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Abstract

Low-thrust spacecraft trajectory optimization is an established problem in applied mathematics and space mission design.
The current state-of-the-art methods for solving it primarily fall into two categories: indirect and direct methods. This
work investigates the Covector Mapping Principle in order to bridge these two approaches, allowing the transformation of
NLP Lagrange multipliers into costates. Pseudospectral direct collocation and indirect shooting methods are implemented,
and costate mapping is verified with excellent accuracy for different problem formulations. By combining these two
methodologies, we mitigate their respective limitations and pave the way for a robust, flexible, and computationally
efficient hybrid guidance algorithm for onboard spacecraft applications. Benchmarks against traditional indirect methods
are performed to demonstrate that the proposed hybrid approach improves convergence and robustness. The algorithm is
tested and simulated in different deep-space mission scenarios, highlighting its potential for onboard implementation in
autonomous spacecraft. The hybrid algorithm is deployed on relevant hardware for processor-in-the-loop experiments to
evaluate its performance under realistic constraints and limitations imposed by the onboard computational resources.

1. Introduction
Over the last few decades, the space industry has wit-

nessed disruptive innovations in space exploration. Among
them, smaller and more affordable satellites, known as
CubeSats, have given universities and small companies the
opportunity to reach orbit due to their low design, man-
ufacturing, and launch costs. So far, their use has been
mostly limited to near-Earth missions, however, there’s
growing interest in taking low-thrust CubeSats into deep-
space. To overcome the traditional high costs of infras-
tructure and personnel associated with the ground-based
control of interplanetary missions, CubeSats will need to
carry out more operations on their own, relying on on-
board autonomous guidance, navigation, and operations.
Developing these capabilities could pave the way to a new
era of exploration, where swarms of small, self-sufficient
spacecraft travel the Solar System, collecting data and per-
forming tasks that were once only possible for large, expen-
sive probes. In this context, the ERC-funded EXTREMA
project [1] aims to enable self-driving spacecraft, propos-
ing a paradigm shift of guidance, navigation, and control
operations from ground to onboard Cubesats. In particular,

the development of autonomous guidance algorithms will
have to focus on guaranteeing robustness, efficiency, and
optimality, to overcome the challenges of space exploration
with limited onboard resources [2, 3] and within environ-
ments often characterized by complex dynamics and high
uncertainties [4].

Low-thrust spacecraft trajectory optimization requires
solving nonlinear optimal control problems, which are a
well-established and challenging class of problems in ap-
plied mathematics [5, 6]. They have been extensively stud-
ied over the past century due to their broad applicability in
numerous scientific and engineering disciplines, including
aerospace engineering.

In this context, the current state of the art can be mainly
classified into two categories, direct and indirect methods
[7]. Direct ones consist in transcribing the original optimal
control problem into a discrete-time Nonlinear Program-
ming Problem and then solving it by finding the optimality
conditions, also known as Karush-Kunh-Tucker conditions
[8]. On the other hand, indirect methods directly solve
for the optimality conditions derived from the continuous-
time OCP by applying the Pontryagin Maximum Principle,
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and then using numerical methods to find the results [5].
The two approaches have been extensively implemented
and tested in several applications related to low-thrust tra-
jectory optimization, and both showed advantages and dis-
advantages depending on the specific application. Direct
methods have wider convergence regions but usually re-
quire a large computational effort due to the solution of
high-dimensional nonlinear programming problems [9].
In addition, they do not provide any hints on the verifi-
cation of the optimality of the original continuous-time
problem. Indirect methods, instead, ensure both primal
and dual feasibility and optimality, however, they are char-
acterized by limited convergence due to the high sensitivity
of the costate and their limited physical insights [10].

This work explores the relationship between direct and
indirect approaches to the solution of OCP, exploiting the
theory of the Covector Mapping Principle, which has been
formulated in the early 2000s [11, 12]. We analyze this re-
lationship applied to low-thrust spacecraft trajectory opti-
mization within the context of on-board autonomous guid-
ance, where optimality, robustness, and computational ef-
ficiency become of paramount importance.

