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A B S T R A C T

Environmental vibrations caused by seismic waves and traffic loads pose increasing risks in urban areas due to 
their low attenuation and structural impact. To mitigate the in-plane bulk waves and vertical Raleigh wave 
component generated by ambient vibrations, we proposed a coupled meta-rod assembled from a local resonance 
(LR) bar and a negative-stiffness (NS) system. This meta-rod is designed in two forms to redistribute the wave 
energy, where the NS system is introduced as a boundary constraint. We develop analytical models based on the 
Bloch conditions and the transfer matrix method to solve and investigate dispersion relationship and trans
mission abilities. Complementarily, finite elements (FE) models are also established to validate the analytical 
results and further visualise the interaction between the LR bar and NS system during longitudinal wave 
propagation. The results indicate that most of long-wavelength waves propagate through the low-stiffness me
dium within the coupled system. As wave energy is redistributed across frequency, an additional attenuation 
region emerges beyond the LR bandgap due to the maximum in-phase motion between the LR bar and NS system. 
This internal interaction gradually dominates the attenuation mechanism as the LR bandgap shifts toward lower 
frequencies under boundary constraints, providing more effective suppression before the resonance frequency. 
This study offers a promising strategy for the design of efficient vertical vibration mitigation solutions.

1. Introduction

Environmental vibrations induced by traffic or seismic activities are 
persistent and recurrent, propagating outward through the soil in the 
form of elastic waves. These vibrations are composed of a broad range of 
low-frequency and long-wavelength components, that are correlated to 
low attenuation rates. They can significantly disrupt sensitive equip
ment (Clouteau et al., 2001; Kuo et al., 2019; Yu et al., 2020) and 
adversely impact on the life quality of residents in affected areas 
(Griefahn et al., 2006). The traffic-induced vibrations generally occur 
within the frequency range of 1–80 Hz (Thompson et al., 2019), while 
the main seismic wave energy typically lies within a narrower band of 
1–10 Hz (Kanellopoulos et al., 2022). The widespread nature of these 
dynamic characteristics poses a challenge in designing protective mea
sures for shielding against ambient vibrations.

To attenuate in-plane polarised waves (bulk and surface) generated 
by environmental vibrations, many efforts have been made to develop 
wave screening structures and seismic protection systems. The most 
common measures include using trenches and pile barriers along the 

vibration transmission path (Barkan, 1962; Woods, 1968; Woods et al., 
1974; Segol et al., 1978; Gao et al., 2006; Cao and Cai, 2013; Brûlé et al., 
2014; Thompson et al., 2016; Ramaswamy et al., 2023), or installing 
energy-damping devices within the protected structures (Setareh, 2001; 
Ali and Ramaswamy, 2009; Tuan and Shang, 2014; Chang et al., 2018; 
Christopoulos and Filiatrault, 2022; Jiang et al., 2024). The former 
isolation measures essentially work depending on the mechanical 
impedance ratio between the surrounding soil and inclusions. By 
embedding materials with differential impedance into the soil, the 
high-frequency waves with short wavelengths will be desirably isolated 
or reflected during their propagation. However, the impedance 
mismatch mechanism is difficult to implement effectively for the rela
tively low-frequency range due to the requirement for large or even 
impractical geometric dimensions. For this reason, damping devices 
become one of the most widely used methods by shifting the structural 
resonances away from the most energetic frequencies of seismic spectra 
(Palermo et al., 2016). A more evident control effect in the low fre
quency can be achieved by increasing the mass size of these damping 
devices (Feng and Mita, 1995; Fang et al., 2021, 2024). However, this 
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increase in mass size implies larger stresses and a greater amount of 
material, which may be impractical for most applications.

In the context of elastodynamics, the advent of mechanical meta
materials has inspired diverse approaches towards controlling the 
propagation characteristics of elastic waves. Among diverse mechanisms 
arising from the special ordering of internal space, the local resonance 
(LR) mechanism shows a remarkable ability to manipulate and attenuate 
elastic waves at sub-wavelength scales (Sugino et al., 2018; Zheng et al., 
2024; Han et al., 2025; Wang et al., 2025), primarily due to the 
hybridisation of internal resonant modes (Liu et al., 2000; Colquitt et al., 
2017). Recently, inspired by the stiffness counterbalance phenomenon, 
researchers have incorporated the concept of negative stiffness (NS) into 
LR mechanical metamaterials, proving a viable approach to lowering the 
resonant frequency without the requirement of increased mass (Carrella 
et al., 2012; Huang et al., 2014; Song et al., 2019; Tan et al., 2022, 
2024a; Demir and Yilmaz, 2022; Jiao et al., 2023; Zhou et al., 2024). The 
fundamental concept of this mechanism involves utilising geometric and 
force nonlinearities to effectively reduce the stiffness of the isolator. To 
bring this to fruition, the unstable phenomena have been skilfully uti
lised through the use of post-buckling beams, perforated plates, shell 
structures, multiple magnet systems, origami, compressed springs, and 
so on (Dalela et al., 2022; Tan et al., 2024b). Notably, Zhou et al. (Zhou 
et al., 2017; Cai et al., 2020) presented a quasi-zero stiffness meta
material composed of folding beams or oblique compression springs, 
enabling a lower bandgap while ensuring load-bearing performance. 
Building on this, Wang et al. (2021) introduced a novel 
negative-stiffness mechanism (NSM) into the resonator for facilitating 
the neutralisation of translational and torsional stiffness. By adjusting 
the parameters of the NSM, this work offers a flexible way to tune the LR 
bandgap within a large frequency range. When the positive- and 
negative-stiffness materials exhibit nearly equal absolute stiffness, the 
equivalent stiffness of the whole system tends toward infinity, which 
represents extremely high practical stiffness. Lakes et al. (Lakes, 2001; 
Lakes et al., 2001) embedded NS materials as inclusions in a positive 
stiffness matrix, thus preserving a sufficiently stiff matrix and thereby 
ensuring structural stability. Kochmann and Milton (2014) established 
mathematical limits on the modulus of elasticity for composites incor
porating NS components to ensure structural stability. Mei et al. (2023)
also suggested that NS units can maintain stability under appropriate 
constraints.

