicates dis-

charging of the battery). On the other side, the trunk network takes as 

input the coordinates at which the MIONet’s output, i.e., the next state, 

is evaluated. For the SPM, these coordinates include the time and the ra-

dial coordinate, therefore, the trunk network has two input nodes. Each 

network consists of 7 hidden layers, following the aforementioned input 

layer, with 100 neurons per layer, all employing the hyperbolic tangent 

activation function. The layer parameters are initialized before train-

ing using Xavier normalization [62], and the biases are set to zero. The 

MIONet is trained using a purely physics-informed strategy. Referring 

to Fig. 3, the network is optimized by enforcing three distinct physical 

losses: PDE, BC, and IC. For each loss, NPDE       

 

, NBC 

, and NIC 

input con-

centration profiles are generated from a Gaussian Random Field (GRF), 

following the physics-informed training approach in Ref. [45]. This pro-

cedure removes the need to solve the PDE system beforehand to build a 

database of plausible initial conditions, as in Ref. [53], and enhances the 

model’s generalization capability to unseen inputs. A mean-zero GRF is 

defined as

c s,k 

(r) ˜ GP 

( 

0, k l 

(r 1 

, r 2)
)

, 

where r denotes a set of sensor points and the covariance kernel

k l 

(r 1 

, r 2 

) = exp 

(

– 

||r 1 

– r 2 

|| 

2

2l 

2

) 

, l = 0·3

is the squared exponential kernel. This generates random functions 

that broadly explore the space of possible initial concentration pro-

files. Likewise, N PDE, N BC, and NIC  

   

current inputs are drawn from a 

zero-mean Gaussian distribution,

I ˜ N (0, 1),

ensuring adequate coverage of the scalar current space (with amplitude 

scaled in C-rate). Collocation points for evaluating each loss are chosen 

to efficiently cover the relevant domains. For the PDE loss, the spatio-

temporal domain is uniformly mapped using the Sobol sequence [63], 

which provides good coverage with fewer points than purely random 

sampling. For the BC and IC losses, collocation points are randomly sam-

pled within their respective temporal and spatial 1D domains. Fig. 4 

illustrates this mapping of input functions and collocation points.

Table 1 

Training hyperparameters.

Loss term No. of input

functions (N)

No. of collocation

points (Ny )

Loss weight (𝜆)

PDE 150 10,000 10 

–2

BC 150 500 10
IC 1000 100 10 

3

Each physical loss term is computed over the following training 

datasets:

PDE loss: 

( 

{

c 

(i)
s,k 

, I 

(i)
}NPDE

i=1
, 

{ 

[t, r] 

(j) 

}N y,PDE
j=1

)

BC loss: 

( 

{

c 

i
s,k 

, I 

(i)
}NBC

i=1
, 

{ 

[t, r = 0/1] 

(j) 

}Ny,BC
j=1

)

( )

IC loss: 

( 

{

c 

(i)
s,k, I 

(i)
}NIC

i=1
, 

{ 

[t = 0, r] 

(j) 

}N y,IC
j=1

)

In total, there are N PDE 

× N PDE training samplesy,   for the PDE loss, 

N BC 

× N y,BC for the BC loss, and NIC 

 

× N y,IC for the IC loss. The dataset 

is split into 10 batches, and input functions are re-sampled every 100 

epochs to improve coverage of the Banach space. Training hyperparam-

eters for each loss are summarised in Table 1. The loss weights, 𝜆, are 

used to balance the contributions coming from different terms. Their 

tuning is part of the training hyperparameters optimization. The au-

thors recommend initially conducting shorter and simpler training runs, 

using fewer epochs and smaller datasets, to quickly assess whether the 

loss terms are properly balanced. A good balance is achieved when the 

numerical values of the distinct loss terms have a similar order of mag-

nitude. If the losses are not well balanced, one term may dominate the 

training process, potentially hindering the learning of the others. An 

example of effective loss balancing is illustrated in Fig. 5(b), where all 

three loss terms remain within approximately the same magnitude and 

consistently decrease their amplitude throughout the training process.

During training, two different optimizers are sequentially employed 

following the approach suggested in Ref. [64], which ensures smoother 

and faster convergence of the physics-based loss functions, which are 

typically ill-conditioned. Initially, the Adam optimizer is set with a learn-

ing rate of 10 

–4. Once the training loss converges to a steady-state value, 

the optimizer switches to the l-BFGS optimizer, and training contin-

ues until convergence is achieved again. At each epoch, a validation 

loss is also computed using a labeled dataset. The reference solution is 

computed by solving the concentration field in the SPM using a finite-

difference solver in Python implemented within the PyBaMM library
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Fig. 5. (a) Example of training and validation loss for the negative-electrode MIONet. (b) Example of physical loss components for the negative-electrode MIONet.

8.0 0.10.6

Continuous state c(r)
Discretized states c

r
0.0 0.2 0.4

Fig. 6. Recursive state-space modeling with MIONet. The output concentration profile is used as the initial concentration profile for the next iteration. When the

output concentration discretization does not correspond to the sensor discretization (i.e., when 

^ N ≠ m), interpolation is needed.

[55], and the validation loss is calculated as the Mean Squared Error 

(MSE) between the MIONet predictions and the reference solution. This 

validation loss offers a practical estimate of the model performance dur-

ing training. For users who wish to completely avoid numerical solvers, 

it is still possible to validate the model using the physics-informed loss 

(Eqs. (3)–(6)), by specifying a validation set of input functions and collo-

cation points. The evolutions of the training and validation loss functions 

are illustrated in Fig. 5, highlighting the point where the optimizer 

changes to demonstrate the variation in the learning slope. Training 

takes approximately 3 hours on an NVIDIA RTX A5000 GPU for each 

MIONet for both electrodes.

Once the MIONet training is completed, the state-space function 

can be formulated as previously shown in Eq. (12). The time step is 

set to 1 s (Δt = 1 s), while the spatial discretization is not yet fixed, 

pending a performance analysis based on the optimal number of dis-

cretization points. However, the training process is designed to allow 

subsequent adjustment of the time step parameter. At each time step,

the two MIONets (one for each electrode) receive as inputs the Li-ion 

concentrations from the previous time step and the current value. The 

MIONets output the Li-ion concentration at the next time step for the ra-

dial coordinates specified in the trunk network. If the chosen state vector 

size for the discretization of the concentration profiles does not coincide 

with the number of sensor points in the branch network, interpolation 

is needed before feeding it back into the branch network to evaluate the 

next step. The graphical representation of the state-space formulation of 

the MIONet is shown in Fig. 6.

3.2. MIONet generalization capability: transfer learning to a different 

battery chemistry

An important advantage of physics-informed approaches lies in their 

inherent generalization capability. When the governing physical laws 

remain the same, adapting a trained model to different cell chemistries 

and/or geometries can be achieved by simply updating the parameters
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Fig. 7. (a) Training and validation loss for the positive-electrode MIONet trained from scratch on the LFP cell. (b) Training and validation loss for the positive-electrode 

MIONet adapted from the NMC cell to the LFP cell through transfer learning, showing rapid convergence to the same loss amplitude as the from-scratch-trained model.

of the underlying physical model. This allows the core learning archi-

tecture to retain its encoded physical knowledge, making “transfer” to 

new configurations both fast and efficient. To illustrate this, we adapted 

the MIONet originally trained on a Li-ion battery cell with a graphite 

negative electrode and a lithium nickel manganese cobalt oxide (NMC) 

positive electrode, whose parameters were taken from Ref. [65], to a 

lithium iron phosphate (LFP) cell with different electrode materials and 

dimensions, using parameters reported in Ref. [66]. We applied transfer 

learning by retaining the trained MIONet weights and retraining only 

with the l-BFGS optimizer for 25 epochs (which takes approximately 

only 15 min using the same GPU) with the learning rate set to 0.001, 

after updating the original parameters to match those of the LFP cell. 