In the literature, previous works have implemented hy-
brid strategies that leverage the results of the Covector
Mapping Principle in order to solve trajectory optimization
problems. Guo et al. [13] implemented the direct PS col-
location to solve the low-thrust spacecraft energy-optimal
problem and used the solution as an initial guess for the
fuel-optimal indirect shooting. Spada et al. [14] imple-
mented a direct-indirect hybrid strategy for fuel-optimal
powered descent guidance using pseudospectral convex
methods as a first step and then refined the solution with
indirect shooting. Busi et al. [15] explored the relationship
between direct and indirect solutions using non-complete
methods for energy-optimal problems, however, the map-
ping of the Lagrange multipliers costates was affected by an
unexplained scaling factor. This work further explores the
application of the Covector Mapping Theorem and costates
mapping in the context of low-thrust spacecraft trajectory
optimization, providing a numerical in-depth analysis of
its advantages compared to traditional guidance methods,
and highlighting the potential for onboard applications.

Section 2 summarizes the theory of the Covector Map-
ping Principle and its application to nonlinear optimal con-
trol problems through the implementation of pseudospec-
tral schemes. In Section 3, the mapping between the
costates obtained with the indirect method and the La-
grange multipliers of the direct method is verified. Sec-
tion 4 presents a hybrid direct-indirect algorithm, which
is tested over a dataset of hundreds of interplanetary sce-

narios. Section 5 discusses the performance of the hybrid
algorithm tested and compares it with that of an indirect
approach. Section 6 presents some considerations about
the deployment of the algorithm on relevant hardware to
test and assess the performance for autonomous on-board
guidance purposes. Conclusions of the work are drawn in
Section 7.

2. State-of-the-Art
2.1 The Covector Mapping Principle

An optimal control problem for low-thrust trajectory
optimization can be formulated as follows [6]. The objec-
tive is to determine the state y(𝑡) ∈ R𝑛 and the control
u(𝑡) ∈ R𝑚 that optimize a performance index while satis-
fying the physical and dynamics constraints of the system.
This translates as minimizing the cost functional.

𝐽 = Φ(y(𝑡0), 𝑡0, y(𝑡 𝑓 ), 𝑡 𝑓 ) +
∫ 𝑡 𝑓

𝑡0

𝑔(y(𝑡),u(𝑡), 𝑡)𝑑𝑡, (1)

subject to the dynamics constraints

¤y(𝑡) = f (y(𝑡),u(𝑡), 𝑡), (2)

the boundary conditions

𝜙(y(𝑡0), 𝑡0, y(𝑡 𝑓 ), 𝑡 𝑓 ) = 0, (3)

and the inequality path constraints

C (y(𝑡),u(𝑡), 𝑡) ≤ 0. (4)

This corresponds to the original continuous-time OCP,
which is denoted as Problem P [11]. By deriving the opti-
mality conditions and applying the Pontryagin Maximum
Principle (PMP), one obtains the two-point boundary value
problem, which is identified as Problem 𝑃𝜆. It is twice the
dimensions of the original problem due to the introduc-
tion of the dual variables (i.e. costates) whose dimension
is twice the dimension of the state of the original prob-
lem. For this reason, the process from Problem P to 𝑃𝜆

is denoted as dualization. Typically, 𝑃𝜆 is not solvable in
closed-form and, therefore, an approximate solution has to
be found through numerical methods. In this way, Problem
𝑃𝜆𝑁 is defined, where N represents the discretization of the
problem. The equivalence between 𝑃𝜆𝑁 and 𝑃𝜆 is related
to the convergence of the approximation implemented to
solve the two-point boundary value problem. This way of
approaching the solution of an OCP is generally referred
to as the indirect approach.

The solution of an OCP can also be tackled the other
way around. The continuous-time Problem P is first dis-
cretized in a discrete-time grid to obtain the Problem 𝑃𝑁 .
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This corresponds to the transcription of the optimal control
problem into a Nonlinear Programming Problem (NLP).
The NLP described by Problem 𝑃𝑁 can now be solved
with numerical methods which exploit the definition of the
Karush-Kunh-Tucker (KKT) optimality conditions. In this
way, the formulation of Problem 𝑃𝑁𝜆 is obtained. In lit-
erature, this way of solving the OCP is referred to as the
direct approach.

