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Abstract

This paper presents a topology optimization framework for the design of isotropic beam cross section. The optimization
question is formulated using the solid isotropic material with penalization method. The objective is to minimize the weight
per unit of length of the beam, while the constraints can account not only for stiffness and strength requirements, but also for
the position of the normal stress center and shear center, as well as the orientation of principal axis. During the optimization
process, the cross-section analysis is performed by a dedicated two-dimensional finite element code, while the sensitivity
information is efficiently computed by resorting to the adjoint method, significantly speeding up the optimization proce-
dure. Numerical examples are presented to illustrate the effect of different constraint on the optimal cross-section topology.
Finally, fully constrained optimizations are performed to demonstrate both the effectiveness of the proposed method and its

applicability to practical cross-section design.
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Nomenclature
a Area of element k
K? K? Kfs Bending stiffness components wrt. the

44> 550
rotated system (e‘f’, e;ﬁ)

Ty Filtering radius coefficient

i Distance between the centroids of elements
iand k

Wy Weighting factor used to filter p to p

Voo Multiplicative stress correction factor at
iterations / and / — 1

f Optimization objective function

8i Optimization constraint function

p Density penalization factor

Py Stress aggregation factor

Dy Stress penalization factor

a P-norm stress iterative update coefficient

Gpn Iteratively updated P-norm stress function

p Material density projection slope
coefficient
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Material density projection threshold
coefficient

P-norm stress function

Rotation angle defining the principal refer-
ence system

Finite element strain—displacement matrix
ANBA matrix used to build H and define
the Neumann boundary condition

Elastic constitutive matrix

Solid material elastic matrix

SIMP material elastic matrix of element i
Beam strain transformation matrix
Cross-sectional stiffness matrix
Decoupled cross-sectional stiffness matrix
Decoupled cross-sectional stiffness sub-
matrix K,

submatrices of cross-sectional stiffness
matrix K

Vectorized stiffness matrix K

matrices allowing to compute the internal
resultant @ = [¢, m]as a function of u ; and
u, respectively; they are assembled from
the corresponding element-level matrices
L;and R,

ANBA matrices multiplying u 33, u 3, and
u, respectively
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ANBA element-level matrices computed
for element i

Element i incidence matrix extracting

the element displacement DOFs from the
global vectors u and u

Matrix collecting the cross-section defor-
mation modes

[on’

Matrix allowing to compute the von Mises
equivalent stress

Matrix defining the normal stress center
and shear center

1, zl

Starting eigenvectors for the traction and
torsion chains: displacement along e; and
rotation around e;

Second generalized eigenvectors for trac-
tion and torsion chains

Starting eigenvectors for the bending
chains: displacement along e, and e,
Second and third generalized eigenvectors
stemming from c, after orthogonalization
wrt the axial and torsion chains

Second generalized eigenvectors for the
bending chains stemming from c;, and ¢y,
respectively

Third generalized eigenvectors for the
bending chains stemming from c3, and ¢,
respectively

Fourth generalized eigenvector stemming
from ¢

Second and third generalized eigenvectors
stemming from c, after orthogonalization
wrt the axial and torsion chains

Fourth generalized eigenvector stemming
from ¢,

Coefficients used to orthogonalize the gen-
eralized eigenvectors

Internal section force resultant vector
Allowable equivalent stress

Unit vectors defining a reference system
rotated by ¢

Unit vectors on the cross-section plane
Unit vector along the beam axis

Nodal forces vector at the two beam end
surfaces, x; = O and x; =/

Beam modal amplitude vector

Internal section moment resultant vector
Virtual displacement at x; = 0 and x; =/,
respectively

Nodal displacement vector

Displacement vector

Normal stress center

x* Shear center

z Skew symmetric matrix built from the in-
plane position

A, Equations employed for the computation of
the generalized eigenvectors

W Generalized beam strain

£ Small strain vector

for fi External forces per unit of surface at the

two beam end surfaces, x; = 0 and x; =/
0 Internal section resultant vector

A; Adjoint matrices used for the computation
of matrix K derivatives

A Adjoint vectors used for the computation of
opy derivatives

P Projected and filtered material density
vector

p Filtered material density vector

p Material density vector

6'}'M Relaxed von Mises element equivalent
stress

6; Relaxed element stress

c! Stress computed at the centroid of element
i

o; Finite element stress

2 In-plane strain derivation matrix

L Augmented Lagrange system used for the

computation of matrix K derivatives
C’ Augmented Lagrange system used for the
computation of oy derivatives

1 Introduction

Beams are essential elements widely employed in civil engi-
neering, aerospace, and numerous other technical domains.
Their structural performance is largely governed by the
topology of the cross sections, which directly affects the
load-bearing capacity and deformation behavior. By opti-
mizing the cross-sectional topology, engineers can signifi-
cantly reduce material consumption while ensuring that the
beam meets prescribed mechanical requirements, thereby
achieving designs that are both structurally efficient and
robust.

The problem of beam cross section optimization has been
a longstanding focus in structural engineering research, par-
ticularly under the constraints of specified loading condi-
tions and performance criteria (Makky and Ghalib 1979;
Rozvany and Zhou 1991; Griffiths and Miles 2003). Shape
optimization, based on the boundary evolution, provides
an efficient framework for optimizing beam cross section,
which allows for the identification of optimal cross section’s
boundary (Amir and Amir 2023) and facilitates the design
of thin-walled members (Leng et al. 2011; Sharafi et al.
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2014; Shimoda et al. 2020). However, while shape optimi-
zation offers targeted improvements, topology optimization
presents a more versatile strategy, capable of exploring a
broader design space and achieving more efficient use of
materials.

For decades, topology optimization has been in the
spotlight as a powerful and effective computational design
method for determining the optimal material distribution
within structures. It relies on numerical techniques to itera-
tively derive the optimal results while ensuring the satis-
faction of constraints simultaneously. Nowadays, there are
several popular numerical techniques used to carry out the
topology optimization, such as the solid isotropic material
with penalization method (SIMP) (Bendsoe and Sigmund
2013; Bendsge 1989), evolutionary structural optimiza-
tion method (ESO) (Huang and Xie 2010a, b), and level-set
method (Wang et al. 2003; Van Dijk et al. 2013). The SIMP
method is one of the most classical and widely used topol-
ogy optimization technique. It formulates the optimization
problem by weighting each element on the design domain
with powered pseudo density ranging from O to 1. Nowa-
days, the SIMP method can be implemented to optimize
the structures accounting for stiffness, vibration (Zargham
et al. 2016), and instability (Gao and Ma 2015; Ferrari et al.
2021), with more difficult problems being composite opti-
mization (Luo et al. 2020; Qiu et al. 2022) and multi-scale
optimization (Wu et al. 2021).

Apart from these topics, stress-related topology optimiza-
tion is of great importance, as it ensures structures remain
safe from material failure under external loads. Nevertheless,
incorporating stress into topology optimization poses signifi-
cant challenges, primarily due to the singularity phenom-
enon and the local characteristics (Le et al. 2010; Yang et al.
2018). Singularity occurs because stress constraints associ-
ated to the zero-density elements prevent the optimization
algorithm from finding the singular optimal points, which
lie within the subspace of the full design space (Le et al.
2010). To alleviate the issue, stress relaxation techniques are
often employed, such as epsilon-relaxed method (Cheng and
Guo 1997) and gp relaxed method (Bruggi 2008), and thus
enabling to reach the singular optimal points. Besides that,
stress is a local quantity, which means each element must
be evaluated to ensure that the stress level remains below
the allowable limit. However, imposing stress constraint for
each element will significantly increase the non-linearity of
the optimization problem and the computation burden. To
mitigate this, the local stress values can be incorporated into
a global function through aggregation techniques such as the
Kreisselmeier—Steinhauser (KS) approach, and the P-norm
approach (Yang and Chen 1996). The global stress measure
is widely used to formulate the stress constraints, providing
an approximation of the maximum stress in the structure.
However, it may fail to control the local stress level across

the domain. Thus, the clustered technique (Holmberg et al.
2013) can be considered, in which all the stress evaluation
points are separated into groups, with aggregation function
applied within each group.

The first topology optimization work for the beam cross
section was proposed in (Kim and Kim 2000), where an
optimization model was developed in order to find the
cross section with the largest bending and torsional stiff-
ness under a constraint on the total mass. Subsequently, the
authors addressed a new topology optimization problem that
focuses on maximizing both the torsional and distortional
rigidities (Kim and Kim 2002). Besides that, the cross-sec-
tional torsion behavior has also been incorporated in another
optimization study (Kostopoulos et al. 2025), in which the
parameters governing the torsion and warping constants are
optimized. Guo et al. (2021) proposed a topology optimiza-
tion procedure for thin-walled cross sections that employs
the moving morphable components (MMC) approach (Guo
et al. 2014). The optimization objective is to find the mini-
mum area, with the constraints set as bending and torsional
moments of inertia. These works only deal with beam cross
section, instead of constructing a beam model during the
optimization process.

In other works, the optimization question is formulated
with three dimensional models, accounting for specific
boundary conditions and loads, while the beam cross sec-
tions are optimized. The eXtended Finite Element Method
(XFEM) (Marzok et al. 2023; Marzok and Waisman 2023)
enables the development of a topology optimization frame-
work that is capable of optimizing the material distribution
of extruded beam cross sections with the minimum mass,
still satisfying stress, displacement, and buckling constraints
(Marzok and Waisman 2024b). Another model based on
XFEM (Marzok and Waisman 2024a) is aimed at obtaining
the maximum fundamental natural frequency, while taking
the mass and static compliance inequality constraints into
the consideration. In a subsequent study, the same author
proposed a different model toward the sizing and topology
optimization of thin-walled beams based on the finite strip
method (Marzok 2025). The optimal cross sections, derived
from a set of line segments, are compared with that of the
3D continuous topology optimization. An optimization
approach for beam cross section with buckling constraints
has been developed (Nguyen et al. 2018). In their work, the
linear buckling model is constructed with the finite prism
method (a generalization of the finite strip method) in order
to reduce the number of degrees of freedom.

