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ARTICLE INFO ABSTRACT

Communicated by Dmitry Pelinovsky We envisage Al architectures to analyze complex time series in an end-to-end fashion, meaning that the
quantitative metrics of the time series are learned directly from data, without the use of specific human-
thought algorithms. That is, we challenge Al to learn those specific algorithms. We present a first step in
this direction, a benchmark test on linear dynamical processes. We tackle the archetypical task of learning the
eigenvalues of the state-transition matrix of a linear (discrete-time, stable) dynamical system, from output data.
We train a scalable LSTM neural network with artificially generated data from random matrices of dimension
2-to-5. With noise-free data, the performance of the trained network is very good (average R*> = 0.955),
especially in estimating the dominant eigenvalues, whereas there is space for improvements on non-dominant
real eigenvalues and on the dimension of the generating matrix. Remarkably, the performance is robust to
measurement noise and the network outperforms the mean-square identification of the corresponding AR
process (the latter giving exact eigenvalues on noise-free data) at noise standard deviation starting from 10~°.
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1. Introduction

Recent advancements in Artificial Intelligence (AI) have shifted
focus towards end-to-end learning approaches, where Neural Network
(NN) architectures learn complex tasks directly from raw data, with no
need to learn sub-tasks or make use of traditional algorithms in between
sub-tasks. Splitting complex tasks into sub-tasks or adapting traditional
algorithms to take advantage of Al are very challenging activities, with
often unclear impacts on the final performance of the Al system, making
end-to-end approaches very appealing to minimize human intervention.

This paradigm has been successfully applied for the first time in
the field of computer vision, especially in classification tasks. In the
early stage of computer vision, prefilters [1,2] were usually applied
before input into a NN, requiring an intermediate algorithm. However,
AlexNet [3] was able to classify images from the ImageNet dataset [4]
with high accuracy directly from raw data, avoiding prefiltering and
achieving a state-of-the-art performance for the time. Image classifi-
cation paved the way for the end-to-end learning era. Other fields
were impacted, such as natural language processing with advanced
generative models [5-8], autonomous driving [9-12], weather forecast-
ing [13], disease diagnosis [14,15], fault detection [16,17], and several
other applications [18,19].

Several NN architectures have been designed to follow the end-
to-end paradigm, dealing directly with raw data. Examples include
VGG [20] and ResNet [21] for computer vision, WaveNet [22] and
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DeepSpeech [23] for speech recognition, and Transformers [24] for
natural language processing. However, many traditional engineering
domains still rely on modular frameworks, where Machine Learning
(ML) techniques are used for some sub-tasks and traditional algorithms,
e.g., those based on linear algebra, for others [10,25-30].

In time series analysis and, more broadly, in the context of system
dynamics, ML impacted two related tasks: the forecasting of future
samples of the series, a very practical task, and the identification of a
model able to generate artificial series with similar dynamical feature,
a more conceptual task very important for the understanding and
interpretation of complex phenomena. They are strictly related, as fore-
casting is the mapping between past and future samples, while model
identification only requires the prediction one step ahead. Moreover,
long-term forecasting and, as well, long-term simulations of the iden-
tified models do have theoretical limits for in most complex systems,
such as chaotic ones [31-34].

ML is currently state-of-the-art for data forecasting and model iden-
tification [35-40]. Strictly speaking, ML is applied end-to-end to both
tasks. However, they are not significant end-to-end ML applications,
because input and output of the NN are data of the same nature,
samples of the system’s observable, so that the NN does not need to
learn any specific algorithm to elaborate samples into quantities of
different nature.
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The lack of long-term prediction power in most complex systems,
makes it important to quantify complexity through specific dynamical
features of the data series, such as the embedding dimension (funda-
mental to interpret the data series as an observable of a dynamical
system [41-45]), the possibly fractal dimension of the system’s attrac-
tor in the embedding space of delayed observations, and the so-called
Lyapunov exponents that quantify chaoticity [46,47]. The use of ML
to extract these relevant dynamical features still relies on traditional
algorithms, which are all based on the knowledge of a differentiable
model of the system dynamics, to which linearization or higher-order
techniques are applied (see, e.g., ML applications to compute Lyapunov
exponents [48-50]).

Experimenting end-to-end learning approaches to these tasks is a
relatively new topic in systems dynamics and is the focus of our study
(the only attempts concern embedding identification and dimensional-
ity reduction [51-55]). As it is natural in the traditional model-based
techniques in nonlinear analysis, we start from linear problems, because
they provide first-order approximations of more complex nonlinear
ones.

ML approaches have already shown promises in solving eigenvalue
and eigenfunction related problems, such as inverse eigenvalue prob-
lems [56], where a matrix is reconstructed from prescribed spectral
data. The approach was however not fully end-to-end, as supervised
learning was used jointly with specific pre- and post-processing meth-
ods. Another work in this direction employs a deep learning model to
discover representations of Koopman eigenfunctions from time series
data [55]. Using the eigenfunctions of the Koopman operator as a base
of the functional space of the system’s observables, it is possible to
obtain a linear global approximation of a nonlinear dynamics, in the
space of the leading eigen-coordinates.