For comparison, a model was also trained from scratch with the same 

LFP cell parameters. As shown in Fig. 7 the transfer learning approach 

rapidly reached the same physics-informed loss and validation loss mag-

nitudes as the from-scratch-trained model, which required almost 1000 

epochs (approximately 3 hours) to converge. The plot in Fig. 7 refers 

to the positive-electrode training. After training two MIONets, one for 

each electrode, we further assessed the accuracy of the retrained model 

in a 1 C-rate discharge scenario by performing recursive predictions of 

lithium concentration in both electrodes. The results showed estimation 

accuracy comparable to that of the original MIONets, confirming that 

transfer learning is an effective strategy to preserve the predictive capa-

bility across the full cell model. These results confirm that the proposed 

MIONet framework, grounded in physics-informed operator learning, is 

not only accurate for the target cell but also universal and stable across 

different chemistries and geometries, as long as the underlying physical 

laws are preserved. This effective transfer learning represents a major 

advantage of the proposed method, and of physics-based approaches in 

general, over purely empirical models such as ECMs, since changing the 

battery cell type, dimensions, or chemistry does not require perform-

ing new experimental campaigns to identify model parameters (e.g., 

resistances and capacitances in the ECM).

In the remainder of this section, unless otherwise stated, we will 

consider the MIONets trained on the NMC pouch cell.

3.3. Comparison with state-of-the-art MOR methods

This section demonstrates the computational advantages of the pro-

posed approach by comparing its computational cost and accuracy of 

prediction against two established MOR methods, namely the OCFE and 

the Padé approximation. The necessity to compare the proposed and ex-

isting methods is twofold: first, to illustrate the viability of the proposed 

approach in terms of efficiency for solving complex battery electro-

chemical models; second, to demonstrate the efficacy of the proposed 

approach in facilitating the integration of the models within an observer 

for the tracking of critical battery internal states. The state function of 

the state-space model representation necessitates the implementation of 

an efficient and accurate discretization approach in real-time.

The OCFE is a discretization method that differs from the tradi-

tional finite element method, particularly in the way solutions are 

approximated and evaluated within each element. The traditional FE 

method utilizes local polynomial interpolation functions and integrates 

weighted residuals over each element, whereas OCFE discretizes the 

domain into finite elements and enforces the governing equations at 

specific collocation points. These points, typically chosen as roots of 

orthogonal polynomials, eliminate the need for numerical integration 

within elements, resulting in smaller, simpler, and more efficient alge-

braic systems. Consequently, OCFE generally achieves higher accuracy 

with fewer discretization points compared to the traditional FE method, 

provided that the solutions are sufficiently smooth functions. The num-

ber of states corresponds directly to the total number of discretization 

points in the spatial domain. In contrast, the Padé approximation is a 

method of approximating the transfer function of PDE-based systems us-

ing a ratio of two polynomials. The coefficients of these polynomials are 

determined by matching the Taylor series expansion of the function up 

to a specified order at a chosen expansion point. In contrast to OCFE or 

traditional FE methods, the Padé approximation does not solve the PDE 

across the entire spatial domain. Instead, it simplifies the solution by 

calculating only specific integral or boundary values. To illustrate this, 

consider the solution to the SPM. In this case, the Padé approximation 

calculates the average concentration along the radial coordinate and the 

surface concentration; it does not provide detailed spatial profiles within 

the domain. However, the actual number of states corresponds to the 

order of the polynomial used in the Padé approximation.

The comparison of the different MOR methods investigated is based 

on identifying the relationship between two key performance metrics: 

computational time per step and prediction accuracy. The simulation 

scenario under consideration has a duration of one hour, with a con-

stant discharging rate of 1 C. The OCFE and the Padé approximation 

methods are implemented following the methodology outlined in Ref. 

[67,68], respectively. For all three methods, the state-space formulation 

is obtained, and the simulation is conducted through recursive propa-

gation of states. The total number of states is the sum of the anode and 

cathode states. The computational time per step of each method is mea-

sured as the time required to propagate the states to the next time step, 

in milliseconds. Accuracy is quantified using the Frobenius norm of the 

difference between the predicted concentrations and the benchmark so-

lution, which is obtained by solving the SPM equations in Python using 

the finite volume method implemented in the PyBaMM library. For clar-

ity, the concentration of Li-ions in both electrodes is normalized to the 

interval [0, 1]. In the case of the Padé approximation, accuracy is assessed 

using the Frobenius norm of the average and surface concentration val-

ues over time, as the full spatial discretization is not available with this 

method. The prediction error and computational time per step are eval-

uated separately for each electrode and then averaged. The performance 

comparison is shown in Fig. 8. OCFE demonstrates the most significant
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Fig. 8. (a) Comparison of prediction errors evolution with the number of discretization states. (b) Comparison of computational time increase with the number of 

discretization states.

improvement in accuracy as the number of states increases. At approx-

imately 40 states (number of discretization points), the error stabilizes, 

and further increases in states do not yield substantial accuracy im-

provements. The Padé approximation attains its steady-state value with 

a relatively modest number of states (order of the transfer function ap-

proximation). This phenomenon can be attributed to the constant input 

current profile employed in the simulation, as just few orders are enough 

to approximate the dynamics for constant inputs. The MIONet stabilizes 

at approximately 60 states (number of sensor points), beyond which no 

further accuracy improvements occur. In terms of computational effi-

ciency, the Padé approximation is the most time-consuming method, 

followed by OCFE. MIONet, conversely, is the most time-efficient dis-

cretization method. It is noteworthy that both Padé approximation and 

OCFE methods are significantly influenced by the number of states: as 

the number of states increases, computational time rises. In contrast, 

MIONet’s computational time is almost unaffected by an increase in the 

number of states. It is important to note that time efficiency is a crucial 

parameter when embedding a state space model in the UKF, as the latter 

requires the propagation of additional states (the sigma points)), which 

further increase computational cost. Consequently, the time required for 

a single time step of the observer increases significantly, while the small 

error introduced by the discretization process in the observer is com-

pensated for by the observer itself. In conclusion, the authors wish to 

emphasize the fact that the MIONet is very suitable for the proposed 

observer, since it is a very time-efficient discretization method and its 

moderate prediction error can be compensated for by the observer.

In order to assess the feasibility of implementing the proposed 

method in a real BMS, the computational resources required to per-

form a key BMS task (e.g., the online SOC estimation) were monitored. 

Within this paradigm, the integration of the two MIONets within the 

UKF observer gives rise to a state estimation process that encompasses 

supplementary operations intrinsic to the observer (cf. Eqs. (7)–(11)). 

Consequently, the computational time is inherently longer than that 

reported in Fig. 8, where only next state propagation was considered. 

The numerical tests were conducted on a machine equipped with an 

AMD Ryzen 9 7950X3D 16-core processor, with computation limited 

to a single core operating at 4.8 GHz. In a range of simulated sce-

narios, the estimation of the SOC required, on average, only 10 % of 

real-time execution. This indicates that the single core completed one 

hour of simulated operation in approximately six minutes. Among the 

main global microcontroller units (MCUs) suppliers, such as Infineon, 

NXP, Renesas, Texas Instruments, and STMicroelectronics, the typical 

clock speed of MCUs used in EVs/HEVs BMS applications ranges from 

100 to 400 MHz, with RAM capacities of up to 10MB. The MCUs that 

demonstrate the highest levels of performance (for example, those with 

a frequency of 400 MHz) operate at approximately one-tenth the clock

speed of the machine under investigation. Consequently, the observed 

computational efficiency indicates the potential of such MCUs to execute 

the SOC estimation in real time, under the assumption of comparable 

algorithmic and memory efficiency. With regard to the memory require-

ments, each MIONet is estimated to occupy approximately 750 kB of 

memory. Hence, the surrogate model has a total memory footprint of 

approximately 1.5 MB, which is well within the capacity of the RAM of 

the aforementioned MCUs, which typically provide several megabytes 

of memory. This finding suggests that the proposed approach is within 

the practical capabilities of contemporary BMS microcontroller hard-

ware with respect to its computational and memory demands. It is also 

noteworthy that the implementation is written in Python, a high-level 

interpreted language that is not optimized for execution speed or mem-

ory efficiency. Conversely, the development of genuine BMS firmware 

is ordinarily executed in the programming languages C or C++, which 

offer considerably superior efficiency. Consequently, the performance 

measured with the Python-based prototype is likely to represent a con-

servative estimate, and further improvements in speed and memory 

usage are expected when the algorithm is migrated to an embedded 

environment using compiled languages.