Departing from the previous papers, beam models can also
be employed in order to define a topology optimization prob-
lem. To this effect, however, the elastic properties of the beam
need to be computed as a function of the cross section. Classi-
cal assumptions regarding the axial and bending displacement
of the cross-section points, together with the assumption of an
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axial stress state, are adequate for characterizing the bending
and axial properties of geometrically simple cross sections.
However, these assumptions may lack accuracy when applied
to beams with non-homogeneous or composite cross sections.
This has led to the introduction of semi-analytical approaches
for beam cross-section characterization, where the cross sec-
tion is discretized using the finite element method while main-
taining the displacement as an analytical function along the
beam axis. Notable methods include ANBA (ANisotropic
Beam Analysis) (Giavotto et al. 1983; Morandini et al. 2010),
and VABS (Variational Asymptotic Beam Section analysis)
(Cesnik and Hodges 1997; Hodges 2006), which allow for
the computation of the 6 X 6 generalized stiffness matrix of
an arbitrarily complex composite cross section. The resulting
stiffness matrix can then be incorporated into any geometri-
cally exact beam model, ensuring that the strain energy of the
beam formulation matches that of the corresponding three-
dimensional solid.

Some papers (Blasques and Stolpe 2012; Blasques 2014;
Lietal. 2021; Liu et al. 2019, 2018, 2008; Ren et al. 2016)
resort to the semi-analytical cross-section stiffness charac-
terization developed by Giavotto (Giavotto et al. 1983) in
order to compute the beam cross-section properties. Wang
et al. (2020, 2021a, b) focused on the investigation of the
coupled shape and topology optimization method for thin-
walled beam structures. This methodology can be applied
to non-prismatic wind turbine rotor blades. The same cross-
section characterization procedure is adopted in (Blasques
and Stolpe 2012), with a novel model that optimizes both the
topology and laminate properties of composite beams. Not
only it determines the cross-section shape, but also selects,
for each element on the design domain, the suitable mate-
rial from a set of candidates with different fiber orienta-
tions and fiber plane orientations. The same approach is then
extended by accounting for beam eigenfrequency constraints
(Blasques 2014). Liu at al. (2019) developed a model for
the optimization of both the axial shape and cross section of
non-prismatic beams. In this work, three different objective
functions are considered, namely minimizing the structural
compliance, maximizing the fundamental frequency, and
maximizing the frequency gap, only accounting for volume
constraint. Finally, in the concurrent topology optimization
method for the stiffened plates developed by Li et al. (2021),
the stiffeners are again modeled following Giavotto’s work,
so that the best layout and the cross-section topology of the
stiffeners can be determined simultaneously.

Previous studies have provided a variety of optimization
methods toward the design of beam cross sections, address-
ing different objectives and constraints. The mechanical
response of a beam cross section is govern by a set of intrin-
sic properties, including bending and torsional stiffness, the
position of the normal stress and shear centers, as well as
the orientation of the principal axes. These properties are
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particularly critical in slender structures such as wind tur-
bine and helicopter blades, as they dedicate the material
distribution and significantly influence the aeroelastic sta-
bility of the structures. The constraints on centers have been
explicitly considered in previous work (Blasques and Stolpe
2012). Howeyver, it may also be necessary to simultaneously
control the principal axes orientation. Moreover, a topology
optimization framework for beam cross section can become
more versatile if the stiffness components can be considered
individually, thereby providing a broader range of design
options. In previous topology optimization works developed
using Giavotto’s beam theory, the strength assessment of
the cross section has been neglected, representing another
factor that should be accounted for during the optimization
design of the cross section. Thus, compared with the previ-
ous studies, it is essential to develop a topology optimiza-
tion framework that simultaneously incorporates either all
or selected cross-sectional properties, while also accounting
for the strength assessment.

This paper introduces a new topology optimization pro-
cedure for the design of isotropic beam cross section. The
optimization problem is formulated based on the well-known
SIMP method, with the objective of minimizing the weight
per unit of length of the beam. Except for the strength evalu-
ation, constraints can be defined based on design require-
ments of the cross-section properties, such as the minimum
stiffness, allowable region of normal stress and shear centers,
as well as the orientation of principal axis. Consequently, the
framework can generate optimal results that not only meet
the prescribed requirements, but also prevent material failure
under external loads, providing a systematic approach for
beam cross-section design. Furthermore, it is also shown, in
this paper, how the different constraint individually affects
the final optimization results.

In the present work, the beam cross-section analysis is
performed with the latest version of the ANBA code (Moran-
dini et al. 2010; Feil et al. 2020), ANBA4, with which the
calculation of the central solutions requires solving a set of
linear equation systems. This would make computing the
derivative of the stiffness matrix by means of a direct dif-
ferentiation method extremely costly. Thus, it is suitable to
evaluate the derivative of cross-section properties, computed
with ANBA4, through the adjoint method. This approach is
adopted also in (Callejo et al. 2019; Han 2022), where the
adjoint method allows to efficiently compute the derivative
of the beam cross-section stiffness matrix with respect to
the design variables.

The structure of this paper is arranged as follows. Sec-
tion 2 introduces the beam cross-section analysis method by
ANBAA4. The topology optimization model is developed in the
Sec. 3. Section 4 presents examples with different combination
of constraints, while the last Sec. 5 gives the conclusion of
the paper. The somewhat mechanical derivation of the adjoint
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solution procedure and the sensitivity validation are detailed
in B and C, respectively.

2 Beam cross-section analysis
2.1 Beam central solutions

We consider a prismatic beam aligned along the e; axis, with
its cross section lying in the e, — e, plane, as in Fig. 1. The
natural boundary conditions are external stress vectors act-
ing on the two end surfaces of the beam, with the lateral sur-
face remaining unloaded. The following derivation briefly
summarizes the reference beam cross-section formulation
first developed in (Giavotto et al. 1983), as re-formulated in
(Morandini et al. 2010). Under the assumption of small defor-
mation, the strain vector € = [£,1, €4, Y125 Y135 ¥23» €33)° can
be expressed as the sum of the derivative of the displacement u
along the beam axis direction, denoted as us, and its derivative
components on the cross section:

€=S8uz+ Yu, (D

where the constant matrix § is given by S = [0 I] " with
0 and I denoting the 3 X 3 null and identity matrix, respec-
tively. Besides that, the operator & is expressed as

w00

2 9 9
9P =| ox, ox . (2)

0

00%

00 =

[0 0 0 |

Assuming a linear elastic constitutive law, the virtual inter-
nal work 6I1; and external work 611, can be expressed as

8T, = / [6u’,S" + 6(Zu)" 1D(Su 5 + Zu)dv, (3)
e

81, =/5ugfodA+/6ule,dA )
A A

////—\

-

Fig. 1 Coordinate system of the beam cross section

~
.

in which, D is the elastic constitutive law matrix, ou, ou,,
fo, and f are the virtual displacements and external forces
per unit of surface at the two beam end surfaces, x; =0
and x; = [, respectively. The integration by part of the term
involving 5u£ leads to the expression for 611, as

!
ST, = [ / su” S"D(Su 5 + Zu)dA
A 0

- / su”S"D(Su 33 + Ju 3)dV )
\%4

+ / 8(Zu)' D(Su 5 + Zu)dvV
\%4

The displacement field is then interpolated through finite
element discretization on the cross section, with the beam
axis direction remaining analytical. By imposing the virtual
work balance with 6I1 = 611, — 611, = 0, the equilibrium
equations system along the beam axis and natural boundary
conditions at two ends can be expressed in matrix form as

/ Su' (Mu 55 — Hu 5 — Eu)dxy = 0 ©)
1

s, (Mity; + CTity —fo) =0, atx; =0 ™
5517“(ME1,3 + CTEI _-fl) = 0’ atx3 — l (8)

where u denotes the nodal displacements, fo and f, are the
vectors of nodal forces at the two beam end surfaces, x; = 0
and x; =/, and matrix H = C — C". Global matrices M, C,
and E are assembled from element-level matrices M,, C,,
and E; as

M=YM.C=YC.E=)E, ©)

with

M; = /A N'STDSNdA,

C, = /A (ZN)'DSNdA, (10)
E; = /A (ZN)"DZNdA,

in which N represents the element shape function matrix,
and N, denotes the number of finite elements on the cross
section. Any standard two-dimensional FE can be used
with ANBA, ranging from constant strain triangles to
bicubic quadrilateral elements; the examples shown in this
paper make use of bilinear quadrilateral elements, with the
meshes covering the whole design domain. Each node has
three degrees of freedom, one for each component of the
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three-dimensional displacement. Equations (7) and (8) sim-
ply state the equivalence of the normal stress vector and the
applied force per unit of surface at the two beam ends, which
are taken from granted in the following. Finally, from Eq. 6,
the differential equations system that characterizes the beam
cross-section response reads

Mu 3; — Hu ; — Eu = 0. (11)