In civil engineering, elastically supported foundations are usually 
modelled as a series of closely spaced, mutually independent, and linear 
elastic springs, offering vertical or horizontal resistance proportional to 
the deflection of structures (Makris and Gazetas, 1992; Cabello et al., 
2016; Rodrigues et al., 2018; Zemskov and Van Hao, 2025). Inspired by 
these external constraints, Xu et al. (2023) and Lin et al. (2021) inves
tigate the quasi-static bandgap characteristics of meta-chains composed 
of a series of grounded NS springs, which evidently provide a more 
effective attenuation coefficient at lower frequencies. Similarly, Xiao 
et al. (2024) proposed a new configuration of periodically supported 
pipes equipped with NS resonators, achieving a significantly broader LR 
bandgap than traditional resonators under the same mass. Moreover, 
researchers have found that external boundary constraints, such as 
bedrock layers (Achaoui et al., 2017; Maheshwari and Rajagopal, 2022; 
Wang et al., 2023) or rigid external supporting (Lu et al., 2024), also 
bring more structural stability and wave attenuation within the target 
abatement spectra. Lu et al. (2024) developed an improved formulation 
to explore the mechanical behaviour and wave attenuation performance 
of meta-rod, revealing how external boundary constraints remarkably 
improve its dynamic performance. Although rigid external constraints 
represent a strong assumption in realistic scenarios involving complex 
environmental vibrations, the aforementioned studies have enabled the 
practical integration of existing constraints with NS elements in civil 
engineering applications. Following this principle, researchers have 
recently introduced artificial elastic or rigid constraints oriented parallel 
to the host structure. Specifically, Chen et al. (Chen and Elbanna, 2017) 

introduced a new mechanism for generating bandgaps with substantial 
attenuation by coupling continuous elastic rods with constraints and 
springs. Liu et al. (2016) fixed steel bars around the positive stiffness 
matrix to activate the negative effective mass of the whole structure in 
the low-frequency range. Subsequently, Nhi H. Vo et al., 2021, 2022
applied this concept to a meta-truss composed of two thin skins rigidly 
connected to the meta-lattice trusses. These innovations inspired the 
idea of developing a coupled meta-rod coupling with external artificial 
constraints to effectively mitigate the environmental vibrations in 
different spectra.

Hence, this study aims to propose an effective coupled meta-rod 
based on the negative stiffness mechanism to mitigate the in-plane 
polarised bulk waves and vertical Rayleigh waves components gener
ated by ambient vibrations. By employing an outer pipe surrounding the 
inner elastic LR rod, the structure is designed to redistribute the wave 
energy through the connected NS system while maintaining the stability 
of the system. We developed an improved formulation for the coupled 
LR on both surface and interior of the foundation to solve their disper
sion relation properties and wave attenuation behaviour. Then, how the 
internal interaction and boundary constraints of the proposed coupled 
meta-rod govern their attenuation ability in different ranges is investi
gated. Complemented by wave field analysis, the mutual motion in 
influencing the propagation characteristics is further confirmed in two 
application scenarios.

The remainder of this paper is as follows: we first introduce the 
configuration and physical model of coupled meta-rod for vertical vi
bration mitigation in Section 2. Section 3 develops the analytical 
framework based on the Bloch condition and transfer matrix method 
(TMM). Besides, in Section 4, a numerical method is also established to 
investigate the interaction within the proposed structure as a comple
ment and comparison to the analytical results. In Section 5, we discuss 
the application of the proposed structure as meta-column and meta-pile 
in two vibration scenarios, revealing the attenuation mechanisms 
induced by the internal mutual motion and boundary constraints effect. 
The practical issues and options of the proposed structure are discussed 
in Section 6. Finally, conclusions and future outlooks are summarised in 
Section 7.

2. Coupled meta-rod configurations for vertical vibration 
mitigation

Environmental vibrations-induced elastic waves include bulk waves 
(P-waves and S-waves) propagating downward or upwards within the 
ground, and surface waves (Rayleigh waves) travelling along the ground 
surface. Among these, vertical components, which may induce signifi
cant structural displacements, have attracted considerable attention, 
especially in scenarios involving precision instruments (DeBra, 1992; 
Zhang et al., 2024). Therefore, this study primarily focuses on the ver
tical Raleigh wave component generated by traffic loads and bulk waves 
arising from seismic actions. To shield target equipment or buildings 
from these vertical vibrations, we propose an LR rod integrated with an 
NS system, which is installed both on surface and interior of the foun
dation (see Fig. 1). By adjusting the geometric parameter, this coupled 
meta-rod is designed in forms of meta-column and meta-pile to redis
tribute the wave energy under complex environmental vibration.

The unit cell of coupled meta-rod consists of three components: 
elastic (inner) rod, resonator, and NS system, as shown in Fig. 1. The 
resonator is attached to the elastic rod, typically inducing an LR bandgap 
at sub-wavelength scales. The NS system is implemented by applying 
pre-compression to springs connected to an outer pipe. When the ver
tical Rayleigh wave component or bulk waves are incident on the 
coupled meta-rod, the inner resonator, comprising a metal ring and a 
rubber ring, oscillates primarily in the vertical direction. A strong 
wave–structure interaction is excited when the frequency of the incident 
wave is close to the local resonance (LR) frequency of the inner reso
nator, leading to the formation of a LR bandgap. The starting frequency 
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of this LR bandgap can be lowered through coupling with NS system. 
The outer pipe, acting as an external artificially induced constraint, in
fluences the dynamic behaviour of whole structure by modulating the 
internal thrust force generated within the NS system. Adjusting its 
stiffness enables control over the position and width of bandgap. Thus, 
we can simultaneously leverage both boundary constraints effect and 
internal interaction to mitigate vertical vibrations generated by traffic 
and seismic excitations, especially in a lower frequency range.

3. Analytical model

In this section, the analytical models of the coupled meta-rod are 

developed to investigate dispersion relation properties and trans
missibility. We start with the presentation of a physical model, detailing 
the structural components and their forced status under the vertical 
vibrations. Then the interaction between outer pipe and inner rod is 
captured by representing it as a series of interacting forces. By applying 
the continuity condition of stress, the motion equations for longitudinal 
wave propagation in two components are coupled and solved. The 
analytical exploration then proceeds to derive the dispersion relation 
based on the Bloch condition and boundary continuity condition. 
Moreover, the transmissibility is also derived by using TMM to declare 
the mutual motion within structures.

Fig. 1. Schematic of the proposed coupled meta-rods for mitigating vertical vibrations induced by traffic loads and seismic.

Fig. 2. The analytical model of coupled meta-rods. (a) Structural components of the unit; (b) Static analysis under the action of vertical vibrations; (c) Computational 
model for dispersion relation and transmissibility analysis.
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3.1. Dispersion relation

Generally, vibration responses with strains less than or equal to 10− 5 

orders of magnitude are regarded as elastic responses. In the context of 
this assumption, each component including inner rod, rubber ring, metal 
ring, and outer pipe (see Fig. 2(a)) is modelled as a homogeneous and 
linear elastic material with Young’s modulus (E), density (ρ), and 
Poisson’s ratio (υ). As shown in Fig. 2(b), the movement of the jth inner 
rod (uj

I(z)) under the vertical excitation results in the dynamic response 
within the resonator (uj

M(z)). A displacement difference is induced be
tween the resonator and the outer pipe (uj

O(z)), leading to a release of the 
compression spring. Assuming that the force within the resonator, sup
plied by the rubber ring, can be decomposed into two independent parts 
in both horizontal (F0) and vertical directions (F1), then the force 
released by compression spring (F2) can be balanced or partially coun
teracted by these two forces. More details about the NSM and its effect 
on mechanical properties can be found in the work of Lu et al. (2024).