To generate complex dynamics that are highly faithful to the orig-
inal dynamics, creating models that imitate or extract features from
dynamics considered simpler, such as linear systems, is essential. Thus,
identifying eigenvalues is essential to reproduce their dynamics. There
are analytical solutions to estimate eigenvalues, using linear algebra
techniques, and numerical solutions, such as the autoregressive method
and the Jacobi method, but they have limitations due to human depen-
dence or high computational cost. Therefore, the use of ML models is
proven to be a powerful tool for this purpose.

In this work we test a fully end-to-end ML approach on a simple,
yet fundamental eigenvalue problem: the estimation of the eigenvalues
of the state-transition matrix of a discrete-time linear time-invariant
dynamical system from the time series of a linear observable. There are
standard and efficient techniques, based on linear algebra, to compute
the eigenvalues from sufficient samples (at least as many noise-free
samples as the dimension of the state-transition matrix, under standard
controllability and observability conditions), the most standard consist-
ing of a linear (auto-)regression (AR) model identification, followed by
root-solving for the model’s characteristic polynomial’s [57]. The point
of trying a ML end-to-end approach is therefore not about accuracy or
performance, but rather about the conceptual challenge for a NN archi-
tecture to learn a mapping from input, the observable time series, to
output, the eigenvalues, which traditionally requires a human thought
algorithm. This work has hence to be considered as a benchmark test,
to open the way for end-to-end Al approaches to work on more complex
time series, like those produced by nonlinear and time-variant processes
and, in general, to work with real datasets.

We train our NN model on noise-free artificial data, generated from
random systems of dimension 2-to —5. This allows us to know the exact
values for eigenvalues of the state-transition matrices, that we use as
target values for the training. We also use artificial data for testing
the NN model, where the known eigenvalues are used as the actual
values to be compared with the estimates provided by the NN and AR
models. The estimates are obtained from both noise-free and noisy data,
to assess the effect of the measurement noise of real datasets.
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Our NN model demonstrates the ability to estimate the eigenvalues
with high accuracy and robustness to measurement noise for systems
with dimensions between 2 and 5. Our analysis shows that the domi-
nant eigenvalue of the state-transition matrix, which defines the main
system’s dynamics, is accurately estimated, whereas the accuracy on
non-dominant eigenvalues is generally higher for complex conjugates
pairs. We interestingly find that the eigenvalue estimates provided by
our end-to-end NN are more robust to measurement noise than the
traditional AR-identification algorithm, thus elevating our NN model
as a valid alternative to traditional algorithms in noisy environments.

To approach our task, we use Recurrent NNs (RNNs), a neural ar-
chitecture specifically designed to process sequential data [58]. Specif-
ically, we adopt Long Short-Term Memory (LSTM) cells [59], due to
their ability to selectively retain important information on the dy-
namic process for a long period and avoid the vanishing gradient
problem [60-64].

The reminder of the paper is organized into three sections. In the
Methods Section 2, we present the generation of the dataset (noise-free
data and noisy data), the traditional AR-identification algorithm, and
our Al approach, including the NN architecture that we propose. The
assessment of the AI approach (and the traditional AR algorithm) for
noise-free and noisy data are presented and discussed in the Result
Section 3. Section 4 further discusses our findings and concludes on
their impacts on the future development of end-to-end AI approaches
to nonlinear time series analysis.

2. Methods
2.1. Dataset generation

The dataset used for the learning task is generated by simulating
N discrete-time linear time-invariant (LTI) autonomous asymptotically
stable systems of the form:

x(t+1)=A-x0)
) =C-x(),

where x(7) is the n-dimensional system’s state at time ¢ (n X 1 vector),
¥(t) is the system’s output variable (the scalar state observable), A is
the state-transition matrix (n X n), and C is the row vector (1 X n)
defining the output transformation. The systems’ dimension varies from
2 to ny,, =5, with a higher frequency for larger dimensions, as larger
systems require more training.

The simulations are the input data I for the NN, whereas the
eigenvalues of the corresponding state-transition matrices are the target
(true) output data O. More precisely, the dataset is composed of N
pairs (I,0), where I is the sequence y(t), t = 1,...,T, of the system’s
observable (T = 100 is used for all systems in the current implementa-
tion), whereas O (2n,,,, elements) is the list of real and imaginary parts
of the n eigenvalues of A, followed by zero elements. All eigenvalues
have modulus smaller than one (because of the asymptotic stability
of A) and are sorted in decreasing order of magnitude, starting from
the real and imaginary parts of the one with the largest modulus (the
dominant one), followed by the real and imaginary parts or the others
(sub-dominant).

