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Abstract—Integrated sensing and communication is regarded
as a key enabler for next-generation wireless networks. To
optimize the transmitted waveform for both sensing and commu-
nication, various performance metrics must be considered. This
work focuses on sensing, and specifically on the mean square
error (MSE) of channel estimation. Given the complexity of
deriving the MSE, the Bayesian Cramér-Rao Bound (BCRB) is
commonly recognized as a lower bound on the minimum MSE.
However, the BCRB is not applicable to channels with discrete
or mixed distributions. To address this limitation, a new lower
bound based on a Poincaré inequality is proposed and applied
to fading MIMO AWGN channels with blockage probability,
and the behavior of the lower bound at high SNR is precisely

characterized.
I. INTRODUCTION

Next-generation wireless networks, such as 6G, are ex-
pected to play a crucial role in supporting various emerging
applications. In addition to high-quality connectivity, precise
and robust sensing is expected to play a significant role in
these networks [1]. Integrated sensing and communication
(ISAC), which performs wireless communication and sensing
using a single hardware platform and a common waveform, is
considered a key technology in 6G with the benefit of reduc-
ing hardware cost, size, and power consumption [2]. From the
communication point of view, given the channel the objective
is to design an optimal transmission signal that maximizes the
information rate. However, from the sensing perspective, the
problem is to estimate channel parameters knowing the trans-
mitted signal. This leads to different performance metrics and
design criteria [2]. Future 6G vehicle-to-everything (V2X) is
foreseen to explore millimeter wave (mmWave) [3]. Also, the
mmWave bands are envisioned to be exploited for sensing in
6G, wireless local area network (WLAN), and next-generation
wireless networks [1]. As a challenge, propagation in these
frequencies suffer higher losses and can easily be blocked by
objects in the path of the transmitted signal [4]. Motivated by
ISAC systems and propagation challenges in high frequencies,
we focus on characterizing the performance of the sensing
subsystem, which is typically done via the estimation mean
square error (MSE). Since an exact evaluation of the MSE is
challenging, previous work has focused on lower bounding the
MSE of weakly unbiased estimators by the Bayesian Cramér-

Rao bound (BCRB) [2]. The BCRB is not tight in general
and does not hold for discrete or mixed distributions [5].
In this work, we propose an alternative lower bound on the
MSE of channel estimation based on a Poincaré inequality
derived in [5]. Specifically, we extend the inequality to cope
with the non-canonical exponential family of distributions.
Further, we compute the lower bound for Gaussian channels
with blockage probability, for both the scalar and vector cases.
In both instances, as for the BCRB, our bound is a function of
the sample covariance matrix of the transmitted signal, and the
exact behavior in the high signal-to-noise ratio (SNR) regime
can be characterized. Finally, through numerical evaluations,
we compare our bound with the minimum MMSE (MMSE)
and the linear MMSE (LMMSE).

Paper Organization: In Sec. II, we introduce the
Poincaré Lower Bound for the non-canonical exponential
family. The calculation of the bound for the scalar channel
model with blockage probability and its extension to the
vector case is studied in Sec. III. The same section contains
the numerical evaluations of the MMSE, its upper bound
LMMSE, and the Poincaré lower bound. Finally, Sec. IV
concludes the paper.

Notations: Throughout this paper, deterministic scalar
quantities are denoted by lowercase letters, random vectors are
denoted by uppercase sans serif letters, deterministic vectors
are denoted by bold lowercase letters, and random matrices by
bold uppercase letters (e.g. x, X, x, X). (-, ) denotes the inner
product. For a matrix A, AT, AT, A=1, det(A), and tr(A)
denote the transpose, the Hermitian transpose, the inverse,
the determinant and the trace of the matrix A, respectively.
(A)t = (ATA)"!AT denotes the pseudoinverse of matrix
A. For matrix A € R™™, vec(A) = [a],a],...,a]]T €
R™*1 where a; is the i-th column of A, is the vectorization
operator. lj is the identity matrix of dimension k, O is the
column vector of all zeros, and 6(-) denotes the Kronecker
delta. The smallest eigenvalue and the smallest singular
value are denoted by Apin(A) and opin(A), respectively. =
denotes the semidefinite ordering and the Kronecker product
is denoted by ®. Vx(+), Jx(+), and Hy(-) denote the gradient,
the Jacobian matrix, and the Hessian matrix with respect to



x. We define the MMSE of estimating the random variable X
given observation Y as

mmse(X|Y) £ E [|X — EX|Y]|[*] (1)
where E[-] denotes the expectation operator and || - || is the
Euclidean norm. Finally, the LMMSE is defined as