In general, the KKT optimality conditions of an NLP do
not generate discrete adjoint equations that are consistent
with the one generated through the optimality conditions
and PMP of the original continuous-time OCP, and, conse-
quently, the KKT multipliers are not equal to the costates
[8]. In other words, Problem 𝑃𝜆𝑁 and Problem 𝑃𝑁𝜆 are not
equivalent and, therefore, the operations of discretization
and dualization (i.e. derivation of the optimality condi-
tions) are not commutative.

However, it has been proved that the equivalence be-
tween these two problems can be made true by a correct
choice of the discretization scheme and a proper coordinate
transformation. As a consequence, the non-commutation
gap can be closed through the introduction of a mapping
function Γ𝑁 between the solutions of Problem 𝑃𝜆𝑁 and
Problem 𝑃𝑁𝜆 [11]. This is the essence of the Covector
Mapping Principle (CMP), whose mathematical formula-
tion is often referred to as Covector Mapping Theorem
(CMT) and depends on the discretization adopted. A
schematic of the complete CMP and of the two approaches
to solve OCP is shown in Figure 1. Methods that satisfy
the CMT are denoted as complete methods.
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Fig. 1: Schematic of the Covector Mapping Principle [11].
Red arrows are related to the indirect approach, while
the blue ones are related to the direct approach.

2.2 LGR pseudospectral method and CMT
Pseudospectral (PS) methods are among the discretiza-

tion schemes that have been proved to satisfy the Covector
Mapping Theorem [12], and therefore are complete meth-
ods. They have been widely implemented in the solution of
OCP due to their convergence with quasi-exponential rate,
in the case of smooth enough solutions [16, 17]. There-
fore, fewer discretization points are required with respect to
other transcription methods. In addition, the implementa-
tion of local collocation PS schemes increases the sparsity
of Jacobian matrices and reduces the overall computational
effort [18]. Figure 2 shows a comparison of the discretiza-
tion and collocation points for the most common families
of PS methods.

Fig. 2: Comparison of discretization and collocation points
for Legendre-Gauss (LG), Legendre-Gauss-Lobatto
(LGL) and Legendre-Gauss-Radau (LGR) PS methods,
for 𝑁 = 5 collocation points.

Among the different families of PS methods, this work
exploits the Legendre-Gauss-Radau (LGR) discretization,
which has been proven to accurately map KKT multipli-
ers of the NLP with the costates of the continuous-time
optimal control problem [17]. LGR dicretization points
(𝜏1, ..., 𝜏𝑁+1) are defined in the normalized time interval
[−1;+1] such that 𝜏1 = −1 and 𝜏𝑁+1 = +1 (which is not
a collocation point). Therefore, the physical time domain
[𝑡0; 𝑡 𝑓 ] has to be mapped to [−1;+1] with the following
transformation

𝑡 =
𝑡 𝑓 − 𝑡0

2
𝜏 +

𝑡 𝑓 + 𝑡0

2
(5)

The LGR collocation points (𝜏1, ..., 𝜏𝑁 ) correspond to
the roots of the equation
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𝑃𝑁−1 (𝜏) + 𝑃𝑁 (𝜏) = 0 (6)

States and control variables are approximated by a sum-
mation of Lagrange polynomials 𝐿𝑖 (𝜏) of degree N over the
LGR discretization points. Note that the control at the final
point 𝜏 = 1 is not provided. States and control variables
are expressed by Lagrange polynomial approximations

y(𝜏) ≈ Y (𝜏) =
𝑁+1∑︁
𝑖=1

Y𝑖𝐿𝑖 (𝜏) (7)

u(𝜏) ≈ U (𝜏) =
𝑁∑︁
𝑖=1

U𝑖𝐿𝑖 (𝜏) (8)

where Y𝑖 = y(𝜏𝑖),U𝑖 = u(𝜏𝑖), and 𝐿𝑖 (𝜏) are the Lagrange
polynomials defined as

𝐿𝑖 (𝜏) =
𝑁∏
𝑗=1
𝑗≠𝑖

𝜏 − 𝜏𝑗

𝜏𝑖 − 𝜏𝑗
(9)

