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Abstract—The Volterra representation is one of the most widely
employed approaches to the behavioral modeling of nonlinear time
invariant systems in the frequency domain. Its main drawback is
that the input-output relationship is defined by a set of coefficients
whose cardinality rapidly grows with the considered nonlinearity
degree and with the number of input harmonics. The purpose of
this work is proposing a method that, assuming to know which are
the strongest spectral components in the typical input signals,
allows writing a subclass of Volterra models whose behaviors are
defined by a dramatically lower number of coefficients, with minor
impact on accuracy.

According to this information, input spectral components are
classified into “large”, “small” and “linear”. The output spectrum
is computed by considering all the possible interactions between
“large” components, according to the Volterra theory. On the
contrary, “small” components interact only with “large”
components, but not with each other. “Linear” components are
linearly transferred to the output. The effectiveness of the pruning
technique is evaluated with both numerical simulations and
experiments. Results highlight the advantages and the flexibility
enabled by the proposed approach, which become even more
evident in the presence of significant noise during identification.

Index Terms—Nonlinear system identification; Nonlinear systems;
Volterra series; Wiener-Hammerstein systems; Behavioral
modeling; Harmonic distortion

I. INTRODUCTION

ANAGING nonlinear models has always been a

challenging task for scientists and engineers. This is

the main reason why, when nonlinear effects are
weak enough with respect to the target accuracy, an
approximated linear time invariant (LTI) representation is
preferred. For example, when a frequency domain approach is
adopted, an attractive possibility is estimating its Best Linear
Approximation (BLA) [1]-[4]; it provides the best prediction of
the output for a given class of input signals, while nonlinearities
can be qualified and quantified with respect to measurement
noise.
However, if nonlinearity becomes relevant with respect to the
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required accuracy, or when nonlinear effects must be studied,
using a nonlinear model becomes mandatory.

Let us focus on nonlinear behavioral modeling, which is
employed if there is not enough information about the operating
principle, or when physics-based modeling is too complex to be
tackled. In this respect, several approaches have been proposed
in the literature, together with proper identification techniques
[5], [6]: they include polynomial models [7], lookup tables [8],
fuzzy logic and artificial neural networks [9], [10], [11], support
vector regression-based models [12], etc...

Among them, Volterra-Wiener models [13], [14] are
extremely attractive, since they can be derived as the most
natural extension of the well-known theory of LTI systems. In
fact, the output corresponds to a sum of contributions coming
from homogenous nonlinear subsystems; each of them is
obtained as a multifold convolution between the input and the
generalized impulse response characterizing its behavior.
Thanks to its flexibility, this approach is employed in a wide
range of applications. Considering the most recent literature,
they include the characterization of electronics devices [15],
[16], the modeling electrical machines [17], of electrochemical
energy storages [18], of physiological phenomena [19], [20] (in
this respect, it is worth citing a dedicated book [21]), the
equalization of radio-frequency amplifiers [22], sensors [23]
and actuators [24].

In some cases, the target is predicting the steady-state
response to periodic inputs: it is generally favorable to employ
the (truncated) Volterra representation in the frequency-domain
[13]. Each output spectral component is obtained as a linear
combination of proper products between up to / input spectral
components [25]. The set of the weight coefficients of these
products among input components characterizes the behavior of
the peculiar system, while / is the degree (or order) of the
Volterra representation. Increasing the degree allows reaching
a more detailed modeling of the nonlinear behavior, just as a
higher-order Taylor polynomial enables a better approximation
of a function.
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In this respect [26], [27] analyze the frequency components
present in the steady-state output of truncated Volterra systems
when the input is a linear combination of sinewaves. Moreover,
[28] proposes a method that allows deriving the structure of the
coefficients defining the steady-state response of truncated
Volterra systems (characterized by an arbitrary degree) to band-
limited periodic inputs. However, it is worth highlighting that
the number of coefficients defining such models grows more
than exponentially with the degree and the number of spectral
components in the input signal. Therefore, 2" or 3" degree
models are employed in most applications [29], [30], [31]:
higher degrees may result in troublesome and time-consuming
identification procedure. It is worth highlighting that the
different nonlinear output contributions often have a very
unequal impact on the overall behavior of the system. On the
one hand, this means that such behavior can be well
approximated with a considerably simpler structure.
Furthermore, considering the practical implementation,
modeling the weakest output contributions is prone to be highly
affected by measurement disturbances occurring during
identification, thus severely reducing robustness.

For this reason, several techniques that allow simplifying (or
pruning) Volterra models with the least impact on overall
accuracy have been proposed. Most of them refer to the time-
domain formulation; simplifications are introduced by
exploiting some kind of a priori knowledge about the system to
be modeled, or by using matching pursuit, compressed sensing
and optimization techniques [32]-[37], assuming a sparse
structure for the underlying model [38]. They are often
employed in the modeling of radiofrequency and microwave
devices [39], but in principle they are general and thus they
abstract from the peculiar application. When nonlinearity is
significant, but memory effects can be considered as short, it
could be advantageous adopting the modified Volterra series
[40], formulated in terms of dynamic deviation of the input
signal.

