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A debiased multi-fidelity approach to surrogate modeling in
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We propose a multi-fidelity formulation for generating co-kriging surrogates of complex
physics models. First, we show that the standard autoregressive recursive approach may be
subject to substantial limitations due to possible Modeler’s biases/errors. These are inherent to
the process of establishing a nested hierarchy concerning the alleged fidelity of the available
models. The formulation we propose mitigates this issue. At each hierarchy level, the predictor
consists of a linear combination of all previous levels instead of just the underlying one. The
methodology implies a slightly higher training cost for the surrogate. However, the higher
training cost is acceptable considering the effort typically required to generate data in aerospace
applications. Few artificial tests, including the optimization of a 2D airfoil, illustrate strengths
and weaknesses of the approach.
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vector of GP hyperparameters
GP hyperparameter

= uniform random variable
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I. Introduction

MULTI—FIDELITY methods leverage on the concatenation of data sets that present enormous diversity in terms of

information, size, and behavior. Pieces of information of diverse fidelity and complexity complement each other,
leading to improved estimate accuracy and to a minimization of the cost associated with parametrization. In recent
decades, they have been successfully employed in many applications e.g., aerospace design and optimization [1H3]].
Multi-fidelity regression models bring clear advantages to the preliminary design phases of engineering products, where
data of different cost and quality are exploited to define the best feasible configuration. At this stage, prediction errors,
defined as the difference between a predicted parameter and its actual value after product completion and testing, should
ideally not exceed a few percent [4]. Not only do multi-fidelity approaches benefit decision-making processes, they
also support the discovery of physics laws governing complex systems, and accelerate outer-loop applications e.g.,
optimization.

In a multi-fidelity setting, it is fundamental to establish the correct hierarchy in terms of fidelity with respect to
target applications. Unfortunately, this can vary significantly along the spectrum between low and high. In particular,
the complexity characterizing engineering applications usually makes direct estimation of data credibility difficult, if
not intractable. Furthermore, the proper implementation of a standard method concerning the Credibility Assessment
Scale has long since debated [5]]. This leaves ground for modeling biases and, ultimately, poses a limit to multi-fidelity
strategies.

Experiments are critical since they utterly support the model validation process [6]. Unfortunately, experiments
often consist of a simplified, limited, and partial imitation of reality. Sometimes, computational models provide a
more accurate representation. A resounding example is the NASA Common Research Model (CRM) [7]]. The CRM
test cases were devised for the purpose of validating specific applications of Computational Fluid Dynamics (CFD).
Geometry features were specifically designed to promote the occurrence of phenomena of interest for research and
development, e.g., flow separation. However, the wind tunnel model underwent significant deformations during the
experimental campaign [8]], thus frustrating the design choices. In the CRM test case, computational simulations
outperform wind-tunnel tests since the goal is to predict the aerodynamic performance of the unbent design.

It follows that the process of establishing any specific fidelity hierarchy between data sets, either from computer
models or experiments, is at least questionable. Although advanced Uncertainty Quantification (UQ) techniques can be
exploited, the deductive Scientific Modeling approach typically adopted by the Modeler i.e., the person who devises a
new model, is strongly hypotheses-driven and hence inherently biased [9].

The current state-of-the-art offers a plethora of multi-fidelity techniques [, 2]. Kriging [10, [11] is a powerful
technique and very well serves applications entailing the enrichment of a data set e.g., sequential design [12]. A
pioneering example of multi-fidelity Kriging (the so-called co-Kriging models) can be found in [13]. In the work, the
authors construct an autoregressive formulation to surrogate complex computer codes that can be run at different levels
of sophistication and cost. The combination of predictions of variable fidelity improves the efficiency and accuracy of
the resulting metamodel. Several methods have been developed on top of this work e.g., see [14H17]. Above all, we
mention Refs. [[18]119] proposing a recursive formulation endowed with higher computational efficiency and stability.

In this paper, we focus on co-kriging and propose an extension to the formulation from [18]]. The goal is to develop a
multi-fidelity framework capable of mitigating modeling biases introduced by the Modeler. In particular, a formulation
robust to biases affecting the alleged hierarchy between available data sets. In doing so, we will make no distinction
between data generated by computer codes or experiments.

This paper is organized as follows. In Section [[T|we recall the standard formulation for multi-fidelity co-kriging
and present the details of the extension proposed to overcome the highlighted barriers. In Sec. we expose the key
weakness of the standard model and assess the performance of our debiased approach. Eventually, in Sec. [[V] we
summarize the findings and provide future perspectives.