By differentiating Eq. 7, the state dynamics can be
imposed at the collocation points through the dynamics
defects, expressed as

𝑁+1∑︁
𝑖=1

𝐷𝑘𝑖Y𝑖−
𝑡 𝑓 − 𝑡0

2
f (Y𝑘 ,U𝑘 , 𝜏; 𝑡0, 𝑡 𝑓 ) = 0, 𝑘 = 1, ..., 𝑁

(10)
where 𝐷𝑘𝑖 = ¤𝐿𝑖 (𝜏𝑘) is the element of the Radau pseu-
dospectral differentiation matrix D. Note that, since the
state approximation uses 𝑁 + 1 points and the collocation
is done at only the 𝑁 LGR points (i.e. 𝜏 = 1 is excluded),
the matrix D has dimensions 𝑁 x (𝑁 + 1). Discretization
must also be performed on the integral term of the cost
function. Using the LGR quadrature rule, the approxi-
mated cost function is

𝐽 =Φ(Y (𝜏1), 𝜏1,Y (𝜏𝑁+1), 𝜏𝑁+1)+

+
𝑡 𝑓 − 𝑡0

2

𝑁∑︁
𝑘=1

𝑤𝑘𝑔(Y𝑘 ,U𝑘 , 𝜏; 𝑡0, 𝑡 𝑓 )
(11)

where 𝑤𝑘 are the quadrature weights associated with the
𝑘 𝑡ℎ LGR collocation point and are computed as

𝑤1 =
2

𝑁2
, 𝑤𝑘 =

1

𝑁2

1 − 𝜏𝑘

(𝐿𝑁−1 (𝜏𝑘))2
, 𝑘 = 2, ..., 𝑁 (12)

In particular, it is possible to analytically demonstrate
the existence of a Covector Mapping Theorem (CMT) for
the LGR pseudospectral discretization by deriving the op-
timality conditions of the continuous-time and discrete-
time formulations of the OCP and comparing the two of
them. The analytical manipulation of optimality condi-
tions, which is extensively derived in [19], leads to the
definition of the CMT for a Radau PS method with N+1
discretization points, which is

𝝀̃𝑁+1 =D⊤
𝑁+1𝚲

𝝀̃𝑘 =
𝚲𝑘

𝑤𝑘

, 1 ≤ 𝑘 ≤ 𝑁

γ̃𝑘 =
𝚪𝑘

𝑤𝑘

, 1 ≤ 𝑘 ≤ 𝑁

ψ̃ = 𝚿

(13)

The left-hand sides of Eq. 13 are the estimates of the
Lagrange multipliers associated with the continuous-time
OCP. In particular, 𝝀𝒌 , known also as costates, are related
to the dynamics constraints, γ𝑘 are related to the path con-
straints, and ψ is related to the boundary constraints. The
right-hand sides of Eq. 13 contain instead the respective
Lagrange multipliers associated with the KKT conditions
of the NLP problem, namely 𝚲k, 𝚪𝑘 , 𝚿. Lastly, 𝑤𝑘 are the
quadrature weights associated with the 𝑘 𝑡ℎ LGR colloca-
tion point andD𝑁+1 is the last column of the differentiation
matrix 𝐷 of the LGR discretization. In summary, the CMT
in Eq. 13 proves the existence of an analytical map between
the solution of the original continuous-time OCP and its
discretized version.