We generate each pair (I,0) using Algorithm 1 (see Fig. 1 for a
graphical representation). We randomly extract the eigenvalues, rather
than directly extracting the elements of matrix A. This allows us to
uniformly distribute the complex eigenvalues in the unit disk of the
complex plane, which is a desirable property for the training dataset.
We set a probability 6, to extract a pair of complex conjugate eigen-
values, otherwise a real eigenvalue is extracted. We use 6, = 0.9,
which gives a frequency of real eigenvalues in line with the element-
wise extraction of the elements of matrix A. Note that to achieve a
uniform distribution of the complex pairs in the unit disk, we extract
the modulus p according to a square-root distribution (we extract p”

@
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Fig. 1. Data generation flowchart: N is the dataset size; N systems of the form (2)
are randomly extracted, each with dimension » from 2 to n,,, = 5. For each system, a
time series of 7 = 100 time steps is generated from a random initial condition.
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Fig. 2. Eigenvalues distribution for data generation. Left: extraction following Alg. 1
(square-root extraction of the modulus p for complex pairs); N =50000, n,,,, =5, fraction
of real eig’s =0,19. Right: element-wise extraction of the elements of matrix A from
V'(-1,1); same number N and matrix dimensions used in the left panel, fraction of
real eig’s =0,20 (unstable matrices are made stable by scaling the elements by p/p,,...
where rho is extracted as in Algorithm 1 and p,,, is the dominant eigenvalue before
scaling).

uniformly in (0, 1)), see Fig. 2 for a comparison with the element-wise
extraction of the elements of matrix A.

To generate a time series of system (1) for the component I of the
dataset corresponding to the eigenvalues extracted in O, we do not
need the matrix A. Assuming that all extracted eigenvalues are simple
(i.e., all different), we can imagine using the eigencoordinates x'(¢), for
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which the system’s dynamics is written as
X(t+1)=D-xX'()
yn=C"-xX'@,
where the state-transition matrix D has the following block diagonal

structure: a 1 x 1 block e; for each real eigenvalue ¢;; a 2 x 2 block

p - <:)§g 12?90) for each complex pair e;;,; = p - exp(z0 - j).

(2)

We therefore only need to randomly extract vectors C’ and x’(0) and
simulate system (2).

As already noted, the elements of the target output O from 2n +
1 to 2n,,, are set to zero to force the network learning n,, — n
spurious null eigenvalues. This means that our NN cannot distinguish
true zero eigenvalues from spurious ones. However, zero eigenvalues
characterize non-reversible systems and, specifically, “finite memory”
system’s modes that disappear in one time step (or a few, if multiple), so
modes that are in any case poorly visible on output data. We therefore
neglect non-reversible systems.

Algorithm 1 Dataset generation

1: O « 0 # Initialize the 2n,,,, elements of O to 0

2: randomly select n between 2 and n,, with P(n)=n/ (M - 1)
3i1

4: whilei<n-1do

5:  randomly extract p ~ U°(0,1)
6 if p < 6. then # Pair of complex conjugates

7 randomly extract p> ~ U°(0,1) # This gives complex pairs uniformly

distributed in the unit disk

8: randomly extract 8 ~ U°(0, )
9: define two complex eigenvalues: ¢; = p-exp(6-j) and e,,, = p-exp(—0-j)
10: Oyi-y41 = Re(e;); Oy, = Im(e;)
11: Oyi-1y+3 = Re(e;1): Og_1yp4 = Im(e;y )
12: i « i+2 # Skip both eigenvalues
13:  else # Real eigenvalue
14: randomly extract e; ~ U'(—1,1)
15: Osityr1 = €3 0g_1y12 =0
16: P—i+1
17:  end if

18: end while

19: if i = n then # Last unpaired eigenvalue is real

20: randomly extract e; ~ U'(—1,1)

21t Oyypyy1 = €305 1342 =0

22: end if

23: define the eigenvalues block diagonal matrix D (1 x 1 block e; for each

cosf —sinf

real eigenvalue; a 2 x 2 block p - < ) for each complex pair)

sin6 cos @
24: randomly extract vector C’ (1 x n) element-wise from U'(-1,1)

25: randomly extract x’(0) element-wise from U'(-1,1)

26: Simulate the system (2) and produce the time series y(1), t =1,...,T

To consider the effect of measurement noise on the input I, we
perturb each sample y(t) by a factor that is different from one by a
random value sampled from a normal distribution with zero mean and
standard deviation equal to a control parameter o:

Ynoisy(®) = YO)(1 + N'(0,6%)) 3)

The target outputs O are not perturbed because we want to test the
robustness of the eigenvalue estimator algorithm to measurement noise.

Finally, note that, the eigenvalues estimation task from the system’s
output y(¢) is feasible under standard controllability and observability
conditions, that are fulfilled with probability one by our algorithm
((D, x'(0)) must be a controllable pair and (D,C’) an observable one
in system (2), assuring that all system’s modes are visible in the state
observable defined by C’).