In some important cases, such as in the modeling of ac power
system devices, the input contains a frequency component
which is much larger than the others. Considering the Volterra
representation, products involving more than one “small” input
component have significantly lower magnitudes. In turn, their
output contributions are also expected to be weaker. In this
context, simplified Volterra models under quasi-sinusoidal
conditions have been defined by neglecting these terms: the
number of coefficients can be reduced dramatically, thus
enabling the employment of frequency-domain Volterra models
of unprecedented degrees [41], [42]. This simplification has
been applied to the modeling of voltage transformers [43] and
diode rectifiers [44], resulting in an exemplary tradeoff between
accuracy and complexity.

In [45] the previously discussed approach has been
somewhat extended: by exploiting a priori knowledge about the
typical amplitude of the input spectral components, they can be
categorized into the “large” and “small” subsets, similarly to
what happens as long as the spectral linearization
approximation (employed to introduce the X-parameters,
namely the extension of the S-parameters to the nonlinear case)

is applied [46], [47]. Output contributions involving the product

of more than an input spectral component belonging to the

“small” subset have been neglected. The resulting simplified

Volterra representations have been defined, and achieved

performance has been evaluated.

When considering once again applications where input
contains a unique largely prevailing input component, a further
simplification can be introduced [48]. In this case, all the output
contributions due to the products involving the main component
and the smaller ones have been neglected. The resulting
representation does not consider any interaction
(intermodulation) between different input components, hence it
is called harmonic distortion (HD) model.

The present paper is the technical extension of [45]. The
target is defining a broader and more flexible class of pruned
frequency-domain Volterra models, so that it is also able to
include and generalize the previously mentioned quasi
sinusoidal and HD models. The input spectral components are
now split into three subsets:

e “Large” input components, whose interactions between
each other are considered as in conventional Volterra
models.

e “Small” input components, which interact only with
“large” input components.

e “Linear” input components, which do not interact neither
with “large”, nor with “small” input components.

Thanks to the proposed approach, the user gains more
freedom in tailoring the complexity of the nonlinear model,
according to the features of the input spectrum and the accuracy
requirements in predicting the output frequency components.

After a brief recall about the frequency-domain Volterra
representation, the proposed class of a priori pruned models is
presented, together with a procedure that enables defining their
structure. The achievable performance has been firstly
evaluated through numerical simulations by adopting different
configurations of the proposed approach to model the behavior
of two Wiener-Hammerstein systems. The impact of noise
during identification is assessed, showing that using a properly
pruned model could be beneficial under these conditions.
Finally, the pruning technique has been experimentally
validated. Results are in full agreement with the expectations,
thus confirming the capability of the proposed method to reach
a favorable tradeoff between model accuracy and complexity
that suits the specific requirements.

II. THE FREQUENCY-DOMAIN VOLTERRA REPRESENTATION

As anticipated during introduction, the Volterra approach
arises as the most natural generalization of LTI systems theory
to the nonlinear case [13], [14]. Supposing that u(f) and y(¢) are,
respectively, the system input and output, their relationship in
the Volterra framework results
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As from (1), the output is the sum of infinite terms yi(?),
which are the contributions coming from an infinite number of
homogeneous subsystems, each characterized by its nonlinear
degree i. In turn, y/(¢) is given by the i-fold convolution between
the ith degree kernel /(zy,. . .,7;) and the input u. In order to stress
the analogy with the LTI case, 4(zi,...,;) is also known as ith
degree generalized impulse response. In practical applications,
the summation in (1) must be bounded to the /th degree, such
as a truncated Taylor expansion is used to approximate a
nonlinear function.

When periodic inputs characterized by the fundamental
angular frequency wy are considered and the target is obtaining
the corresponding steady-state responses, a frequency-domain
approach is favorable. In this case, the two-sided input signal
spectrum is discrete, namely defined by the set I of harmonic
indexes (let R be its cardinality) and by the corresponding set of
harmonic phasors {U(n)}er, each characterized by the angular
frequency nwo. Adopting an /th degree Volterra model, (1) can
be manipulated to obtain the phasor of the generic mth order
output harmonic, which is

(m)= 21 ()
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where H'(ny,...,n;) is the i-dimensional Fourier transform of

Y'(m)=

hi(ty,...,n:;) evaluated in nyax, . . .,n;a%. Similarly to (1), according
to (2) the generic output phasor Y(m) is given by the sum of /
contributions Y(m), ie{1,...,I}, each being the output of a
nonlinear homogeneous subsystem. Y(m) is a weighted sum of
all the possible products between groups of i input phasors
(with repetitions) whose sum of the harmonic indexes ni,...,n;
equals m; the complex-valued weight coefficient of the generic
product is H(ni,...,n;). The first-degree subsystem is LTI and
thus H'(n,) represents its frequency response function evaluated
in nyap. In order to highlight the formal similarity with respect
to the LTI case, H(ni,...,n;) is the ith degree generalized
frequency response function (GFRF) evaluated in the set of
frequencies niay,. . .,niwy.

The set of GFRF values (we often refer to them as
coefficients) determines the system behavior, but the same
input-output behavior corresponds to different sets of GFRFs
[14]. In order to establish a one-to-one relationship, a peculiar
structure for the GFRFs must be selected. The triangular
representation is considered here: Hi(n,...,n;) could be nonzero
only when arguments are sorted in non-ascending order.