The matrix E has a null-space spanned by four eigenvec-
tors: ¢, €4, and ¢, represent rigid translations of the
beam cross section along e,, e,, and e; directions, while ¢,
describes a rotation around direction e;. The general solution
of the second-order differential equations system Eq. (11)
can be decomposed into the so-called extremity and central
solutions, computed by solving the generalized eigenvalue
problem ensuing from Eq. (11). The extremity solutions,
governed by the nonzero eigenvalues, are characterized by
deformation modes that decay exponentially along the beam
axis. The central solution is associated with 12 null eigenval-
ues, which can be grouped into four families of polynomial
solutions, representing the de Saint-Venant’s response of the
cross section for axial traction, torsion, and flexures along
two in-plane directions, respectively. The polynomial solu-
tions for axial traction and torsion correspond to two Jordan
chains, each of length 2, with ¢, and ¢, from the null-space
of E as the starting eigenvectors. Vectors ¢;, and ¢, are the
starting eigenvectors of the third and fourth Jordan chains,
each of length 4, associated to the beam flexural behaviors.
For a Jordan block with the starting eigenvector ¢, the gen-
eralized eigenvector ¢, can be computed by solving the linear
equation system

Ec, = —He,. (12)

This allows to compute ¢, that describes, for isotropic cross
sections, the in-plane deformation due to the Poisson effect
under axial deformation, and c,,, representing the warping
under torsion. While generalized eigenvectors cgl and ‘:21’
stemming from the bending Jordan chains, could be com-
puted from Eq. (12), as they are analytically known, and
represent rigid rotations of the cross section around e, and
e,, respectively. Generalized eigenvectors 0(3’2 and 022 can be

computed by solving
Ec;=-Hc;_ +Mc,_,, i > 2. (13)

The Jordan chains initiated by ¢, and ¢, are limited to
two terms, namely {c;,, ¢;o} and {c,;, ¢, }, respectively.
This is because solving Ec,, = —Hc,, + Mc,, for ¢, is
impossible, since the right hand side —Hc,, + Mc, has
nontrivial components along the nullspace of matrix E;
the same holds for the second chain, with both chains
limited to the linear terms. Therefore, before reapply-
ing Eq. (13) to compute the final generalized eigenvector

@ Springer

¢33 in the third Jordan chain, one needs to consider that,
if Ec}, =—HcY +Mcy, and Ec;, = —Hc, are satis-
fied, then E(c), + pic;,) = —H(c), + pyc19) + Mes, also
holds, with u; an arbitrary number; in the same way, one
can add ¢,; and ¢, since they satisfy Ec,; = —Hc,,. For
this reason, before reapplying Eq. (13) to compute ¢33,

one needs to modify the pair of vectors {cgz, cgl} into

{e3s €31} = €3, + pieqy + HaCors €9 + HiCio + s}
with {4 u,} derived in such a way that the right hand side
—Hc, + Mc;, has no component along ¢, and ¢,. In order
to achieve that, the coefficient n; = [y, u,]7 should be
obtained by solving the linear system

An; =b, (14)
in which,
A= clTo [M —H] €10 €20 (15)
CQTO €11 €
e’ ¢’
b [ i

. . 0 0
The ge'nerahzed eigenvectors ¢, and ¢, can be updated
according to

0
Cy=¢5, + ¢ € 1y,
{ 31 3 T L€ €Iy a7

_ 0
Cyp=c5+ [c)) ¢ Iny.

The same orthogonalization procedure should be carried
out for {c9,, ¢9, } as well, leading to vectors {c,,, ¢,; }. This
needs to compute an addition unknown vector n,, defined by
solving a linear system with the same matrix A of Eq. (15)

and the right-hand side
el I

b2=[%°][—MH][6' : (18)
€ Cp

Finally, the generalized eigenvectors c;3 and c,; can be
computed through Eq. (13), by employing {c3,, ¢3;} and
{c4y, €4}, Tespectively.

2.2 Beam cross-section stiffness

The internal section force resultant vector ¢ is defined as

013

tz/ 053 dA (19)
A

033

comprising two shear force components ¢, and ¢, along e,
and e,, and the axial force component #;, respectively. The
internal section moment resultant vector m is defined as
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013
4 033
with
0 0 _xZ
z=]10 0 x | 21
X, =x; 0

Vector m has two bending moment components m; and m,
and the torsional moment m5. The internal section force and
moment resultant vectors can be stacked into the 6 X 1 inter-
nal section resultant vector @ = [¢t; m], where the [¢; m] nota-
tion means that the two vectors ¢ and m are being stacked
together in a single column.

Assuming that the beam deformation behavior is solely
characterized by the central solutions, the cross-section
nodal displacement vector # and its derivative u ; can be
expressed as [u 5;u] = Q,k,, where the amplitude vector k,
is function of the internal resultant 0, and all the poten-
tial deformation modes are assembled in the matrix Q, as
follows:

€10 €20 €31 €33 €41 Cyp 22)
€11 €1 €33 €33 Cyp Cy3

0, =

Vector k,; is not energetically conjugated to the internal
resultant 6. Thus, we introduce the relationship k; = Gy,
where the transformation matrix G is computed in such
a way to make y energetically conjugated to the internal
resultant 6. Hence, recalling Eq. (3), the virtual internal
work of the beam per unit of length becomes

MCT
511, = 5,,,rGTQ§[ e ]Qde/. 23)

Following (Morandini et al. 2010), the internal resultant 6
computed over the discretized cross section is expressed as

6=[L" R"|Qk,=[L" R"]|Q,Gy (24)

where matrices L and R are assembled from element-level
matrices

N, N,
L=YL,R=YR, (25)
i=1 i=1
with
L= / N'S"DSZdA, (26)
A

R, = / (2N)'DSZdA, 27
A

where Z = [I, z] and z is defined in Eq. 21.

The known resultant @ on the cross section enables the
evaluation of the coefficient k, using Eq. 24, from which the
stress in element i follows as

o, =DBPQk,, (28)

where B is the finite element strain—displacement matrix and
P, selects the vertices values of the element i from the global
displacement vector # and u ;.

Because of the relationship 611; = sy’ 0 (Morandini et al.
2010), matrix G can be derived by solving the linear equa-
tion system

T
Qﬁ[ng%]Qd&QZ[;] (29)

This eventually enables the computation of the 6 X 6 cross-
sectional stiffness matrix K as

K, K, MC"
K:[Kme]chgg e E]QdG (30)

Further details associated with the computation of stiffness
matrix can be found in (Morandini et al. 2010). The stiffness
matrix K relates the internal resultant 6 to the cross-section
deformation. Specifically, the 3 X 3 block K, characterizes
the resistance to shear and axial deformation caused by
internal force ¢, where K|, and K,, are the shear stiffness
values along the e, and e, directions, K35 as the axial stiff-
ness, and the off diagonal terms couple the axial and shear
deformations. In the block K,,, the diagonal terms K,, and
K5 correspond to the bending stiffness about e, and e,; K5
accounts for their coupling, and K4 represents the torsional
stiffness. The block K, couples the deformation caused by
the force ¢ and the moment mz; it can be partially eliminated
by placing the original point of the coordinate system at
either the normal stress center x”, which decouples the axial
resultant from bending and is often referred to as the neutral
axis, or at the shear center x*, which decouples the shear
resultant from torsion. Using blocks K, and K., we define
matrix Y as

Y=-K"'K. @31

The coordinate of both centers are stored, for an isotropic
cross section, in the matrix ¥ with the shear center compo-
nents given by (x‘;,x;) = (—Y,3,Y}3), and the normal stress
center components equal to (x{, x5) = (¥3,, —¥3;). The nor-
mal stress center for a homogeneous and isotropic cross
section coincides the mass center; in this paper, we keep
using the normal stress center in the following expressions,
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without particularizing the formulation. After having
computed matrix Y, the decoupled stiffness matrix can be
updated as

o [KO0]_[K o
“lok, | |0k, -YKY (32)

where the term Kéﬁ is the torsional stiffness computed with
respect to the x*, while KL " K;S, and K;S describe the cross-
sectional bending behavior with respect to x” in a reference
frame aligned with e, e,.

The stiffness terms related to bending can be further
decoupled by introducing the principal axes. This can be
achieved through a coordinate transformation that rotates
the coordinate system such that the coupling term van-
ishes. The reference system, with origin located at x” and
axes aligned with the unit vectors (e, e,), can be rotated
around axis e; by the rotation angle ¢, leading to a new
system described by the rotated unit vectors (ef’,ef), as
shown in the Fig. 2.

In the rotated coordinate system (e‘lﬁ,eg’),the bending
stiffness sub-matrix can be updated as follows:

[K% K? ] =[ cos(9) sin(qb)] [K;4 K;S]
K,s K —sin(¢) cos(¢) K,s K

cos(¢p) — sin(¢p)
sin(¢p) cos(¢) |

(33)

In detail, KZZ and K_?s denote the bending stiffness along

rotated axes e? and ef, respectively, with KZ’S the coupling
term. Through this transformation, one can express the bend-
ing stiffness about each rotated axis based on the original
bending stiffness components. The coordinate system decou-
pling the bending behavior can be found by imposing that
Kffs = 0, resulting in the corresponding rotation angle ¢”
identified through

vey ez
\ k? k2
\ 44 45
¢ ¢
\\ K4-5 K55
\
\ €¢ T
\ e
\\ _- -~ |:K4;-4- K4{-5:|
\ PR K. K.
\ - ¢ 45 55
x™ 781

Fig.2 Rotation of the coordinate system
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2K’ ’ ’

tan(2¢’) = —2~ ifK K.,

an( ) Ky —Kss ! 4}4 ;é 5,5 (34)
cos(2¢?) =0 ifK,, =K.