This section aims at performing the eigenvalue analysis of infinite 
periodic units based on the computational model illustrated in Fig. 2(c). 
The resonator is simplified as a positive-stiffness (k1) spring and a mass 
block (M) connected to a negative-stiffness (k2) spring. Moreover, as 
stated in Section 2, the second application scenario for the proposed 
coupled meta-rods is installed within the foundation. To investigate 
more boundary constraints effects, a series of mutually independent and 
linear elastic vertical springs (ks) are adopted against the direction of 
motion to represent the surrounding soil effect under the small strain 
assumption (Yang and Hung, 1997). It’s necessary to note that these 
springs are set to zero in the first application scenario where soil action is 
absent. Under the above assumptions and simplifications, the governing 
equation of both propagation media with longitudinal motion is 

∂2uI(z, t)
∂t2 = c2

I
∂2uI(z, t)

∂z2 , (1.a) 

∂2uO(z, t)
∂t2 = c2

O
∂2uO(z, t)

∂z2 , (1.b) 

where uI(z, t), uO(z, t) denote the longitudinal displacement of inner rod 
and outer pipe, respectively; cI, cO is the longitudinal wave speed of two 
propagation media with different materials. The longitudinal wave 
speed generally can be calculated by c =

̅̅̅̅̅̅̅̅
E/ρ

√
. Considering a steady 

state solution with the form u(z,t) = U(z)e− iωt , the displacement in inner 
rod can be given by: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

UI,L = A1 cos
(

ω
cI

z
)

+ A2 sin
(

ω
cI

z
)

UI,U = A3 cos
(

ω
cI

z
)

+ A4 sin
(

ω
cI

z
) . (2.a) 

Similar to the outer pipe, the displacement can be expressed by: 
⎧
⎪⎪⎨

⎪⎪⎩

UO,L = A5 cos
(

ω
cO

z
)

+ A6 sin
(

ω
cO

z
)

UO,U = A7 cos
(

ω
cO

z
)

+ A8 sin
(

ω
cO

z
) , (2.b) 

where UI,L,UI,U,UO,L,UO,U denote the mode shape of lower and upper 
half of inner rod, and outer pipe respectively; z is axis coordinates within 
[0, a]; a is known as the lattice constant, which denotes the length of a 
unit cell. There are eight unknown coefficients for these four mode 
shapes, denoted as A1,A2…A8. According to the Bloch condition U(0) =

U(a)e− iqa and boundary continuity condition UL

(
a
2

)
= UU (a

2), four 

equations about displacement can be determined as: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A1 = e− iqa
[

A3 cos
(

ω
cI

a
)

+ A4 sin
(

ω
cI

a
)]

A5 = e− iqa
[

A7 cos
(

ω
cO

a
)

+ A8 sin
(

ω
cO

a
)] , (3) 

and 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A1 cos
(

ω
cI

a
2

)

+ A2 sin
(

ω
cI

a
2

)

= A3 cos
(

ω
cI

a
2

)

+ A4 sin
(

ω
cI

a
2

)

A5 cos
(

ω
cO

a
2

)

+ A6 sin
(

ω
cO

a
2

)

= A7 cos
(

ω
cO

a
2

)

+ A8 sin
(

ω
cO

a
2

) ,

(4) 

where q is the wave number of longitudinal waves propagating in the 
coupled meta-rod.

To solve the dispersion curve, four additional equations are required 
to formulate the eigenvalue equation. Besides the displacement conti
nuity condition, stress continuity is one of the most widely used condi
tions in the eigenvalue analysis. For the case of a homogeneous bar σ =

ES ∂u
∂z, this leads to: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σI,L = − ρIcIωA1 sin
(

ω
cI

z
)

+ ρIcIωA2 cos
(

ω
cI

z
)

σI,U = − ρIcIωA3 sin
(

ω
cI

z
)

+ ρIcIωA3 cos
(

ω
cI

z
) . (5.a) 

And similarly, for the outer pipe: 
⎧
⎪⎪⎨

⎪⎪⎩

σO,L = − ρOcOωA5 sin
(

ω
cO

z
)

+ ρOcOωA6 cos
(

ω
cO

z
)

σO,U = − ρOcOωA7 sin
(

ω
cO

z
)

+ ρOcOωA8 cos
(

ω
cO

z
) . (5.b) 

By applying the Bloch condition σ(0) = σ(a)e− iqa to Eq. (5.a) and Eq. (5. 
b), we have: 
⎧
⎪⎪⎨

⎪⎪⎩

ρIcIωA2 = e− iqa
[

− ρIcIωA3 sin
(

ω
cI

a
)

+ ρIcIωA3 cos
(

ω
cI

a
)]

ρOcOωA6 = e− iqa
[

− ρOcOωA7 sin
(

ω
cO

a
)

+ ρOcOωA8 cos
(

ω
cO

a
)] . (6) 

The other two equations can be obtained by focusing on the stress 
equilibrium of the resonator. For the resonator, its governing equation 
can be written as: 

MaM + fM = 0, (7) 

where aM = d2uM/dt2, aM is the axial acceleration of a local resonator; 
uM denotes the longitudinal displacement of local resonator, assumed 
that uM = Be− iωt ; fM denotes the interacting force between inner LR rod 
and NS system, which can be given by 

fM = k1

(
B − UI,L

(a
2

))
+ k2

(
B − UO,L

(a
2

))
. (8) 

By substituting this expression into Eq. (7), the displacement within 
the whole structure can be coupled by: 

B=
k1UI,L

(
a
2

)
+ k2UO,L

(
a
2

)

k1 + k2 − Mω2 , (9) 

where B is the longitudinal displacement amplitude of a local resonator. 
Since the stress are continues at z = a/2, we have 

σI,L

(
a
2

)
= σI,U

(
a
2

)
+ k1

[
B − UI,L

(
a
2

)]
/SI and σO,L

(
a
2

)
= σO,U

(
a
2

)
+ k1

[
B −

UO,L

(
a
2

)]
/SO. According to these stress continuity condition, two stress 

continuity equations can be written as: 
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− ρIcIωSIA1 sin
(

ω
cI

a
2

)

+ ρIcIωSIA2 cos
(

ω
cI

a
2

)

= − ρIcIωSIA3 sin
(

ω
cI

a
2

)

+ ρIcIωSIA4 cos
(

ω
cI

a
2

)

+
k1k2

k1+k2 − Mω2

[

A5 cos
(

ω
cO

a
2

)

+A6 sin
(

ω
cO

a
2

)]

+
(Mω2 − k2)k1

k1+k2 − Mω2

[

A1cos
(

ω
cI

a
2

)

+A2 sin
(

ω
cI

a
2

)]

, (10) 

and 

− ρOcOωSOA5 sin
(

ω
cO

a
2

)

+ ρOcOωSOA6 cos
(

ω
cO

a
2

)

= − ρOcOωSOA7 sin
(

ω
cO

a
2

)

+ ρOcOωSOA8 cos
(

ω
cO

a
2

)]

+
k1k2

k1+k2 − Mω2

[

A1 cos
(

ω
cI

a
2

)

+A2 sin
(

ω
cI

a
2

)]

+

[
(Mω2 − k1)k2

k1+k2 − Mω2 − ks

][

A5 cos
(

ω
cO

a
2

)

+A6 sin
(

ω
cO

a
2

)]

,

(11) 

where SI and SO denote the cross-sectional area of the inner rod and 
outer pipe respectively.