Equation (2) can be conveniently rewritten using vector

notation [42] as
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where W', is a column vector whose entries are all the possible

products between i input components (with repetition) whose
sum of the harmonic indexes equals m (thus, according to (2),
it affects the mth order output harmonic). The column vector
H',, includes the corresponding ith degree GFRF coefficients,
which define the model behavior. This compact form highlights
that the Volterra model is linear in the coefficients. Therefore,
identification can be tackled by exciting the system with a
proper set of periodic input signals and observing the
corresponding steady-state periodic outputs. For a generic mth
order output harmonic, using (2) for each signal results in a
linear system of equations whose unknowns are the entries of
H(m). Assuming that it is overdetermined (thanks to the number
and spectral content of the input signals) H(m) can be estimated
as the least squares (LS) solution.

The total number of coefficients that allows obtaining the
output spectrum from the input, thus defining the behavior of
the Ith degree Volterra model is

L (R).
-3 ®

where (-); denotes the Pochhammer polynomial. It should be
noticed that if real-valued input and output signals are assumed,
their spectra are inherently Hermitian. Hence, the number of
independent coefficients is about half of C.

III. PRUNING VOLTERRA MODELS BY EXPLOITING KNOWLEDGE
ABOUT THE INPUT SPECTRUM

Let us consider a generic /th degree Volterra system subject
to real-valued, periodic input signals; the target is computing
the corresponding steady-state response. As aforementioned,
the study can be conveniently carried out in the frequency
domain. Let us assume that some a priori knowledge about the
typical spectral content of the input signals is available. In
particular, let us suppose knowing that there is a set of spectral
components whose magnitudes are likely to be significantly
larger with respect to the others. Let us consider the
contribution to the output spectrum from the ith degree (i>2)
homogeneous nonlinear subsystem According to (2), it is a
linear combination of all the possible products between sets
(with repetitions) of i input spectral components. Of course,
products involving only “large” spectral components have
higher magnitudes, hence they are likely to highly affect the
nonlinear input/output behavior of the system. Products
involving also “small” components have weaker magnitudes,
with those not including any “large” component having the
weakest expected impact on the output. Starting from these
considerations, information about the typical spectral
characteristics of the input signal can be exploited by neglecting
all the output contributions involving more than one “small”
component. This allows considerably reducing the complexity
of the Volterra representation (namely the number of
coefficients defining its behavior) with limited impact on the
output, thus optimizing the tradeoff between accuracy and
computational cost.

The idea summarized in the previous paragraph has been
firstly presented in [45] and it leads to polynomial models that
can be considered as the extension of the class of simplified



Volterra models under quasi-sinusoidal conditions [39], [42]. In
fact, this refers to the specific case where input contains a
fundamental component having a much higher magnitude with
respect to its harmonics, as typically happens in ac power
systems applications. Under this condition, a further
simplification can be introduced if needed: all the output
contributions involving the fundamental and at least a harmonic
are neglected. The resulting model takes into account the HD
produced by the fundamental, while intermodulation is
neglected: the other input harmonics are linearly transferred to
the output, without interacting with each other, nor with the
fundamental. For this reason, we refer to them as HD models:
in some cases, they result in satisfactory performance (with
respect to a predetermined accuracy target) albeit they are
defined by an extremely small set of coefficients [48]. It should
be noticed that this simplification cannot be included in the
class of polynomial models defined in [45]. Therefore, one of
the targets of this paper is further generalizing the approach
introduced in [45], so that it is capable of considering also this
kind of simplification, thus increasing flexibility.

A. Classification of the input spectral components: large,
small and linear subsets

Let us introduce the set of the spectral components that may
appear in the periodic input. Since the input signal is assumed
to be real-valued, the two-sided input spectrum is made of a
constant term (zeroth order harmonic) and pairs of complex
conjugate components, thus the set I" contains zero and couples
of opposite harmonic indexes. For achieving the generalization
introduced in the previous paragraph, I' must be split into 3 non-
overlapping subsets. The first one includes the spectral
components which, according to a priori knowledge, are
expected to be significantly stronger than the others. Their
harmonic indexes are thus the elements of I'r, which is the
subset of the large input (LI) components.

Some of the other input harmonics are likely to interact only
with the LI components, but not with each other. They are
called small input (SI) components, and their harmonic indexes
form the set I's. Contributions to the output spectrum due to
products involving more than one component belonging to I's
are neglected.

Conversely, the rest of the input harmonics is supposed not
to interact with any other spectral component. Therefore, all the
possible output contributions due to products between multiple
harmonics that involve at least one of these components are
discarded. From another point of view, such components never
appear at the input of nonlinear homogeneous subsystems (i>2).
Since they are linearly transferred to the output, they represent
the linear input (Linl) subset; the set of their harmonic indexes
are the elements of I'tj.

B. Model structure and complexity

Assuming that the LI components represent a small subset of
I', the previously described simplification is capable of
dramatically reducing the number of coefficients that rule the
input-output behavior. A new subclass of Volterra systems is
thus defined, whose input-output relationship can be written in

the form (3), but with much shorter vectors Wp(m) and Hp(m1)
replacing W(m) and H(m), respectively. However, a procedure
that allows defining the structure of such vectors is required.
For this purpose, it is convenient considering (2) while applying
the proposed classification of the input components and pruning
of the corresponding output contributions. In turn, the resulting
output can be split into the sum of 3 terms from different
subsystems, as shown in Fig. 1.
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Fig. 1. Block diagram of the proposed class of pruned Volterra systems.