3 Topology optimization method for beam
cross section

3.1 Formulation of the optimization question
with the SIMP method

The present topology optimization problem is formulated via
the SIMP method. The design domain is discretized into N,
planar elements, and each element i is assigned a “density”
as design variable, denoted by p; € [0, 1], where 0 and 1
stand for void and solid material, respectively. The vector
of design variables is then represented as p. To mitigate the
checkerboard phenomenon (Diaz and Sigmund 1995), the
density filtering technique proposed in (Wang et al. 2011)
is applied to filter the vector p as p, with each component
p; determined as

ZkeQi Wi P

- Ekesz,. Wil

; (35)

Pi

where €, is the set of elements that lies in a circle of radius
ry, centered at the centroid of element i. The weighting factor
for each element k is given by the multiplication of its area a;,
and the coefficient w;, = max [0, (ry — r;,)], with r;, denoting
the distance between the centroids of elements i and k. While
avoiding the checkerboard pattern, the filtering operation
may potentially result in the presence of some elements with
intermediate densities. In order to drive all the densities to
either 0 or 1, the smoothed Heaviside projection method
(Guest et al. 2004) is employed to project the filtered design
variable vector p to p according to

_ tanh(fn) + tanh(B(F; — )
Pi = anh(Bn) + tanh(B(1 — 1))’

(36)

where the parameter # denotes the projection threshold, and
p controls the function slope.

According to the SIMP method, the elastic constitutive
matrix of each element i, using the filtered and projected
design variable p;, is computed as

Di = [pmin + (1 - pmin)ﬁf] : DO’ (37)

where p,.;, = 107 is a small admissible value to prevent the
singularity during the optimization iteration, and p = 31is the
penalization factor; D is the solid material elastic matrix.
The cross-section analysis procedure outlined in Sec. 2
allows to compute both the cross-section stiffness matrix
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K and the matrix Y as functions of design variables p, i.e.,
K = K(p) and Y = Y(p). Furthermore, the decoupled stiff-
ness matrix K ’, the rotated bending stiffness terms (Kf&, Kg’s),
and the rotation angle ¢’ defining the principal axes can
be computed as function of the state of design variables p.
These quantities can be used to define the design constraints,
including minimum stiffness requirements, allowable range
for the position of the normal stress center and shear center,
and the orientation of the principal axes. In detail, the mini-
mum shear stiffness and torsional stiffness requirements,
denoted as KJi" and K", can be imposed, leading to the
constraints as K,, > K" gnd K/66 > Kz Similarly, a rr}ini—
mum bending stiffness K} can be required either for K, or

KZ";, namely the bending stiffness about e, or e‘li’, respectively.
The position of x" can be constrained in a specific region
as: XN < ! < X N < < X% and corresponding
constraints can likewise be enforced for the x°. Finally, the
orientation of principal axes can also be confined with spe-
cific bounds. Recalling Eq. 34, the corresponding constraints

can be set as

'

tan(2¢™") < & < tan(2¢p™") (38)
= K/ K/ =

44 55

where, ¢™" and ¢p™* are the lower and upper bounds of the
rotation angle, respectively.

Stress constraint requires careful implementation for the
avoidance of singularity, locality, and high non-linearity. In
this paper we employ qp method (Bruggi 2008) to relax the
stress at each evaluation point, and following (Holmberg
et al. 2013), the relaxed stress 6; is computed as follows:

6-5 = ﬁll,)‘YO'lL.‘ = ﬁvaoBP[Qdkd’ (39

where p;, is the stress penalization factor, and o-l? is the stress
computed with B evaluated at the centroid of element i. The
selection of p, is of importance, because a smaller p, can
lead to excessive magnification of stress in low-density ele-
ments, while a bigger p, may affect the degree of relaxation.
Following previous studies (Le et al. 2010; Holmberg et al.
2013), we adopt the value p, = 0.5 in this paper. The effect
of different p, values is briefly investigated in Appendix A.
The von Mises equivalent stress 61.VM is then calculated as

M =+/6TVé,, (40)

in which the constant coefficient matrix V, written
assuming that the components of 6 are now reordered as
A _TA N N N N A 1T : .

6 =[611, 6y, 633, 613, 613, 63]", is given by

Vo
V:[o 31]’ S

where

1 -05-05
V=[-05 1 -05]| (42)
-0.5-0.5 1

The strength requirement is satisfied if each von Mises stress
&l‘.’M remains below the allowable stress o, In this paper, a
smooth and differentiable global P-norm stress function opy
(Yang and Chen 1996) is used to approximate the maximum
von Mises equivalent stress level on the cross section as

o= 3 (M) ) (43)

i=1

where the parameter py, is the aggregation factor. The for-
mulation of the P-norm ensures that the global stress opy
meets the condition opy > max(é']VM s 6'§M L 6']‘\’,}:” ). In addi-
tion, opy approaches the true maximum equivalent stress
across the domain for p,, = oo. However, excessively large
py value introduces high non-linearity, which may eventu-
ally result in numerical instability during the optimization
process. Therefore, a smaller py is preferred to yield a
smoother stress function oy, despite the fact that it may lead
to a more conservative constraint relative to the admissible
limit. This is because the P-norm stress function opy tends
to overestimate the maximum stress. This effect is particu-
larly evident in beam cases, where the stress distribution
across the cross section is relatively smooth, so that the
maximum stress is not substantially higher than those
attained in the different positions of the cross section. To
address this, the global P-norm stress function is iteratively
updated, at each optimization step 7, by a multiplicative cor-
rection factor ¢’ so that

-
Opy = C * Opy < Oyiow- (44

Following (Le et al. 2010), and starting from an initial value
¢! =1, ¢! is updated according to

max(&ivM )11

d=a- yan +(1—a)-c7! forI>1 (45)
PN
where ¢!~!, o/ ], and max(6)™),_; denote the correction

factor, P-norm stress value, and the maximum von Mises
stress at previous step, respectively, and « = 0.5 is a fixed
parameter.

The optimization goal is to minimize the structure weight
while assuring the satisfaction of selected constraints g;(p),
which include minimum stiffness requirements, the permis-
sible regions for the normal stress center and the shear center
and orientation of principal axis, and strength constraint
(6py < Oa0w)- For a cross section made with an isotropic
material, the objective function can be equivalently rede-
fined as the area ratio of the cross section,
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Start
Define the Cross section Sensitivity
problem analysis analysis
1. Initialize:

(1) Design domain 1. Filtering and projection of p
(2) Material property

(3) Design variables p

3. Compute:
(1) Stiffness matrix K
(2) Matrix Y

2. Set:
(1) Parameter 1y, 1, B, etc.
(2) Constraints

Fig. 3 Flowchart of the optimization procedure

_ Zi\i a;p;
[ =5 (46)

.
i=1 %

Therefore, the overall optimization problem is presented as
minimize f(p)
p

subject to g;(p) <0, (C9))
0< Pj <1,

The flowchart of the optimization procedure is summarized
in Fig. 3. The optimization parameters are initialized, with
both the design domain and constraints defined. The first
step in each iteration is to assemble matrices M, C, E, L,
and R. Then, the cross-section analysis is performed. The
sensitivity information of the objective function and con-
straints are computed, following the procedure discussed in
the next Sec. 3.2. Finally, the optimization problem at the
current step is solved using the Method of Moving Asymp-
totes (MMA) optimizer (Svanberg 1987), with a reduced
move limit enforced to maintain the stability. The program
terminates when the maximum design variable change is
smaller than 0.001.

3.2 Sensitivity analysis

The MMA optimizer requires the first-order sensitivity infor-
mation of the objective function and constraints to update
design variables p. For a scalar function g(p) dependent on
the filtered and projected design variables vector p, its gra-
dient with respect to the original design variable vector p is
computed with the chain rule as

@ Springer

2. Assemble the matrices M, C, E, etc.

(3) global stress function opy

N0|

Update design variables e

with MMA optimizer
Yes l
Output the result
1. Compute the gradient of l
objective function df/dp

End
2. Compute the derivatives
of constraints:
() dK/dp
() dy/dp
(3) dopy/dp

dg(p) _ dg(p)dpdp
dp  dp dpdp (48)

As a result of the application of the projection function and
filtering technique for design variable p, the terms dp;/0p,
and 0p;/dp; are computed as

0p; _ P~ pranh’(B(; —m)
dp;  tanh(fn) + tanh(B(1 — 1))’

49)

=< 50
00 Lieo, Wil (50)

After having computed dg(p)/dp, the calculation of
dg(p)/dp from Eqgs. (48-50) is straightforward. There are
two computational methods that are widely adopted for
the sensitivity analysis: the direct method and the adjoint
method. The direct method explicitly computes the deriva-
tive for each design variable, making it appropriate for func-
tions with straightforward composition. This is the case for
the derivative of the objective function f with respect to the
design variable p;, which can be directly obtained through

of a;
9. N (51)
P Zkzl Ay

The sensitivity analysis of stiffness matrix K, instead, is
more complex due to the mandatory computation of gener-
alized eigenvectors from Eq. (11). With the direct method,
the derivative of K with respect to each design variable p,
can be computed using Eq. (29) and Eq. (30) as
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Table 1 Direct and adjoint sensitivity analysis run time

N, 400 625 900 1225 1600 2025 2500 3025 3600 4225 4900

Adjoint / s 0.140 0.185 0.234 0.301 0.382 0.382 0.582 0.703 0.853 1.009 1.214
Direct / s 0.599 1.377 2.612 4.794 8.387 13.320 21.270 32.755 47.956 67.266 97.148
g—f; = o I 0,6 - GTQTandG +G'Q; g; oK, _ oK _ N ey _yrKiy _yrg oY (54)

i i 9p;  0p; 0P 9p; op;
T an T Qd . . -

+T o, —G-G o5, w0,G (52)  The gradient of the global stress function dopy/dp should
also be computed using the adjoint method in order to avoid
—GTQ'W 00, i gr =4 Qd computing the derivative of generalized eigenvectors to each
47 0p, op; design variable, and is detailed in Appendix B as well. Using

. . M C"
where T is a short for [L; R], W is a short for cE| Equa-

tion (52) involves the derivatives of the generalized eigen-
vectors with respect to p;, i.e., dQ,;/0dp;, thus requiring the
solution of 12 linear equation systems (of which only six are
computationally expensive) with respect to a single variable
B

In this case, the adjoint method (Han 2022; Callejo et al.
2019) is the ideal choice to conduct the sensitivity analy-
sis of the stiffness matrix K, and leads to a substantially
cheaper algorithm. The key point of the adjoint method is to
construct an augmented Lagrange function that incorporates
all the involved constraints. The necessity to compute the
derivative of the state variables is avoided through the iden-
tification of a suitable adjoint variable 4, for each constraint.
Regardless of the number of design variables included in the
model, only a constant number of linear systems is required
in order to compute the adjoint variables 4;. The algorithm
for the computation of the stiffness matrix derivative is
detailed in Appendix B.