Concluding Eqs. ((3), (4), (6), (10) and (11) in a matrix form, we 
obtain 

DA= 0, (12) 

where A = (A1,A2,A3,A4,A5,A6,A7,A8)
T, and D is the matrix about 

status coefficients. To keep D with a non-trivial solution, we must have 

det (D)=0. (13) 

By solving Eq. (13), the dispersion relation of whole proposed 
structure can be obtained as an analytical basis for revealing its atten
uation behaviour.

3.2. Derivation of wave transmittance

As analysed in Section 2, the mutual motions between the resonator 
and inner rod, as well as between the resonator and outer pipe, play 
important roles in the dynamic response of whole structure. To illustrate 
these motion characteristics and dynamic responses under the same 
excitation, wave transmittance of finite-length structures is further 
derived. Due to the specificity of continuity conditions adopted in TMM, 
the local coordinates of resonators are shifted to the adjacent unit cell 
junctions with the specific coordinates zj = 0, j = 1,2,…N. This change 
results in the integration of mode shape functions describing the left and 
right half parts, expressed as: 

UI =P1 cos
(

ω
cI

z
)

+ P2 sin
(

ω
cI

z
)

, (14.a) 

UO =P3 cos
(

ω
cO

z
)

+ P4 sin
(

ω
cO

z
)

. (14.b) 

Four equilibrium equations are required to solve the coupled dy
namic response due to the introduction of four unknown status param
eter P1,P2,P3,P4. By employed σ = ES ∂u

∂z, the stress function of both inner 
rod and outer pipe can be written as: 

σI = − ρIcIωP1 sin
(

ω
cI

z
)

+ ρIcIωP2 cos
(

ω
cI

z
)

, (15.a) 

σO = − ρOcOωP3 sin
(

ω
cO

z
)

+ ρOcOωP4 cos
(

ω
cO

z
)

. (15.b) 

According to the boundary continuity condition Uj(0) = Uj− 1(a), two 
equations relative to displacement can be given by 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Pj
1 = Pj− 1

1 cos
(

ω
cI

a
)

+ Pj− 1
2 sin

(
ω
cI

a
)

Pj
3 = Pj− 1

3 cos
(

ω
cO

a
)

+ Pj− 1
4 sin

(
ω
cO

a
) . (16) 

The internal force is described in Eq. (8). By substituting this force 
expression into Eq. (15), the stress at the adjacent unit cell junctions can 
be coupled as:  

Define the state parameter vector Pj =
(

Pj
1,P

j
2,P

j
3, P

j
4

)T
, continuity 

conditions between unit cells can be derived as: 

KPj = HPj− 1, (18) 

where 

K=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0
(Mω2 − k2)k1

k1+k2 − Mω2

ρIcIωSI
1

0 0
k1k2

k1+k2 − Mω2

ρIcIωSI
0

0 0
k1k2

k1+k2 − Mω2

ρOcOωSO
0

1 0
(Mω2 − k1)k2

k1+k2 − Mω2 − ks

ρOcOωSO
1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (19.a) 

H =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

cos
(

ω
cI

z
)

sin
(

ω
cI

z
) 0 0

0 0
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. (19.b) 

Thus, after giving displacement incentives U0 at the first unit cell, the 
transmittance from the first unit cell to the Nth unit cell can be identified 

⎧
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)
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by: 
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, (20) 

where UN denote the output displacement transmitted to the last unit 
cell. Corresponding to the free boundary condition at the ends of both 
inner rod and outer pipe, the stress status of the Nth unit cell is naturally 
equal to zero. By solving Eq. (20), the transmissibility (TS) can be ob
tained by: 

TS=20 log10
(
UN /U0). (21) 

Based on this expression, and combining Eq. (8), the displacement 
ratio (DR) occurred at the Nth unit cell between the resonator and inner 
rod, as well as the resonator and outer pipe, is given as follows: 

DR =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

UN
M

UN
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)]/
(
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UN
M
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O
=

[

k1

(
UN

I
UN

O

)

+ k2

]/
(
k1+k2 − Mω2), for the outer pipe

.

(22) 

By these, we can simultaneously leverage both DR and TS to inves
tigate how boundary stiffness and internal forces of the proposed 
coupled meta-rod govern their attenuation ability in different ranges.

4. Model validation

In this section, we perform validation studies as demonstrations and 
comparisons to the theoretical analysis derived in Section 3. For the 
dispersion relation, two validation cases are implemented: (i) setting 
k2 = k1 and M = 0, and (ii) setting ρ2c2S2 = k2 = 0. The phase coeffi
cient, representing the band structure, is consequently computed in 

comparison with existing analysis frameworks. While for the trans
missibility, we develop a three-dimensional (3D) finite element (FE) 
model to validate and further visualise the internal interaction within 
the proposed coupled meta-rod. This visualisation, demonstrated by 
wave field, provides a complementary analysis to investigate how the 
mutual motion influences the propagation characteristics in both 
application scenarios.

4.1. Unit cell model validation

Before starting our investigation on the attenuation mechanisms of 
the proposed coupled meta-rod, it is necessary to verify the availability 
and reliability of the present analytical model. The results of dispersion 
relation are compared with those of Chen and Elbanna (2017) and Lu 
et al. (2024) for the cases of the coupled bar and LR rod. Chen and 
Elbanna developed a solution for the coupled bar, in which springs act as 
flexible constraints connecting the two bars. Lu et al. stated a detailed 
solution for the LR rod based on the TMM, which has been validated by 
FE models. By removing the mass and setting the negative stiffness to 
positive in the present solution, the analytical model derived in Section 
3.1 can be used to describe the above two scenarios. Keeping all material 
and geometric parameters consistent with those in references (Chen and 
Elbanna, 2017; Lu et al., 2024), the availability and reliability of the 
present analytical model are validated through these two degeneration 
studies.

Fig. 3 illustrates the dispersion relation of meta-rod in the absence of 
mass block and NS springs, respectively. The calculated results are 
marked by blue circles, and the existing results are represented by red 
squares. In the former case, only positive-stiffness springs are taken into 
account by setting k2 = k1 and M = 0 following those in Ref. (Lu et al., 
2024). While in the second case, the term of k2 and ρ2c2S2 in the 
eigenvalue matrix are set to zero to simulate a typical LR rod without 
external constraints. A good agreement between the results can be 
observed, confirming that the phase coefficient indicated in dispersion 
relation curve can be properly and reliably captured by the proposed 
analytical model.

Fig. 3. Verification of the present model. (a) Dispersion relations when coupling of homogeneous bars by positive-stiffness springs; (b) Dispersion relations when 
using a homogeneous bar equipped with a resonator.
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4.2. Transmission FE model validation

To verify the transmissibility of the proposed coupled meta-rod and 
further reveal the mutual motion in influencing the propagation char
acteristics, a 3D FE model is developed as a complement and comparison 
to the analytical results. In the context of the small-strain assumption, 
each component, including inner rod, rubber ring, metal ring, and outer 
pipe (see Fig. 2(a)), is modelled as a linear elastic material with Young’s 
modulus, density, and Poisson’s ratio in COMSOL Multiphysics. How
ever, solid elements are employed to model the metal and rubber rings, 
which are simplified as a mass–spring system in the analytical model. 
The shear stiffness of rubber ring, namely k1 in the analytical model, can 
be computed using the reference equation: πrrhEr

(1+νr)t, where rr is the radius 
of the inner rod; h, t are the height and thickness of rubber ring, 
respectively; the subscript “r” is used for the rubber material. The metal 
ring is also designed with specific geometrical dimensions to attain a 
mass corresponding to M in the analytical model.