In particular, we have

e A conventional /th degree Volterra system S;, whose input
is represented by the set of components having indexes
belonging to T'L. It allows considering the pure output
contributions of the LI terms.

e A pruned /th degree Volterra system S,, whose generic
output contribution linearly depends on a component
belonging to the SI subset.

e A LTI system Ss, whose input is represented by the union
of the SI and Linl subsets.

C. Volterra subsystem S\

Let us consider the previously introduced decomposition of
the proposed class of simplified Volterra models. The first
output term comes from a conventional /th degree Volterra
system S;. Its input consists of the LI components, whose
harmonic indexes are the L elements of I'.. The algorithm firstly
proposed in [28] can be employed to define the structure of the
ith degree contributions affecting the input-output behavior of
Si; the block diagram reported in Fig. 2 summarizes the
procedure, which is also summarized in the following. Let
H'\(m,...,n;) be the generic coefficient of the ith degree GFRF
of subsystem S;. Having considered a triangular GFRF
representation, H'(n1,...,n;) is meaningful only if ni>n>...>n;.
This guarantees that, for a given set {m;};cq1,. 5 of input
harmonic indexes, there is a one-to-one relationship with a
corresponding GFRF value. Therefore, for a given mth order
output harmonic, the structure of the ith degree contribution is
fully defined by all the products between sets of i input
components (with repetitions) whose sum of their harmonic
indexes equals m, which are the elements of vector W'} ,,

Let us represent I'y as a vector containing the L LI harmonic
indexes, sorted in ascending order, with the highest being N;. A
set of i counters {k;};c 1, is introduced and initialized to zero
(Fig. 2, step a). The state of the counters identifies a set of i



input components, whose generic harmonic index n; (with
je{l,....1}) is the (L—k;)th element of I'r, indicated as I'L(L—k;)
(Fig. 2, step b). Then, the output harmonic order m affected by
this set of components is obtained as the sum of the elements in
{ni}jeq,..iy (Fig. 2, step c). If the output signal is real-valued,
its spectral content is completely defined by nonnegative
frequencies. In that case, only if m>0 a new element is appended
to vector Wiy, containing the product between the considered
set of i LI components (Fig. 2, step d). A new entry is appended
to H' ,,, which contains the coefficient H'(n1,...,n).
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Fig. 2. Flowchart to define the structure of the ith degree output contributions
in a conventional Volterra system.

The last counter £; is then increased by one (Fig. 2, step e); if
its value does not exceed L1, the procedure is reiterated from
step b. Otherwise, counter k;_; is incremented (Fig. 2, step f)
and, if its value is less or equal than L1, the algorithm returns
to step b. This task consisting in counter update and comparison
with L—1 is repeated for all the other counters, down to k. The

procedure is completed when all the counters equal L.

Having run the algorithm, the structure of the ith degree
output contributions from LI components are defined. In order
to derive the structures of the contributions from all the
nonlinear homogeneous subsystems, the most efficient
approach is using the previously presented algorithm to derive
those coming from the highest degree, thus setting i=I.
According to [28], it is straightforward to obtain the structures
of the lower-degree contributions (namely those of the vectors
Wi, and H';, with 1<i</-1) without running again the
iterative algorithm. Finally, the total number of coefficients
defining subsystem S, is obtained using (4), thus

Cs1 = iﬂ Q)

o 1!
that has to be roughly halved having assumed real-valued
signals.

D. Pruned Volterra subsystem S,

According to Section III-B, the second output term is
provided by a pruned /th degree Volterra subsystem that takes
into account also the S SI components, whose harmonic indexes
are the elements of I's. In this respect, the generic ith degree
contribution to the mth order output harmonic comes from the
product between i—1 components belonging to I't and one
belonging to I's, whose sum of the harmonic indexes equals m.
Therefore, the structure of the ith degree output contributions
from S, can be obtained by firstly considering all the possible
sets of i—1 LI components that have been already generated
according to the algorithm described in Section III-C. In turn,
each set of i—1 LI components (with harmonic indexes
{nj}jeq.. iyclL) is paired with another component having
harmonic index n;el’s. A new element is appended both to
vector Wiy, (with m=ni+...+n;1+n,) containing the product
between the i involved components, and to vector H';,, which
contains the corresponding GFRF value. As before, if signals
are real-valued, a contribution is considered only if m>O0.
According to this procedure, that has to be carried out for i
ranging from 2 to /, and reminding (4), the number of
coefficients defining the behavior of subsystem S, (almost
halved in case of real-valued signals) is

Cy, = IZi(L—)S (6)

E. Linear subsystem Ss

The third output term is produced by the linear subsystem Ss,
whose frequency-domain input is represented by all the
components belonging to the SI or Linl subsets. Therefore, for
each me(lLinUls), its behavior is defined by a frequency
response value H';(m), for a total of S+Q coefficients (where O
is the cardinality of ['Lin).

Finally, vectors Wp and Hp of the pruned Volterra model are
obtained by concatenating the contributions of all degrees from
the three subsystems Si, S; and S;. The overall number of
coefficients thus results
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IV. CASE STUDIES AND SIMULATION RESULTS

The target of this section is evaluating through numerical
simulations the effectiveness of the proposed pruning technique
for frequency-domain Volterra models. In this respect, two
Wiener-Hammerstein systems have been selected as case
studies, in which a static nonlinearity A(u;) is sandwiched
between two LTI systems characterized by the transfer functions
(TFs) Fi(s) and F(s), respectively. The generic block diagram
is depicted in Fig. 3.

uy—| Fo PO L - 0

h(uy)

Fy(s)

Fig. 3. Block diagram of a Wiener-Hammerstein system.