I1. Multi-fidelity Gaussian Process regression
We refer to the physical process under investigation with the appellative reality of interest. Being [ =0, ..., L, lets
assume we have access to L models of different cost and fidelity to predict our reality of interest. All M) models
share the same input space Q and map it to a certain scalar Quantity of Interest (Qol). Namely, M) : Q ¢ R - R.
Let X! = {xll, cens Xév .} be the set of N training points s.t. x € Q ¢ R¢. Each training point x/, is associated with

a noisy observation y!, = M (xln) + €. from a certain model M (Xﬁl) assuming i.i.d. Gaussian random variables

Efl ~N (0, 0'12) The set of available observations is included in Y V.
The classical autoregressive model [[13] requires sorting data sets according to their alleged fidelity. For [ = 0, the



response of the model M (?) is substituted by its approximation M) via Gaussian process to obtain
MO (x) = 6o(x). (1

For [ > 0, the response of each model MY is substituted by the (scaled) lower predictor plus a correction term i.e., a
Gaussian Process, modeling the residual between Y data and MU-D predictions

MWD (x) = p -y MV (x) +6;(x), )
MU (x) L 5y(x),
where, for every level [,
51(x) ~ GP (f,T x)B,, K (x x’;®<’>)) . 3)

The superscript 7 indicates the matrix transpose, L the independence relationship, G is used to identify Gaussian
Processes, whereas K is a correlation function (or kernel) depending on a set of hyperparameters 05 included in the ®’
vector. The vector f;(x) includes the explicit basis functions in case a nonzero mean is specified for the GP, being 3, a
vector of scaling coefficients. Here, we choose to rely on zero mean priors for the GP.

In the described framework, p(1-1) € R can be interpreted as the correlation factor between two consecutive models,

cov (MD (x), MU=V (x))
var (M =D (x))

p-1) = €]

In other words, M (x) is given by the sum of M~V (x) predictions, scaled by p;_1)(x), plus a correction term &'
modeling the discrepancy between predictions p(;-1) M =D (X)) and observations Y?) at training points X .

A. Standard recursive co-kriging model

The recursive formulation proposed in [19] builds surrogates sequentially, from the lowest to the highest fidelity
level. The authors take advantage of a different expression for G# and prove that building a set of L independent
Kriging models is formally equal to building a L-level co-Kriging surrogate i.e., the two formulations are equivalent and
deliver identical predictive mean and variance. The process of training the multi-fidelity surrogate benefits significantly
from this proof as the sequential inversion of L sub-matrices (one for each level) is performed in place of inverting
a unique (large) matrix. In their work, the authors also propose to extend the original formulation by introducing a
spatial dependency of the adjustment parameters p ;). With no loss of generality, in this paper we neglect this spatial
dependency to simplify the treatment and lighten the notation. The correlation among models is therefore assimilated to
an affine transformation with scaling factor p(;_1), see [13]]. According to [[19], the predictive mean ;) and covariance
C; read

-1
p (%) = pa-nypa-1y (x) + K (X XI|P(171),®I) [‘Kl (XI,XI|P(171),®I) + 0121] (Yl _p(lfl),u(lil)(x)) , 0

and

-1
Cxx) =K (%X pg1), 0') = [ K (%, X'lo-1), O | |5 (X!, X'lp-), ©) + 71| [K (X! X pgi-1), ©)]
6)
whereas K reads
K (A, Bl p(-1), ©') = p?,_,C"V (A, B) + K (A,B|@’) : )

Note that the observation noise 0'12 is explicitly accounted within the u and C expressions.

B. Increasingly recursive co-kriging model

In the autoregressive procedure presented in Sec. if M= (X?) predictions are completely off Y/ i.e., the data
set ¥ /=1 has little or nothing to do with ¥, then the regression parameter p(1-1) Will be very small and close to zero. In
other words, if M~ (X") were a bad approximation of M (X?), little information would be exploitable from it. As
information from M1 (X?) are discarded, then information from all lower levels (I — 2, .. ., 0) are also ignored and
this poses significant limits to the multi-fidelity approach in case the Modeler mistakenly order the data sets.



We propose an increasingly including strategy. That is, we now seek an extension of [19] where the lower level
predictor consists in a linear combination of all previous levels, with coefficients pf, <l For convenience, we write

pxlph) = (%), ¢ (xx1p') = Y (ph)2C! (x,X). (8)
r<l r<l
With this notation, p! = {pé, cees pf_l}T is a vector including a set of regression coefficients. The predictive mean and
covariance then read
-1
i (%) = ! (xlp") + 5 (x, X 1!, 0 ) | % (X1, X 19!, @) + 01| (¥ - 1 (xlp")) ©)

Cl(x,x') = K (X,x'|pl,®l) - [7(1 (x Xl|pl,®l)] [7(1 (Xl,Xl|pl,G)l) +cr,21]_1 [ (X x'|p"0)],  (10)

where K
%' (A, B| p, @) = C<l(A, B|p') + K' (A,B|@’). (11)

