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Abstract

Various current and planned space missions involve proximity operations between objects in
near-Earth space. Ensuring the safety of these operations is critical, particularly for autonomous
spacecraft that increasingly rely on minimal ground monitoring and intervention. This work
presents novel methods addressing two key functions of flight safety systems: collision risk
assessment and avoidance strategies in contingency scenarios. The developed algorithms are
designed for autonomous applications, enhancing the robustness and reliability of proximity op-

erations.
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1. Introduction

Proximity operations have attracted growing atten-
tion in recent years due to their ability to enable ad-
vanced mission architectures and applications. For in-
stance, In-orbit Servicing, Assembly and Manufactur-
ing (ISAM) is gaining momentum and is expected to
redefine the way space missions are conducted. More-
over, precise close-formation flying with multiple satel-
lites has demonstrated the potential to significantly en-
hance the scientific and observational return of space
missions. Numerous ventures around the globe has been
conducted to demonstrate and develop ISAM capabili-
ties: examples are NASA [1, 2], JAXA [3], ESA [4,
5, 6]; and various private entities, among which As-
troscale [7], SpaceLogistic/Northrop Grumman [8], Or-
bitFab [9].

At the same time, spacecraft engaged in proximity
operations are often required to function autonomously,
with only limited ground monitoring and intervention.
This has created the need for systems characterized by a
high level of safety and robustness, to prevent undesir-
able behaviours that could ultimately lead to in-space
collisions. Safety in proximity operations can be con-
sidered in two distinct phases. The first is the design
phase, where the goal is to define nominal relative tra-
jectories that achieve mission objectives while ensuring
no collision risk. An example is the design of eccentric-
ity/inclination (E/I) separated trajectories, which guar-
antee passive safety for proximity flight [10, 2]. The
second is the operations phase, where methods and algo-
rithms are employed during the mission to continuously
monitor flight safety and to devise mitigation measures
in the event of contingencies or failures. This paper fo-
cuses on the second aspect—methods and tools for mon-
itoring and guaranteeing flight safety during proximity
operations. In this context, two key challenges must
be addressed: collision risk assessment and collision
avoidance planning and recovery. The first involves
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strategies to analyse relative trajectories and accurately
predict potential collision risks, both in the present and
in the future. The second concerns the mitigation ac-
tions required when a contingency arises, ensuring that
the spacecraft involved can reduce the risk of collision
and eventually resume nominal operations.

In literature a plethora of methods for collision risk
assessment of in-space objects are available when con-
sidering conjunction dynamics for near-Earth objects,
which rely on algorithms to compute the probability of
collision accounting for nominal orbits and their disper-
sion at close-encounter [11]. Among these, there are
analytical [11] and numerical methods [12, 13, 14, 15]
to retrieve the probability of collision of an encounter.
However, most of the techniques available for conjunc-
tion assessment rely on short term encounters assump-
tions, where the relative motion is considered rectilin-
ear and fast. This cannot be applied and is not relevant
for proximity operations scenario, where the relative or-
bits of an object with respect to the other evolves slowly
together with their dispersion. Collision risk for long-
term encounter is in general more complex, as less sim-
plifying assumptions can be introduced, and often more
computationally demanding. Often the analysis are per-
formed considering the instantaneous collision proba-
bility along the trajectory (or probability rate) [16, 11,
17, 18, 13, 19]. Past work on application of collision
checks in proximity can be divided in geometrical and
stochastic/probabilistic methods. Geometrical methods
rely on distances check between the relative motion and
the evolution of its uncertainties to evaluate the risk of
collision [20, 5, 21] . Stochastic methods seek to esti-
mate the instantaneous collision probabilities with prob-
abilistic analyses of the position uncertainties distribu-
tions [22, 23, 16, 24, 25]. The work of [26] provides
a comparison of the distances and probabilistic metrics
and shows their correlation in different proximity sce-
narios. In this paper, novel methods of probabilistic
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metrics, related to the instantaneous probability of col-
lisions, are proposed accounting for their computational
efficiency for onboard applications.

When a contingency or collision risk is detected,
an action—typically a manoeuvre—must be executed
on the involved objects to mitigate the threat. The de-
sign of Collision Avoidance Manoeuvres (CAM) in au-
tonomous proximity operations strongly depends on the
mission’s relative trajectory and the time available to
act. Indeed, when the controlled objects have more time
to implement a manoeuvre, the set of reachable escape
trajectories expands, and manoeuvres can be optimized
for more favourable positions.