Table 1 compares, as a function of the number of ele-
ments N,, the run time required to perform the sensitivity
analysis of the stiffness matrix by means of the adjoint and
direct methods, highlighting the different scaling of the two
approaches; results in the table were obtained by setting all
the design variables equal to 0.5, and averaged over five runs
performed on a desktop pc.

After having computed the derivative of the stiffness
matrix, the derivative of matrix Y, defining the shear and
normal stress centers, is equal to
oY _g-19K. 0K, , 9K,

R R A o)

L

where one can extract the sensitivity information regarding
the coordinates of normal stress and shear centers. By mak-
ing use of Eq. (53), the derivative of K:n can be obtained
through

the derivatives provided above, the sensitivity information
for the constraints can be readily computed. For brevity, their
explicit expressions are not included here.

The sensitivity expressions obtained using the adjoint
method are validated by comparing them with those
obtained using finite differences in Appendix C.

4 Case studies

This section applies the proposed topology optimization
framework to different problems with increasing complexity.
Two distinct design domains are considered: a 120x 120 mm
square domain and a fx83w227-il airfoil profile, with the
chord length of 1 m. The square domain, shown in Fig. 4a,
is discretized into a 60x 60 mesh of equal square elements,
with its geometric center serving as the coordinate origin. As
for the profile, only 75% of the chord is meshed, considering
the trailing edge as non-structural, and leading to a design
domain composed of 5383 quadrilateral finite elements, as
shown in Fig. 4b. To simplify constraint imposition on the
coordinates of x" and x*, all nodes of the profile mesh are
located in the first quadrant of the coordinate system.

The isotropic material properties are as follows: elastic
modulus E, = 70 GPa, and Poisson ratio v = 0.3. The pro-
jection parameters n and g of Eq. (36) are set to n = 0.5
and f = 20. The filter radius is assigned values of ry, = 6
and ry, = 12 for the square and profile domains, respec-
tively. Each design variable p; is initialized as 0.5 to avoid
the occurrence of excessively small stiffness values caused
by the penalization on elastic modulus during the initial opti-
mization steps. Finally, the parameter p,, of Eq. (43) is set to
py = 8, consistently with (Holmberg et al. 2013).

The following subsections will evaluate the effective-
ness of the optimization procedure with different setting of
constraints, and investigate how they influence final opti-
mization results with increasing complexity. In addition,
to explicitly illustrate the properties of the optimal cross
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Fig.4 Finite element mesh of
the design domains; a square
domain; b profile domain

(a) Square design domain

section, the positions of the normal stress and shear cent-
ers as well as the principal axes will be displayed, with the
exception of the results for the square domain. If no con-
straints associated with these features are prescribed, they
will be displayed in gray.

4.1 Shear and bending stiffness constraints

Using the square design domain, the first group of exam-
ples considers different combinations of shear and bending
stiffness constraints. Each optimization design is obtained
by adding a minimum shear stiffness K;“;“ and a minimum
bending stiffness Kf&i“ as constraints, resulting in the opti-
mization problem

120mm

FRRRESSS

€2

©00) el" R ﬂw %Eﬁﬁm

| 750mm

(b) Profile design domain

minimize f(p)
p
subject to K" — Ky (p) < 0,
K" = K'4(p) <0,
0< Pi <l

Figure 5 reports the typical variation of the objective func-
tion f and of both stiffness values throughout the optimiza-
tion process. The shear stiffness K, and the bending stiff-
ness K, eventually reach their respective minimum values
of Kji" = 7E7N and K" = 8E11 Nmm?, with the objective
function converging to f = 0.3973.

Figure 6a compares cross-section topologies obtained
with the same minimum shear stiffness K;nzi“ = 8E7N but
different setting on the bending stiffness constraint. Con-
versely, Fig. 6b demonstrates the impact of different shear
stiffness constraint values with a fixed minimum bending
stiffness of Ki" = 5E11 Nmm?. In detail, all the present
cross sections have the shear and bending stiffness values

Fig.5 Convergence of the
optimization, square domain
with Kg‘;“ =7E7N and
K™in = 8E11 Nmm®

Objective function

N LAT / Y SSoupus 1eays

SN [T / 7Y sseugns Surpuag

density
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Fig.6 Optimization results
obtained with different bending
and shear stiffness constraints,
square domain; unit for K,Tzi“ :
N; for K;T": Nmm?.

f =0.3696

Kmin = 7E11

f =0.2263
K3 = 4E7
A i,
t1
e
o 240(t, + to) — 4t t:
& min : (t1 +t2) — 4tats
(e ty,t2 120 x 120
s.t.: I(QQ(tLtQ) > K’éléin
L., I(y—llll(tlwt‘Z) 2 Kyiiiill
ty
-
Yy t,
) >
| 120 ‘
unit: mm

Fig.7 Box beam geometry

equal to their respective minimum values. As expected,
an increase in the minimum bending stiffness leads to
a design with more material at the top and bottom of
the cross section, whereas increasing the minimum shear
stiffness results in thicker webs. For comparison, the same

f = 04119

f = 04623

Kmin = 8E11 Kmi" = 9E11
(a) K™ = 8E7

f=02431 f =02613

K3 = 5E7 K5 = 6E7

(b) KBin = 5E11

Table 2 Optimal box beams compared with the topology optimiza-
tion results

Constraints Box beam Topology
KRN Kpr(Nmm?)  f/mm p/mmof f

8E7 7E11 15.538 10290 0.3860  0.3696
8E7 8El1 15.507 13.790 0.4289 0.4119
8E7 9E11 15430 17928 04791 0.4623
4E7 SEl11 7.615 7.445 0.2352  0.2263
SE7 SE11 9.68 6.736 0.2554  0.2431
4E7 SE11 11.682  6.01 0.2753  0.2613

optimization was performed over a 120 mm X 120 mm box
beam cross section, with the thickness of the vertical and
horizontal plates, ¢, and ¢,, taken as variables, cfr. Fig. 7.
Table 2 compares the box beam optimal results with those
of Fig. 6, and highlights how, even for a simple problem
like this, the topology optimization leads to a result that
is marginally lighter than what achievable with a standard
box cross section.

4.2 Shear, bending, and torsional stiffness
constraints

Beyond the shear and bending stiffness, structural beams
also require sufficient stiffness to resist twisting deformation.
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L p %4

f=01721

KJZin = 2.5E12

KN = 45E12

——= principal axes X x* O x"

f=0.1714 f=0.1729

KJZin = 7E12

(a) KJ3" = 2.4E8 K&™ = 1.2E13

f =0.2237

Kin = 5E12

KZin = 8E12
(b) KBin = 3E8 K" = 1.5E13

f = 02247 £ = 0.2300

KZin = 1.2E13

Fig.8 Profile domain optimization results with different setting of minimum bending stiffness values; unit for K;“;“ : N; for K;‘E“ and Kgg“:

Nmm?.

This subsection illustrates the influence of the torsional stiff-
ness constraint on the cross-section topology. Since torsional
stiffness is of paramount importance for slender structures
like wings or wind turbine blades, we consider here the
fx83w227-il profile domain. Due to the asymmetry of the
profile design domain, the position of shear and normal
stress centers will continually change during the optimiza-
tion, while they barely move in the square domain case of
Sec. 4.1. Thus, the bending and torsional stiffness from the
decoupled matrix K of Eq. (32) are used to define the con-
straints, giving rise to an optimization problem formulated
as

minimize f(p)
p

subject to K3 — Koy (p) < 0,

Kt — K,,(p) <0,

3 445"
Kge" — Keo(P) < 0,
0< Pi <1

\
e

(3543, 112.5)

\
.

f =0.1927

(a) none

(319.8, 109.4)

£ =0.1900

(d)s.t. 310 < x7' < 320, 100 < xJ <110

(281.7, 108.6)

(b) s.t. 280 < xT" <290, 100 < x} <110

(318.4,100)

(e) s.t. 310 < xf <320, 90 <x% <100

Two sets of optimization results are illustrated in Fig. 8. The
first set (Fig. 8a) comprises three results obtained with dif-
ferent minimum torsional stiffness Kg‘g“, but constant mini-
mum shear and bending stiffness, setting K3)" = 2.4E8 N
and Kf&i“ = 1.2E13Nmm?. The comparison reveals that a
higher required torsional stiffness has only a light impact
on the area ratio of the cross section, given the current min-
imum stiffness constraints for shear and bending. This is
because the code determines the optimal cross section by
adjusting the material distribution, according to the required
minimum stiffness. To increase torsional stiffness, the dis-
tance between the webs is enlarged, resulting in a greater
closed-cell area and, consequently, enhanced torsional rigid-
ity. The same trend is obtained with the results of Fig. 8b,
in which the minimum shear and bending stiffness values
are defined as K;3" = 3E8 N and KJ3" = 1.5E13 Nmm?,
respectively.