2.2. AR approach
The standard approach to address eigenvalues estimation from

the time series of a system’s observable involves identifying an auto-
regressive (AR) model, followed by root-solving for the characteristic
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Fig. 3. Flowchart for eigenvalue estimation using the NN and AR approaches.

polynomial of the identified model. This approach represents the state-
of-the-art for solving this problem [65,66], with perfect results (apart
from numerical precision) on noise-free data. The results of the AR-
identification algorithm on noisy data will therefore serve as a bench-
mark to assess the effectiveness of the AI approach and its robustness
to measurement noise.

An AR model describes a process by considering the linear de-
pendencies between the present observation and a set of previous
observations, enabling the prediction of the future behavior of a time
series based on historical patterns. The mathematical formulation of an
AR model of order p is as follows:

Y0 = oyt — D+ apy(t —2) + -+ + a,y(t — p) + €(1), @

where a;, i = 1’ ..., p are the model coefficients, and e(r) is an error term
due to model mismatch and/or measurement noise.

Parameter identification for the ¢;’s is done using the least squares
method, which minimizes the sum of squared errors between observa-
tions and corresponding model’s predictions, resulting in the estimate:

a=M"M)'MTy, %)
where

o _fp 57;1—1 %1 J:’p+1
o=, M= 2 y=|e

a, yro1 Yroa Ir—p yr

Using the obtained coefficients &, we can write the system’s character-
istic polynomial:

yLES _5,2111—2_..._(%’ (6)

which corresponds to the denominator of the system’s transfer function,
the roots of which are the system’s eigenvalues (under the discussed
controllability and observability conditions).

This procedure gives the exact eigenvalues from noise-free data only
if the dimension n of the system is known and p = n is used (and the
number T of data is equal to or larger than n). If p > n is used, multiple
solutions exist, so that there is no guarantee of obtaining the desired
one with p — n zero eigenvalues (the one with ¢; = 0 for i > n). To
estimate the system’s dimension n, which is a priori unknown, we set a
threshold on the mean squared error (MSE) and we increase the order
p until the MSE goes below the threshold. This gives exact results on
noise-free data, but can lead to an overestimation of the model’s order
in the presence of noise. In the latter case, the workflow for comparing
the eigenvalues estimates by the NN and AR approaches is summarized
in Fig. 3.

2.3. NN approach

We address the eigenvalues estimation from the time series of a
system’s observable using RNNs, neural models specifically designed
to learn sequential tasks, such as time series analysis. Thanks to the
fact that their weights and biases are shared across the time steps
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(parameter sharing), RNNs can process sequences of arbitrary length
with a fixed number of parameters [33], a remarkable advantage com-
pared to fully connected architectures, where the number of parameters
increases linearly with the length of the sequence [67,68].

We use LSTM cells, specific recurrent neurons with two internal
states, called hidden and cell state. The first is the same as the state
of a standard recurrent neuron and is passed to the following layers
and time steps, the second (peculiar to the LSTM cell) is responsible
for tracking the long-term dynamics of the input and contributes to
the update of the hidden state. LSTM cells have three gates, namely
the forget, input, and output gates, that modulate the information
flows through a sigmoid function that returns values between 0 (closed
gate) and 1 (open gate). The forget gate resets the cell state if the
combination of input and hidden states into the sigmoid is low; the
input gate defines the extent to which the new input affects the update
of the cell state, protecting it from irrelevant contributions; the output
gate modulates the update of the hidden state. This gated structure
can retain relevant information on the process dynamics for a long
duration and avoids vanishing (or exploding) gradients that generally
affect the convergence of the training in standard RNNs. The internal
states are initialized at zero at the beginning of each sequence allowing
the parallelization of the training procedure [69].

A first LSTM layer is composed of several cells (200, see below
for the definition of the hyperparameters of the NN architecture) that
work in parallel, taking the time series y(f) in input and updating their
internal states. In an optional second layer, the LSTM cells take as input
a combination of the hidden states of the first-layer cells at time ¢ and
correspondingly update their internal states. The hidden states of the
last-layer cells at the last time step + = T contain an encoding of the
time series. This information is passed to two dense layers, and finally
to the output layer that produces the eigenvalues’ estimates O.

These estimates are then post-processed by a corrector algorithm
(Algorithm 2) to identify the dimension n of the system that generated
the time series y(¢) and to rectify unavoidable numerical inconsistencies
due to the fact that there is no constraint in the NN that forces the
estimated eigenvalues to be either real or in complex pairs. Since the
network has been trained with zero target values for the eigenvalues in
position from n + 1 to n,,, the dimension » is identified by setting at
zero the eigenvalues that result too small in magnitude (see threshold §,
in Algorithm 2), that are most likely spurious. Non-spurious eigenvalues
that are close to being complex conjugate (see threshold §,) are set so,
otherwise they are set real by disregarding their estimated imaginary
part. This procedure gives the final estimates O. We use the thresholds
values 6, = 0.05 and 6, = 0.1.

Following the standard ML practice, we split the data into training
data (70%), used for the calibration of the NN’s parameters (weights
and biases), validation data (15%), used to tune the hyperparameters
that define the neural architecture as well as the configuration of the
learning algorithm, and test data (15%), which are reserved for the
assessment of the performance of the trained NN.