If the relative trajectory already embeds a degree of
safety (e.g., through E/I separation), avoidance strate-
gies often focus on planning manoeuvres that re-establish
such conditions [10, 27, 28, 29, 30]. Conversely, when
the trajectory has no inherent safety properties, the de-
sign of avoidance actions must be more general. In these
cases, pre-computed CAMs along the nominal trajec-
tory, generated during the design phase, can be highly
useful for autonomous operations thanks to their com-
putational efficiency and ease of verification [5, 29].
Optimization-based approaches, such as those developed
for long-term in-space encounters, can also be applied
[23, 16]. However, ensuring sufficient computational
efficiency remains essential for onboard implementa-
tion. A comprehensive overview of such methods is
provided in [31]. In this work, we propose an algorithm
for prompt CAM execution that leverages convex opti-
mization methods, which show strong potential for ef-
ficient and reliable onboard applications.

The present paper is organised in the following way.
Section 2 provides a introduction to the dynamics mod-
els exploited for the relative motion modelling. Sec-
tion 3 provides definitions useful for flight safety de-
velopment and models. Section 4 describes the devel-
opment of the stochastic collision risk assessment meth-
ods developed and compared in this work. Section 5
presents the collision avoidance methods proposed for
close range fast escape manoeuvres in case of contin-
gencies. Lastly, Section 6 draws the conclusions and
sets the future development directions.

2. Relative Dynamics

In this work, the relative dynamics of two objects or-
biting in proximity around a primary body (e.g., Earth)
are parametrised using quasi—non-singular Relative Or-
bital Elements (ROEs). Denoting the satellites as chief
and deputy, the ROEs are defined as functions of the
orbital elements of the two objects, as follows:
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Here, a denotes the semi-major axis, e the eccentricity,
1 the inclination, 2 the right ascension of the ascend-
ing node, w the argument of pericenter, and v the mean
argument of latitude (defined as u = M + w). The sub-
scripts d and c refer to the deputy and chief orbits, re-
spectively. The first two components of the ROE state
represent the relative semi-major axis and the relative
mean longitude, while the remaining terms describe the
components of the relative eccentricity and relative in-
clination vectors, which may also be expressed in terms
of their respective magnitudes and phases, as follows:

e = de (C?’S ‘P> . Si=0i (Cf’s 9)
sin @ sinf

When the objects are in proximity, linear relative
motion models are available which allow for a extremely
efficient propagation of the relative states through State
Transition Matrices (STM) and convolution matrix as
follows:

2

t
da(t) = D(tg,t)0ag + / O(t, 7)B(r)u(r)dr (3)

to
where the integral, represent the convolution of the con-
trol active in the interval (¢, t), and the B matrix is ob-
tained from Gauss Variational Equations (GVE). Linear
models and STMs in function of ROEs have been devel-
oped in literature, which include perturbation effects of
the orbital motions and cases with eccentric reference
orbits [32]. Under these relative dynamics, also the rel-
ative state dispersion errors, in the form of covariance of
the ROEs state can be propagated linearly through the

following equation:

P(t) = ®(to, t)P(to)®(to,t)" +Q+ Py, (4)

where the matrix P is the state covariance, the matrix
Q the process noise matrix which encloses unmodelled
effects in the relative dynamics, P,,, the matrix which
models the inclusion of manoeuvre dispersions with the
techniques shown by Gates [33].

In this work, the model used refers to the model ap-
plicable to a proximity operations in Low Earth Orbit
(LEO), from Gaias et. al [34]. Nonetheless, the CA and
CAM methods described will be generally applicable to
all the linear models of relative motion. In the assump-
tion of small-separation, linear mapping through Lya-
punov transformation is possible between ROEs state
and a Cartesian state expressed in the Radial Transver-
sal Normal (RTN) frame [35].

3. Trajectory safety

The robustness of a relative trajectory to off-nominal
conditions and contingencies is determined by the space-
craft capability to assess the risk and provide mitigation
measures. Before introducing the methods for collision
risks assessments and collision avoidance manoeuvres,
the following definitions of different types of trajectory
safety to measure the level of safety of a trajectory are
introduced:
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* Point-Wise Safety (PWS): the relative trajectory

of the objects guarantee no collisions between them

at at time ¢;.