——» principal axes X x° O a"

f =0.2353

() s.t. 200 < x}' <210, 100 < x7 < 110

(320, 125)

£ =0.1938 f=0.1999

() s.t. 310 < x™ < 320, 125 < xP < 135

Fig.9 Profile domain optimization results with different constraints on the position of x", but with the same K;“;" =25E8 N,

K™" = 1.3E13Nmm?, and K" = 1E13 Nmm?; unit of x": mm
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4.3 The effect of the constraints on the position
of centers and on the orientation of principal
axis

The objective of this subsection is to demonstrate the effec-
tiveness of the proposed optimization framework when the
position of the normal stress center x”", shear center x*, and
the rotation angle of principal axis ¢” are controlled by
imposing specified upper and lower limits. Figure 9 dem-
onstrates the results obtained with different constraints on
the position of the normal stress center, all with the mini-
mum stiffness constraint values set as K;‘g“ =2.5E8 N,
KM = 1 3E13Nmm® and KM = IEI3Nmm’. All the
optimized cross sections, whose position of x” is shown
in the figure, have stiffness values equal to the minimum
setting. As a baseline, Fig. 9a presents the optimal cross
section obtained without the imposition of constraints on
x", which results in x" = (354.3, 112.5) mm. The optimized
cross sections in Fig. 9b and c are obtained by imposing the
same constraint for x; (100 mm < xg < 110 mm), but with
different constraints on x’ll, namely 280 mm < x’l’ <290 mm
and 200mm < x'I’ <210mm. Similarly, results of
Fig. 9d to e share the same constraint on x’l', with
310mm < x’ll < 320 mm, but have different allowable ranges
for xJ. It is interesting to note that, keeping the position of x"
strictly within the specified range, the associated constraints
can affect not only the final value of the objective function,
but also the topology of the cross section, potentially altering
it from a single-cell to a two-cell design.

Figure 10 shows the results obtained by constrain-
ing also the position of shear center x*, which thus intro-
duces four additional constraints, bringing the total to
eleven. The baseline result of Fig. 10a is derived by
imposing minimum stiffness constraints (K;“zin =2.5E8N,

&
x(323, 109.1)
x5(328, 110)

-
x"(326, 109.3)
x5(319.4, 112.2)

f =0.1893

(a)st. 320 < xI < 330, 100 < x} < 110

X 0

., ©
x(300, 109)

x5(300, 107.1) f =0.1949

(d)s.t. 290 < xI' < 300, 100 < x¥ < 110
290 < x§ < 300, 100 < x§ < 110

(b) s.t. 320 < x < 330, 100 < x¥ < 110
320 < x§ <330, 100 < x5 < 110

x(310, 107.6)
x5(270, 110)

(e)s.t. 310 < xT < 320, 100 < xI < 110
260 < x§ < 270, 100 < x§ < 110

K" =1.3E13 Nmm?, and K2 = 1E13 Nmm?) and only
limiting the position of x" as 320 mm < x| < 330 mm and
100 mm < x7 < 110 mm; the shear center of the optimized
design is at x* = (319.4, 112.2) mm. The designs of Fig. 10b
and c are obtained by adding different constraints on the
position of x*, which in both cases lies within the prescribed
region. Furthermore, Fig. 10d illustrates the case where the
admissible region for two centers is shifted to left. Overall,
it can be observed that, in most cases, the two centers are
located close to each other. However, they can be separated
by applying reasonable constraints. Figure 10e and f show
two cases in which the admissible regions for the centers
differ markedly. The resulting cross sections exhibit centers
that are widely separated, prompting the optimizer toward
different topology of the cross sections.

From the results above, it can be observed that the orien-
tation of the principal axes varies across the different cases;
this variation can be controlled by activating the related
constraints. Figure 11 presents the results obtained under
different constraints on the rotation angle of principal axis
¢”, and on bending stiffness about different axis.

In this group, the constraints for the stiffness val-
ues are set as KTi" =2.5E8 N, K" = 1.35E13 Nmm?,
and K3" =12EI3 Nmm?, while the constraints for
the x" are defined as 300mm < xq‘ <310mm, and
100 mm < x7 < 110 mm. The derived results are presented
along with the rotation angle ¢, as well as the bending stiff-
ness value K; 4 and KZ 4 which are the values in the original
reference system and the principal axis system, respectively.
In the first three cases (a) to (c), the bending stiffness con-
straint is applied to K; 4 The baseline case, without any con-
straint for the value of ¢”, is shown in the Fig. 11a, with a
resulting ¢” = 6.15°. The bending stiffness in the original

principal axes X x* O x"

x™(326.2, 109.1)

f =0.1908 x°(335.4, 110)

f=0.1921
(c) s.t. 320 < x™ < 330, 100 < x* < 110
330 < x§ < 340, 100 < x§ < 110

)
x™(350, 104.6)

f =0.1984 o) f = 02091

(f) s.t. 340 < xJ* < 350, 100 < x} < 110
420 < x <430, 100 < x5 < 110

Fig. 10 Profile domain optimization results with different constraints on the position of x° and x", but with the same K;“;“ =2.5E8 N,

K™ = 1.3E13 Nmm®, and K=" = 1E13 Nmm®; unit of x" and x*: mm
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£ =0.2039

K}, = 135E13 KP, = 1.32E13

(a) s.t. Kjy = KB

f = 02077 =

Ki, = 1.38E13 KP, = 1.35E13
(d)st. 6° < ¢P < 7°,KP, = Knin

Ki, = 1.35E13 KP, = 1.29E13
(b)s.t. 9° < P < 10° Kj, = K]

Ki, = 14E13 K}, = 1.35E13
(e)s.t. 9° < ¢P < 10°,KP > kpuin

— principal axes x* o x"

f = 02033 £ =0.2091

Ki, = 1.35E13 KP, = 1.34E13
() s.t. —4° < ¢P < —3° K;, = K3

£ =0.2089 f =0.2088

Ki, = 1.36E13 K}, = 1.35E13
(D) s.t. —4° < ¢P < —3°, kP, = Knin

Fig. 11 Profile domain optimization results with different constraints on the rotation angle ¢ and bending stiffness, but with the same
KDin = 2. 5E8 N, K" = 1.35E13 Nmm?, K" = 1.2E13Nmm?, 300 mm < x < 310mm, and 100mm < x% < 110 mm

reference system is K:M = 1.35E13 Nmm?, equal to K™",
whereas in the principal axis system, it is slightly lower, with
KL = 1.32E13 Nmm?. For comparison, the results shown
in Fig. 11b and c are obtained with the rotation angle ¢”
restricted in the prescribed range, demonstrating the effec-
tiveness of corresponding constraints.

Above all, it can be seen that, if the bending stiffness
constraint is applied to K; the resulting bending stiffness
in principal axis system, Kf 4> 1s slightly smaller. However,
imposing a direct constraint on Ki 4» Which depends on ¢7,
would result in a highly nonlinear constraint. Instead, one
can constrain the bending stiffness with respect to refer-
ence system rotated by ¢ = (¢p™" + ¢p™*)/2. This leads
to the constraint KZ’4 > Kﬁ“, so that at convergence, i.e.,
when ¢” would have been brought within the tight bound
P™" < P < ™, the resulting K:f4 would be closer to the
actual K7,

Figure 11d to f present the optimal results obtained with
constraints not only on ¢”, but also on the bending stiffness
Ki‘. From the results it can be seen that the sought rotation
angle ¢” is achieved, with the resulting bending stiffness in
the actual principal axis system KZ 4 close to Kﬂi“.

4°

4.4 Stress constraint

The aim of this subsection is to verify the effectiveness
of the stress constraint within the proposed optimization
framework. This allows to account not only for stiffness
requirements, but also for the strength one. In order to avoid
coupling terms in the stiffness matrix K, we consider here
the stress caused by the bending moment m, and torsional
moment m;.

The baseline design of Fig. 12a is obtained by
imposing only stiffness constraints (K;“;“ =25E8 N,
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KMin = 1.25E13Nmm’, and K™" = 8EI2Nmm?). With
an allowable stress of o, =200MPa, a combination
of bending and torsional moments (m; = 3.24E8 Nmm,
my =7.2E7Nmm) brings the maximum von Mises
stress above the limit. After enforcing the stress con-
straint, the maximum von Mises stress is reduced to
the allowable stress under the same applied moments,
as shown in Fig. 12b. However, this leads to the stiff-
ness Kj, and K  exceeding their respective mini-
mum values, with K}, =1.33E13 Nmm? > K" and
Kéé = 8.53E12 Nmm? > Kgg“. Consequently, the objective
function is increased by about 6%, highlighting that addi-
tional material is required to keep the maximum von Mises
stress below the admissible limit.