3. Costates estimation in low-thrust trajectory opti-
mization

The validity of the Covector Mapping Theorem, pre-
sented in Section 2, is numerically verified in the solu-
tion of trajectory optimization problems for interplanetary
transfer with low-thrust spacecrafts. In particular, direct
and indirect independent approaches are used to solve the
OCP and compared to each other. The direct method is
implemented through a Radau pseudospectral collocation,
based on the theory reported in Section 2. In addition,
a local collocation approach with ℎ𝑝-adaptive mesh re-
finement has been implemented in order to handle the
solution of non-smooth problems, by varying iteratively
the segment widths ℎ and the polynomial degree 𝑝 [18,
20]. An initial guess of the direct optimization is pro-
vided with a simple shape-based cubic interpolation of the
boundary conditions. The NLP solver used in this analysis
is the large-scale interior-point solver IPOPT [21]; how-
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ever, successful tests have also been carried out with the
solver SNOPT [22]. The indirect approach is based on a
state-of-the-art shooting algorithm, which allows for cor-
rect handling of the bang-bang control profile through the
implementation of an accurate switching-detection tech-
nique that places an integration node exactly at the switch-
ing point. In addition, two continuation methods are used
to improve the convergence, namely the energy-to-fuel ho-
motopy and the hyperbolic tangent smoothing (HTS). The
indirect shooting algorithm uses initial guesses computed
with the adjoint control transformation (ACT) technique.
The authors refer to [10, 23] for an exhaustive description
of the implementation of the indirect shooting solver and
formulation of the problem. In this work, the two-body
dynamical model is considered; therefore, the dynamics of
state and costates is described as

¤r
¤v
¤𝑚
¤𝝀𝑟
¤𝝀𝑣
¤𝜆𝑚


=



v

− 𝜇

𝑟3
r − 𝑢

𝑇𝑚𝑎𝑥

𝑚

𝝀𝑣

𝜆𝑣

−𝑢 𝑇𝑚𝑎𝑥

𝐼𝑠𝑝𝑔0

− 3𝜇
𝑟5

(r · 𝝀𝑣) r + 𝜇

𝑟3
𝝀𝑣

−𝝀𝑟
−𝑢𝜆𝑣𝑇𝑚𝑎𝑥

𝑚2


(14)

where 𝜇 = 1.3271 · 1011 km3/s2 is the Sun gravitational
constant and 𝑔0 = 9.81 m/s2 is the Earth gravity acceler-
ation. The maximum thrust, specific impulse, and initial
mass are representative of a deep-space CubeSat with elec-
tric propulsion [24], namely 𝑇𝑚𝑎𝑥 = 3 mN, 𝐼𝑠𝑝 = 3000 s,
and 𝑚0 = 25 kg. The scenario considers a low-thrust
heliocentric transfer from Earth to Venus with different
problem formulations: time-optimal, energy-optimal, and
fuel-optimal. The objective functions for the three cases
are

𝐽 = 𝑡 𝑓 , for time-optimal

(15)

𝐽 =
1

𝑇𝑚𝑎𝑥 𝐼𝑠𝑝 𝑔0

∫ 𝑡 𝑓

𝑡0

u(𝑡)2𝑑𝑡, for energy-optimal

(16)

𝐽 =
1

𝐼𝑠𝑝 𝑔0

∫ 𝑡 𝑓

𝑡0

u(𝑡)𝑑𝑡, for fuel-optimal

(17)

The initial and final boundary constraints are

r(𝑡0) − r𝐸 (𝑡0) = 0, v(𝑡0) − v𝐸 (𝑡0) = 0, 𝑚(𝑡0) − 𝑚0 = 0
(18)

r(𝑡 𝑓 ) − r𝑉 (𝑡 𝑓 ) = 0, v(𝑡 𝑓 ) − v𝑉 (𝑡 𝑓 ) = 0, (19)

where (r𝐸 , v𝐸) and (r𝑉 , v𝑉 ) are the states of Earth and
Venus, respectively. The OCP is solved with the direct and
indirect approaches independently, leading to the same re-
sults and comparable performance. The CMT in Eq. 13 is
then applied to the NLP Lagrange multipliers of the dynam-
ics defects in order to verify the mapping with the costates.
For brevity, the results reported below refer only to the
energy-optimal and fuel-optimal cases with a time of flight
of 𝑇𝑂𝐹 = 1000 days; however, analogous considerations
are valid for the time-optimal case. Figures 3 and 4 show
the energy-optimal trajectory, mass history, and control
profile of the interplanetary transfer obtained with the di-
rect and indirect approaches. The energy-optimal problem
is a smooth problem that is easily solved by pseudospectral
methods, even with a single global collocation interval. In
this case, 𝑁 = 40 collocation nodes are enough for achiev-
ing convergence of the results. Figure 5 shows the accurate
mapping of the time evolution of the Lagrange multipliers
of the dynamics defects into the costates through the CMT.