Passive Abort Safety (PAS): the relative trajec-
tory of the objects guarantee no collision between
them for a AT time interval of uncontrolled mo-
tion from time ¢;.

Active Collision Safety (ACS): the relative tra-
jectory of the objects guarantee no collision be-
tween them for a AT time interval from time ¢;,
after the application of a collision avoidance ac-
tion.

In the context of proximity operations, PWS safety is
useful for checking collision conditions along a relative
trajectory. On the other hand, the PAS property guaran-
tees at a given point that a trajectory remains collision-
free even in the event of a major failure of one of the
objects involved, which will result in an uncontrolled
natural evolution of the relative dynamics. This charac-
teristic is highly beneficial for the safe design of prox-
imity trajectories, as it allows for a high level of robust-
ness of the operations even under worst-case scenarios.
Finally, ACS aims to provide a trajectory with a level
of PAS that can only be achieved through active control
of one of the objects, which performs an avoidance ma-
noeuvre. Relative trajectories in proximity operations
are often designed with PAS characteristics whenever
possible. A common example is the use of PAS trajec-
tories based on the eccentricity/inclination (E/I) vector
separation concept using ROEs, which are widely ap-
plied for far-to-close range approaches in proximity op-
erations in near-circular orbits [10, 36]. This concept
exploits the dynamics of relative motion to ensure fu-
ture collision avoidance by imposing a minimum sepa-
ration between the chaser trajectory and the target in the
radial-normal (RN) plane. This is achieved by aligning
the relative eccentricity vector and the relative inclina-
tion vector in parallel. Extensions that relax the strict
(anti-)parallel conditions are also available in the liter-
ature [37].

Nonetheless, the complexity of certain required tra-
jectories in specific missions and operations, such as
forced motions or synchronization, often prevents the
exclusive use of the E/I separation concept to guarantee
a one-orbit minimum distance in the RN plane. The fo-
cus of this paper is therefore on general CA and CAM
methods applicable across a wide range of scenarios, in-
cluding complex forced motion operations.

4. Collision risk assessment

Collision risk for proximity operations is discussed
in this section. Consider the Cartesian expression of
the relative state of the deputy with respect to the chief,
expressed in the RTN frame centred on the chief, de-
noted as x(t), with dispersion described by the covari-
ance P(t). A Keep Out Zone (KOZ), accounting for
the physical dimensions of both objects and centred at
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the chief, is also defined. The state x(t) is assumed
to follow a Gaussian dispersion, which is reasonable
given the linear nature of the relative motion. The col-
lision risk assessment problem is generally concerned
with computing the relative trajectory and its dispersion,
and evaluating the probability of collision with respect
to the KOZ. The general form can be expressed as:
T, )P (t)(r*m))
’ vt

PoC = / /// el o

Here, V denotes the volume of the KOZ, and 7" the dura-
tion of the trajectory. The integrand is the time-dependent
position probability density function of the multivari-
ate distribution of the relative position V' (., P;.), with
mean pt,. and covariance matrix P,.. Unlike short-encounter
models for conjunction assessment, in this case the time
variation of the covariance over the considered window
further complicates the problem. In proximity opera-
tions, considering only the time of closest approach along
the nominal trajectory may not provide a sufficient or
meaningful approximation, since the evolving (and gen-
erally growing) dispersion can result in a higher colli-
sion probability at other points along the trajectory where
the covariance is larger. Therefore, the use of the Instan-
taneous Probability of Collision (IPoC) metric, or prob-
ability of collision rate, is more appropriate for proxim-
ity operations, as it evaluates the relative trajectory and
dispersion point-wise. Moreover, in operational sce-
narios, relying on an IPoC often suffices to determine
thresholds for avoidance measures. The IPoC can be
expressed as:

7)2/3det(P

' —p, )P 1(25)(r 7]

PoC = /// exp (2m)2/3det(P,.(t)))

Therefore, the computation of the IPoC must be carried
out along the trajectory and the covariance evolution,
and evaluated over an extended time window. How-
ever, solving the integral in the above equation numer-
ically is computationally demanding and often not a vi-
able solution for autonomous operations. Simplifica-
tions of Equations 5 and 6 are therefore often sought to
avoid numerical integration in both short- and long-term
encounters.