A graphical comparison of the information flow that occurs in the standard [19] (left-hand side) and in the proposed
formulation (right-hand side) is presented in Fig.[I} In the standard formulation, imposing a wrong hierarchy may
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Fig.1 Graphical comparison of the information flow occurring in the standard recursive formulation [19] (left)
and in the proposed formulation (right).

frustrate the effort of relying on a multi-fidelity approach. To set an extreme example, imagine that the ¥ set is corrupted,
that is, data are a bad approximation of reality, whereas the remaining sets are fair. The training process will learn a very
poor correlation of level 1 with level 0 and 2 i.e., both the pg and p; coefficients will be close to zero, if not just zero.
As a consequence, all information brought by ¥ will be discarded together with the information encoded in Y°. Instead,
with the proposed formulation, the information can still reach all levels above the corrupted one. Being the correlations
to lower levels learned simultaneously, the framework is able to automatically exploit multiple models at once, selecting
only the useful ones. It follows a multi-fidelity framework more robust to biases. Moreover, the correlation of each level
with others is explicitly available through the p’ vectors, providing additional information for interpreting the model.
One may argue that, in the proposed setting, the contribution from low levels is accounted multiple times. Namely,
it is accounted explicitly in u<!(x|p!) = ¥, pf, u¥ (x) and implicitly in the x” (x) terms because of the recursive
structure. In opposing this argument, we point out that each M) is trained to fit Y. Consequently, the I’ < [ data sets
contribute to improving the approximation of M, not the approximation of reality of interest M%), The proposed
formulation opens the path to inferring how the available models correlate with the reality of interest. Ultimately, it
can be exploited to obtain physics insights about complex phenomena. Naturally, the proposed formulation yields
an increased complexity since it requires the estimation of the p’ components for = 1, ..., L. This may render the
approach demanding in case the spatial dependence of the correlation components proposed in [[19] is retained.



C. Parameters estimation

The regression problem requires the estimation of the p’ (or p -1y for [19), @' and oy parameters at each level /.
Thanks to the recursive formulation, the estimation of these parameters can be done sequentially, from the lowest to the
highest level. This task can be achieved following diverse approaches. Here, we apply a type Il maximum likelihood
method. We seek a combination of parameters maximizing the negative marginal log likelihood £ which, for the
proposed strategy, takes the form

I (Yl|Xl,®’,pl,o7) _ _% (Yl _Iu<l(Xl|pl)) [‘Kl (Xl’Xl|pl’®l) +o-lzl]_1
12
x (Yl - /1<Z(Xl|pl)) - %log |7<l (Xl,Xl|pl,®l) + afl|, ()

being K defined by Eq. (IT). For the standard formulation [19], the expression for £ is analogous except that K is
given by Eq. (), 1"~V (X) is used in place of u<!(X!|p"), and the scalar p(1-1) substitutes the vector pl.

I11. Applications
We present three exemplary tests to expose the strengths and weaknesses of the proposed formulation. We label the
multi-fidelity model obtained according to the standard recursive strategy from [19]] as SR (Standard Recursive), the
surrogate obtained with the proposed approach as IR (Increasingly Recursive), and the single-fidelity G surrogate i.e.,
trained on the Y data set only, as SF (Single-Fidelity). In all applications hereinafter, the kernel function is defined as

72
K' =K (X x’|®l) = 6! exp (%) +075(x),
2

with @' = {6}, 912}. The parameter 911 is the signal variance whereas Gé is the correlation length. The 0'12 term is an
unknown homoscedastic gaussian noise. Both ®' and 0'12 are inferred recursively from the available data, considering
uniform priors. At each level, the training i.e., the maximization of the negative marginal log-likelihood is executed
using the Limited-memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS-B) algorithm [20} 21]. The procedure is
repeated 10 times from random initialization points.

To evaluate and score the performances of the different modeling approaches, we employ independent data sets and
rely on the so-called coefficient of determination

Jo (T(®) = pE(x))?

R>= -~
LT - é Jo T(x)

13)

where u”(x) indicates predictions from the top level surrogate, T(x) is the truth i.e., the reality of interest the surrogate
tries to mimic, and Q is the input space. In the best case, the surrogate predicts the reality of interest exactly and R? = 1.
Worse models have R? < 1. For test cases A and B, to reduce the risk of drawing general conclusions based on peculiar
data sets endowed with special informative characteristics, we randomize the training sets by resampling them K = 100
times. Then, we score the quality of a multi-fidelity surrogate in terms of averaged R? and its standard deviation

1 1
SCOreAvG = X Z score; and scorestp = X Z (scorey — scoreavg) - (14)
k k

Training sets are generated randomly and independently. Whenever analytic expressions are available, training points
are drawn uniformly from the input space €2 and synthetic observations are obtained. Whenever real observations are
available, the training sets correspond to subsets of the original (larger) database.