Similar to the theoretical analysis, the coupled meta-rod is modelled 
by applying a free boundary on both sides and an imposed displacement 
on the bottom surface of the first unit cell. During the wave propagation, 
displacements occurred at the surface of jth resonator and jth outer pipe 
unit are monitored as the input to the computational expression of 
negative stiffness. Then, a couple of thrust forces generated by the NS 
spring are auto-applicated on the resonator and outer pipe within the jth 
unit cell, which can be calculated by 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩
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− 1

)
(

uj
O − uj
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)
, (23) 

where the subscripts “O” and “M” are used for the outer pipe and mass 
block, respectively; l is the original length of the compression spring; b is 
the deformed length of the compression spring at a static equilibrium 
state, with b < l. Moreover, the soil springs considered in the meta-pile 
application are also modelled in COMSOL by using Spring Foundation 
Module, with the spring constant given by ks. The results computed by 
FE models are presented in Section 5 as a complement and comparison 
to the analytical results.

5. Results and discussion

In this section, we engage in a comparative analysis of the bandgap 
and attenuation ability of the proposed coupled meta-rod in the form of 
meta-column and meta-pile. By adjusting the geometric parameter, this 
coupled meta-rod is applied in two engineering scenarios: traffic- 
induced and seismic-induced vibration mitigation. We start by exam
ining the bandgap properties to explain hybridised longitudinal wave 
modes propagating in different media. Subsequently, we validate and 
further explore how the internal interaction and boundary stiffness of 
meta-column and meta-pile govern their attenuation ability across 
different ranges, in comparison with FE-model results.

5.1. Application as meta-column for traffic-induced vibration mitigation

Rayleigh waves, known as a type of in-plane wave carrying most of 
the energy, are guided modes travelling at the free surface of an elastic 
half-space (Graff, 1991). These noteworthy energies generated by sur
face vibration sources propagate in the form of counterclockwise ellipse 
through the surrounding soil, subsequently influencing adjacent build
ings. Compared to traffic-induced bulk waves, Rayleigh waves demon
strate distinct characteristics such as low attenuation rate and larger 
amplitudes, which are notably responsible for inducing structural vi
brations (Ba et al., 2025). Especially for high-technology facilities, such 
as two-photon laser scanning microscopes and field emission scanning 
electron microscopy, Rayleigh wave-induced vibrations typically need 
to be controlled within an effective frequency band ranging of 0.5–100 
Hz (Amick, 2005). Many researchers suggested building vertical reso
nators along the surface to inhibit the propagation of Rayleigh waves by 
locating them around the substrate (Palermo et al., 2016; Colombi et al., 
2016). In this section, with the same objective of controlling the vertical 
Raleigh wave component, we perform more investigation on structure 
itself by detailing the characteristics of internal motions and interactions 
within the proposed meta-rod.

In engineering applications, large-diameter pillars are usually used 
to support protected devices against high-intensity vertical loads. 
Making reference to this solution, we introduce parameters that closely 
match the typical characteristics of columns in the structures adjacent to 
surface railways. The basic geometric and material parameters of the 
meta-column are listed in Table 1 to facilitate the following discussions. 
The material parameters of both inner rod and outer pipe are adopted as 
those of concrete, with reference to Lu et al. (2024). In addition to the 
equivalent parameter k1, k1, and M used in theoretical analysis, the 
detailed geometric and material parameters employed in FE models are 
also listed in Table 1. Please note that the parameters are selected ac
cording to Table 1, except as specified in the figures.

5.1.1. Bandgap properties and wave attenuation behaviour of meta-column
First, let us start from the dispersion relation analysis of longitudinal 

waves interacting with meta-column units through the eigenvalue so
lution. By imposing the frequency f ∈ [1,150]Hz and solving the 
eigenvalue problem (q,ω) described in Eq. (13), we plot the dispersion 
curve of longitudinal waves in meta-column installed on the surface of 
foundation, as shown in Fig. 4. The hybridized longitudinal wave mode 
is indicated by blue circles, with three specific eigenmodes at the branch 
edge highlighted by hexagram markers. For comparison, the pure lon
gitudinal waves of the isolated inner rod and outer pipe are also plotted 
using red dash-dotted line as references in Fig. 4. Due to the coupling 
between longitudinal waves and the local resonator, it can be observed 
from the dispersion curve that the pure longitudinal wave mode is split 
as three hybridized branches: two around the resonance frequency fr, 
one deviates from the original mode with a lower propagation speed. 
Generally, the region between the upper and lower bounds of the two 
branches separated by local resonance represents the LR bandgap. 
However, this phenomenon is not evident in the dispersion relation of 
meta-column due to the artificially imposed external constraint, which 
introduces additional modes between the split branches.

An amazing phenomenon can be observed in the first branch of the 
above dispersion relation curves: it starts with a larger wavenumber 

Table 1 
Geometric and material parameters details of the meta-column.

Specimen Length Exterior radius Interior Radius Young’s modulus (E) Density (ρ) Poisson’s ratio (υ) Equivalent parameter (k or M)

Inner rod 0.25 m 0.45 m – 40 Gpa 2500 kg/m3 0.3 –
Outer pipe 0.25 m 0.65 m 0.6 m –
Rubber ring 0.204 m 0.454 m 0.45 m 3 Mpa 1300 kg/m3 0.47 1.47× 108 N/m
Metal ring 0.232 m 0.575 m 0.454 m 200 Gpa 7890 kg/m3 0.3 716 Kg
Compression spring 0.15 m – – – – – − 1.18× 108 N/m

H. Lu et al.                                                                                                                                                                                                                                       European Journal of Mechanics / A Solids 115 (2026) 105826 

7 



than that of typical LR dispersion relation curves. This indicates that a 
portion of longitudinal waves, especially near zero frequency, propa
gates in the meta-column with a lower speed and shorter wavelength. At 
this time, most of the energy concentrates in the transmission medium 
with lower rigidity, resulting in its redistribution between the inner rod 
and outer pipes. This phenomenon occurs in coupled meta-rod with 
stiffness contrast between longitudinal wave propagation media; how
ever, it is absent in systems containing only a single propagation me
dium. We select characteristic locations at the edge of the first branch 
and the start of the third branch to illustrate vibration modes, which is 
plotted in the form of normalized displacement in the right panel of 
Fig. 4. As exhibited in the eigenmode labelled by cyan hexagram, it is 
evident that most of the wave energy concentrates in the outer pipe and 
resonator when connecting them via a NS spring. Then the motion is 
transmitted to the inner rod and resonator due to the local resonance of 

resonator. Eigenmodes labelled by red and green hexagrams also exhibit 
in-phase and out-of-phase motion between the inner rod and resonator, 
which are also identified as the bandgap edge in LR metamaterials 
analysis.