In this paper, we develop and describe methods to
simplify or approximate the solution of Equation 6 to
enable implementation in autonomous proximity sce-
narios. First, we assume that the KOZ geometry can
be represented by a quadratic form, such as an ellipsoid
around the chief. This assumption is reasonable, as in-
dicated by the definitions of regions in the ESA close
proximity operations guidelines [38]. Furthermore, we
assume that the distribution of the relative position r
follows a multivariate Gaussian A (u,., P,.), consistent
with Equation 6. The integral of the position probability
density over the ellipsoidal KOZ volume can then be re-
duced to the probability of a positive-definite quadratic

> av (6)
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form, as follows:

PoC; = Pr(r"Ar > C) @)

Here, Pr is the probability operator, A is the matrix rep-
resenting the quadratic form defining the shape and ori-
entation of the KOZ, and C is the constant related to its
size. In the limiting case of a spherical KOZ, A corre-
sponds to the identity matrix and C' to the square of the
sphere radius, R2. The problem of computing the prob-
ability in Equation 7 therefore reduces to the character-
isation of the distribution of a quadratic form in normal
variables with non-zero mean and a general covariance.
This results in a generalised non-central chi-squared dis-
tribution, which in general has no closed-form expres-
sion for either its probability density function (pdf) or
cumulative distribution function (cdf). Approximating
the distribution functions of a general quadratic form
is a well-known problem in statistical research [39, 40].
In the following, different approaches are described and
compared for addressing this problem. It should be noted
that, in conjunction assessment, the main interest lies in
determining the cdf of Equation 7, rather than the pdf,
since a point-wise check is required at each point of the
trajectory to ensure it lies outside the KOZ region.

4.1 Gamma moment matching
The first method described here comes from the fam-
ily of methods that seek to approximate explicitly the

Equation 7 distribution with known distributions by match-

ing their moments m;, such as works in [41] and [42].
Here a moment-matching with the Gamma distribution
is implemented, where the first two moments are matched
between the quadratic form and a Gamma distribution.
The Gamma moment matching is selected here thanks
to its simplicity and explicit nature. The moments m; of
the quadratic form r” Ar can be explicitly derived from
the expressions of the k-th cumulant x, of the quadratic
form as [42]:

wp = 281 (k — 1)! (trace((AP,,.)’“) + MI(AP)’C*AW) (8)

with first four moments that can be expressed as:

my = Ky, M2 = /K2

e f3Ka ©
3 = 2/37 4_:‘?/2
Ko 2

Here, my is the mean, msy the variance, ms the skew-
ness, and my the kurtosis of the quadratic form. The
Gamma moment-matching method implemented here
uses m; and my of the quadratic form from Eqs. 9,
matching them with those of a Gamma distribution ex-
pressed as Gamma(c, 6), where « and 6 are the shape
and scale parameters, respectively. Specifically, the pa-
rameters of the Gamma distribution are derived as:
2
o= m, 0=
m2
The pdf and cdf of the Gamma(a, 0) are then obtained
explicitly and considered as an approximation of the re-
spective function of the quadratic form.

2 (10)

mi
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4.2 Saddle point approximation
Moment-matching methods are often imprecise when

dealing with quadratic forms with large non-centrality
and high skewness. Such cases are common in prox-
imity operations scenarios, where the distribution of the
position r is nominally far from the chief-centred KOZ.
Moreover, moment-matching approximations for such
distributions often struggle in the tails, which is criti-
cal for conjunction assessment in proximity operations,
since ideally the probability of collision should be small
in nominal scenarios. To address this, another method
is proposed here, which exploits the saddle-point ap-
proximation of the quadratic form [43, 44, 45]. This
method approximates the pdf and cdf of the quadratic
form by working with the cumulant generating function
K (1) and solving the saddle-point equation K'(7) = g,
where ¢ is the point at which the pdf and cdf are to be
approximated. Expressions for the pdf and cdf are then
obtained using expansion formulas in terms of the sad-
dle point 7. Of particular relevance, the cdf describing
the probability of the quadratic form in Equation 7 is
approximated through a Lugannani & Rice series (trun-
cated at first order) [45] as follows:

Pr(r"Ar > O) ~ ¥(w) + ¥(w) (; - i) (11)

where w = sign(7)+/7q — K(7) Here,u = 7/ K" (7).
The functions ¥(-) and (-) denote the cdf and pdf of
the normal distribution, respectively. In summary, this
method approximates the IPoC by solving a root-finding
problem and using explicit expression formulas. Unlike
the moment-matching technique (such as the Gamma
distribution explained in the previous section), obtain-
ing the approximation of the full pdf and cdf requires
solving the saddle-point equation for each point of the
distribution. Nonetheless, in conjunction assessment of
relative motion, this is not critical, since only a single
point corresponding to the probability of being outside
the KOZ is needed.