An additional set of results, obtained with different
combinations of bending and torsional moments, and with
Oliow = 200MPa, KMin = 2. SE8 N, K™i" = 1.25E13 Nmm”,
and Kg‘ﬁi“ = 8E12Nmm?, are illustrated in Fig. 13. Specifi-
cally, Fig. 13a shows the optimized configuration result by
only applying the bending moment m; = 3.6E8 Nmm, lead-
ing to a bending stiffness K, = 1.43E13 Nmm? that is greater
than Kﬂ“. If the moments transmitted by the cross sections
are equal to m; = 2.88E8 Nmm and m; = 7.2E7 Nmm, the
resulting design, as shown in Fig. 13b, is characterized by
an inactive stress constraint, 6py < 0,y» With an objective
function f = 0.1833 almost equal to that obtained without
imposing any strength constraints, f = 0.1819. Finally,
the design of Fig. 13c, obtained with the higher moments
m; = 2.88E8 Nmm and m; = 1.08E8 Nmm, satisfies the
strength constraint, but has both K, and K| exceeding mini-
mum stiffness values, leaving these two constraints inactive.

The results in Fig. 14 examine how different allow-
able stress values affect the optimal design. In this study,
the stiffness requirement is set as K;“zi" =25E8 N,
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—— principal axes X x* O x"

L.

Ky, = 2.5E8 K,, = 2.5E8
K,, = 1.25E13 Kj, = 1.33E13
Kls = 8E12 Kls = 8.53E12
oM =2186{ oM =200V
f =0.1819 f =0.1935
’
o"M/MPa
0 44 88 132 176 220

(a) Without stress constraint

(b) With stress constraint

Fig. 12 The effect of stress constraints with minimum stiffness set as K;“Zi“ =2.5E8 N, Kﬂi“ = 1.25E13 Nmm?, and Kgg“ = 8E12 Nmm?, under

the moments m; = 3.24E8 Nmm, m; = 7.2E7 Nmm, and with ¢,

max

= 200 MPa; top: topology; bottom: vM stress contour

— principal axes X x° O x"

l_, K, = 2.5E8 K, = 2.5E8 Kp, = 2.5E8
K4 = 1.43E13 K4, = 1.25E13 Ki, = 1.27E13
K¢ = 8.01E12 K¢¢ = 8.01E12 K¢ = 8.15E12
oyt = 2004 oM =1903)
e ——— | ————
f =0.2062 f =0.1833 f =0.1863
e ————————
M _
HEET 02000 o oY/MPa o = 200
0 40 80 120 160 200

(@) my = 3.6E8 m3 =0

(b) m; = 2.88E8 m; = 7.2E7

(¢)m; = 2.88E8 m; = 1.08E8

Fig. 13 Stress-constrained designs obtained with different combination of m; and ms; Kg‘;“ =25E8 N, Kﬂi“ = 1.25E13Nmm?, and
Kg‘ﬁi“ = 8E12 Nmm?; top: topology; bottom: vM stress contour; unit of 7, and m,: Nmm

Kn = 1.35E13Nmm”, and K" = 1.IE13Nmm’, while
the applied bending moment are m; = 3.24E8 Nmm and
my = 1.08E8 Nmm, respectively. Figure 14b shows the
result for o, = 200 MPa, leading to a bending stiffness
K; 4 = L.3547E13 Nmm?, slightly above the minimum, while
the maximum von Mises stress reaches the limit of 200 MPa.
The reduced allowable stress of 190 MPa yields the cross
section shown in Fig 14a. In comparison with Fig. 14b, the
objective function rises to 0.2115, accompanied by a higher
bending stiffness of K; = 1.43E13 Nmm?, and torsional stiff-
ness of K;6 = 1.17E13 Nmm?. The increase occurs because
the maximum stress on the cross section must be below the
O110w» Which requires additional material to prevent the stress

level from exceeding the admissible limit. If, instead, the
allowable stress is set to the higher value of 210 MPa, the
resulting cross section shows nearly the same area proportion
as the case of Fig 14b, while the maximum stress is equal to
200.9 MPa, suggesting that the higher stress limit renders
the stress constraints inactive, offering a wider design space.

4.5 Implementation of all the constraints
Following the verification about the influence of different
constraints on the topology optimization procedure in previ-

ous subsections, this subsection presents optimization results
with the imposition all the different types of constraints
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Ky, = 2.5E8
Kj, = 143E13
Kle = 1.17E13

o¥M =190}

f=02115

oM, =200,
L ————

| ! g

——= principal axes X x¥* O x"

Ky, = 2.5E8
Kj, = 1.35E13
Klg = 1.1E13

Ky, = 2.5E8
K, = 1.35E13
Kl = 1.1E13

o2, = 2009}
e ———

B | I ,

f =0.1994 f =0.1984

[ ee— L

0 42 84
() Oal1ow = 190 MPa

Fig. 14 Stress-constrained designs

(b) O3llow — 200 MPa

obtained with different allowable

126 168 210

(C) Oallow — 210 MPa

stress o K;“zi“ =25E8 N, K:&i“ = 1.35E13Nmm?, and

allow>

Kg‘ﬁi“ = 1.1E13 Nmm?, under the moments m; = 3.24E8 Nmm, m; = 1.08E8 Nmm; top: topology; bottom: vM stress contour

simultaneously. The optimization problem, with a total of
fourteen constraints, is thus formulated as
[ minimize £(p)
p
subject to KI3" — Ky, (p) < 0,
K" = K§,(p) <0,
Kggn - KﬁG(p) < O’
p¢ (x;11 min’xg min) < (xrlz’xn) < (x;it max’xg maX), (55)
(xi min’xi min) < (x;"xi') < (xi max’x;ma)(),
¢min < d)p < ¢max
6PN — Oallow <0,
0< Pi <l

L

Three examples are presented with different design con-
straint settings. The results are illustrated in Fig 15, while
the exact constraint values and the corresponding optimiza-
tion result data are summarized in Table 3.

In the first case, as Fig. 15a, the allowable stress is set
aso = 190 MPa, while the range for rotation angle ¢”

allow

L

is constrained within 10° < ¢ < 11°. Applied moments
lead to a cross section with objective function as 0.2245,
bending stiffness values of K"M = 1.46E13 Nmm? and
K%, = 141E13Nmm’, both exceeding K™". The second
optimal cross section, as shown in Fig 15b, has the stiffness
values that are equal to the corresponding constraints val-
ues, with the resulting rotation angle ¢ = —5°. Under the
applied moments, the maximum von Mises stress among
the evaluation points is equal to 185.9 MPa, far below from
the allowable stress of o,,,, = 200 MPa. In the final exam-
ple, the constraints ¢” ensures that the deviation of principal
axis from the original system does not exceed 0.5°, while
the resulting cross section successfully maintains the cent-
ers within the specified bounds, still satisfying the stiffness
requirements, and limiting the maximum von Mises stress
equal to the admissible value.

— principal axes X x¥° O x"

f =0.2245 f =0.2127 f =0.2368
o, = 1859 o¥it =200

torM, =190

———

| i |

[ esssesm— a0
200

0 40 80

(@

120 160

Fig. 15 Optimization results obtained with all the constraints imposed; top: topology; bottom: vM stress contour

@ Springer



Topology optimization of isotropic beam cross section accounting for stiffness and strength...

Page190f24 245

Table 3 Constraints and corresponding optimization result data for the results of Fig. 15; unit of K,,: N, of K

mm, my; 3. Nmm, vM stress: MPa

re K, and K/ : Nmm?2, x" and x* :

Stiffness Centers and angle Maximum VM
Constraints Value Constraints Value Resultant and limit ~ Value f
Kmin = 2. 5E8 K,, = 2.5E8 290 < x < 300 x"(297.4,108.9)
Fig. 152 K@Mn=13E13 K|, = 1.46E13 100 < ¥ < 110 altow = 190
K" =141E13 290 < x < 300 x*(300, 106.4) m, = 3.24E8 190 0.2245
Kmin = 1.25E13 K, = 1.25E13 100 <% < 110 my = 1.08E8
10° < ¥ < 11° P =10°
Kmin = 2.5E8 K,, = 2.5E8 340 < ¥ <350 x"(350,111.1)
Fig. 15b  Kmn=135E13 K|, = 1.37E13 110 < x5 < 120 Oatiow = 200
K}, = 1.35E13 340 < x3 <350 x*(344.6,115.2) m, = 2.88E8 1859  0.2127
Kmin = 1.35E13 K|, = 1.35E13 110 <x;, <120 m; = 1.08E8
—6° < ¢ <-5° ¢ =-5°
Kmin = 2.5E8 K,, = 2.5E8 320 < ¥ <330 x"(330,110.1)
Fig. 15c  Kmn=15E13 K|, = 1.56E13 110 < x2 <120 Oallow = 200
K%, = 1.56E13 320 < x$ <330 x%(320.3,114.5) m, = 3.78E8 200 02368
Kmn = 1.5B13 K, = 1.5EI3 110 <x; <120 my = 1.26E8

-0.5° <¢” <0.5°

¢ =0.5°

5 Conclusions

In this paper, we present a topology optimization framework
for the design of isotropic beam cross sections, formulated
using the SIMP method. The cross-section analysis is per-
formed with the latest ANBA4 code. The 6 X 6 stiffness
matrix and the stress evaluation are based on the central solu-
tions from the differential equations system that is built on
the cross section. Starting from an arbitrarily shaped design
domain, the optimization method identifies the cross section
with the minimum material usage, while ensuring the satisfac-
tion of the prescribed design constraints. The first category
of constraints encompasses shear, bending, and torsional

stiffness, whereas the second category is defined by the
admissible range for the position of normal stress and shear
centers, and the orientation of principal axis. In addition, a
global stress constraint is constructed with P-norm function,
by incorporating the relaxed von Mises stress at all evalua-
tion points. The adjoint method is adopted for the sensitivity
analysis of the stiffness matrix and the global stress function.