A. Class of input signals and pruned Volterra models

The reference system is supposed to be fed with real-valued
periodic waveforms having 50 Hz fundamental frequency, an
average component and harmonics up to the 5 order, namely
I={-5,...,0,...,5}. The class of these input signals is statistically
defined by independent probability density functions (pdfs) of
harmonic amplitudes and phases. The amplitude of the
fundamental component is uniformly distributed between 0.8
and 1.2, while that of the 3" order harmonic has uniform
distribution between 0.5 and 0.8. The constant term is uniformly
distributed between —0.05 and 0.05 and the 2™ order harmonic
has uniform amplitude distribution between 0.02 and 0.05. The
4" and 5% order harmonic magnitudes are characterized by
rectangular pdfs between 0.01 and 0.03. Phases have
independent uniform probability distributions in [z, 7).

Let us suppose to roughly know in advance what are the
expected amplitudes of the input spectral components.
According to Section III, the first step to build the proposed
pruned Volterra models is exploiting this knowledge for
classifying such components into non-overlapping subsets I'r,
I's and T'in=I"\(I'LUT's). However, it is worth highlighting that
such a priori information about expected amplitudes may not
directly translate into a unique composition for the sets I't, I's
and T'Li,, but instead it typically suggests few model
configurations that the user may consider, as it will be shown in
the following. The best structure among them can be selected
ex post, comparing the achieved results with the peculiar
accuracy target. Moreover, these results may also suggest
refining the classification of the input spectral components,
leading to further model structures.

Since real-valued inputs are considered, according to the
adopted formalism I't, I's and I'rin shall include both positive
harmonic indexes and their opposites. However, from here on,
only nonnegative harmonic indexes will be indicated for the
sake of a more compact notation. Considering the previously
defined class of input signals, the fundamental component has
the highest expected amplitude. Therefore, a first possibility is
choosing I't={1}; I's={0,2,...,5}, thus corresponding to a quasi-

sinusoidal Volterra model [39], [42]. Howeyver, also the 3" order
harmonic has a very significant magnitude: it seems reasonable
to include it into the large input subset, leading to I''={1,3}. In
turn, different possibilities can be taken into account as far as the
small input subset. Since the other components are much smaller
with respect to the fundamental and the 3™ order harmonic, a
first possibility is to include none of them into I's, which leads
to the lowest complexity. The average term and the 2" order
harmonic can be almost twice as large with respect to the 4% and
5t: therefore, another choice is I's={0,2}. Alternatively, all of
the previous components can be included into the small input
subset, thus I's={0,2,4,5}, but resulting in considerably higher
complexity. For all these pruned Volterra representations,
nonlinearity degrees /=3 and 5 have been considered. Complete
3¢ and 5" degree Volterra models and the best linear
approximation [1] have been also taken into account as
performance benchmarks. The complexities of the different
models have been compared in terms of the number of
coefficients defining their behaviors, and the result is
summarized in Fig. 4.
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Fig. 4. Number of coefficients defining the considered models.

A conventional 5" degree Volterra model (I''={0,...,5};
I's=J; I=5) would surely enable the best representation of the
reference system, but as from Fig. 4, it requires more than 2300
coefficients. The most detailed among the considered pruned
representations (I''={1,3}; I's={0,2,4,5}; I=5) is defined by 340
coefTicients, slightly higher than those of a 3™ degree complete
Volterra model (I't={0,...,5}; I's=J; I=3). Reducing the small-
signal subset to I's={0,2}, the number of coefficients is almost
halved. Considering I't={1,3} but no small input components
leads to just 88 coefficients, very close to that of a 5" degree
quasi sinusoidal Volterra model. As far as the 3™ degree models
are considered, a similar complexity reduction can be observed.
It should be noticed that, when comparing (4) to (7), it becomes
evident that the reduction in the number of coefficients
achievable with the proposed pruning approach is as effective as
the LI components are a small subset of the overall input
harmonics. Even stronger complexity reduction occurs if the
maximum input harmonic index is larger than 5 (as often
happens in practical applications) and for a nonlinearity degree
I above 5.
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Fig. 5. Error ¢ for the considered pruned Volterra models at the different harmonics (reference system with polynomial nonlinearity).

B. Identification and validation procedure

For a given reference system, the first step is identifying the
coefficients characterizing the different behavioral models. The
considered Wiener-Hammerstein system is thus fed with
P=1000 input signals belonging to the previously defined class,
evaluating the corresponding steady-state output harmonics.
The input-output relationship of all the considered models can
be expressed in the form (3), namely the collected data enables
writing a linear system of P equations for each output
component. Since P is always considerably greater than the
maximum length of the vector of the unknowns, given the
characteristics of the class of the injected signals, these systems
of equations are overdetermined. Therefore, the LS estimate of
the model coefficients can be obtained thanks to the Moore-
Penrose inverse.