Immse(X|Y) £ Var [X] — Cov [X, Y] Var [Y] " Cov[Y,X],

where Var[-] and Cov[] are the variance and covariance
operators defined as follows

Var [X] = E [(X — E[X])(X — E[X))'],
Cov[X,Y] =E [(X —E[X])(Y —E[Y])'].
II. POINCARE LOWER BOUND

Here, we briefly review the non-canonical exponential fam-
ily and the Poincaré inequality. Then we extend the alternative
MMSE formula and the Poincaré lower bound presented in [5]
to the more general case of non-canonical exponential family.

A. Non-Canonical Exponential Family

We consider probability models {Pyx—x,x € X C R4}
supported on y € ) C R¥ of the non-canonical exponential
family with probability density function (pdf)

Frx(ylx) = h(y)elnx) T¥))=o(x) )

where h : Y — [0,00) is the base measure; 1 : X — R is
the natural parameter function; T : ) — R? is the sufficient
statistic function; ¢ : X — R is the log-partition function.
Let us also introduce the information density function

dPxy dPyix=x

m(xa y) = log W(Y),

iPX,Y (X,y) £ IOg
where x € X,y € ), and d(P FV,Y)(X y) is the Radon-
Nikodyme derivative. Next, we show a result about the
gradient of the information density.

Proposition 1: For the exponential family defined in (2) we
have that

Vyipy (x,y) =JyT(y) - (n(x) —E

where x € X and y € ).
Proof: Fix some x € X. Then,

X)) 1Y =y]), 3

VyiPX,Y (X Y)

= Vylogh(y) + Vy(n(x), T(y)) = Vylog fy(y) (4
= 3T(y) o) — Ty o 7Y ®
=JyT(y) - n(x) = IyT(y) - E[n(X) | Y =y] (6)
=JyT(y) (n(x) - [ X) 1Y =yl]), )
where (4) follows from (2); (5) follows from the gradient-
Jacobian relationship V (n(x), T(y)) = JyT(y) - n(x); and

in (6) we used

~y) _
) ER)IY=y], ®

which is the Tweedie-Robbins-Esposito (TRE) formula [6].
]

Vy log =J,T(y) -

B. Conditional Poincaré Inequality

In order to present our new lower bound on the MMSE, we
first introduce the conditional Poincaré inequality. For a class
of functions A, a conditional probability Pyx—x (for a fixed
x € X) is said to satisfy a Poincaré inequality with respect
to A with a constant x(x) > 0 if for all f € A

Var[f(Y)|X = x] < ﬁE IV £y
This equation connects the local behavior of f(Y), repre-
sented by the right-hand side of (9), to its global behavior,
which is its variance. This implies that if the local variations
of the function are small, then its variance should also be
small. In contrast, if f(Y) exhibits steep changes in certain
regions, it is likely to have large fluctuations, resulting in a
higher variance. There exist several sufficient conditions on
A and Pyjx—x that guarantee the Poincaré inequality holds
and identifies the constant x(x). Following [5], for a class
A of continuously differentiable functions, the Bakry-Emery
condition defines

WP X=x]. (9

KBE (X) =

1
maX{K:Hylog (lex(y|}()> tﬁllk,vyey} (10)

The Bakry-Emery constant [7] for the non-canonical expo-
nential family is given by the next proposition.

Proposition 2: Assume that Pyx has a pdf of the form
in (2). Then for x € X', we have

kpe(x) = max {0, Kpg(x)}, (11)
ok () = i A (Hy log <h(1y)> — Hy (n(x), T(y)>) -

Proof: We have

1
Hylo (fvx()’|x)>
= —Hy (log(h(y)) — Hy ((n(x), T(y))) — #(x))  (12)

= i (B 108 (05 ) = B 060 T ) e, 19

where the smallest eigenvalue of the Hessian matrix deter-
mines the flattest direction of curvature. kgg(x) > 0 in (11)
ensures convexity and guarantees that fy|x(y|x) satisfies the
Poincaré inequality, which concludes the proof. [ ]

C. MMSE and the Poincaré Lower Bound

In [5], an alternative expression of the estimation MMSE
was proposed. Next, we extend that MMSE result for the
non-canonical exponential family of distributions.