Several groups of examples are presented to illus-
trate the impact of different constraints on the optimized
cross-section topology. From the examples with different
setting on minimum stiffness values, we can find that
higher bending stiffness requirement allows more mate-
rial being distributed at the top and bottom, whereas

— principal axes X x° O x"
b Ky, = 2.5E8 Ky, = 2.5E8 Ky, = 2.5E8
K4 = 1.32E13 K, = 1.33E13 K, = 1.30E13
Kg = 8.48E12 Ks = 8.53E12 K¢s = 8.02E12
obt, =200 oM =200} oM =200
| e —— | —————
! | | ) | A
f=01917 f =0.1935 f=0.2014
e —————— S =
| . I oM/MPa
0 40 80 120 160 200
(@)ps =03 (®) ps = 0.5 (c)ps =08

Fig. 16 Optimization results obtained with different values of the stress relaxation parameter p; top: topology; bottom: vM stress contour
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increasing shear stiffness results in more material con-
centrated in the middle. Furthermore, a higher torsional
stiffness requirement produces, under identical shear and
bending stiffness constraints, a larger closed-cell area.
These outcomes are consistent with analytical results,
and confirm the soundness of the optimization procedure.
Numerical results also demonstrate that constraints on
the position of the normal stress center and shear center
significantly influence the material distribution on the
cross section. The orientation of principal axis can also
be effectively controlled through the imposition of cor-
responding constraints. In such case, the bending stiffness
can be evaluated about an arbitrary axis rotated from the
original reference system. Finally, enforcing the stress
constraint results in optimal cross sections on which the
von Mises stress of each evaluation point does not exceed
the allowable limit. Nevertheless, when the cross section
is subjected to higher bending and torsional moments,
the stress constraint may increase the required stiffness,
potentially rendering some stiffness constraints inactive.
The presented method can be potentially expanded to the
cross-section optimization of realistic slender structures
like, helicopter blade and wind turbine blade, combined
with their real application cases.

Future research can be performed to extend the current
framework to multi-scale topology optimization, enabling
the simultaneous design of beam cross sections at both
macro and micro scales. Furthermore, the incorporation
of composite materials can be explored to facilitate the
optimization design of composite beam cross sections with
superior structural properties.

Appendix A The effect of the stress
penalization factor

Consistently with other published papers, we set the stress
penalization factor as p, = 0.5 (cfr. Equation 39) in our
study, since it provides a stable behavior during the opti-
mization process. Figure 16 reports, for completeness, a
set of results obtained with different values of p,.

The baseline is the result of Fig. 12b in the manuscript,
as shown here with p, = 0.5. With p, = 0.3 (result on the
left), the objective function value is almost unchanged, with
resulting stiffness coefficients K;z, K; » and Kéﬁ similar those
obtained with p, = 0.5. This suggests that p, = 0.3 may be
appropriate in certain cases; however, its suitability may not
be generalized, as the stress distribution in lower-density ele-
ments could significantly affect the final outcome. On the
other hand, the result on the right, obtained with p, = 0.8,
has a void at the top, where the maximum stress is expected,
leading to a less efficient structure in bending and a larger
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objective function. Thus, big value of p, do not seem to be
a good choice. The value p, = 0.5 suggested in the literature
appears to be a good compromise.

Appendix B Adjoint derivation

In order to perform sensitivity analysis using the adjoint
method, the 21 independent components of the stiffness
matrix K are assembled in a vector, denoted as K. This
vectorization facilitates the construction of an augmented
Lagrange systems that comprises 12 linear equation sys-
tems (four of which are trivial, namely A, Ag, Ag, Ayp),
each multiplied by a corresponding adjoint matrix 4,. The
resulting formulation is thus expressed as

12
Lp) =K, + Y AA,

i=1

B

The set of 12 linear equation systems are summarized below:

Ay =Ec; +Hc) ;=0

A, =Ecy, +Hcy,; =0

A, =Ecgz—Mc30 +Hc(3)1 =0
A, = Ec), - Mc,,+Hc) =0
As=An, —b, =0

Ay =An, —b, =0

Ag=¢y _0(3)1 —leyp exln; =0
Ag=c3 —022 —ley €y 1n =0
Ay =¢y _021 —[cip el =0
Ay =cyp _ng —leyy €1y =0
Ay =Ec3; —Mcy +Hey, =0
A, =Ecy; —Mcy +Heyp =0

(B2)

L

All the adjoint matrices A; will be derived by solving the
following linear equation systems in sequence,

oK, T oA, _o
deys 12 dcy3
oK, 1Ay _o
dcy; ' des,
oK oA oA
v 4 al 10_1_1”72 2 _
dcyy ¢y dc
oK oA oA
LAl =0
dc3) dcs) dc3)
oK oA oA
LAl 2 Al 2 =0
dey dey dcy
oK, oA, oA,
+ AT —L 4T =0
dcy; ey ! oey, (B3)
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oA oA oA
M S
on, on, on,
,1T0_A5 94, Mg _ 0
5 on 7 on 8on,
1 1 1
oA 0A¢ oA
798 o7 T OR10 _
1, o + g —— 650 0 + A= e 0 =0
42
3 dc 0 5 dc 0 ac®
0K oA oA oA
S e SRy § .
dc,y, 0c,y, dc,y, dc,y,
oA oA
AT 8 AT 10 0
+ 8 0 10 6021
oK, N /llr oA, /IT 0A; AT 0Ag
Jdcy, ocy, ac” dc“
0Aq oA
+Ag— + 4], =0
8 0c, Jcy,

In order to solve the first system, the following derivatives
should be computed firstly

deyy
K _ 490 199,
— —G-G —W0,G
5043 0043 dcy3 Q (B4)
0
_GTQdW QdG GT Qd ’
0cy3 0cy;
T
where again T is a short for [L; R], W is a short for[ C E ]

Matrix 0K, /0c,; can be obtained from Eq. (B4) by extract-
ing the sensitivity information related to the 21 independent
components of matrix K. It is thus clear that both 4,, and 4,
can be obtained by solving a linear system associated to
matrix E. After having computed 4, and 4,,, one can com-
pute the following four adjoint multipliers 4,(i = 7, 8,9, 10)
and then proceed solving for the remaining six ones to derive
A;(i=16,5,4,3,2,1). With 21 independent components
defining the vectorized stiffness matrix K, computing all
the adjoint multipliers requires the solution of a constant
number of linear systems, independent from the dimension
of the unknown design vector p.

After having computed all the adjoint multipliers 4;, the
derivative of the vector K, with respect to the design variable
p can be obtained as

dK, dC(p) 0K, <& ..0A.

dp dp ~ op - D

57 (BS)

where 0K, /0p and 0A;/0p represent the partial derivatives,
which are computed with the assumption of constant gen-
eralized eigenvectors, and can be determined analytically.
For example, in the partial derivative with respect to p;, the
terms computed assuming constant generalized eigenvectors
can be written as

ey a_ 0,6 - GTQT()WQG ¢l L.
l i B6
04y _6E oH (B6)
O % op M op

where the notation |, means that the derivative is independ-
ent of the generalized eigenvectors and

oW 1| M. Ct

Fry =p(1 = prin)”" [Cf E ] (B7)
oT | L.

a_ﬁ, = p(l - pmin)pf : |:Rl:| (B8)

The sensitivity analysis of the global stress function 6, can
also be carried out using the adjoint method, but requires
the inclusion of an additional constraint A 5 that is given by

A =[L" R"|Qk,—6=0. (B9)

The augmented scalar Lagrangian £°(p), built for the global
stress function, is thus equal to

13
L'p) =opy+ ), ATA,.

i=1

(B10)

The procedure that needs to be followed in order to com-
pute the adjoint vectors 4; is similar to that of the stiffness
matrix K, so there is no need to detail it here. After having
computed the adjoint vectors 47, the gradient of the stress
function opy reads

dopy _ d/y(l_’) a"PN
dp dp

(B11)

g“ AST a_

where dopy /0p represents the partial derivative assuming
constant 0, and each component can be computed through

dopy dopy aﬁivM 5—1
= ‘0. "DBP.Q k,,
5, 0= st 55,77l DBPQuk (B12)
N L
dopy 1 S ey \ M\Py—1
- 4 & cpy - (6PN (B13)
- pN< @) @)
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Fig. 17 Finite difference validation of the sensitivity information; relative errors computed with respect to the FD values

0
0

Q>
<2

(B14)

M

(=}

M AiT .V
i 67

with matrix V defined by Eq. (41). The derivative of the
generalized eigenvectors is accounted for by the terms /lfT ‘2—/;"
of Eq. (B11), similarly to the derivation of ddI;“ in Egs. (BS,

B6).

Appendix C Sensitivity validation

In order to validate the sensitivity information obtained
using the adjoint method, a comparison is conducted with
the results computed via finite difference method (FD).
Since all the constraint derivatives are determined from
dK,/dp and dopy /dp, this study only focuses on compar-
ing the sensitivity of key stiffness values and global stress
function with those obtained from the FD method.

The comparison considers a square domain of dimensions
20 x 20 mm, discretized into 100 elements, with the design
variables randomly generated, as shown in Fig. 17a.

Bending and torsion moments of 6E4 Nmm are applied on
the cross section. Material properties and all other param-
eters are consistent with those used in the previous exam-
ples. In the FD method, the increment for the design vari-
able is set to 1E — 6. Figure 17b compares the sensitivity
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value of the global stress function opy, while Figure 17c

to g compare the sensitivity of K,,, KL " K:ls, K;S, and K:%,

respectively. The relative errors are computed with respect
to the FD values. The comparison shows an excellent agree-
ment, demonstrating the accuracy and validity of the adjoint
method derivation.
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