We train the neural model to minimize the MSE between actual
(0) and estimated (O) eigenvalues (note that the same metric was
used for estimating the parameters of the AR model, but in that case,
the error was calculated between the actual and estimated samples
of the time series). The gradients of the MSE with respect to the
NN’s parameters are computed through the back-propagation through
time algorithm [47,70], a version of the standard back-propagation
modified to work for recurrent architectures. The gradients are then
used by an optimizer to update the NN’s parameters. We used Adam
(adaptive moment estimation) optimizer [71] to this aim. Adam is a
state-of-the-art algorithm for deep learning derived from the standard
stochastic gradient descent algorithm. It adaptively estimates the first-
and second-order moments of the gradients using running averages
with standard values of the decay rates (f; = 0.9 and g, = 0.999 for
the first and second moments, respectively). The estimates of the two
moments are then used to evolve the learning rate during training, by
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Algorithm 2 Eigenvalues corrector

1: n < n,, # Dimension estimate
2: Re(e;) <« Oqy_py1> Im(e)) < Oy _yyps i =1, npy
3 i1
4: while i <n_ , —1do
5 if |¢;| < 6, then # Spurious eigenvalue
6: é; <0
7 ne—n-1
8 i—i+1
9 else if | Im(¢;)| > &, and |Im(¢,)+Im(é,,,)| <5, and |Re(¢,)—Re(é,,,)| <6,
then # Complex conjugate pair
10: Onirsr = (Re(é[)+Re(€m)> /2
11: 02(,'-1)+3 “ Oz(i—1)+1
12: O < (|Im(§,.)| + |Im(éi+l)|>/2
13: Oxi_is = =Oni1yi
14: i « i+2 # Skip both eigenvalues
15:  else # Real eigenvalue
16: (?2(i—1)+] < Re(&)
17: Oz < 0
18: i—i+1
19:  end if
20: end while
21: if i = n,,, then # Last unpaired eigenvalue
22: if || < &, then # Spurious eigenvalue
23: ¢ <0
24: n<n-1
25:  else # Real eigenvalue
26: 0:2(,-|)+1 < Re(é)
27: Oyi—y42 < 0
28: end if
29: end if

means of a tunable decay factor (see below for the definition of the
hyperparameters of the NN architecture).

Hyperparameter tuning is performed following the grid search ap-
proach, i.e., considering all the possible combinations of the following
values: neurons per hidden layer (50, 200), batch size (500, 1000,
4000), learning rate (0.01, 0.001), and learning rate decay factor
(0.001, 0.0001). For each combination, We perform the training for
a maximum of 1000 epochs. The MSE is monitored during the learn-
ing process so that we can stop it if there is no improvement for
200 consecutive epochs (early stopping [72]). During each epoch, the
whole training dataset is processed by splitting it into subsets named
mini-batches (the parameters are thus updated based on the gradient
computed for each specific mini-batch). The negative impact of un-
fortunate initializations of the NN parameters is limited by repeating
the training twice with different random seeds for each combination of
the hyperparameters. The combination ensuring the lowest MSE value
computed on the validation dataset is then selected (200 neurons per
layer, batch size equal to 1000, learning rate to 0.001, and decay factor
to 0.0001).

The performance of the selected trained NN is finally measured on
the test dataset. We measure performance through the RZ?-score, the
standard way to normalize the MSE between the eigenvalues estimates
0 and the true values O (R? = 1 — MSE/var(0); R? = 1 corresponds to
MSE =0, i.e., perfect estimations; R?> = 0 means the same performance
of estimating all the components of O with the average value, that is
a quite unsatisfactory performance; R < 1 corresponds to MSE larger
than the variance of O).

3. Results
3.1. Noise-free data

We first present the results of the noise-free case (the AR approach is
not considered in this case, since it provides exact results, as explained
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Fig. 4. Accuracy (R?-score) evaluated on the test fraction of two different datasets of
size N = IM and N =5M, using L =1 or L =2 LSTM layers, for increasing maximum
dimension for the LTI systems in the datasets (n,,, from 2 to 5).

‘max

in Section 2.2). Fig. 4 reports the sensitivity of the NN performance
with respect to the dataset dimensionality (N equal to 1 or 5 million)
and the number of LSTM layers (L equal to 1 or 2), separately for
Hoax € 12,3.4,5}).

The R?-score decreases significantly as n,,, increases. In the best
case (N = 5M and L = 2), the R%-score decreases from around 1 for
nmax = 2 (almost perfect estimates) to around 0.87 for n,,,, = 5, because
the number of possible eigenvalues configurations increases with n,,,
and make the task more complex. When n,,,, = 2, only two configura-
tions are possible (eigenvalues can be both real or in a pair of complex
conjugates); n,,,, = 5 is associated with a wide range of possible cases
(n =2 is just one of them) and configurations. For instance, if n = 5, we
can have 5 real eigenvalues, 3 real and a pair of complex conjugates,
or only one real and two pairs of complex conjugate eigenvalues, with
subcases depending on whether the dominant eigenvalue (the one with
the largest modulus) is real or complex.