3.4. Comparison with traditional online-state estimation approach

In this subsection, we compare the proposed method with the most 

widely used lumped-parameter model employed in model-based ap-

proaches for battery SOC estimation: the ECM [69–71]. The ECM 

represents the battery’s electrical behavior using an equivalent elec-

tric circuit, while the SOC is calculated using the Coulomb counting 

method, which involves integrating the current drawn by the load. 

Despite its widespread use in online applications and its relatively sim-

ple parameterization, the ECM lacks detailed physical significance and 

only provides macro-level electrical quantities [6]. The ECM parame-

ters, such as equivalent resistances, capacitances, and OCV, are typically 

determined through Hybrid Pulse Power Characterization (HPPC) tests 

and stored in look-up tables as functions of SOC [72–74]. The specific 

ECM considered in this study uses a Thevenin equivalent circuit. This 

circuit consists of an ideal voltage source representing the cell’s equi-

librium OCP as a function of SOC, a series resistance, and multiple RC 

branches connected in series. According to [71], increasing the num-

ber of RC branches can improve the approximation of battery dynamics, 

particularly under high current peaks, at the cost of increased model 

complexity. In our analysis, using more than three RC branches did 

not significantly improve the accuracy of the ECM’s prediction, while 

unnecessarily increasing the complexity of the model. Thus, the con-

sidered ECM includes four states: three representing the polarization 

voltage across each RC branch and one for the SOC. The parameters of
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the ECM model were estimated from the plant signal obtained by simu-

lating an HPPC test, following the procedure described in Ref. [75]. The 

parameterized ECM is then integrated into a UKF for online state esti-

mation. Similarly, the trained MIONet model is integrated into the UKF, 

but unlike the ECM, the MIONet uses 62 states, resulting from the spa-

tial discretization of Li-ion concentration profiles into 31 radial points 

within each electrode, this being the best trade-off between computa-

tional cost and prediction accuracy observed in the analysis carried out 

in Section 3.3.

The filter parameters (i.e., the process and measurement noises) for 

both models are tuned to ensure high accuracy and precision in SOC 

estimation across all the scenarios studied. Moreover, both models are 

implemented with a sampling interval of one second (Δt = 1s). The 

plant is simulated using the full DFN model of a Li-ion battery, the 

state-of-the-art electrochemical model chosen to replicate realistic bat-

tery system dynamics. Simulated voltage observations are contaminated 

with Gaussian white measurement noise, characterized by a standard de-

viation of 1 mV. The battery current, which serves as the control input 

for the observer, is similarly affected by Gaussian white noise with a 

standard deviation of 1 mA. This simulation setup provides a controlled 

and repeatable environment to benchmark the proposed approach. In 

this study, DFN-generated synthetic data are used as a high-fidelity ref-

erence to evaluate the operator-learning framework as a model-order 

reduction technique and its integration into a model-based observer. In 

addition, we include a simple case study based on experimental data 

from the literature to provide an initial indication of real-world appli-

cability. A comprehensive experimental validation, however, is beyond 

the scope of the present work and is left for future studies.

When considering electrochemical models, there are various defini-

tions of SOC in the literature. All these definitions hinge on the quantity 

of Li-ions within the particle (the battery is considered “empty” when 

no more lithium atoms can release or collect electrons). However, some 

studies focus solely on the concentration of Li-ions on the particle sur-

face, while others average the Li-ion concentrations across the entire 

radius of the representative electrode particle. We have observed that 

the former method is more suitable for low current intensities, whereas 

the latter, despite being computationally more expensive due to integra-

tion, provides a more comprehensive analysis. In this work, we adopt the 

latter approach, for which the SOC is computed as specified in Ref. [76]:

-c  s,k(t) =
∫ R k 

0 4πr 

2c s,k 

(r, t) dr

(4/3 πR k 

3 ) 

, k ∈ n,p 

SOC k (t) = 

( -c  s,k 

(t) – c s,k 

| SOC=0 % 

)
(c s,k 

| SOC=100 % 

– c s,k 

| SOC=0 % 

) 

, k ∈ n,p

SOC(t) = 

SOC p(t) + SOC n(t)
2

where c s,k 

| SOC=100 % 

and c s,k 

| SOC=0 % 

denote the mean Li-ion concentra-

tion values at 0 % SOC and 100 % in the respective electrodes.

Before comparing the proposed method against the ECM-based 

observer, we first introduce the two metrics used to evaluate their 

performance in terms of both accuracy and precision. Accuracy is as-

sessed using the Root Mean Square Error (RMSE) of the state estimates, 

expressed as a percentage. Lower RMSE values indicate that the SOC es-

timates remain consistently close to the true values throughout the entire 

simulation horizon. Precision is assessed with the Coverage Width-based 

Criterion (CWC), a widely used metric that trades off coverage against 

sharpness by penalizing misses and discouraging unnecessary interval 

width [77]. The CWC score is defined as:

CWC = 

(

MPIW . (1 + 𝛾 . exp (–𝜂 . (PICP – μ))) , if PICP < μ
MPIW, otherwise

(14)

In Eq. (14 1 Σ

MPIW = N (yupper ) 

 

– ylo wer  N i=1 ,i ,i) is the mean  prediction in-
1 Σ

 

{ } NPICP = i=1 p ylo wer,i 

≤ y ≤i  

 

yN upper ,iterval width; is the prediction

interval coverage probability; y is the estimated state mean value and

y lower and y upper 

denote the lower and upper bounds of the 95 % confi-

dence interval (±2σ), respectively; μ is the target coverage level (e.g., 

0.95); 𝛾 is a penalty scaling factor; 𝜂 is a penalty sharpness factor. The 

CWC applies a penalty to the width if the actual coverage PICP falls be-

low the desired threshold μ, thus encouraging prediction intervals that 

are not only narrow but also reliable. In this work μ = 0·95 is chosen 

to represent a 95 % confidence level, corresponding to a standard two-

sigma interval under the assumption of normally distributed errors. The 

parameters 𝜂 = 1 and 𝛾 = 1 are selected to apply a moderate penalty only 

when coverage is insufficient, avoiding excessive scaling of the penalty. 

A lower CWC score indicates a narrower and well-calibrated prediction 

interval, meaning the state estimate lies within the bounds with high 

probability. Conversely, a larger CWC score suggests overly wide inter-

vals or that the true value frequently falls outside the confidence bounds, 

resulting in penalization.

3.4.1. Performance comparison against different load current profiles

In order to assess the efficacy of the proposed methodology, the 

performance of the MIONet-based approach is compared to the ECM-

based approach in several scenarios, considering different initial SOC 

values in the plant. These scenarios encompass a range of constant cur-

rent charging conditions, from slow home charging to fast charging. As 

illustrated in Fig. 9(a), a comparative analysis of the charging perfor-

mance between the two models is presented, showcasing a simulation 

of an ultra-slow home charging at 0.1 C-rate. Additionally, urban driv-

ing conditions are modeled using the UDDS drive cycle [78] scaled with 

various current intensities to simulate different EV/HEV driving scenar-

ios. Fig. 9(b) presents a comparison of the two methods during a UDDS 

cycle whose maximum amplitude is scaled by 3 C-rate, for the modeled 

battery cell. A comprehensive summary of the comparison between the 

MIONet-based and ECM-based observers is provided in Table 2, which 

reports the SOC estimation accuracy and precision metrics computed 

across all scenarios tested. The SOC estimation performance obtained 

for ECM-based observers closely matches those reported in other works 

[69,70]. 