Fig. 3: Trajectory of the energy-optimal Earth-Venus trans-
fer computed with direct and indirect methods (Ecliptic
J2000 reference frame centered on the Sun, z-axis not to
scale).

The fuel-optimal problem is instead a non-smooth prob-
lem, which requires a local collocation approach with a
higher number of nodes and, eventually, an adaptive mesh
refinement process in order to correctly grasp the bang-off-
bang control structure. On the indirect side, energy-to-fuel
homotopy is exploited. Figure 6 shows the mass and con-
trol history of the fuel-optimal transfer obtained with the
two methods. In this case, the PS collocation has been
solved with three intervals and a total of 120 nodes. Figure
7 shows that, also in the fuel-optimal case, the estimation
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Fig. 4: Thrust profile of the energy-optimal Earth-Venus
transfer computed with direct and indirect methods.
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Fig. 5: Comparison of costates and mapped NLP Lagrange
multipliers for the energy-optimal Earth-Venus transfer.

of the costates is achieved with excellent accuracy.
While performing this analysis, the main disadvantages

of both approaches have been encountered. In particular,
the solution of trajectory optimization problems via indi-
rect shooting is highly sensitive to the initial guess, often
resulting in convergence to different local optima between
different runs. In contrast, the direct method exhibits lower
sensitivity to initial conditions. However, it requires solv-
ing large-scale NLP problems involving multiple segments
and a high number of collocation nodes to adequately cap-
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Fig. 6: Thrust profile of the fuel-optimal Earth-Venus
transfer computed with direct and indirect methods.
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Fig. 7: Comparison of costates and mapped NLP Lagrange
multipliers for the fuel-optimal Earth-Venus transfer.

ture the bang-off-bang control structure.

4. Direct-indirect hybrid guidance algorithm
The verification of costates mapping in the context of

low-thrust trajectory optimization paves the way for ex-
ploiting the relationship between the solutions of the direct
and indirect approaches. In particular, it enables the devel-
opment of hybrid algorithms that leverage the strengths of
both formulations while mitigating their respective limita-
tions. The relationship between direct and indirect methods
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is explored to traverse through the schematic of the CMP
in Figure 1 in any direction, allowing transitions between
the solutions of both formulations. The results obtained
with one approach can be exploited to warm-start the other
one and vice versa. For instance, the initial guess for the
direct collocation can be provided in terms of trajectory,
control history, and, eventually, mapped Lagrange multi-
pliers of the dynamics defects. For the indirect shooting,
instead, the initial guess is simply the set of mapped initial
costates. In this work, a direct-indirect hybrid algorithm
is developed, exploiting the warm-starting of an indirect
solver, using the knowledge provided from the solution of
the original problem with a direct method. The aim is to
solve a minimum-fuel low-thrust trajectory optimization
problem with greater robustness and efficiency than tradi-
tional guidance methods, while avoiding the disadvantages
of approaches that use direct or indirect methods separately.

The proposed hybrid algorithm proceeds as follows:

1. Starting from the original optimal control problem,
formulate the transcription of its energy-optimal ver-
sion [25].

2. Solve the energy-optimal problem using the LGR
pseudospectral direct collocation method [26].
Thanks to the quasi-exponential convergence of PS
methods for smooth problems, the solution can be ef-
ficiently computed with a reduced number of nodes
and segments. A shape-based initial guess is pro-
vided through a cubic interpolation of the boundary
conditions.

3. Exploit the theory of the Covector Mapping Princi-
ple to map the Lagrange multipliers of the dynamics
defects of the NLP solution to the costates of the
continuous-time OCP [12].

4. Use the initial set of mapped costates to warm-start the
indirect shooting method. When accurately mapped,
this initial guess enables immediate convergence to
the energy-optimal solution, often requiring only few
iterations for numerical refinement [13].

5. Exploit the energy-to-fuel homotopy within the indi-
rect shooting framework to compute the fuel-optimal
solution of the original problem [23].