We then move to the dynamic response analysis of finite-length 
meta-column under an imposed displacement. Within a frequency 
range of interest f ∈ [1, 60]Hz, the transmissibility and displacement 
ratio of five-unit cells are computed and plotted in Fig. 5(a) and (b). The 
dynamic responses of the outer pipe and inner rod, as predicted by the 
analytical model and validated through FE simulations, are illustrated 
using red and blue lines for the theoretical results, and red and blue 
circles for the FE results, respectively. The first feature from Fig. 5(a) is 
that a significant drop occurs within transmissibility of outer pipe before 
a specific frequency f1, while there is a response peak for the inner rod at 
this specific frequency. As the harmonic frequency increases, these two 

Fig. 4. Dispersion relation of longitudinal waves in meta-column installed on the surface of foundation. Three eigenmodes at the branch edge are labelled by 
hexagram. Blue circles denote the hybridised longitudinal wave mode, while red dash-dotted lines denote the pure longitudinal wave mode propagating in the inner 
rod and outer pipe. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 5. Dynamic response curves of meta-column under an imposed displacement. (a) Transmissibility results calculated by two methods; (b) Displacement ratio 
curves for outer pipe and inner rod; (c) Displacement field occurred at f = f1, f2, fr.
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peaks subsequently reverse at another particular frequency f2, yielding 
an attenuation of vertical vibration within the inner rod. It can also be 
observed from the transmissibility results that the response of inner rod 
bursts into a peak around fr, which is exactly the natural frequency of the 
inside resonator. This widespread nature is generally found in the dy
namic characteristics of LR metamaterials, which include the hybrid
isation modes of internal resonant with the wave propagation modes of 
the medium. Based on the above results, it can be concluded that the 
third peak originates from the resonance of inner resonator, while the 
first and second peaks may arise from the internal interaction within the 
meta-column.

To inspect mutual motions in the meta-column, we calculate the 
deformed shapes at f1, f2, fr by using FE models, as shown in Fig. 5(c). 
Combining them with Fig. 5(b), the significant drop of outer pipe at f1 is 
associated with the in-phase motion between three parts of meta- 
column, including outer pipe, resonator and inner rod. The displace
ment responses of outer pipe are suppressed by the resistance force F2, 
which is generated by the NS spring. At this time, the inner rod, owing to 
its higher stiffness, steps ahead to attain the corresponding peaks. For 
the second peak at f2, it is evident that the meta-column is precisely at a 
stage of transition where the motion between inner rod and resonator 
begins to reverse and that of outer pipe tends to be more intensive. At 
this point, due to the co-directional action of F2, it turns into a part of 
contributions for the amplification effect of outer pipe responses. These 
mutual motions, resulting from the interactions within meta-column, 
provide different components with extra attenuation zones beyond 
bandgaps. As the frequency increases, the in-phase motion between the 
inner rod and resonator reach a peak at fr, which corresponds to the local 
resonant mode discussed in Fig. 4. Due to the two different directions of 
motion occurring in five resonators, the attenuation ability of meta- 
column under this mechanism is weaker than that influenced by inter
nal interaction analysed above.

5.1.2. Internal interaction effect within meta-column
Before starting our investigation on how the internal interaction 

governs their attenuation ability in different ranges, we define an index 
γk to describe the relation between the positive stiffness and negative 
stiffness, which can be given by |k2|/k1. This term, namely stiffness ratio, 
is usually used to indicate the stiffness counteracting degree occurred 
within the original resonant system. By tuning the stiffness or the 
compression length of compression springs, the internal force expressed 
in Eq. (8) is affected. As stated in the above analysis, the dynamic mo
tions between the three parts of meta-column, including outer pipe, 
resonator and inner rod, are governed by this internal force.

Hence, our attention here is focused on the transmissibility varia
tions under different stiffness ratios γk, as shown in Fig. 6. As γk in
creases, the response peaks of inner rod and outer pipe tend to separate 
from the resonance frequency fr(γk) highlighted by white dash line. This 
indicates that the main attenuation mechanism within the meta-column 
originates from its interaction with the longitudinal-wave propagation 
medium as the negative stiffness gradually converges to a positive 
stiffness value. Four representative curves beneath the contour plot 
further support this conclusion. The significant attenuation zone before 
fr is tuned to the lower frequency range, while the attenuation zone at fr 
tends to be weaker than the former. Based on this, the protected sensi
tive equipment can be put on the top surface of outer pipe to mitigate 
against the pounding of intense vertical vibration.

In engineering practices, the resonator can be installed with various 
distances and resonance frequencies along the length of meta-column. 
The inner rod, due to its inherent rigidity, can also be regarded as an 
artificial constraint to limit the motion of the outer pipe. To achieve 
more attenuation zones and enlarge their width, a symmetric placement 
strategy is adopted, in which half of the resonators are connected to the 
inner rod and the other half to the outer pipe, as illustrated in Fig. 7(a). 
This configuration is defined as condition A2. Furthermore, a gradient 
distribution of negative-stiffness (NS) springs is applied along the depth 
direction within each unit cell, with increasing stiffness values from top 

Fig. 6. Influence of the stiffness ratio on the transmissibility of (a) inner rod, and (b) outer pipe. Four representative curves of (c) inner rod, and (d) outer pipe are 
plotted under the contours figure when γk = 0, 0.3,0.6, and 0.9.

H. Lu et al.                                                                                                                                                                                                                                       European Journal of Mechanics / A Solids 115 (2026) 105826 

9 



to bottom. This arrangement is defined as condition A3, as shown in 
Fig. 7(b). For comparison, the original configuration shown in Fig. 2(c) 
is referred to as condition A1. It should be noted that the soil spring 
plotted in Fig. 7 is automatically set to zero in the application scenario 
discussed in this section.

Fig. 8 illustrates transmissibility results and displacement ratio 
curves of six-unit cells under three placement conditions when subjected 
to an imposed displacement. The effect within the attenuation zone 
becomes effective in the A1 condition as the number of cells increases 
(see Fig. 8(a)), which is a well-established phenomenon. When adopting 

Fig. 7. Different connecting device placements: (a) A2: Symmetric distribution in the direction of depth; (b) A3: Gradient arrangement with a series of NS springs.

Fig. 8. Transmissibility results and displacement ratio curves of meta-column under an imposed displacement in (a) A1 condition; (b) A2 condition; (c) A3 condition.
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the symmetric distribution in the direction of depth, it is more distinct 
about the attenuation peak of inner rod at the resonance frequency. At 
this time, the motion of inner rod is more restricted than that in A1 
condition, as shown in Fig. 8(b). The hybridisation of two connection 
forms induces the inner rod to open up a deeper attenuation zone when 
used as part of an artificial constraint. As the negative stiffness values are 
set within the range γk ∈ [0.7,0.8], a widened attenuation zone and more 
intense motion of inner rod and outer pipe are obtained around the 
resonance frequency, as shown in Fig. 8 (c). The attenuation peaks 
generated in different γk are merged to provide a stronger and wider 
effect.