4.3 Simulation results

In this subsection, the approximation methods in-
troduced previously are evaluated in a proximity oper-
ations scenario. Specifically, a relative trajectory with
initial state and uncertainty conditions listed in Table
1 is propagated forward in time for six hours (approx-
imately four orbital periods in our scenario). The state
and uncertainties are propagated using the STM model
of reference [34], which accounts for Earth oblateness
and differential drag perturbations. The KOZ is mod-
elled as a spherical volume around the chief with ra-
dius Rk oz. The results of the PoC approximations are
compared with the numerical computation of the PoC
according to Equation 6 via quadrature. Additionally,
a comparison of the behaviour of these metrics with re-
spect to the Mahalanobis distance between the chief and
the deputy position distribution is provided. The evolu-
tion of the relative trajectory of the deputy in the chief-
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Fig. 1. Results of the quadratic form of relative position distribution approximation through the Gamma moment
matching and the saddle point approximation at the time of propagation ¢ = 0.55 hours of the collision risk as-
sessment scenario of Table 1. (top-left) Probability density function, (top-right) cumulative distribution function,
(bottom-left) absolute error of the pdf with respect to MC sampling, (bottom-right) absolute error of the cdf with

respect to MC sampling.
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Fig. 2. Results of the quadratic form of relative position distribution approximation through the Gamma moment
matching and the saddle point approximation at the time of propagation ¢ = 1.66 hours of the collision risk as-
sessment scenario of Table 1. (top-left) Probability density function, (top-right) cumulative distribution function,
(bottom-left) absolute error of the pdf with respect to MC sampling, (bottom-right) absolute error of the cdf with

respect to MC sampling.

centred RTN frame, along with its dispersion, is shown
in Figure 4.

To demonstrate the capability of the methods de-
scribed in previous sections to approximate the distri-
bution of the quadratic form of the relative position be-
tween the deputy and the chief, two different snapshots
are compared with Monte Carlo (MC) sampling. Fig-
ure 1 shows the approximation of the distance distribu-
tion at ¢ = 0.55 hours, while Figure 2 shows the re-
sults after ¢ = 1.66 hours of propagation. From Figure
1, it is evident that both the Gamma moment-matching
and the saddle-point approximation are capable of ac-
curately approximating the shape of the pdf and cdf ob-
tained via MC sampling. This snapshot, after a short
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Table 1. Parameters for the text case analysed in the CA
scenario in proximity operations.

Parameter Value

da [1,20,-15,28,30,40] m
Py diag([4,4,4,4,4,4]) m?
RKOZ 10 m

ATgim 6 hours

sma. 6904692 m

€. le-4

N 97.6 deg
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Fig. 3. (Top) Computation of the IPoC with approximation methods and with numerical quadrature for the test
case scenario of Table 1. (Bottom) Mahlanobis distance between the chief and deputy considering position

uncertainty.

50 +

N [m]
o
|

-50 - T -100

T T 71T 200
-40 20 0 20 40 -300
Rim]

Fig. 4. Relative trajectory of the deputy in the chief
RTN frame. In gray the 3o ellipsoid of the trajec-
tory dispersion are displayed.

propagation time, represents a case where the covari-
ance matrix has not become highly anisotropic, and the
skewness of the distribution deviates only slightly from
the Gaussian form. Conversely, Figure 2 shows a snap-
shot in which the covariance is elongated along the along-
track direction and the distribution of the quadratic form
of the position becomes highly skewed. In this situa-
tion, it is apparent that the Gamma moment-matching
approximation fails to accurately reproduce the pdf and
cdf obtained from MC sampling, whereas the saddle-
point method still provides a good approximation. No-
tably, as can be seen in the bottom plots of Figures 1
and 2, the errors in approximating the pdf and cdf func-
tions are much smaller in the tails of the distributions
than near the mean. This is particularly beneficial for
collision risk assessment applications, where the com-
putation of small probabilities is often required.