The outlined hybrid strategy offers several advantages.
Firstly, the sensitivity of indirect methods to initial guesses
is bypassed through warm starting. In addition, the di-
rect collocation avoids solving the non-smooth fuel opti-
mal problem, which would have required a large number

of nodes and eventually a mesh refinement strategy. This
would have significantly increased the computational effort
compared to the one required to solve a smooth energy-
optimal problem. Instead, with this approach, the mini-
mum fuel solution is obtained through a robust and efficient
energy-to-fuel homotopy, which identifies the switching
instants with excellent accuracy without requiring a thrust
regularization process, as in direct collocation approaches
[27] Lastly, as the final step of the optimization process
is the indirect method, the primal and dual feasibility and
optimality of the solution are already verified. Note that
this hybrid algorithm is just one possibility for exploiting
the connection between the direct and indirect methods via
the CMP to solve the OCP. For example, a potential area
for future research is to warm-start the direct method using
the results of the indirect method.

5. Results discussion
The hybrid algorithm outlined in Section 4 is tested

on a large number of scenarios. The dataset of scenarios
is composed of randomly generated interplanetary mis-
sion scenarios developed for the ERC-funded EXTREMA
project [1]. The mission scenarios are related to hypo-
thetical deep-space CubeSats with masses ranging from
10 to 25 kg and performing multi-revolution interplane-
tary transfers from two random points of the Solar System
with a time of flight from 1000 to 3000 days [28]. Even
though the scenarios are not particularly relevant from a
practical point of view, they are useful to test the guidance
algorithms under different conditions and to assess their ro-
bustness. The hybrid algorithm performance is compared
against that of a state-of-the-art indirect shooting method
initialized using the ACT-based guess, and exploiting hy-
perbolic tangent smoothing and energy-to-fuel homotopy.
To average the stochasticity of the initial guess of the indi-
rect method, 10 independent runs are conducted for each
scenario. The hybrid approach, instead, is fully determin-
istic, and a discretization with three segments and 20 nodes
each is used for each scenario. The results presented below
focus on three key performance metrics: robustness of the
algorithm, optimality of the solution, and computational
efficiency. The complete dataset contains 1000 scenarios.
Note that since the scenarios are randomly generated, some
are hardly feasible, and therefore, fuel-optimal convergence
could become cumbersome for some of them. The hybrid
algorithm achieved successful convergence in 80.70% of
cases, whereas the mean convergence rate of the indirect
method across 10 independent runs was 66.93%.

Figure 8 shows the difference in normalized fuel mass
and CPU time between the hybrid and indirect approaches.
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Note that the normalized initial wet mass of the space-
craft is equal to one. In the plots, positive values (which
are colored in red) indicate scenarios in which the hybrid
algorithm achieved lower fuel consumption and shorter
computational times with respect to the indirect shoot-
ing. Note that mass and CPU time values for the indirect
method are related to the mean of the results of 10 runs for
each scenario. On average across all scenarios, the hybrid
algorithm achieves a 12% reduction in fuel consumption
and a 55.6% reduction in CPU time compared to indirect
shooting.

It is worth mentioning that the results of indirect shoot-
ing are highly sensitive to the initial guess, which contains
stochastic terms to allow for different attempts when one
fails. In particular, Figure 9 shows the histograms of the
standard deviation of normalized fuel mass and CPU time
across the 10 independent runs for each scenario. The
widespread distribution of standard deviations means that
the indirect method is highly likely to converge to one of
several local optima, depending on the initial guess. Differ-
ently, the hybrid algorithm, which is fully deterministic and
has null standard deviation across different runs, is more
prone to end up finding the global minimum, as shown in
Figure 8a, where the hybrid approach almost always returns
a solution with lower mass consumption.

To further show the greater robustness and reliability
of the hybrid algorithm compared to the indirect method,
Figure 10 compares the optimization time and normalized
fuel consumption of 12 randomly sampled scenarios. The
blue boxes of the indirect solution summarize the statistics
of the results across the 10 runs. Instead, the result of the
hybrid algorithm is simply plotted as a red line for each
scenario. It is clear that the hybrid algorithm primarily
provides a globally optimal solution in a shorter amount
of time, without the issues of local optimization and high
variability in computational time.