Once having estimated the coefficients of all the considered
models, (3) enables reconstructing each output harmonic for the
whole set of P input signals. In order to evaluate the accuracy
of each model, predicted output harmonics have been compared
with the actual output of the reference system. For each model
and harmonic, the following error &(m) has been evaluated:

sy Y0

ber 7 2 A 8
@ "

Y.(m) and Y(m) represent the vectors concatenating the
predicted and the actual mth order output harmonic for all the
input signals, while ||-|| denotes the Euclidean norm.

C. Wiener-Hammerstein System with polynomial nonlinearity

In the first test case, the Wiener-Hammerstein system is
defined as follows. F(s) corresponds to a second-order Bessel
low-pass filter having 150 Hz cutoff frequency; F»(s) is the TF
of a second-order, Chebyshev low-pass filter characterized by
3 dB bandpass ripple and 350 Hz cutoff frequency. The static
nonlinearity is represented by a 5% degree polynomial function
h(u), written in the form

h(u) = Z}/ ©

The values of the coefficients y; are reported in TABLE 1.

COEFFICIENTS OF THE 5™ DEGREE POLYNOMIAL
FUNCTION

TABLE L.

Yo Vi )2 V3 V4 Vs
0 1 -0.04  0.05 0.01 0.03

Having defined the reference system, the next step is
representing its frequency-domain behavior by using the pruned
Volterra models that can be defined on the basis of the proposed
approach, considering the expected amplitude of the input
components. It is worth highlighting that Wiener-Hammerstein
systems having /th degree polynomial nonlinearity are a
subclass of the /th degree Volterra systems. Therefore, the
different behaviors between the reference system and the
identified 5% degree pruned Volterra models are purely due to
undermodeling (or definitional uncertainty) produced by the
neglected interactions between input harmonics. In the
following, each Ith degree simplified Volterra model will be
denoted with the subsets of large and small components (I'L and
I's). Harmonics present in the input which are not elements of 'L
or ['s belong to I'in.

The considered behavioral models have been identified and
validated according to the procedure described in Section IV-
B. For each harmonic, the errors ¢(m) defined as in (8) are
reported in Fig. 5. According to the previous considerations, the
employment of a full 5% order Volterra model (not shown)
would have resulted in theoretically zero error.

Results highlight that the reference model is characterized by
a highly nonlinear behavior: in fact, the accuracy achieved by a
linear model is poor, with & above 80 % at the 4" and 5" order
harmonics. Errors are significantly lower at the largest injected
spectral components, namely the fundamental and the 3™ order
harmonic: nonlinear output contributions have a smaller
relative impact in this case. As expected, 5 degree models have
significantly better performances than the 3™ degree ones. Even
more interesting, the accuracy of the full 3™ degree Volterra
model is very close to the 3™ degree pruned models I''={1,3};
I's={0,2,4,5} and I''={1,3}; I's={0,2}, requiring just 81 and 50
coefficients, respectively. Therefore, under these conditions,
Ii={1,3}; I's={0,2} is the most effective 3 degree pruned
Volterra model. The 5" degree quasi-sinusoidal Volterra



representation (I't={1}; I's={0,2...5}) does not achieve very
good performance, especially when compared to models
including the 3" order harmonic in the large input subset. As
expected, the best accuracy is achieved by model I''={1,3};
I's={0,2,4,5}; I=5, which is also the most complex pruned
Volterra model, albeit it has 1/7 of the coefficients of a full
Volterra system with the same degree. Very good results can be
achieved also by model I''={1,3}; ['s={0,2}; =5, which is
noticeably worse only at even-order components.

In order to assess the overall accuracy achieved by the
different models in predicting the output waveforms, the
normalized root mean square error (NRMSE) has been
computed for each pth excitation signal, pe{l,...,P}. It is
defined as

NRMSE! = ,I[yc[ﬂ (t)_y[p] (t)Tdt
[ (0)] ar

where T is the period, y)(z) is the time-domain output
waveform of the reference system corresponding to the pth
input signal, while y./P)(¥) is that predicted by one of the
considered models. Since we are under the assumptions of the
sampling theorem, the corresponding frequency-domain
expression has been employed for a more effective calculation.
The average values computed over the P signals (indicated as
NRMSE,,,) are reported in Fig. 6.
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Fig. 6. NRMSE,,, for the different pruned Volterra models (reference system
with polynomial nonlinearity).

As expected, the linear model provides a rough
approximation of the output waveform, with NRMSE,,,
reaching 14 %. Poor performance is also achieved by quasi-
sinusoidal models (I''={1}; 's={0,2...5}) with similar values of
about 6 % for both the 3™ and 5™ degree. This clearly suggests
that at least the interaction between the fundamental and the
third order harmonic plays a major role. All the other
representations are characterized by much better performance,
but the best overall accuracies are reached by models I''={1,3};
I's={0,2} and I''={1,3}; I's={0,2,4,5} with /=5. NRMSE,,
values are about 0.5 % and 0.16 %, respectively, namely far
better with respect to all the others. In particular, the structure
I'={1,3}; I's={0,2}; I=5 achieves a very favorable tradeoff
between complexity and accuracy.