Theorem 1: Assume that Py|x has a pdf of the form in (2)
and that JyvT(Y) has full column rank almost surely (a.s.) Y.
Then,

mmse(n(X)|Y) = E [|(JyT(Y)* Vyin , (X Y)[?] . (14)



Proof: Since JyT(Y) has full rank a.s. Y, the pseudo-
inverse (JyT(Y))T exists a.s. Y. Using Proposition 1, we
have as. Y,

(n(X) =En(X) | Y]) = (IyT(Y))" Vvip, (X Y). (15
Taking the squared norm and expectation on both sides
of (15), and recalling (1), the claim follows. ]

We are now ready to present our new lower bound.

Theorem 2: Assume the following three conditions hold:

1) Forall x € X the distribution Py|x—x has the pdf of the
form in (2) and it satisfies a Poincaré inequality with
respect to (A, k(x)).

2) y —ip.,(x,y) € A for every x such that x(x) > 0.

3) There exists a p(x) > 0 such that o ((J,T(y))") >
p(x) forally € ).

Then,

mmse(n(X)|Y) > E [p*(x)x(X)Var [ip ., (X,Y)|X]] . (16)
Proof: We have

mmse(n(X)[Y) = E[[[n(X) = ER)Y]I?] A7)
=E[I(IyT(Y)* Vyin, (X Y)[] (18)
> E [p*(X)[[Vvirg, (X, Y)[?] (19)
=E [p*(X)E [||Vyipe (X, )| X]] (20)
> E [p*(X)r(X)Var [ip, (X, Y)|X]], 2n

where (18) follows from applying Theorem 1; (19) from em-
ploying condition 3 and the inequality [|Ax| > omin(A)|x]|;
and (21) from using the Poincaré inequality (9) and condi-
tions 1 and 2. This concludes the proof. [ ]

III. CHANNELS WITH BLOCKAGE PROBABILITY

In this section, we use our new bound in Theorem 2 for the
problem of channel estimation in ISAC systems. We focus on
Gaussian channels with blockage probability, and we derive
MMSE lower bounds for both scalar and vector cases.

A. System Model

Let us consider 7" uses of an M x N multiple-input
multiple-output (MIMO) channel. The model for the sensing
subsystem of an ISAC system is

Y =HX + Z, (22)

where Y € CV*T is the sensing received signal, X € CM*T
is the transmitted signal, H € CV>*M is the target channel
response matrix, and Z € CN*T is the sensing noise
modeled as independent and identically distributed (i.i.d.)
circularly symmetric complex Gaussian random variable with
zero mean, namely vec(Z) ~ CN(0,02Ix7). The sample
covariance matrix of the transmitted signal, Rx £ 7-IXXH,
will play a central role in both the analysis of the perfor-
mance of the sensing system and in imposing an average-
power constraint Pr for the communication problem, i.e.,
tr (RX) < MPT

We assume X to be known at the sensing receiver, which
observes Y. The sensing performance is the MSE

MSE 2 E [\\Hfﬂnz}, (23)

where H is an estimate of H based on (Y, X). The optimal
MSE estimator is E[H | Y, X]. In the rest of this work, we
consider the following complex to real mapping for all column
vectors and matrices

__|Re(x)| = _ [Re(X) —Im(X)
x= [Im(x)] X = [Im(X) Re(X) } @9
Note that in this mapping R £ (27)~1(XT)TXT. It can

be shown that (22) can be rewritten in vector form as

vec (YT) =

(In ® XT)vec (HT) + vec (ZT). (25)

Let us introduce the quantities Y £ vec (Y1), H = vec (HT),
Z = vec(ZT), and Cx = Iy ® XT so that the complex
vectorized sensing model (25) becomes

Y=CxH+Z. (26)

In the next subsection, we start with the derivation of our
new Poincaré lower bound on the MMSE for the (real) scalar
case, i.e., the real part of (22) when N =M =T = 1.