5.1.3. Artificial constraints effect within meta-column
To elucidate the effect of artificial constraints on the attenuation 

mechanism of meta-column, the transmissibility of both inner rod and 
outer pipe are solved within EO ∈ [40 Kpa,40 Gpa] and plotted in Fig. 9. 
It is evident that the NS system is barely functional when the modulus of 
the outer pile is lower. This phenomenon is represented in Fig. 9(a) as an 
original LR bandgap at the initial resonance frequency and is further 
demonstrated in Fig. 9(b) by a strong resonance response near this 
resonance frequency. As the modulus of the outer pile increases, this 
original bandgap is tuned to be near the reduced resonant frequency 
driven by negative stiffness. Interestingly, in addition to this modulation 
phenomenon, additional attenuation regions also emerge beyond the LR 

bandgap due to internal mutual motions. These regions become grow
ingly effective and progressively shift toward the resonance frequency as 
the constraint increases.

5.2. Application as meta-pile for seismic-induced vibration mitigation

Now, we shift our focus to the mitigation of vibration induced by 
seismic waves. Compared to the vibration induced by traffic loads, 
seismic activities cause more severe dynamic responses transmitted 
from the piled foundation to the connected buildings. To shield target 
buildings from the vertical components of these dynamic responses, we 
embed the proposed coupled meta-rod in the ground and adjust its 
geometric parameters. Before investigating the characteristics of inter
nal motions and interactions in this application scenario, we present 
some parameters that closely match the typical characteristics of piles in 
the structures.

The basic geometric and material parameters of the meta-pile are 
listed in Table 2. Besides the equivalent parameter k1, k1, and M used in 
theoretical analysis, the detailed geometric and material parameters of 
resonators employed in FE models are also listed in Table 2 to facilitate 
the following discussions. The surrounding soil, offering vertical resis
tance proportional to the motion of structures, is modelled with a series 
of springs in both analytical and numerical analyses. The stiffness value 
is calculated based on Winkler-Pasternak formulation: 

Fig. 9. The stiffness of outer pipe influences on the transmissibility of (a) inner rod, and (b) outer pipe under the A1 condition. A series of representative curves of (c) 
inner rod, and (d) outer pipe are plotted under the contours figure.

Table 2 
Geometric and material parameters details of the meta-pile.

Specimen Length Exterior radius Interior Radius Young’s modulus (E) Density (ρ) Poisson’s ratio (υ) Equivalent parameter (k or M)

Inner rod 2 m 0.3 m – 40 Gpa 2500 kg/m3 0.3 –
Outer pipe 2 m 0.5 m 0.45 m 200 Gpa 7890 kg/m3 0.3 –
Metal ring 0.856 m 0.36 m 0.31 m 711 Kg
Rubber ring 0.766 m 0.31 m 0.3 m 3 Mpa 1300 kg/m3 0.47 1.47× 108 

N/m
Compression spring 0.15 m – – – – – − 7.37× 107 

N/m
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√ ), where C1,C2 are the parameters character

izing the elastic foundation, and K1,K2 denote the modified Bessel 
functions. In this case, a stiff soil with a representative spring stiffness of 
ks = 7.85 × 108N/m is adopted as a reference condition for evaluating 
boundary constraints. The number of units varies depending on the 
specific working condition under consideration and is indicated in the 
relevant sections accordingly.

5.2.1. Bandgap properties and wave attenuation behaviour of meta-pile
By imposing the frequency of interest within f ∈ [1,150]Hz and 

solving the eigenvalue problem (q,ω) described in Eq. (13), we plot the 
dispersion curve of longitudinal waves in meta-pile installed in the 
foundation, as shown in Fig. 10. The pure longitudinal waves of the 
isolated inner rod and outer pipe, denoted as P1 − wave and P2 − wave, 

are also plotted using red dash-dotted line and dotted line, respectively. 
Obviously, the pure longitudinal wave mode is split into three hybri
dised branches due to the coupling between longitudinal waves and the 
local resonator, consistent with the analysis in section 5.1. The first and 
second branches are located around the frequency fr, which is exactly 
the natural frequency fr of the inside resonator. In these eigen solutions, 
two key features can be observed: (i) a portion of longitudinal waves 
propagates in the inner rod with a lower speed and shorter wavelength, 
especially near zero frequency; and (ii) the region between the upper 
and lower bounds of the first and second branches represent a distinct LR 
bandgap. These features are consistent with the stiffness of inner rod 
being less than that of the outer pipe under the constraints of soil spring. 
Most of the energy tends to concentrate on the inner rod at the low 
frequency, as illustrated by the blue hexagram symbol. This, in turn, 
leads to the hybridisation of the third branch associated with outer pipe 
occurring above the second branch.

Fig. 10. Dispersion relation of longitudinal waves in meta-pile installed under the surface of foundation. Three eigenmodes at the branch edge are labelled by 
hexagram. Blue circles denote the hybridised longitudinal wave mode, while red dotted lines denote the two pure longitudinal wave modes propagating in the 
medium. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 11. Dynamic response curves of meta-pile under an imposed displacement. (a) Transmissibility results calculated by two methods; (b) Displacement ratio curves 
for outer pipe and inner rod; (c) Displacement field occurred at f = f1, f2, fr.
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To further validate and analyse the attenuation mechanism of meta- 
pile, the dynamic response curves of five-unit cells under an imposed 
displacement are presented in Fig. 11. The transmissibility results of 
inner rod and outer pipe, as computed by both theoretical model and FE 
models (see Fig. 11(a)), shows a distinct attenuation zone behind the 
resonance frequency fr due to natural characteristics of the inside 
resonator. The deformed shapes at fr (see Fig. 11(c)), also represent a 
typical resonant motion state, in which most of the wave energy is 
concentrated in internal resonators. However, additional effective 
attenuation zones are observed in meta-pile beyond this bandgap, 
particularly in the lower frequency range. Based on the analysis in 
Section 3.1, these attenuation zones originate from the in-phase motion 
and out-of-phase motion between inner rod, resonator, and outer pipe. 
The in-phase motion within meta-pile, as illustrated in Fig. 11(b) and 
(c), promotes the significant drop in the transmissibility curve of outer 
pipe at f1. As the in-phase motion of outer pipe shifts to the motion with 
out-of-phase, the dynamic response of both inner rod and outer pipe 
reaches a peak at f2. Then, the internal forces generated by positive- and 
negative-stiffness springs and external constraints originated from soil 
springs responsible for suppressing the dynamic response of inner rod 
and outer pipe, respectively. This phenomenon will persist until the 
internal resonator resonates. Moreover, the transmissibility curve of the 
inner rod exhibits noticeable attenuation near zero frequency, which 
results from the constraints imposed by the soil spring.

5.2.2. Internal interaction effect within meta-pile
We then move to investigate how the stiffness ratio influences the 

attenuation ability of meta-pile in different ranges. The results are 
plotted in Fig. 12 by tuning the stiffness of compression spring. For the 
inner rod, the first peak gradually moves towards and disappears in the 
lower frequency range as γk increases, while the second peak tends to 
separate from the resonance frequency fr(γk). The starting frequency of 
the LR bandgap is also gradually lowered, resulting in a wider bandgap 

but with reduced attenuation capability due to the increasingly domi
nant effect of F2. However, it is evident that the significant attenuation 
zone before fr, generated from the mutual motion within meta-pile, is 
progressively strengthened until γk is higher than about 0.8. The 
representative curves under the contour figure also illustrate this phe
nomenon. However, for the outer pipe, the attenuation zone appears at a 
frequency adjacent to the peaks of inner rod and is also shifted to the 
lower frequency range until it eventually disappears. These features 
indicate that the dynamic responses of both inner rod and outer pipe are 
suppressed from zero frequency as the internal force within meta-pile 
increases. Hence, this unit design can mitigate the adverse effect of 
deep sources acted on the target buildings, and the interaction between 
different propagation mediums can be exerted.