In all scenarios considered, the initial states are assumed to be un-

known. A major advantage of integrating battery models into observers 

is their ability to estimate internal states without requiring prior knowl-

edge of these initial conditions. The observer reconstructs the states 

using the measured output of the system, specifically the battery ter-

minal voltage. However, it is important to recognize that accurate state 

estimation is not immediate; a convergence period is necessary, and its 

duration depends on the system dynamics as well as the measurement 

and process noise. In the early stages of estimation, the MIONet-based 

model exhibits slower convergence, particularly in terms of the state 

covariance, when compared to the ECM-based approach. This behav-

ior stems from the inherently slower dynamics of the electrochemical 

model, in contrast to the faster-reacting dynamics of the ECM, which 

relies primarily on SOC estimation through Coulomb counting. Despite 

its slower convergence, the MIONet model achieves more stable and 

accurate SOC estimates during and after convergence. As illustrated in 

Fig. 9(a), corresponding to ultra-slow charging, the MIONet-based ob-

server shows minimal fluctuations in SOC estimation. By contrast, the 

ECM is more susceptible to fluctuations induced by measurement noise 

in the current signal. This is due to its dependence on Coulomb counting, 

which accumulates error over time and amplifies the impact of noisy 

current measurements. Moreover, the slower dynamics of the electro-

chemical model prove advantageous in dynamic load conditions, such as 

those seen in the UDDS cycle. In Fig. 9(b), the ECM, which was parame-

terized using an HPPC cycle with 1 C-rate pulse discharges, demonstrates 

reduced accuracy when the current profile significantly deviates from its 

calibration experiment. While the ECM performs reliably under low-to-

moderate currents, its accuracy deteriorates under high current loads, 

even when these occur in brief but sustained peaks, as is typical in UDDS 

cycles.
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Fig. 9. SOC estimation comparison for the two methods. (a) Slow charging. (b) UDDS 2 cycle.

Table 2 

Comparison of SOC estimation performance for the two tested methods under various simulated scenarios. 

The observer’s estimation accuracy is evaluated using the RMSE between the estimated SOC and the true 

SOC, while estimation confidence is assessed using the CWC score (Eq. (14)). A lower CWC score indicates 

a more confident estimation. Best scores are indicated in green, worst scores in red.

The MIONet-based observer, serving as a surrogate for the SPM 

within the UKF, exhibits some limitations when sustained operations 

at high C-rate are considered. This is an inherent shortcoming of 

the SPM, whose voltage formulation neglects lithium concentration 

dynamics and ohmic losses in the electrolyte. Consequently, under 

sustained high C-rate currents, the SPM tends to overestimate the 

cell voltage, introducing a systematic bias that can mislead the ob-

server and impact state estimation accuracy. This limitation is al-

ready partially apparent in the fast-charging scenario, as reported 

in Table 2, where both the accuracy and precision of the MIONet-

based estimator show the first signs of a noticeable drop. Nonetheless, 

its performance remains comparable to the ECM in this challeng-

ing regime. On the other hand, during dynamic profiles with short-

duration high C-rate current peaks, such as in the UDDS case, the

slower electrochemical dynamics of the SPM (diffusion and interfa-

cial reaction processes) can partially compensate for the absence of 

electrolyte concentration effects, avoiding excessive overreaction to 

transient inputs. In these situations, the MIONet-based estimator main-

tains better consistency with the reference model and clearly outper-

forms the ECM, whose faster dynamics tend to overshoot under such 

conditions.

In conclusion, the results from Table 2 clearly indicate that the pro-

posed SPM-based approach consistently outperforms the ECM in both 

accuracy and precision, with the sole exception of the fast charging case, 

where the performances are comparable, due to the aforementioned SPM 

limitations. The most evident advantage of the MIONet-based observer is 

observed in driving profiles that emulate real-world EV/HEV usage, par-

ticularly under dynamic traffic conditions, highlighting the ECM’s key
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Fig. 10. SOC estimation comparison for the two methods. (a) Simulated plant. (b) Experimental plant.

limitation in such environments due to its reduced ability to capture 

internal battery physics.

3.4.2. Validation on experimental measurements

Up to this point, the proposed method has been validated using a 

plant based on the DFN model. This setup enabled validation of the 

two observers across a wide range of operating conditions, such as EV 

driving in traffic and during charging/discharging, but it relied on sim-

ulated measurements contaminated with white noise. To move closer to 

practical applications, we now validate the observers using experimental 

measurements obtained from a simple constant-discharge tests. This case 

approximates the observers operating directly on measurements from a 

physical battery system.

In this case study, the SPM parameters are based on the Enertech 

LCO-G SPB655060 commercially available pouch cell, taken from 

Ref. [79]. In that work, the authors report and make available ex-

perimental measurements of the terminal voltage for constant-current 

discharges at 2, 1 and 0.5 C-rate. The 2 C-rate case is considered out 

of the scope for this work, as it violates the underlying assumptions 

of the SPM. In fact, the SPM remains valid only under low current 

conditions or for short high-current pulses. Because the Enertech cell 

chemistry differs from that used in the previous case study, the two 

MIONets were retrained on the new parameter sets to learn the SPM 

equations associated with this chemistry, once again demonstrating the 

effectiveness of the method’s transfer-learning capabilities. In practice, 

only limited retraining was needed, and the observers could be ap-

plied seamlessly to the new cell chemistry. For the same reason, the 

ECM was also re-parameterized for this chemistry following the stan-

dard HPPC-based procedure. To do so, a full DFN model of the Enertech 

cell was built in PyBaMM and used to simulate the HPPC test and

extract the ECM parameters. This procedure ensures consistency in the 

comparison, although in practice the ECM would be parameterized by 

performing an HPPC test directly on the real battery cell. The need to 

rely on simulated HPPC data is therefore a limitation of this validation 

exercise. Moreover, Ref. [79] does not report SOC trajectories. To en-

able a comparison between the estimated SOC and a reference value, 

a simulation employing a DFN model is done to compute the concen-

tration of lithium inside the battery’s cell and consequently the “true” 

SOC. The 0.5 C-rate discharge results are shown in Fig. 10, with both 

cases (the observer validated against the simulated plant and against 

the experimental plant) plotted for visual comparison. Compared with 

the previous case study, both accuracy and precision are slightly worse 

due to the change in the parameter set. This new set, reflecting a dif-

ferent cell chemistry, features a flatter OCV–SOC curve. The reduced 

slope lowers the voltage sensitivity to SOC, which in turn amplifies un-

certainty in the inferred state and especially degrades precision (wider 

confidence bands) while also making the estimates more susceptible 

to bias. A key feature of this validation is that the only measurement 

available from the experimental dataset is the terminal voltage. A direct 

comparison between the experimental voltage trace and the simulated 

plant voltage reveals smaller discrepancies, especially at mid-to-low 

SOC, caused by parameter uncertainty and unmodeled phenomena. As 

summarised in Table 3, these mismatches degrade both observers esti-

mation performance. The ECM is particularly sensitive because it relies 

on accurate voltage reproduction and Coulomb counting. Consequently, 

its SOC estimates drift from the truth and exhibit greater uncertainty 

across discharge tests. In contrast, the MIONet-based observer is more 

tolerant of these discrepancies and maintains good estimation accu-

racy despite the voltage mismatch. This robustness comes from its 

electrochemical structure, which makes it less sensitive to measurement
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Table 3 

Comparison of SOC estimation performance for the two methods on both simulated and experimental 

datasets. The observer’s estimation accuracy is evaluated using the RMSE between the estimated SOC and 

the true SOC, while estimation confidence is assessed using the CWC score (Eq. (14)). A lower CWC score 

indicates a more confident estimation. Best scores are indicated in green, worst scores in red.