B. Real-Valued Scalar Model
Consider having channel fading with pdf

fu(z) = (1 = a)é(x) + aN (230, 03), 27)

where € (0,1] and 1 — « is the probability of having
a blockage. In the following, we derive the Poincaré lower
bound on the MMSE of H. Then, we demonstrate that in
the high SNR regime the bound is a function of X2. Finally,
we present the MMSE computed using Theorem 1 and the
LMMSE.

In order to use Theorem 2, we need to evaluate the
information density. Starting from

1 _1=ho)?
Fyux(ylh, ) = \/RG 2o (28)
Fyix(ylz) = (1 —«a) \/27r02 \/271' o +o§)’ (29)
we get
ipyxy (hiy, ) =log <W> (30)

—(y — hx)® + (y)?
202

[ o2 w2 oPof
—log [1—a+ | —=2——e2&=?df+e2 | 31
g < + 202 o7 (31)




We have T(y) = %3, and by using condition 3 in The-

E °
orem2wegetp: ‘Lf Sinceh(): f/;ii’
k(H) =

L by Proposition 2. Combining all the results, the
Poincaré lower bound becomes

mmse(H|Y) > E[p*k(H)Var [ip, . (H;Y,X) | H,X]] (32)
2
_ E[ S \ar [YHX
g,

we have

X2 2

S

o2 ¥2 _X3of
| 11— s 202 X202 +02 H.X
og( a+ o 7X20’E|+U§e H ,
(33)

Now let us evaluate the information density at y = ha + A
where Z ~ N(0,1); we get

. 1-
log \/2102 +ip, y (h; he + 0sZ,x) = —522

1 (hz+asi)2
2 I203+03

7%( hx +Z)

\/2mo?

€ (&

—log | (1—a)

2m (220} + 02)
(34

For x # 0 and h # 0, the high SNR behavior (i.e., as ox — 0)
of the information density is

lim0 log \/2762 +ip,, , (h; ha + 0. Z, )
Os— o

1= 1 1 h?
= 272 log|a——rex <—) . (35)
2 g( (o) L\ 27 ) (

If x # 0 and h = 0 then

limoipHXY(h; ha + 04Z,z) = —log(1 — @), (36)
Os—> o
while for x = 0 we have

ahglo i Py .y (R ha + osZ, x) =0. (37)

To correctly evaluate the high SNR behavior of the variance
of the information density, we need the following result.
Lemma 1: For x # 0 and h # 0, we have

lim0 Var [log V2ro2 +ip, ., (h;hx + 0 Z, :c)]

os— ’

= Var { lim0 log /2702 +ip, ., (h; ha + 0. Z, x)} . (38)
Ts—> v

Proof: First of all, by using (34) and triangle inequality
we have

- 1=
‘ 2
‘log V2102 +ip, . (h; ha + USZ,x)‘ < §Z
1 M — 1 (hetos?)?
e 2202402

+ |log | (1 —a)

\/2mo?

Next, notice that

1 (hatos2)?

1 (hr+a<2>2
2 2 2202402

lim log | (1 — a)

os—0 «/27r02

1 1 h?
:10 O —F————————= €X —_— =5 < o0 39
g( G p< 20&)) (39

a.s. in Z. This means that for all sufficiently small o5, we
have that

‘log V2102 +ip, .y (h; he + 0sZ, x)‘

208 + 02)

72+ ¢, (40)

N)M—\

a.s. in 2 where c is a finite constant independent of og. Then,
by using the dominated convergence theorem, we finally prove
the claim. [ ]
For  # 0 and h # 0, the variance of the information density
has the following asymptotic behavior

hm Var [ZPHXY(h ha + 04Z, x)}

os—

= lim Var [log\/%raz Vi (b ha +aSZ,x)} 1)
os— o

= Var [ limo log \/2702 +ip, y , (h; h + 042, x)} (42)
Os—> o
1

2

where the last step follows from Lemma 1. In the other cases,
namely when {z = 0} V {z # 0, h = 0}, we have

hmO Var {ZPH wy (R ha + 0.z, x)} =0. (43)