6. Onboard guidance considerations
The development and testing of onboard trajectory op-

timization algorithms for autonomous systems is among
the new challenges in the computational guidance field.
The requirements of performance and reliability are often
strict and difficult to achieve, especially for indirect meth-
ods [29]. The proposed direct-indirect hybrid algorithm
demonstrates characteristics and performance capabilities
that make it a valuable option for onboard guidance appli-
cations. The algorithm allows for finding optimal solutions
with high robustness and reduced computational effort. In
particular, solving smooth problems with pseudospectral
collocation is highly efficient and requires a small number
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Fig. 8: Difference of normalized fuel mass (a) and CPU
time (b) for scenarios converged with both methods.
For the indirect method, the values of fuel mass and
CPU time are the means of the values obtained in 10
independent runs.

of nodes, which translates to better memory usage. The
optimality of the fuel-optimal solution is already verified
thanks to the use of indirect shooting as the last step of
the process, which directly solves for the necessary opti-
mality conditions of the original problem. In addition, the
control profile is ready to be commanded to the thruster
without any regularization process, since the switching in-
stants are accurately identified. All these features make
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Fig. 9: Histograms of the standard deviations of the nor-
malized fuel mass and CPU time obtained with the in-
direct method, across 10 independent runs for each sce-
nario.

the hybrid approach a strong candidate for further inves-
tigation in the context of on-board autonomous guidance
systems. To allow processor-in-the-loop tests on repre-
sentative hardware of onboard resources, the structure of
the hybrid algorithm needs to be modified in order to ac-
count for correct memory allocation, configuration files,
and correct implementation of the solvers. In particular,
the coding of the indirect shooting part follows the one
performed in [29], whereas the pseudospectral collocation
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Fig. 10: Comparison of normalized fuel mass (a) and CPU
time (b) for 12 scenarios. The boxes of the indirect so-
lutions show the statistics of the 10 independent runs.
The central line represents the median, while the lower
and upper edges correspond to the 25th and 75th per-
centiles. The whiskers extend to the most extreme
values that are not classified as outliers, and any out-
liers are shown separately using the "+" marker. Red
lines represent the hybrid solutions.

and the hybrid interface have been deployed from scratch
using the C++ generated code from MATLAB and integrat-
ing the NLP solver SNOPT for C++. The evaluation board
selected for the deployment is the AMD Kria KD240 with
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Zynq UltraScale+™ MPSoC 1, which is representative of
state-of-the-art processors for the next generation of deep-
space CubeSats. The accuracy of the results obtained with
PIL tests is consistent with the ones obtained on personal
computers. However, as expected, the computational time
on the evaluation board is significantly higher. In partic-
ular, the tests on the Kria board revealed CPU times 7 to
10 times higher than those of a desktop PC with Intel Core
i7-10700 CPU running at 2.90GHz and equipped with 16
GB of RAM.

The next steps will be to integrate the deployed algo-
rithm in hardware-in-the-loop test campaigns, within the
context of the EXTREMA project [1]. The guidance al-
gorithm will interact with the flight software, navigation
algorithms and cameras [30], thruster-in-the-loop experi-
ments, and attitude simulation system [31].

7. Conclusions
In this work, the application of the Covector Mapping

Principle to low-thrust trajectory optimization for onboard
guidance has been explored. The LGR pseudospectral col-
location method is implemented to verify the mapping of
NLP Lagrange multipliers with the costates of an indirect
shooting method. Indeed, the costate estimation has been
verified to an excellent degree of accuracy in different sce-
narios involving time-, energy- and fuel-optimal problem
formulations. The advantages and drawbacks of direct and
indirect methods are highlighted, and a direct-indirect hy-
brid approach exploiting the Covector Mapping Theorem
is proposed. The hybrid algorithm is tested on a dataset of
randomly generated interplanetary scenarios, and its per-
formance is compared with that of a state-of-the-art indi-
rect shooting method. The hybrid approach shows greater
robustness, optimality, and computational efficiency, over-
coming the main disadvantages of both direct and indirect
methods. Its features make it ideal for onboard guidance
applications in the next generation of autonomous deep-
space CubeSats. The algorithm has therefore been de-
ployed on relevant hardware and tests have been carried
out, paving the way for future hardware-in-the-loop test
campaigns.
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