Table 4 

Comparison of SOC estimation performance for the two methods under different ambient temperature considering scenario 

UDDS 2. The observer’s estimation accuracy is evaluated using the RMSE between the estimated SOC and the true SOC, while 

estimation confidence is assessed using the CWC score (Eq. (14)). A lower CWC score indicates a more confident estimation. 

Best scores are indicated in green, and worst scores are indicated in red.

variability and moderate plant–model mismatch. Across the two dis-

charges, MIONet consistently outperforms the ECM in both accuracy 

and precision. More broadly, these results reinforce a general princi-

ple: the more a model embeds physical structure, the wider the range 

of operating conditions over which it remains valid. We already ob-

served this when the ECM-based observer was applied to highly dynamic 

scenarios (e.g., UDDS profiles). A similar pattern emerges here with ex-

perimental rather than simulated data. In practice, the performance of 

the ECM is closely related to the quality and representativeness of the 

tests used for its parameter identification, while physics-based surro-

gates such as MIONet exhibit greater transferability between cells and 

operating regimes.

Overall, these results confirm that while both approaches experi-

ence a performance drop compared to the purely simulated scenarios, 

the proposed MIONet-surrogate SPM observer demonstrates superior ro-

bustness when applied to experimental data. The reduced sensitivity to 

plant-model mismatches makes it a promising candidate for real-world 

BMS implementations, where uncertainties, unmodeled effects, and lim-

ited calibration opportunities are the norm. This experimental validation 

thus provides an important proof that the proposed method can be ap-

plied effectively to experimental measurements, moving beyond purely 

simulated benchmarks.

3.4.3. Performance comparison at different ambient temperatures

To assess the influence of temperature variations on the accuracy 

of the SOC estimation produced by the proposed method, we examined 

two scenarios. In the first, a lumped thermal model was incorporated 

into the DFN plant to account for self-heating due to electrochemical re-

actions. The SOC-estimation performance of the proposed observer was 

then re-evaluated using the UDDS 3 cycle and the fast-charging pro-

file (i.e., two of the scenarios indicated in Table 2), both representative 

of high-current operating conditions. The results did not show signifi-

cant differences between the SOC estimates obtained with and without 

thermal dynamics in the plant. In both cases, the average cell temper-

ature increased by less than 3 

° C, leading to negligible effects on the 

model dynamics, and both observers proved robust to such small thermal 

deviations.

In the second scenario, the plant ambient temperature was varied 

while the ECM and MIONet observers remained calibrated at the refer-

ence temperature of 25 

° C, with no online thermal adaptation. Under 

these conditions, both observers exhibited an approximately constant 

offset in the SOC estimate, which became more pronounced as the am-

bient temperature deviated from the reference. This behavior can be 

attributed to the mismatch between the plant terminal voltage (cor-

responding to the actual cell temperature) and the predicted terminal 

voltage, which caused the observer to update the SOC based on a larger 

voltage residual.

For this scenario, we used the UDDS 2 cycle as the input current 

profile, and the SOC RMSE and CWC scores for different ambient tem-

peratures are summarised in Table 4. The results indicate that MIONet 

is more stable across the tested temperature range, with a smaller 

increase in estimation error compared to the ECM, demonstrating im-

proved robustness to thermal variations. This improved stability is likely 

due to the electrochemical model parameters being less sensitive to 

temperature changes than those estimated for the ECM.

4. Conclusions

This work presents a ROM for Li-ion batteries aimed at enhancing 

the accuracy and reliability of online state estimation using model-

based approaches. To overcome the computational challenges associated 

with solving the system of PDEs in EMs, we propose a neural operator-

based surrogate solver, namely, the MIONet. Trained with a purely 

physics-informed loss function, the MIONet learns the solution op-

erator of the SPM without the need for labeled data or numerical 

solvers.

Compared to the approach proposed by Zheng et al. [53], this work 

introduces several improvements and advancements. First, initial con-

centration profiles are sampled from a GRF, and input current densities 

are drawn from a Gaussian distribution. This approach not only elimi-

nates the need to solve the SPM when building the training database but 

also significantly improves the model’s ability to generalize to unseen 

initial conditions and current inputs. As a result, MIONet accurately pre-

dicts concentration dynamics even under highly dynamic input profiles, 

such as UDDS load conditions.

Applied Energy 402 (2026) 126987 

14 



L. Brancato, A.G. Harej, M. Giglio et al.

Another notable advantage of the proposed framework lies in its 

generalizability across different battery chemistries. By adopting a non-

dimensional formulation of the governing equations, the model captures 

the core diffusion behavior shared across battery types. This allows for 

efficient transfer learning, where a pre-trained MIONet can be fine-

tuned on smaller, targeted datasets for new chemistries or geometries. 

Recent work by Subramanian et al. [80] confirms that transfer learn-

ing is particularly effective in physics-governed tasks, offering faster 

convergence and improved performance with significantly reduced data 

requirements. This is also demonstrated here, showing that minimal re-

training of the MIONet is required when switching from an NMC cell to 

an LFP cell to achieve the same prediction accuracy of the concentration 

profiles.

Beyond accuracy and flexibility, computational efficiency is a crit-

ical requirement in BMSs, which often operate under strict real-time 

constraints. To address this, we compared MIONet with two estab-

lished MOR techniques: OCFE and Padé approximation. Results show 

that MIONet outperforms both methods in terms of computational cost, 

offering a more scalable and efficient solution for real-time applications.

Leveraging the trained MIONet, we derive an explicit state-space 

representation of the battery’s internal dynamics. This model is em-

bedded within a UKF to perform real-time state estimation of key 

variables, such as the SOC. The proposed framework demonstrates 

the feasibility of integrating electrochemical models within observers 

while meeting low computational demands, which is promising for 

real-time operation. Validation across various load scenarios, including 

dynamic and high-rate charging conditions, as well as different ambient 

temperatures, confirms the robustness of this approach. Furthermore, 

simple experimental validation enhances the method’s practical per-

suasiveness. Notably, this study provides the first comparative analysis 

between EM-based and ECM-based observers, highlighting the benefits 

of surrogate-assisted EMs for state estimation.

In summary, the main contributions of this work can be outlined as 

follows:

• Introduction of MIONet, a physics-informed neural operator sur-

rogate for the SPM, trained without labeled data or numerical 

solvers.

• Use of GRF-sampled initial conditions and stochastic current profiles

to enhance model generalization under dynamic load conditions.

• Generalizable non-dimensional formulation enabling efficient trans-

fer learning across chemistries (e.g., NMC to LFP).

• Quantitative demonstration of computational efficiency, showing

real-time capability and outperforming OCFE and Padé methods.

• Integration of the surrogate-based EM within a UKF for SOC estima-

tion, validated against dynamic profiles and varying temperatures.

• First comparative analysis of EM-based and ECM-based observers,

evidencing the benefits of surrogate-assisted EMs.

Although the SPM used in this study is not the most comprehensive 

electrochemical model, it provides accurate SOC estimates under cur-

rent intensities up to 1 C. It also remains effective under dynamic loads 

with high current peaks due to the active material particles’ inherently 

slow diffusion dynamics. However, the main limitation emerges in pro-

files with prolonged high C-rate operation. The absence of electrolyte 

concentration dynamics in the SPM leads to systematic voltage over-

estimation and consequently degraded estimation accuracy. To address 

this, the MIONet framework could be applied to more detailed models, 

such as the SPMe or DFN. These models can better capture the elec-

trochemical behavior under sustained high currents by incorporating 

electrolyte transport effects and non-uniform reaction rate distribu-

tions, thereby mitigating the bias introduced by the SPM. However, 

these models’ higher computational cost requires careful trade-off anal-

ysis between accuracy and complexity to ensure their suitability for 

real-time or embedded applications. This analysis could leverage MOR, 

adaptive model switching, or physics-informed surrogates to retain ef-

ficiency. Furthermore, this study focused on surrogating the SPM PDEs

under isothermal conditions. However, the proposed framework can be 

extended to account for thermal dynamics to enhance prediction ac-

curacy under varying environmental conditions. This can be achieved 

by incorporating temperature-dependent parameters into the operator 

network or coupling the electrochemical surrogate with an external ther-

mal model. In practical BMS applications, tracking SOH is as critical 

as SOC, since SOH directly determines the remaining useful life and 

safe operating limits of the cell. The next logical step in this research 

is therefore to extend the proposed framework to SOH estimation and 

prediction. By augmenting the electrochemical model with degradation 

sub-models, such as SEI layer growth, lithium plating and active material 

loss, the operator-learning surrogate could capture the coupled evolu-

tion of capacity fade and resistance increase. Furthermore, integrating 

the surrogate model with sequential Bayesian filtering or probabilis-

tic prognosis methods would facilitate real-time SOH estimation and 

forward-looking prediction of degradation trajectories under realistic 

operating conditions. This would allow both SOC and SOH to be esti-

mated in real time within a unified, physics-informed framework, paving 

the way for predictive BMSs that can track current battery states and 

forecast long-term degradation trends. We foresee such an extension as 

part of our future research, as it would provide a more comprehensive 

and practical tool for advanced BMS applications.
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Appendix A. Detailed DFN model formulation, 