Fig. 4 also shows that more data (V) and more hidden layers (L) in
the NN architecture both improve the performance, except for n,, =2,
where the performance is already top with N = IM and L = 1.
However, as the n,,, increase, we see that the R2-score decreases less in
the (N = 5M, L = 2)-case, than in the other curves. This behavior was
expected since a larger dataset offers more information to the learning
process, and more LSTM layers empower the NN with more learning
capabilities.

We also estimate the dimension n of the LTI system that generated
the input series (see the eigenvalues corrector threshold Algorithm 2),
even though our neural network is not specifically trained to learn this
feature, which is essentially categorical. Nonetheless, the accuracy in
the estimation of n, which is based on a threshold on the eigenvalues
magnitude (§; = 0.05 in Algorithm 2), under which eigenvalues are
considered spurious, follows a trend similar to the R2-score shown in
Fig. 4: 97.1% for n,, = 2; 85.6% for n,,, = 3; 77.5% for n,,, = 4;
61.9% for n,,,, =5 (accuracies for the case N =5M and L = 2).

In order to provide a feeling of the goodness of the NN estimates, we
graphically compare in Fig. 5 the positions in the complex plane of the
actual and estimated eigenvalues and the corresponding time evolution
of the system’s observable y(¢). These results are relative to the NN with
L =2 LSTM layers trained on the dataset of size N = 5M for systems
with n,,, = 4, a case for which we obtained a R?-score equal to 0.96.
We selected the eigenvalues configurations to cover all the possible
combinations for a state-transition matrix of order 4, 3, and 2. For
the matrices of order 2: 2 real eigenvalues (case a); a pair of complex
conjugates (case b). For matrices of order 3: 3 real eigenvalues (cases c,
with positive dominant, and d, with negative dominant); one real and
a pair of complex conjugates (cases e, with real dominant, and f, with
complex dominants). For matrices of order 4: 4 real eigenvalues (cases
g, with positive dominant, and h, with negative dominant); 2 reals and
a pair of complex conjugates (cases i, with complex dominants and
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positive sub-dominant, j, with complex dominants and negative sub-
dominant, and k, with real dominant); 2 pairs of complex conjugates
(case 1).

The estimated eigenvalues (orange diamonds) nearly overlap with
the actual eigenvalues (green squares) in the majority of the cases,
indicating the high accuracy of the NN’s estimates (see all the complex
planes in Fig. 5). The dominant eigenvalues (the real of complex
pair with largest modulus) are always estimated with very high ac-
curacy (the R2-score restricted to the dominant eigenvalues is 0.99).
Non-dominant complex eigenvalues are also estimated accurately (see,
e.g., cases e, k, and I; the R?-score restricted to non-dominant complex
pairs is 0.94), while non-dominant real eigenvalues are sometimes
miscalculated (see cases a, d, f-h; see also cases c, i, and j where the sub-
dominant real eigenvalue is well estimated; the R?-score restricted to
the real sub-dominant eigenvalues is 0.59). A possible explanation for
this behavior is that the contribution to the output time series generated
by complex pair of eigenvalues is more easily identifiable, compared
to the contribution of a real eigenvalue, because of the oscillations
of complex modes. Conversely, the modes of real eigenvalues vanish
exponentially, so that, if non-dominant, their contribution to the output
signal might get masked by other modes.

The two time series shown in each panel next to a complex plane
(panels in the second and fourth columns of Fig. 5) are one repre-
sentative of the actual eigenvalues (green continuous line) and the
other representative of the estimated ones (orange dashed line). More
specifically, the first is obtained by simulating system (2) with the
actual eigenvalue matrix D and random vectors C’ and x’(0), whereas
the second is obtained with the matrix D of the estimated eigenvalues
and using the same C’ and x'(0). The general comment is that the
estimation errors on the system’s eigenvalues have moderate impacts
on the output time series of the system. This highlights how difficult it
is to discern small dissimilarities in terms of different eigenvalues. Even
in the critical case of an inaccurate estimation of a non-dominant real
eigenvalue, like, e.g., case h, the differences in the two representative
time series are quite small. This is a key point of our results. Since the
neural model only takes as input the time series of y(r), we have to
accept unavoidable estimation errors on the eigenvalues that produce
negligible differences in the representative time series of the system’s
output.