The computation of the [IPoC methods along the test
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case scenario are displayed in Figure 3, together with the
IPoC computation by numerically solving the integral
of Equation 6 numerically through quadrature. We can
note how as propagation time progresses, the explicit
analytic approximation of the Gamma moment match-
ing provides larger errors, due to the elongation of the
covariance in the along-track direction. On the other
hand, the saddle point approximation provides an ex-
tremely accurate approximation of the exact IPoC com-
puted numerically. In the bottom plot of Figure 3 the
Mahlanobis distance metric between the two objects and
their relative position dispersion is displayed, showcas-
ing the capability also of this explicit analytic metric to
identify high risk of collision regions.

Table 2. Computational time of the collision assess-
ment of the test case scenario of Table 1.

Method CPU time
Gamma MM 14.6 ms
Saddle point 195 ms
Numerical 2933 ms
Mahlanobis dist. 12.3 ms

Table 2 reports the computational effort required for
the collision assessment checks using the methods de-
scribed. The reported computational times correspond
to the total time needed to evaluate the collision risk as-
sessment algorithms for all 1000 points discretising the
propagated trajectory of the scenario. The algorithms
are implemented in MATLAB and run on a laptop. The
Gamma moment-matching provides a very fast evalu-
ation of collision risks, as it requires only the explicit
computation of the Gamma cdf at each point. However,
the accuracy of the Gamma approximation quickly de-
grades over time when the covariance elongates along
one direction and the quadratic form distribution of the
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position becomes highly skewed. In contrast, the saddle-
point approximation requires a greater computational
effort, as it involves solving a root finding problem to
determine the saddle point, along with eigen decompo-
sition computations to ensure the saddle-point equation
is well conditioned. Nonetheless, for 1000 evaluations
along the trajectory, the CPU time remains below 200
ms, representing more than an order of magnitude im-
provement compared to the numerical quadrature com-
putation of the [PoC. Finally, the Mahalanobis distance
method demonstrates very fast evaluation times, requir-
ing only an eigen decomposition at each step. It is im-
portant to note that the computational efficiency of the
saddle point based IPoC evaluation along a trajectory
can be further improved by performing it only at points
where, according to explicit analytic checks such as the
Gamma MM or Mahalanobis distance, the risk exceeds
a predefined threshold. This hybrid approach allows the
IPoC to be refined using the most accurate approxima-
tion only when needed, further reducing the computa-
tional effort of the collision risk assessment.

5. Collision avoidance

When a contingency or a collision risk is detected
during operations, mitigation actions to prevent colli-
sion in proximity must be taken. In this section, the
method to design the avoidance manoeuvre developed
in this paper is described. Specifically, it is considered
that the avoidance actions will be taken with the deputy
propulsive system, and is assumed that it has 3DOF con-
trol capability in translational control. Avoidance strate-
gies are in general strongly dependent on the following
aspects:

+ Nominal relative trajectory: Different relative
motion regime can influence the method of colli-
sion avoidance. For example, passively safe tra-
jectory with E/I separation concept will exploit
the geometry of relative motion to design manoeu-
vres that grants one-orbit minimum RN separa-
tion and if necessary a escape drift. On the other
hand, complex forced motion fly-around require
fast action and cannot in general establish passive
safety with one-orbit minimum RN separation.

Severity of contingency: Different level of con-

tingency and failures may require different actions.

For example, a mild contingency which can be re-
covered through at FDIR level might not require a
avoidance manoeuvre which disrupt the nominal
relative trajectory.

Recovery requirements: Depending on the mis-
sion requirements, the evaporation of the relative
motion formation may not be feasible for long
time, or too costly to be recovered after the avoid-
ance policy.

Autonomy requirements: Promptness of the ac-
tions during operations will influence the need of
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the CAM planning algorithm to be executed on-
board or performed with ground in the loop.

Options in literature have been explored for CAM strate-
gies in relative orbits characterised by a level of E/I sep-
aration with analytic methods [27, 28] or pre-computed
manoeuvres [29, 5] .

The method described in this paper focuses on avoid-
ance problems in close-range, where complex forced
motion trajectories are performed and a collision policy
must be applied autonomously at the detection of a col-
lision risk or contingency. Therefore, the requirement
of computational efficiency of the CAM design algo-
rithm is key to enable autonomous operations.Note that
in this work, the avoidance region is considered larger
than the geometrical KOZ defined around the chief ob-
jects. This allows to account for margin in navigation
errors and actuation errors in the manoeuvres.