nondimensionalisation, and asymptotic reduction to SPM

A.1. Full dimensional DFN model

Li-on batteries are composed of two electrodes, a porous separator, 

an electrolyte, and two current collectors, as illustrated schematically in 

Fig. 1. Each electrode consists of active material particles within which 

lithium can be stored, and a binder that holds the electrode together and 

maintains an electrical connection between the active material particles 

and the current collectors.

Upon discharge, lithium intercalated in the negative electrode parti-

cles diffuses to the surface of the particles, where an electrochemical 

reaction occurs. This reaction produces a lithium ion free to move 

through the electrolyte and an electron free to move through the elec-

trode. The electron travels through the electrode, into the current 

collector, through an external wire, and towards the positive electrode.
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Concurrently, the lithium ion migrates through the electrolyte towards 

the positive electrode. At the surface of the positive electrode particles, 

the lithium ion and the electron combine through another electrochemi-

cal reaction to form a lithium atom intercalated in the positive electrode 

particle. To charge the battery, a voltage is applied across the cell, and 

the whole process occurs in reverse.

Here, the description of the DFN model is presented following the 

mathematical tractation employed in Ref. [27]. The latter model is the 

state-of-the-art electrochemical model of a Li-ion battery, offering a 

highly detailed and accurate representation of internal cell dynamics 

[13–15]. Throughout this section, we employ the superscript “*” to de-

note dimensional quantities. As illustrated in Fig. 1, the thicknesses of 

the negative electrode, separator, and positive electrode are denoted by

L 

* , L 

*, and L 

*, respectively. We denote the distance between then s p   neg-

ative and positive current collectors  

 

*by L*
 = L*

n + Ls + L 

*.p  The active 

material particles in the negative and positive electrodes are assumed to 

be 

* *spheres with radii R  

  andn  R ,p  respectively. Additionally, we assume

that the behavior within each particle is spherically symmetric. We use 

the spatial coordinate x 

* ∈ [0,  

 L 

*] to indicate the location through the 

thickness of the battery and the  

 

*spatial coordinate r 

* ∈ [0, R k], k ∈ {n, p}
to indicate the location within each particle of active material. We define 

the following regions of the battery,

Ω 

* 

n = [0, L 

*
n], Ω 

*
s = [L 

*
n , L 

* – L 

*
p], Ω 

*
p = [L 

* – L 

*
p , L 

* ]

which correspond to the negative electrode, separator, and positive elec-

trode regions, respectively. We denote electric 

*potentials  

 by Ø , current 

densities by i* ,  

  lithium concentrations by c 

* 

 (in the electrolyte c 

* re-

fer to Li-ion concentrations), and molar fluxes by N 

* . To indicate the 

region within which each variable is defined, we include a subscript 

k ∈ { *n, s, p} which corresponds to Ω  

 ,n  Ω 

*,s  and Ω 

*,p  respectively. To

distinguish variables in the electrolyte from those in the solid phase 

of the electrode, we employ an additional subscript “e” for electrolyte 

variables and an additional subscript “s” for solid-phase variables. For 

clarity, the variables in the model and their corresponding regions are 

detailed hereafter:

Ø 

*
s,n, Ø 

* 

e,n, c 

* 

e,n, i 

* 

e,n, N 

*
e,n : x 

* ∈ Ω 

*
n 

, 

Ø 

*
e,s, c 

*
e,s, i 

*
e,s, N 

* 

e,s : x 

* ∈ Ω 

*
s 

, 

Ø 

*
s,p, Ø 

*
e,p, c 

*
e,p, i 

*
e,p, N 

*
e,p : x 

* ∈ Ω 

*
p 

, 

c 

*
s,n : r 

* ∈ [0, R 

*
n], x 

* ∈ Ω 

*
n 

, 

c 

* 

s,p : r 

* ∈ [0, R 

*
p], x 

* ∈ Ω 

*
p 

· 

*We note that c  

 and c 

*
 

*depend on thes,n   macroscopic variable,s,p  x  

 , the 

microscopic   

  

*variable, r 

*, and time, t , whereas all other variables de-

  x* 

  t 

*pend on and  only. When stating the governing equations, we take

the region in which an equation holds to be implicitly defined by the 

subscript, k ∈ {n, s, p}, of the variables. With this notation in mind, the 

DFN model is summarised in Table A.5.

U 

*
n (c 

*
s,n) and U 

* * represent the open-circuit potentials (OCPs) ofp (c s,p)       

 

*negative 

*the and  

 positive electrodes, respectively, while De (c e ) denotes

the concentration-dependent diffusivity of Li-ions in the electrolyte. 

These functional forms were derived in the study by Mohtat et al. [65] 

by fitting experimental data on a graphite/NMC532 pouch cell. A com-

plete list of model parameters and their corresponding values is provided 

in Table A.6, with all values sourced from Ref. [65]. The functions and 

parameters are specific to a Li-ion cell composed of a graphite negative 

electrode, a LiPF6 electrolyte, and a lithium nickel manganese cobalt 

(NMC) oxide positive electrode. Note that in Eq. (A.1e), (A.1d), and 

(A.1f) 

*the actual current density I  

 is distinct from the typical current

density I 

* indicatedtyp  in Table A.6.

A.2. Nondimensionalisation

By following the asymptotic methods to reduce the DFN model used 

in Ref. [27], it is possible to obtain the SPM equations. In order to do this,

it is first necessary to adimensionalize the DFN model with the following

scaling:

Global: x 

* = L 

*x, t* = τ*d t, D 

*
e = D 

*
e,typD e 

,

k 

* 

e = k 

*
e,typk e, I 

* = I 

*
typI,

Ø* 

s,n 

= R*T *

F 

* Ø s,n, Ø 

*
s,p = (U*

p,ref – U 

*
n,ref) + R*T *

F 

* Ø s,p 

·

Fork ∈ {n, p} : r* = R* 

k 

r k, c 

*
s,k = c 

* 

s,k,maxc s,k 

,

j*k =
I 

*
typ

a 

*
kL

* jk, j* 

0,k 

=
I 

*
typ

a 

* 

kL 

* 

j 0,k, m 

* 

k = m 

*
k,typm k 

,

𝜂*k = R*T *

F 

* 𝜂 k, U 

*
k = U 

*
k,ref +

R*T *

F 

* U k·

Fork ∈ {n, p} : i 

*
s,k = I 

*
typi s,k 

·

Fork ∈ {n, s, p} : c 

*
e,k = c 

* 

e,typ 

c e,k, N 

*
e,k =

D 

*
e,typc 

*
e,typ

L 

* N e,k, 

Ø*
e,k = –U 

*
n,ref +

R*T *

F 

* 

Ø e,k, i 

*
e,k = I 

*
typi e,k· 

(A.2) 

Substituting the scaling (A.2) into the dimensional mathematical for-

mulation of the DFN model described by Eq. (A.1a)–(A.1t) in Table A.5, 

we obtain the dimensionless version of the DFN model. The definition 

and the values of the time scales associated with the different physical 

processes are reported in Table A.7. The corresponding dimensionless 

parameters are summarised in Table A.8. Finally, Table A.9 summarises 

the dimensionless DFN model. 