3.2. Noisy data

We explore the robustness against measurement noise of our NN
and we compare it against the benchmark results obtained with the AR
algorithm described in Section 2.2. We use the NN model with L = 2
LSTM layers trained on the noise-free dataset of size N = 5M and we
test it on the noisy time series produced with Algorithm 1 and Eq. (3),
varying the noise standard deviation ¢ from ¢ = 1077 to ¢ = 1072,

As expected, the AR approach ensures a very high accuracy when
the noise level is low (it is an exact algorithm on noise-free data).
However, for increasing noise intensity, the NN approach turns out to
be more robust. The R?-score curves in Fig. 6 show that the NN model
has a consistent pattern for all the considered dimensions, from 2 to
Rpax> Of the LTI systems in the test dataset. The R? remains very close
to the noise-free value up to a critical noise intensity (that decreases
with n_,), above which the NN performance drops quite sharply.
In contrast, the R?-score obtained with the AR algorithm decreases
more linearly with the intensity of noise, eventually offering a lower
performance with respect to the NN. For systems of sizes up to n,,,, =
4 and 5, this happens starting from very low noise intensity, with
standard deviation o around 10~°. For higher intensities, when the NN
performance drops down, the AR approach is better, but at levels of
accuracy non very interesting (R> = 0.6 for n,,, = 2 and R*> below 0.3
for higher dimensional systems).

As we did for the noise-free case, we compare the noisy estimates
with the actual eigenvalues in the same 12 cases selected in Fig. 5
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Fig. 5. Actual (green squares) and estimated (orange diamonds) eigenvalues in the complex plane for n,

=4 and N = 5M. Time series of the systems’ observable y(r) generated

‘max

by the actual (green continuous line) and estimated (orange dashed line) eigenvalues (the time span is adjusted to the system’s time response).

(which are taken from the dataset with n,,, = 4 and N = 5M). The
comparison is shown in Fig. 7, which has the same structure of Fig.
5 (green squares for the actual eigenvalues, orange diamonds for the
noise-free estimates, shown for comparison, and red diamonds for the
noisy estimates), and is obtained for noise standard deviation ¢ = 1073.

Despite the obvious degradation of performance, as measurement
noise reduces the correlation patterns present in the noise-free time
series, making the eigenvalues estimation task more difficult, the accu-
racy on the dominant eigenvalues remains very good in all cases. The
worsening is especially visible on real non-dominant eigenvalues, and
even, in some cases like e, on sub-dominant complex pairs.

Despite the non-negligible estimation errors on the systems’ eigen-
values in noisy data, the dynamics of the representative time series
generated with the noisy estimates of the eigenvalues are consistent
with the one generated with the actual values (see the second and
fourth columns of Fig. 7).

4. Conclusion

We explored the possibility of using ML tools to extract quantitative
features representative of a time series and of the underlying dynami-
cal system that generated the series. The peculiarity of the proposed
approach is that we set up an end-to-end Al that directly computes
the features of interest from the time series of a system’s observable,
without relying on any classical algorithm from dynamical systems
theory or a priori knowledge of the system. This represents a consid-
erable paradigm shift in the context of ML tools applied to dynamical
systems, which are usually employed to solve time series prediction or
system identification tasks, on top of which classical algorithms then
compute the features of interest. Contrary to this classical approach,
in which the ML tool is essentially required to reproduce a mapping
between past and future values of the system’s variables, our end-to-
end approach requires the Al to learn the entire algorithm, from the
system’s observable to the features of interest.
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As a first step towards the development of end-to-end Al tools for
time series and dynamical systems analysis, we considered a basic
eigenvalue problem, i.e., the problem of estimating the eigenvalues
of the state-transition matrix of asymptotically stable LTI systems (in
discrete-time). We adopted recurrent NN with LSTM cells, which are
specifically designed for sequential data, such as time series. In a first
experiment, we used the NN to estimate the eigenvalues of noise-free
time series generated by LTI systems with dimension from 2 to 5. In
addition to the system dimensionality, we analyzed the sensitivity of
the estimation against the size of the dataset and the number of recur-
rent layers in the NN architecture. In a second experiment, we tested
the robustness of the model against different levels of measurement
noise, comparing it with the standard AR algorithm for linear model
identification, which is the benchmark for this task. We analyzed the
performance of the eigenvalue estimates in noisy scenarios, comparing
them both with the noise-free estimate and with the actual eigenvalues.

Our results for the noise-free data show that the proposed approach
can accurately estimate the eigenvalues of the state-transition matrix,
provided that enough data and neural elements (LSTM layers in the
NN) are provided for the learning task. Specifically, high precision is
reached on the dominant eigenvalues (largest magnitude) and on com-
plex conjugate sub-dominant ones, whereas less accuracy is obtained
on sub-dominant real eigenvalues, the trace of which on the system’s
observable is often masked by the modes of the dominant and complex
conjugate sub-dominant eigenvalues. We also provide an indication
for the dimension n of the LTI system that generated the input series,
even though our neural network is not specifically trained to learn this
feature, which is of categorical nature (see a specific comment below).

The result of the eigenvalue estimation from noisy data showed
that our NN presents a more stable accuracy for lower noise levels,
compared to the traditional AR algorithm. For high noise intensity,
the NN presents a threshold effect, with a sudden collapse in accuracy
at a critical noise intensity (with a lower threshold, the higher the
dimension of the LTI systems). In contrast, the AR algorithm presents a
linear-like decrease in accuracy, which falls off the performance of the

NN at noise standard deviation around 10~ for LTI systems of order 4
and 5.