The CAM problem is here formulated as an optimi-
sation problem which seeks to find the continuos con-
trol action in a short time interval after the collision risk
detection which grants avoidance in the future with the
chief object. The goal of this design is to introduce con-
straints in the optimisation problem which grants pas-
sive safety as defined in Section 3. This mean that the
target conditions at the end of the CAM will grant PAS
for the future uncontrolled trajectory evolution. The
continuos control problem is discretised as shown in
Figure 5, where the ROE trajectory is discretised and
divided in two segment. The first segment shown in
blue, denoted as AT 4,4, represents the time interval
in which the CAM control action is provided. While
the subsequent segment is additional time interval in
which the segment is checked for collision with the chief
avoidance region. The control accelerations u; are con-
sidered constant over each segment.

Sa, Say Say

o
Say  Sa, Sa;_y da; Say_y Satysq Say—y
+—o—o—— -—————-- -——
Uy Uz u; Uy

to

Fig. 5. Transcription of the continuos collision avoid-
ance design problem.

To guarantee that the state dax iy afterthe ATo g pok,
see Figure 5, guarantees a collision free trajectory with-
out further control, the relative semi-major axis and rel-
ative longitude are considered as constraints. Particu-
larly, the following constraints are enforced to guaran-
tee escape:

|5CLN| > A
—sign(dan)oAy > L
—sign(daN)(SvT’N 2 0

(12)

where day and 6\ are the relative semi-major axis
and the relative mean longitude of the node IV, while
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dvp, N is the relative velocity. In this way, the uncon-
trolled trajectory after oy ensures a drift in along track
motion that is always away from the chief object. The
optimisation problem is then formulated as follows:

tN
min / u(T)dr
u(t) to

¢
st da(t) = <I>0’t6a0—|—/ @, .B(7)u(r)dr (13b)

(13a)

to
da(ty) = day (13c)
or|l2 > Rroz (13d)
[dan] > A (13¢)
—sign(dan)dAy > L (131)
— sign(dan )évr,ny >0 (13g)
u(t)loo < Unnas (13h)

The cost function models the fuel optimality of the CAM
scenario. The constraints include the system dynamics
and initial conditions (Egs. 13b and 13c), the avoidance
of the KOZ throughout the scenario (Eq. 13d), and con-
ditions on d v to ensure that the trajectory does not col-
lide with the chief after . Finally, Eq. 13h limits the
available acceleration according to the deputy’s propul-
sion capabilities. The continuous control problem for-
mulated in this way results in a challenging nonlinear
optimization task, particularly for autonomous systems
where efficiency is critical. In fact, constraints 13d—13g
are non-convex, which makes them difficult to handle
robustly within a Nonlinear Programming (NLP) frame-
work. To overcome this, convexification techniques are
adopted to reformulate the problem into an efficient op-
timization form suitable for onboard implementation.
Specifically, constraints 13e—13g are highly non-convex
and could, in principle, be addressed within a Mixed-
Integer Nonlinear Programming (MINLP) formulation.
However, MINLP problems are computationally expen-
sive and generally unsuitable for real-time autonomous
operations. In this work, convexification is achieved
by considering half-space relaxations of the constraints,
tailored to the initial conditions. For example, the con-
straint in Eq. 13e on the relative semi-major axis of the
final state is reformulated by restricting it to the appro-
priate half-space of the absolute value inequality, de-
pending on the sign of dag. The resulting expression
then becomes:

sign(deg)day > A (14)
This assumptions and convexification method is based
on the fact that less delta-v will be required by the ma-
noeuvres, and further more analysis on the solutions of
the general NLP was conducted to validate this assump-
tion. In the same way, the constraints in Equations 13f
and 13g are limited to half-spaces depending on the con-
ditions selected for Equation 13e. To deal with the non-
convexities present in Equation 13d regarding the KOZ
avoidance the method of Sequential Convex Program-
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ming (SCP) is employed, where the optimisation prob-
lem is solved iteratively linearising the non-convex terms
around the previous iterate solutions until convergence
is reached. The subproblem in each iteration are solved
with the dual-simplex algorithm of MATLAB linprog
function, and an hard-trust region constraint is intro-
duced to guarantee convergence to feasible solutions.