D. Wiener-Hammerstein Benchmark

The second test case is based on the benchmark for comparing
black-box nonlinear system identification methods presented in
[49]. The reference system is a Wiener-Hammerstein model,
with Fi(s) being the TF of a third order lowpass Chebyshev filter
with 0.5 dB passband ripple and 4.4 kHz cutoff frequency. F(s)
corresponds to a third order inverse Chebyshev filter with 40 dB
stopband attenuation at 5 kHz. The static nonlinearity is due to a
voltage divider made of a 1 kQ resistor and a 10 kQ resistor that
is parallel connected to a diode. Its current-voltage characteristic
has been represented with the Shockley equation, whose
parameters have been extracted from the 1N4148 datasheet. The
key difference with respect to the previous test case is that now
the reference system no longer belongs to the class of truncated
Volterra systems. Therefore, an /Jth degree Volterra
representation inherently result in undermodeling; for this very
reason, the full 5™ degree Volterra system is included in the
comparison.

LS identification of the behavioral models and performance
assessment have been carried out according to the procedure
defined in Section IV-A. After that, the spectral components of
the P input-output identification waveforms have been
corrupted by independent additive noise with circularly
symmetric complex normal distribution, characterized by the
standard deviation o of the real and imaginary parts. Two noise
levels have been considered, with ¢ corresponding to 0.5 % and
1 % of the average rms value of the signals. For quantifying
performance degradation, the identification procedure and the
corresponding validation (the latter performed under noiseless
condition) have been repeated 100 times for each noise level,
evaluating the rms value of the error &(m). Obtained values are
reported in Fig. 7: solid bars refer to noiseless identification,
whiskers show the increase of &(m) for the two noise levels.

The nonlinear behavior of the reference system is rather
strong, since linear modeling leads to huge errors. This is
especially true for the output components corresponding to a
weaker expected input magnitude, where nonlinear
contributions have stronger impact in relative terms. In fact,
while error at fundamental and 3" order harmonics is below
8 %, it exceeds 90 % as far as the other components. Noise has
a negligible impact in this case.

When moving to a frequency-domain Volterra model, the
accuracy improvement is remarkable, with errors mostly below
10 % for all the output harmonics. However, they highly differ
both in terms of performance, complexity and robustness to
noise. It is not surprising that, under noiseless conditions, the
best accuracy is reached by the full 5% degree Volterra model,
defined by the largest set of coefficients. Error almost reaches
10 % at the 5™ order harmonic, while being much smaller for
the other components (around 2 % or significantly better). On
the other hand, the accuracy of such model exhibits the highest
noise sensitivity. The reason lies in the large number of weak
output contributions, which are prone to be corrupted by noise
during identification.

Considering the 3™ degree models, accuracy is noticeably
improved when moving from a quasi-sinusoidal model
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Fig. 7. Error ¢ for the considered pruned Volterra models at the different harmonics; whiskers show performance degradation corresponding to the two noise

levels (Wiener-Hammerstein benchmark).

(T'={1};T's={0,2,...,5}), to those including at least the 3" order
harmonic in the large signal subset (the simplest being I''={1,3};
I's= ). In this respect, performance is very similar, albeit their
number of coefficients varies by almost a factor 8. On the one
hand, these numbers show how the proposed pruning approach
enables reducing model complexity with weak impact on
performance. On the other hand, this means that in this case the
bottleneck is having neglected higher-degree nonlinear
contributions: better performance is viable only by increasing /.
Impact of noise is rather limited for all the 3" degree models.

Considering /=5 under noiseless conditions, Fig. 7 suggests
that the best balance between accuracy and complexity is
obtained with the model defined by I't={1,3}; I's={0,2},
achieving almost the same performance as the full Volterra
model, but defined by less than 200 coefficient instead of more
than 2300. Further expanding either the large signal or the small
signal subset results in limited improvement. Moreover,
whiskers highlight that the additional output contributions
greatly boost noise sensitivity. In fact, it may happen that a
pruned 5" degree model achieves better performance than a full
Volterra model when identification is carried out in the
presence of significant disturbances.

Therefore, the proposed pruning technique allows
considering in a simple way the most significant output
contributions, which are also those characterized by the highest
signal to noise ratio during identification. This enables adopting
high nonlinear degrees without stepping into huge complexity,
which may result not just in unnecessarily high computational
burden, but also in degraded performance due to
overparameterization and poor robustness to noisy
identification data.

Finally, Fig. 8 compares a typical output waveform of the
reference system and three corresponding reconstructions
obtained with different behavioral models: linear, a pruned
Volterra model (I't={1,3}; ['s={0,2}; /=5) and a full 5" degree
Volterra model. As expected, the linear model achieves a very
poor output prediction, while the waveforms obtained with both
the full and the pruned Volterra models are hardly
distinguishable from the actual output.
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Fig. 8. Time-domain output signal and their reconstructions obtained with a
linear model, a pruned Volterra (I'\={1,3}; I's={0,2}) and full Volterra
model with /=5 (Wiener-Hammerstein benchmark).

V. EXPERIMENTAL VALIDATION

A. Experimental setup

The proposed pruning technique has been experimentally
applied to represent the behavior of a Wiener-Hammerstein
system subject to periodic input signals belonging to the class
previously defined in Section IV-A.