There are several ways to improve the preliminary results here
presented, essentially grouped into two directions. One is to investigate
which is the best neural architecture to solve the eigenvalue task. The
other is about the impact of noisy data.

Along the first one, several architectures, in terms of the type of
recurrent cells and mix of recurrent and fully connected layers, could
be tested and scaled with the maximum allowed dimension for the LTI
system in the dataset. Also, a more thorough analysis of the network
hyperparameters, including the number of layers and number of cells
per layer, and all the parameters controlling the learning procedure,
could be carried out.

One more conceptual aspect to which we need to pay attention is
the nature, numerical or categorical, of the features of interest. The
system’s dimension and the type, real or complex conjugate, of the
eigenvalues are indeed categorical information, that could be inferred
with neural architectures and loss functions typical of classification
problems. Mixed numerical-categorical neural architectures are more
complex to train and manage, so we here opted for numerical sur-
rogates of the categorical information. For example, we estimate the
imaginary part for all n eigenvalues, using a zero actual value for real
eigenvalues and we do not force the network output to provide complex
conjugate pairs. The results are then made consistent by the corrector
Algorithm 2 reported in the Methods Section 2.3. The NN estimates
the spurious eigenvalues (from 7 + 1 to n,,,) in the same way (in this
case the target value for both real and imaginary parts are set to zero),
allowing us to infer the system’s dimension. All these quantities trained
to be zero could be better inferred by a suitable classifier.

Along the second direction, the impact of noisy data on the training
process should be investigated. In the present work we did not do
it, because we imagine that the data for training are not measured
on the field, but artificially generated by our Algorithm 1. However,
this is not always the case for real applications. This is especially
true for extending this work to nonlinear time series (observables of
nonlinear dynamical systems), because for those systems, even if the
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Fig. 7. Actual (green squares) and estimates from noisy data (red diamonds) eigenvalues in the complex plane for n

=4 and N = 5M (noise standard deviation ¢ = 1073, NN
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R? =, AR R? =, see Fig. 6; noise-free estimates, the same orange diamonds from Fig. 5, are visible in background for comparison). Time series of the systems’ observable y(7)
generated by the actual (green continuous line) and estimated (red and orange dashed lines) eigenvalues (the time span is adjusted to the system’s time response).

system’s equations are known, so state trajectories and the observable
can be produced error-free, the target values for the feature of interest,
like, e.g., the Lyapunov exponents, cannot be computed with extreme
accuracy, being the results of approximated numerical algorithms.

Beyond the specific learning task we addressed here, the eigenvalue
problem, our interest is in acquiring most of the experience from this
basic task to then exploit it on end-to-end tasks for complex nonlinear
systems. Actually, the state-of-the-art of system identification is very
efficient and accurate for linear systems, so we could hardly hope
to do better with an end-to-end AI approach. Nevertheless, we found
interesting the robustness to measurement noise shown by our NN and,
in any case, understanding the eigenvalue problem is a preparatory step
for tackling more complex tasks in an end-to-end fashion.

One future research direction will hence be in the context of nonlin-
ear dynamics and time series long-term features, like the embedding di-
mension, fundamental to reconstruct the space of the system’s variable
from a single observable, the fractal dimension of the system’s attractor
in the reconstructed space, and the Lyapunov exponents quantifying
complexity (the stretching and folding forces within the attractor).

An even more challenging task is the estimation of the full spectrum
of Lyapunov exponents, whose partial sums correspond to the aver-
age exponential rates of expansion (or contraction) of k-dimensional
volumes (k > 2). These quantities are relevant in various contexts,
especially in mechanics and fluid dynamics, where they provide in-
sight into stability, predictability, and transport properties of complex
dynamics [73-76].

In the nonlinear context, there are several fields in which our
LSTM framework could be successfully applied, to analyze and control
dynamical processes. For example, the Lyapunov exponent could be
used as a target function in a model predictive control scheme, in
order to tame chaos and drive the process to a more regular periodic
or stationary motion. One typical limitation is that the available data
series are too short to compute the Lyaounov exponent with traditional
algorithms (based on attractor reconstruction), and even generating
synthetic data with the predictive model of the control scheme (that
could be NN-based as well [49]) would not allow the computation
in real-time in-the-loop. Interestingly, our NN model can be trained
off-line on many long time series artificially generated from known
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chaotic models and seems to provide a significant accurately to estimate
the Lyapunov exponent from rather short time series (preliminary
unpublished results).

Finally, beyond the theoretical relevance of the insights derived
from this study, it is worth mentioning that the problem here consid-
ered could be used as a benchmark to evaluate the performance of novel
ML tools (neural architectures, learning procedures, etc.). Indeed, the
proposed task is scalable in terms of complexity and dimensionality (the
dataset can be extended to higher orders of the LTI system). In the
context of nonlinear systems, extensions of the problem to the above
mentioned quantitative features would result in even more challenging
benchmarks.
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