Ts—

To sum up, by assuming X # 0, the high SNR asymptotic of
the Poincaré lower bound is

. mmse(H|Y) )
oljgloT = 6131310 {XQ\/ar [Frny (R Y. X) [ H Xﬂ
1 «o 1
= Pr(H # 0) [x2] - E [)(2} (44)

which shows a dependence on the sample covariance X2. No-
tice that, for this channel model the MMSE can be evaluated
by Theorem 1 and is given by

4
mmse(H|Y) = E [“SE [|vvz’pH,Y,xm;v,x>||2|H,xﬂ ,

X2
(45)
where the gradient of the information density is
hx —
\Y ZPHYX(h Yy, x ) 0_2
S
> 1 2
(1—a)y e_Q + ay 75 z2aa+a§
I 02,/2mwo? (1202+a'2 \/271' 120'2+02)
(-a) 3% o R

V2m(z20i+02)
(46)
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Fig. 1. Poincaré lower bound in (33), MMSE in (45) and LMMSE in (47)
for dlfferent values of 0' with X = 1, a = 0.4, and O'h = 1. For each value
of a , the simulations are run for 108 Monte Carlo trials.

The LMMSE is given by
2

2
a0 o]
—S5 557 | - 47
[(ax%,a + 03)] “n

In Fig. 1, we plot the Poincaré lower bound in (33), the
MMSE in (45), and the LMMSE in (47) for different values
of o2 by using Monte Carlo simulation. The figure shows the
tightness of the bound and confirms the asymptotic behavior
of the curve as o5 — 0, i.e., in the high SNR regime.

C. Vector Model
The distribution of the channel H in the vector case is

fu(x) = (1 — 2)3(x) + aA (x;

Here, the N receive sensing antennas experience a blockage
event that lasts 7' channel uses with probability 1 — a.. As
for the scalar model, we compute the Poincaré lower bound
and then present the MMSE and the LMMSE. First, we
compute the information density for the vector case. We

hWeMwa-—SXH wyix = 0, Zwa-—**bNT,wd

Immse(H|Y) = E

02
0, 2”12NM) .48

Ey|x = CXCX 5 % 5-IanT. Therefore, we have

— 3 (y—pvu,x)" 2Y|H)x(}’*#y|i—|.x)

Frinx(yH,X) = ° det(QWE\(\H,X)l/Q J (49)
Frx(y|X) =
e*% o~ 3 =) Ty (Y —hvix)
(1-a) det(mo2lonT)1/? e det(2rXyx)!/?
(50)
If then follows that the information density is
ipH,x,Y(H;y,X) = log (W) (51)

: e_%(Y_HY|H,X)Tzﬂhyx()’_ﬂ\(m,x)
08 det(QWZY‘H,X)l/Q

;‘lx(y—lmx)

det (21 Sy x) /2

vy T
(1 _ a)e 0'52 ae—%(y—#wx) b))

det(7'r02[2NT)1/2

— log

(52)

Applying Proposition 2, we find x(H) =

o_lgIQNT. Next,
we calculate the value of p as

2
= ouinl BT = o () 5

By substituting (52), x(H), and p in (16) we obtain the
Poincaré lower bound. The information density aty = CxH+
osZ where Z ~ N(0, Ioyr) is

log(det(27 Xy . x)"?) + ik, 5.y (H; CxH + 052, X)

(1—a)e (%+2)" (%"+2)

det(Tf'O'gIQNT)l/Q

=-77- log

1
—1(CxH+0:2)T (cch ZH +—12NT> (CxH+0:7)
oe

' det (27r (CXCT % 4 92 IQNT))W
54

When Cx # 0 and H # 0, the high SNR behavior of the
information density as o5 — 0 is as follows

lim_ log(det (27 Zy | x)"?) + i, x.v (H; CxH + 052, X)
Os— o

o _uTh
= —ZTZ - log (O[ det (WCXCXUH) /2 €< GEI >> . (55)