The expression for the terminal voltage in the adimensional formu-

lation of the DFN model is

V = Ø s,p 

| x=1 

– Ø s,n 

| x=0· (A.4)

It can be rewritten by decomposing a current path through the cell. 

Consider current entering at x = 0 through the negative solid, react-

ing at x n 

∈ [0, L n 

], traversing the electrolyte to x p 

∈ [1 – L p 

, 1], reacting 

again, and exiting through the positive solid. The voltage is:

V  Øs,n 

 x=xn
 Ø s,n 

 x=0 

Negative electrode

+ Ø e,n 

| x=x n
– Ø s,n 

| x=xn
(Negative electrochemical reaction) 

+ Ø e,p 

| x=x p
– Ø e,n 

| x=x n
(Electrolyte)

+ Ø s,p 

| x=x p
– Ø e,p 

| x=xp 

(Positive electrochemical reaction) 

+ Ø s,p 

| x=1 

– Ø s,p 

| x=x p 

(Positive electrode) (A.5)

= | – | ( )

Defining the pointwise OCV

U eq| x n 

,x p
= U p 

(c s,p 

| r=1 

)| x=x p 

– U n 

(c s,n 

| r=1 

)| x=x n 

,

and the pointwise solid-phase Ohmic losses

ΔØ Solid 

| xn 

,x p
= (Ø s,p 

| x=1 – Ø s,p 

| x=xp
) + (Ø s,n 

| x=x n 

– Ø s,n 

| x=0),

and using Eq. (A.3q), we obtain

V = U eq 

| xn 

,x p
+𝜂p 

| x=xp
–𝜂 n 

| x=x n 

+Ø e,p 

| x=x p 

–Ø e,n 

| x=x n 

+ΔØ Solid 

| x n ,x p
· (A.6)

A.3. Asymptotic reduction to the SPM

We consider the limit of high electrical conductivity in electrodes and 

electrolyte and fast electrolyte transport, i.e., when C e 

→ 0, σ k → ∞, and

k̂ e → ∞ with σ k 

C e 

and k̂ e 

C e are constant:

σ k =
σ'

k
C e

, σ
'

k = O(1), k ∈ {n, p},
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Table A.5 

Mathematical description of the DFN model.

Governing equations Boundary conditions

Charge conservation: Current:

𝜕i 

*
e,k

𝜕x 

* =
a*kj

*
k , k = n, p

0, k = s
(A.1a)

(

i 

*
e,n| x 

*=0 = i 

*
e,p| x* =L 

* = 0, (A.1b)

i 

*
e,k = ∈ 

b
kk 

*
e (c

*
e,k) 

( 

–
𝜕Ø*

e,k

𝜕x 
* + 2(1 – t 

+) R
*T *

F 
*

𝜕
𝜕x 

*

( 

log
(

c*e,k
)))

k ∈ {n, s, p} (A.1c) Ø 

*
e,n| x 

*=L 
*
n
= Ø 

*
e,s| x 

* =L 
*
n
, i 

*
e,n| x 

*=L 
*
n
= i 

*
e,s| x 

* =L 
*
n
= I 

* (A.1d)

I 

* – i 

*
e,k = –σ 

*
k
𝜕Ø*

s,k

𝜕x 
* , k ∈ {n, p} (A.1e) Ø 

*
e,s| x 

*=L 
*–L 

*
p
= Ø 

*
e,p| x 

*=L 
*–L 

*
p
, i 

*
e,s| x 

* =L 
* –L 

*
p
= i 

*
e,p| x 

* =L 
* –L 

*
p
= I 

* (A.1f)

Molar conservation: Concentration in electrolyte:

∈ k
𝜕c 

*
e,k

𝜕t 
* 

=
𝜕N 

*
e,k

𝜕x 
* + 1

F 
*

𝜕i 

*
e,k

𝜕x 
* , k ∈ {n, s, p} (A.1g) N 

*
e,n| x 

*=0 = N 

*
e,p| x* =L 

* = 0, (A.1h)

N 

*
e,k 

= ∈ 

b
kD 

* 

e (c
*
e,k)

𝜕c 

*
e,k

𝜕x 
* + 

t 

+

F
i 

*
e,k 

, k ∈ {n, s, p} (A.1i)
 𝜕c 

*
s,k

𝜕t 
* = 1

(r 
* ) 

2
𝜕
𝜕r* 

(

(r 

* ) 

2 D 

*
s,k

𝜕c 

*
s,k

𝜕r 
*

)

, k ∈ {n, p} (A.1k) 

c 

*
e,n| x 

* =L 
* 

n
= c 

*
e,s| x 

* =L 
*
n
, N 

*
e,n| x 

* =L 
*
n
= N 

*
e,s| x 

*=L 
*
n

(A.1j)

c 

*
e,s| x 

* =L 
* –L 

*
p
= c 

*
e,p| x 

*=L 
*–L 

*
p
, N 

*
e,s| x 

* =L 
* –L 

*
p
= N 

*
e,p| x 

* =L 
*–L 

*
p

(A.1l)

Electrochemical reactions: Concentration in electrode material:

j*k = j*0,ksinh 

( 

F 

*𝜂*k
2 R 

* T 
*

) 

, k ∈ {n, p} (A.1m)
𝜕c 

*
s,k

𝜕r 
* | r 

*=0 

= 0, k ∈ {n, p} (A.1n)

j*0,k = m 

* 

k(c
*
s,k) 

1/2(c 

*
s,k,max – c 

*
s,k 

) 

1/2(c*e,k) 

1/2, k ∈ {n, p} (A.1o) –D s,k
𝜕c 

*
s,k

𝜕r 
* |r*=R 

*
k
= j*k

F 
* , k ∈ {n, p} (A.1p)

𝜂*k = Ø*
s,k – Ø*

e,k – U k(c*s,k| r 
*=R 

*
k
), k ∈ {n, p} (A.1q)

Reference potential Initial conditions

Ø 

*
s,n| x 

*=0 = 0 (A.1r) c 

*
s,k(x 

* , r 

* , 0) = c 

*
s,k,0, k ∈ {n, p} (A.1s)

c 

*
e,k(x 

* , 0) = c 

*
e,typ, k ∈ {n, s, p} (A.1t)

Table A.6 

Dimensional model parameters with values taken from Ref. [65].

Parameters Units Description Ω 

*
n Ω 

*
s Ω 

*
p

∈ k – Electrolyte volume fraction 0·61 1 0·445
c  

k 
*
,max

3mol/m Maximum lithium concentration   2·8746  

 × 10 

4 – 3·5380 × 10 

4

σ 

* 

k S/m Solid conductivity 100 – 100 

D* 

s,k Electrode diffusivity –  

2m  /s 5 –15 

 × 10 8 –15 

 × 10 

R* 

k μm Particle radius 2·5 – 3·5 

a 

* 

k μm 

–1 Electrode surface area density 0·732 – 0·381 

m  

 

*
k (  

2 3 1·5A/m )(m /mol)  Reaction rate 1·061 × 10 

–6 – 4·824 × 10 

–6

L* 

k μm Thickness 62 12 67 

U 

* 

k,ref V Reference potential – 3.94 0·18

c 

* 

e,typ
3mol/m  

 Typical lithium concentration in electrolyte 1 × 10 

3

D 

* 

e,typ
2m  

 /s Typical electrolyte diffusivity 5·35 × 10  

 

–10

k 

*
e,typ S/m Typical electrolyte conductivity 1·3

F 

* C/mol Faraday’s constant 96485
R*

 J/(mol K) Universal gas constant 8·314472
T 

* K Temperature 298·15
b – Bruggerman coefficient 1·5
t 

+ – Transference number 0·38
I 

*
typ

2A/m Typical current density 24·4 (1C)

Table A.7 

Time scales associated with the physical processes occurring within the battery cell model. Here C =
I 

* /(24·4 –2Am  

 ) is the cell C-rate (assuming 1 C corresponds to 24.4 A m 

–2).