The CAM algorithm is tested on a scenario depicted
in Table 3, where J5 and differential drag are not ac-
counted for. Note that the addition of these perturba-
tions is straightforward from a modelling point of view
through the STM of reference [34]. However, for such
short scenario of optimisation problem the effects re-
main negligible. Moreover adding the differential drag
perturbation will cause the considerations of the future
avoidance of the state day to be tailored. In fact, de-
pending on the ballistic coefficient, the differential drag
will cause a drift in the trajectory in along-track, and the
direction of escape should thus be defined accordingly
in order to account for the fact that after the collision
policy differential drag does not bring the deputy back
in the vicinity of the chief [46].

Table 3. Parameters for the text case analysed in the CA
scenario in proximity operations.

Parameter Value

570 [[12, 3, 4] m
vy [+0.1, -0.03, +0.01] m/s
Rioz 10 m
ATcam 3 min
ATcupck 24 min (1/4 period)
M 19

N 71

acA 20 m

acL 20 m

Unmaa 2.5e-3 m/s>

Qe 6913100 m

Up 4 rad

Figure 6 shows the CAM trajectory designed for this
scenario, displaying in blue the active collision policy
segment, in dark red the check segment, in black the
natural evolution of the relative trajectory after dax y and
in gray the initial trajectory in collision course with the
chief. From the RT projection of the trajectory shown
on the bottom plot of Figure 6 it can be noted how the
uncontrolled trajectory after the day successfully es-
cape from the vicinity of the chief.

Figure 7 displays the control policy during the CAM
segment resulting in 0.144 m/s cost, showcasing the use
of only in-plane accelerations to reach the required con-
ditions. Note that this property is in general common
for many initial conditions which do not require a out-
of-plane corrections to avoid the KOZ during the CAM
and CHECK segments. Finally Figure 8 shows the Eu-
clidean distance of the deputy and target during the whole
CAM scenario, showcasing the feasibility of avoidance
of the KOZ.

8of12



76th International Astronautical Congress (IAC), Sydney, Australia, 29 September - 3 October 2023.
Copyright ©2025 by Giacomo Borelli, Gabriella Gaias, Camilla Colombo. Published by the IAF, with permission and released to the IAF to
publish in all forms.

Failure trajectory —— CAM
KOz Failure trajectory
—— CHECK
— 50
£ /—\ 50
Z 50 -
—_— — o
50 T - 0
0o T
Tm] -50 -50 R [m]
-200
-100
E ol
o
100
200 L I | | |
0 500 1000 1500 2000
T[m]

Fig. 6. CAM trajectory for the test case analysed in the
chief centred RTN frame (top) and in the RT plane
(bottom). Spherical avoidance zone is displayed in
light red.

DVtot = 0.15173 m/s
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Fig. 7. CAM acceleration in RTN over the ATcans
segment of the scenario analysed.

Upon preliminary simulations and testing on differ-
ent initial conditions, the solution of the SCP problem
is obtained in 4-8 iterations with around 100-200 ms
of runtime on a laptop. Indeed situations in which an
avoidance is not reachable are possible if the initial con-
ditions shows a too large velocity which cannot be com-
pensated in the defined AT 45,. However, proximity
operations are usually defined and designed to limit the
approach velocity particular at the close-range and in-
formation on the capability to escape within certain ve-
locity ranges can be used as constraint in the design of
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102

.
0 5 10 15 20
time [min]

Fig. 8. Euclidean distance between the chief and deputy
during the CAM scenario. The radius of the spheri-
cal avoidance region is displayed with the red dashed
line.

the nominal trajectory, as done in reference [37].

6. Conclusions

Methods for assessing collision risk and planning
avoidance manoeuvrers are essential to enabling auton-
omy in proximity operations. In this work, novel ap-
proaches are introduced to estimate the instantaneous
collision probability of relative trajectories, while ac-
counting for the limited computational resources avail-
able in autonomous applications. The proposed meth-
ods are tested on representative scenarios and compared
against numerical collision probability calculations and
Monte Carlo simulations. In addition, an avoidance al-
gorithm based on convex optimization is presented for
the rapid execution of manoeuvrers to escape from the
chief satellite in the event of a close range contingency.
Future research will focus on exploring advanced mo-
ment matching techniques to better characterize instan-
taneous collision probability from the relative position
distribution, as well as testing the avoidance planning
algorithms across a wider range of proximity operation
scenarios.
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