In this case, the input LTI system is a 2" order Butterworth
lowpass filter having 250 Hz cutoff frequency. Its output
voltage feeds a static nonlinearity, whose structure resemble
that adopted in the Wiener-Hammerstein benchmark [49]. It
consists of a voltage divider, made of a 1kQ resistor and a
10 kQ resistor that is parallel connected to an IR 11DQO5
Schottky diode. In turn, the voltage across the diode represents
the input of another 2™ order Butterworth lowpass filter with
200 Hz cutoff frequency. Generation of the input signal and
acquisition of the resulting output have been provided by a NI
USB—-6356 data acquisition board. For each signal injection,
M=100 steady-state periods of the corresponding output have
been acquired with 100 kHz rate, namely 2000 samples per
period. Spectral components have been extracted by computing
the DFT on each observed period of the output, then averaged
over the M periods to minimize the impact of measurement
noise.
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Fig. 9. Error ¢ for the considered pruned Volterra models at the different harmonics (experimental results).

B. Experimental results

The experimental setup described in Section V-A has been
employed to measure the steady-state output spectra of the
Wiener-Hammerstein system subject to P=1000 input voltages
belonging to the class introduced in Section IV-A. Using these
data, the full and pruned frequency-domain Volterra models
introduced in Section IV-A have been identified and validated,
following the procedure of Section IV-B. The adopted Schottky
diode has a very steep v-i characteristic, resulting in significant
high-order nonlinear contributions and thus challenging
conditions. For this reason, four pruned 7% degree Volterra
models were added to the comparison, defined by the
reasonable classifications of the input spectral components (on
the basis of their expected magnitudes) previously discussed in
Section IV-A. Therefore, we have the 7" degree Volterra
models TI'={1,3}; Ts=d (97 coefficients), I''={1};
I's={0,2,...,5} (121 coefficients), I''={1,3}; I's={0,2} (299
coefficients) and I't={1,3}; I's={0,2,4,5} (525 coefficients). A
7" degree Volterra model would have resulted in huge
complexity, hence it has not been considered.

Figure 9 shows the obtained results in terms of error &(m)
defined by (8). As happened in the previous case studies, the
quasi-sinusoidal pruned models (characterized by I''={1})
cannot reach good accuracy, while errors decrease significantly
as the third order harmonic is added to the large subset. This
means that the interaction between fundamental and 3™ order
harmonic produces significant output contributions; neglecting
them results in a severe performance cap.

It is worth noting that because of the abrupt nonlinearity of
the reference system, all the 3™ degree models perform
similarly, but they achieve rather poor accuracy. For this
reason, we report only the results obtained with a full 3
Volterra model. Moving to /=5, performance improves
noticeably, while it is possible to see that a full model performs
just marginally better than that pruned with the proposed
approach having I''={1,3}; T's={0,2,4,5}, in spite of the
significant difference in complexity (7 times more coefficients,
see Fig. 4). This, once again, confirms the effectiveness and
flexibility of the pruning technique.

When considering / = 7, the pruned model defined by the sets
I't={1,3}; I's= @ reaches a slightly worse results than the full 5%
degree model, but with just 97 coefficients (i.e., about 24 times

less). Moreover, the pruned Volterra model characterized by
I'={1,3} and I's={0,2,4,5} is defined by 525 coefficients, but it
performs significantly better than the more complex full 5%
degree model. In particular, error values are more than halved,
except for m = 3.

Finally, the overall accuracy achieved by the different
models in predicting the output signals has been evaluated in
terms of NRMSE, defined as in (10) but computed in the
frequency domain. The average values over the P test signals
have been obtained and results are reported in Fig. 10.
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Fig. 10. NRMSE,,, for the different pruned Volterra models (experimental
results).

Also in this case, for the previously explained reasons, the
performance achieved by the pruned 3™ Volterra models are not
shown. These results further highlight the effectiveness of the
proposed pruning approach. A full 5" degree Volterra model
results in 1.58 % NRMSE,, just slightly lower than that
obtained with a pruned 5% degree Volterra model with
I'i={1,3}; I's={0,2,4,5} or a pruned 7" degree Volterra model
defined by I''={1,3}; I's=(J, having a much simpler structure.
The best overall performance (0.81 % NRMSE,,,) is obtained
adopting a pruned 7" degree model with I'1={1,3};
I's={0,2,4,5}, which in this case represents an excellent tradeoff
between accuracy and complexity.

VI. CONCLUSION

This work proposes a method that allows exploiting the
knowledge about the presence of prevailing components in the
input spectrum for substantially reducing the number of



coefficients defining a frequency-domain Volterra model, with
minor impact on accuracy. According to the presented
approach, input spectral components are classified into three
subsets: large, small and linear. Small components interact
only with large components, while linear components are
linearly transferred to the output. The -classification is
qualitatively driven by the expected magnitudes of the input
components, which may suggest alternative configurations.
Starting from them, the user can tune the balance between
accuracy, complexity and noise robustness, according to the
peculiar requirements and conditions. Once the input
components have been classified, a simple algorithm enables
obtaining the structure of the pruned model.

The performance that can be achieved by adopting the
proposed pruning approach has been firstly evaluated through
numerical simulation by means of two case studies, also in the
presence of noise during identification. Then, the effectiveness
of the pruning technique has been validated experimentally.
Both simulation and experimental results highlight the
flexibility of the approach, which enables obtaining pruned
models suiting specific needs in terms of accuracy and
complexity. This allows one to adopt high nonlinearity degrees
that, with the conventional Volterra approach, would result in
unmanageable complexity and troublesome identification.
Moreover, neglecting weak output contributions could
significantly enhance robustness to noise that may affect
identification data, thus enabling better overall performance
under these conditions.
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