If Cx # 0 and H = 0, then

hmOZPH x.v(H; CxH + 0sZ,X) =

Ts—

—log(1—a), (56)

while for Cx = 0 we have
lim ip,  ,(H; CxH + 0,Z,X) = 0. (57)
os—> o

For Cx # 0 and H # 0, the variance of the information
density has the following asymptotic behavior

lim Var [ZPHXY(H CxH+ 0.2, X)}

os—

~ lim Var {log(det(Qﬂ'Eymyx) /2 )+z’pH_XY(H;Y7X)}
Os— "

= Var [ lim, log(det(2m By x)?) +ip 5y (H: Y, X)}
os— X,
(58)

2 o2 2
= —4{1‘ (SIQNT> = ]\fT‘7 (59)
o 2

where (58) follows from a straightforward extension of
Lemma 1 to vector space. In the other cases, namely {Cx =
0} Vv {Cx # 0, H =0}, we have

lim Var [ZPHXY(H CxH+0.2,X)| =0.  (60)

os—0
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Fig. 2. Poincaré lower bound (16), MMSE (65) and LMMSE (66) for 100

valuesofaQM N=T=4,a =04, = ,andfolFor
each value of oy, the simulations are run for 10 Monte Carlo trials.

Finally, by assuming Cx # O, the Poincaré lower bound in
the vector case is asymptotically equal to

mmse(H|Y)
os—0 T
2 J@O;E[p k(H)Var [ip, ., (H; Y, X) [ HX]] (6D
1 2 |I7% 2 .
= Jim, EE ‘ ECX‘ ;gvar (iR (H: Y, X) [ H,X]
(62)
1
=Pr(H#0) ™" (E [Rxr]) 63)
= %tr‘l (E [R]) 64

where 1n (62) we used (53) and opin(AT) = oL (A) >

>, 0i(A = /tr }(ATA). Similar to the scalar case,

(64) shows that asymptotlcally the bound is a function of the
sample covariance matrix RF' Note that (64) is inversely
proportional to the trace of the covariance matrix, i.e. to the
power of the transmitted signal. By using Theorem 1, the
MMSE is

mmse(H|Y) =
2
(1_Q)Heiy‘;§y * *éc;EQ;HH BTy
E det(ro2IanT)1/? + det(2m Sy x)1/?
yTy 7
(1_04)87? 2y EY\Xy
det(ro2lanT)t/? + det(Qﬂ'ZY‘x)l/z
(65)
and the LMMSE is
Immse(H|Y, X)
Nog 02 —1

Numerical evaluation results are shown in Fig. 2.These
results demonstrate that the Poincaré lower bound accurately
captures the slope of the MMSE at high SNR values. The
asymptotic behavior for small values of o2 is consistent with
our theoretical analysis. As we stated before, from (64) we can

immediately understand the importance of the covariance ma-
trix of the transmitted signal and its effect on the performance
of the system. This observation aligns with findings in [2],
highlighting the practicality of the Poincaré lower bound due
to its simpler form compared to the closed form MMSE. In
our recent work [8], we used (64) to study the performance
trade-off between the sensing and communication subsys-
tems in a MIMO ISAC system with blockage probability.
Additionally, we proposed an achievable sensing-rate region.
Regarding the blockage probability, when o = 0, the Poincaré
lower bound converges to the MMSE and equals the variance
of the a priori distribution. When o« = 1, which is the only
case where the BCRB can be used, the Poincaré lower bound
is tighter in low-SNR scenarios, as demonstrated in [5].

IV. CONCLUSION

In this work, we proposed a Poincaré lower bound for
the non-canonical exponential family of distributions. We
calculated the bound for the problem of estimation of channels
with blockage probability, which is of great significance
for next-generation wireless networks operating at millimeter
wave frequencies. In such channels, the Bayesian Cramér-
Rao Bound (BCRB) is not applicable due to the fact that
the BCRB does not apply to channels with discrete or mixed
distributions. As for the channel model, we studied both the
real-valued scalar and the complex-valued vector cases. In
the high signal-to-noise ratio regime, we demonstrated that
the bound is a function of the sample covariance matrix of
the transmitted signal. Moreover, we compared the Poincaré
bound to the MMSE and the linear MMSE. A promising
research path is to obtain a lower bound on the MMSE
when the channel matrix is a nonlinear function of a hidden
parameter, such as in angle of arrival estimation, when BCRB
cannot be calculated.
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