To further extend the width of attenuation zones, we also consider 
three placement conditions of springs and compute the transmissibility 
and displacement ratio of six-unit cells (see Fig. 13). The specific 
placements of both negative- and positive-stiffness springs can be found 
in Fig. 7. The difference here is about the A3 condition, where a 
gradation of negative stiffnesses with decreasing values is adopted along 
the direction of longitudinal wave propagation. Compared to the A1 
condition, the A2 condition yields more effective attenuation zones 
across two distinct frequency ranges: the low-frequency range and the 
regions around the resonance frequency. This suggests that the combi
nation of the symmetric distributions along the depth direction leads to 
the merging of attenuation peaks of the inner rod under both configu
rations, which aligns with the analysis presented in Section 5.1. For the 
A3 condition, we take values of NS within the range γk ∈ [0.65,0.5] to 
establish six resonance frequencies as shown in Fig. 13(c). The bound
aries of these six LR bandgaps are coupled together, resulting in a wider 
combined bandgap without significant amplification peaks. This design 
provides a new approach to vibration isolation in different frequency 
ranges.

Fig. 12. Influence of the stiffness ratio on the transmissibility of (a) inner rod, and (b) outer pipe. Four representative curves of (c) inner rod, and (d) outer pipe are 
plotted under the contours figure as γk = 0, 0.4,0.7, and 0.8.
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5.2.3. Boundary constraints effect within meta-pile
In addition to the interaction within meta-pile, the boundary stiffness 

also plays an important role in attenuation mechanisms. Figs. 14 and 15
show the results of soil spring effect on the transmissibility of both inner 
and outer pipes under the original placement and inverse gradient 
placement, respectively. Obviously, the strength of the soil surrounding 
outer pile not only influences the width and intensity of its attenuation 
zone before the first response peak but also affects the attenuation zone 
of the inner rod by altering internal interactions. Fig. 14(c)–(d) and 15 
(c)-(d) also indicate these trends in the frequency domain.

When adopting the A1 condition, the increase of ks leads to a positive 
enhancement of the attenuation zone in both low-frequency range and 
regions after the resonance frequency, whereas this growth leads to a 
reduction in the attenuation effect before the resonance frequency. This 
phenomenon is totally changed under the A3 condition. As ks increases, 
the broad attenuation zone of inner rod formed by the merging effect is 
more effective in the higher-frequency range. Meanwhile, the attenua
tion region of the outer pipe gradually shifts toward the lower-frequency 
range while maintaining an effective attenuation. Although stiffer soil 
provides a stronger restraining effect on the outer pipe, the A3 
arrangement maintains effective suppression of vertical vibrations 
across different frequency regions, even in the presence of softer soil.

6. Discussions on the practical issues and options

In the above analysis, a pair of negative-stiffness springs are set in the 
gap between the inner rod and outer pipes. For practical engineering, it 
is necessary to install these springs that provide negative stiffness 
around the gap to maintain maximum force uniformity and structural 
stability. Besides compression springs employed in this work, devices 
capable of providing negative stiffness in certain forms can also be 
selected, such as coil springs (Wu and Lan, 2016), sliding block-bar 
springs (Wang et al., 2018), post-buckling beams (Cai et al., 2023), 
magnetic systems (Wang et al., 2020), and so on. Among them, springs 
and magnet systems are the most convenient for adjusting the internal 
thrust and then tuning the magnitude of negative stiffness, while 
post-buckling beams are the simplest way to implement the negative 
stiffness mechanism in practice. It is necessary to select a suitable 
negative stiffness facility depending on the application context.

This work proposed adjustment strategies for the stiffness ratio be
tween negative and positive stiffness at different frequency ranges 
associated with isolation targets. In dense urban areas, where traffic 
loads dominate the vibration response, sensitive equipment operating in 
lower-frequency environments can be placed on the top of outer pipes 
with a larger stiffness ratio, whereas equipment functioning in higher- 
frequency environments can be installed on the top of inner rods 

Fig. 13. Transmissibility results and displacement ratio curves of meta-pile under an imposed displacement in (a) A1condition; (b) A2 condition; (c) A3 condition.
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under A3 condition. Moreover, increasing the gradient magnitude and 
the number of graded units can further broaden the attenuation region, 
thereby facilitating the coverage of a wider target isolation frequency 
range. In seismic-impacted areas, the protecting structure can be 

constructed above the outer pipe with a lower negative stiffness when 
the surrounding soil is relatively rigid. However, if the soil barely pro
vides external constraints, the inner rod or the outer pipe under A3 
condition is the better choice.

Fig. 14. The effects of soil spring stiffness on the transmissibility of (a) inner rod, and (b) outer pipe under A1 condition. A series of representative curves of (c) inner 
rod, and (d) outer pipe are plotted under the contours figure.

Fig. 15. The effects of soil spring stiffness on the transmissibility of (a) inner rod, and (b) outer pipe under A3 condition. A series of representative curves of (c) inner 
rod, and (d) outer pipe are plotted under the contours figure.
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7. Conclusions

In this study, we proposed a coupled meta-rod by utilising local 
resonance and negative stiffness mechanism, aiming to control and 
mitigate the in-plane polarised bulk waves and vertical Raleigh wave 
component generated by environmental vibrations. The analytical an
alyses are performed to elucidate the internal interaction and boundary 
stiffness effect of the coupled meta-rod and to understand their attenu
ation mechanisms comprehensively. The eigenmodes by FEM, as a 
complement and comparison to the analytical results, also validate the 
redistribute of wave energy within coupled meta-rod. The main findings 
are summarised as follows. 

1. The pure longitudinal wave mode is split into three hybridised 
branches: two around the resonance frequency, and one deviates 
from the original longitudinal wave mode. Most of the energy con
centrates on the transmission medium with lower rigidity, holding a 
lower speed and shorter wavelength, especially near zero frequency.

2. The in-phase motion between the three components of the coupled 
meta-rod promotes significant drops in transmissibility curves of the 
outer pipe before the LR bandgap. As the motion of the outer pipe 
transitions from in-phase to out-of-phase, these two dips in the 
transmission curves are subsequently transformed into peaks, 
accompanied by an attenuation region within the inner rod. This 
effect arises from internal forces created by positive and negative- 
stiffness springs, which provide direction-dependent amplification 
or suppression effects on dynamic response.

3. The negative stiffness system exhibits effective performance when 
the artificial boundary constraints possess relatively high stiffness. 
The primary attenuation mechanism of the coupled meta-rod arises 
from the internal interaction between distinct longitudinal-wave 
propagation media when the value of negative stiffness gradually 
converges to the positive stiffness. More low-frequency and effective 
attenuation regions are obtained by tuning the stiffness ratio be
tween negative and positive stiffness according to isolation targets.
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