Symbol Expression Interpretation Values [s]

τ 

*
d F 

* c 

* 

n,maxL
* 

 /I*
typ Discharge timescale 1·603 × 10 

4 /C
τ 

*
n (R* 

n )
2 

 /D 

* 

s,n Diffusion timescale in the negative electrode particle 1·250 × 10 

3

τ 

*
p (R* 

p )
2 

 /D 

* 

s,p Diffusion timescale in the positive electrode particle 1·531 × 10 

3

τ 

*
e (L* 

 )2 /D*
e,typ Diffusion timescale in electrolyte 37·16

τ 

*
r,n

1/2F 

* /(m*
n a 

*
n(c

*
e,typ) ) Reaction timescale in the negative electrode 3·929 × 10 

3

τ 

*
r,p

1/2F 

* /(m*
p a 

*
p(c

*
e,typ) ) Reaction timescale in the positive electrode 3·166 × 10 

3

k̂ e =
k̂ 

'
e

C e
, k̂ 

'
e = O(1)·

We expand variables in powers of C e:

c s,k ≈ c 

0
s,k + C ec 

1
s,k + C 

2
e c

2 

s,k 

+ ...

At leading order, the electrolyte potential drop and solid-phase Ohmic 

losses vanish, yielding the SPM in Table A.10. This approximation is

valid when the electrolyte migration timescale is much shorter than the 

discharge timescale (typically for low-current applications).
0At leading order, c  

s,k is independent of x, thus the electrode-averaged 

OCV is

- U 

0 

eq = - U p(c 

0
s,p| r=1 

) – - U n(c 

0
s,n| r=1 

),

and the leading-order electrode-averaged reaction overpotentials satisfy

𝜂-0k = 𝛾 1/2 1/2j0 k =  k
0  C (

r 
cs,k ) (1 – c s,k,k  

)  

,  . 𝜂0,k  yielding Eq. (1) with 
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Table A.8 

Adimensional DFN model parameters. Here, C is the cell C-rate.

Parameter Expression Interpretation n s p

Lk  

L 

*
k/L

* 

 Ratio of region thickness to cell thickness 0·4397 0·0851 0·4752
C k 

τ 

*
k /τ

*
d Ratio of solid diffusion and discharge timescales 0·0780 C – 0·0995 C

C r,k τ 

* 

r,k/τ
*
d Ratio of reaction and discharge timescales 0·2451 C – 0·1038 C

σ k 

(R 

* T 

* /F 

*)/(I*
typL 

*/σ*
k ) Ratio of thermal voltage to typical solid Ohmic drop 746·8/C – 746·8/C

a k 

a 

*
kR 

*
k Product of particle radius and surface area density 1·83 – 1·33

𝛾 k 

c 

*
k,max/c 

*
n,max Ratio of max solid concentrations 1 – 1·2308

C e 

τ 

*
e /τ

*
d Ratio of electrolyte transport and discharge timescales 2·32 × 10 

–3 C 

𝛾 e 

c 

* 

e,typ/c 

*
n,max Ratio of typical electrolyte to max solid concentration 0·035

k̂ e (R 

* T 

* /F 

*)/(I*
typL 

* /k̂ 

*
e ) Thermal voltage to typical electrolyte Ohmic drop 9·708/C

ck ,0 c 

*
k,0/c

*
k,max Ratio of initial to max solid concentration 0.0017 – 0.8907

Table A.9 

Adimensional mathematical description of the DFN model.

Governing equations Boundary conditions

Charge conservation:

𝜕i e,k

𝜕x
=

(

jk , k = n, p 

0, k = s 

(A.3a)

Current:

i e,n 

| x=0 

= i e,p 

| x=1 

= 0, (A.3b)

i e,k = ∈ 

b
k k̂ e 

k e 

(c e,k) 

(

– 

𝜕Ø e,k

𝜕x
+ 2(1 – t 

+) 

𝜕
𝜕x

( 

log 

( 

ce,k
)) 

)

, k ∈ {n, s, p} (A.3c)
 I – i e,k 

= –σ k
𝜕Øs,k

𝜕x
, k ∈ {n, p} (A.3e)

Ø e,n 

| x=Ln
= Ø e,s 

| x=Ln 

, i e,n 

| x=L n 

= i e,s 

| x=L n 

= I , (A.3d)

Ø e,s 

| x=1–L p
= Ø e,p 

| x=1–L p 

, i e,s 

| x=1–Lp 

= ie,p 

| x=1–Lp
= I , (A.3f)

Molar conservation: Concentration in electrolyte:

Ce∈k𝛾e
𝜕c e,k

𝜕t
= –𝛾 e

𝜕N e,k

𝜕x
+ C e

𝜕i e,k

𝜕x 

, k ∈ {n, s, p} (A.3g) 

   

+
N e,k = –∈ 

b
kD e 

(c e,k)
𝜕ce,k

𝜕x
+ Ce t

𝛾 e
i e,k 

, k ∈ {n, s, p} (A.3i) 

(  )

C k
𝜕c s,k

𝜕t
= 

1
r 

2
k

𝜕
𝜕rk 

r 

2
k
𝜕cs,k

𝜕r k
, k ∈ {n, p} (A.3k) 

 

N e,n 

| x=0 

= N e,p 

| x=1 

= 0, (A.3h)

c e,n 

| x=L n
= c e,s 

| x=L n 

, N e,n 

| x=L n 

= N e,s 

| x=L n 

, (A.3j)

c e,s 

| x=1–L p 

= c e,p 

| x=1–L p 

, N e,s 

| x=1–L p 

= N e,p 

| x=1–L p
(A.3l)

Electrochemical reactions:

j k 

= j 0,ksinh 

(

𝜂 k
2 

)

, k ∈ {n, p} (A.3m)

Concentration in electrode material:
𝜕c s,k

𝜕r k
| r=0 

= 0, k ∈ {n, p} (A.3n)

j 0,k = 

𝛾 k
C r,k

(c s,k) 

1/2(1 – c s,k) 

1/2(c e,k) 

1/2
| r k=1, k ∈ {n, p} (A.3o) – ak𝛾k

C k

𝜕c s,k

𝜕r k
| rk=1 

= j k 

, k ∈ {n, p} (A.3p)

𝜂 k 

= Ø s,k 

– Ø e,k 

– U k 

(c s,k| r k=1 

), k ∈ {n, p} (A.3q)

Reference potential Initial conditions

Ø s,n 

|x =0 = 0 (A.3r) c s,k(x, r k 

, 0) = c s,k,0, k ∈ {n, p} (A.3s)

c e,k(x, 0) = 1, k ∈ {n, s, p} (A.3t)

Table A.10 

Mathematical adimensional description of the SPM 

model.

Governing equations

Charge conservation:

C k
𝜕c 

0
s,k

𝜕t
= 

1
r 

2
k

𝜕
𝜕rk 

( 

r2k
𝜕c 

0
s,k

𝜕r k

) 

, k ∈ {n, p}. (A.7a)

Boundary conditions

Concentration in the electrode active material:
𝜕c 

0
s,k
|r=0 =𝜕r

   

 

0
k

, k ∈ {n, p}, (A.7b)

( I n
– ak𝛾k

𝜕c 

0
s,k |

k
| = L

  

{

 n
, = ,

k n, p , (A.7c)
C

 

k 𝜕r k
r k  

 
=1 – 

I , ∈ { }
|

k 

 

=
   

p,
(

L
  

p

Initial conditions

c 

0
s,k(x, r k , 0) = cs,k  

 ,0, k ∈ {n, p}, (A.7d)

Data availability

Data will be made available on request. 
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