A. Analytic function
We assume that the reality of interest 7 : Q ¢ R! > R one-dimensional

T(x) = xsin(8nx) +x, with x € [0.0,1.0], (15)



and therefore require M%(x) = T(x). We then assume that four models of different fidelity are available to us, to
approximate T (x)

M1(x) = x,

M2(x) = 0.7x sin(87xx),

M3(x) = xsin(8.27x) + x,

M4(x) = -5x + 1.

(16)

Note that the model list in (T6)) is random and items are not ordered in any particular manner. Note also that the following
approximation holds 7 ~ M1 + 1.429M2.

We consider two arbitrarily hierarchies for building surrogates, namely S4 = {M1, M2, M3, M4,T} and Sp =
{M1,M2, M4, M3, T}, noting the swapping of the third and fourth elements. For all M1, M2, M3, M4 and T, a finite
set of independent observations is available. The cardinality of the training sets is defined according to the following
rule ¢(YT) = N, c(YM*) =2 x N, «(YM3) =3 x N, ¢(YM?) =4 x N and ¢(YM') = 5 x N. The different cardinality
simulates data sets from computations/experiments of varying cost, according to the criterion that cheap data are usually
plentiful. We train the surrogates and score them considering a test set of 1000 evenly distributed points in Q.

We first consider training sets with cardinality ¢(YM!) = 30, ¢(YM?2) = 24, ¢(YM3) = 18, «(YM*) = 12 and
¢(YT) = 6. We report the averaged performance analysis in Table |1} for the IR, the SR and the SF approaches.
Table [I] also reports the averaged regression coefficients plus/minus their standard deviation. In particular, the IR

Table 1 Test case A: performance comparison of surrogates trained according to a different recursive order.

PAVG * PSTD

SCOreayg * Scorestp

Ml M2 M3 M4
S IR 0.882+0.185 1.292+0.281 0.110+0.233  0.001 + 0.035 0.961 + 0.120
4 SR - - - -0.246 £ 0.138 -0.355 + 0.665
S IR 0.884+0.186 1.292+0.282 0.110+0.234 0.001 + 0.035 0.961 +0.122
% SR - - 0.875 £ 0.309 - 0.552 + 0.437
SF - - - - -0.264 + 0.481

formulation leads to performances that, on average, are similar despite the different ordering dictated by S4 and Sp. The
scoreayg reads about 0.96 considering both sequences, also with a similar standard deviation. The averaged regression
coefficients indicate a strong correlation of 7 with M1 and M2. In particular, the scaling values of the reality of interest
(T = M1+ 1.429M?2) are well included within the plus/minus one standard deviation, indicating that the IR method is
capable of selecting bits of information that contribute to improving the accuracy of M”. In addition, the IR provides
physics insights about the reality under investigation whose governing laws can be reconstructed as a combination of
simpler model units.

The SR formulation reveals the limit associated with establishing an arbitrary hierarchy between models. Since M4
is a poor approximation of the truth, its position in the hierarchy is of the utmost importance. In S4, M4 is mistakenly
considered at the level L — 1. The training procedure correctly discards M4 by assigning a low correlation coefficient,
i.e., on average —0.246. Therefore, the framework is encouraged to learn the target model exclusively from the Y data.
As a consequence, on average surrogates have a poor score (negative) associated to a quite large standard deviation.
Possibly, the large pstp indicates that the surrogate score strongly depends on the particular YkL realization. The
surrogate behavior changes when we instead consider Sg. Since M3 is a quite close approximation of the truth, the SR
now learns a high correlation coefficient (about 0.875) between M’ and ML, The averaged score is now positive and
significantly higher, whereas the standard deviation is smaller.

Lastly, Table[T]also reports the performance of the classical single-fidelity approach SF. Since there is no recursion,
there are no regression coefficients. The average score is about —0.264, slightly better than the SR based on S4, but
significantly worse than the SR based on Sp. This may appear counterintuitive since, despite the ordering, one may
expect SR to have an intermediate score between a lower bound (established by the SF) and the perfect fit. However, the
SR approach based on S4 does not completely neglect the information from M4. In fact, it learns an average scaling



factor of about -1/5, which is consistent with learning the linear contribution to 7 associated to the +x term. As a
consequence, in many data set realizations, the SR framework models the deviation of the M4 predictions (scaled by
-1/5) from the Y data as noise, thus significantly lowering the score. Possibly, this behavior is fostered by the limited
cardinality of Y considered for this test case. In this regard, it has to be noted that different training strategies e.g., the
Leave-One-Out cross-validation, may help mitigating this dependency.

In Fig.[2} we report M (L) predictions over the whole domain of interest. The figure is relative to one random training
set among the K available realizations. Figure [2]develops per row: the first row is relative to S4 whereas the second row

T M4 M3 M2 M1

MR

T M3 M4 M2 M1

r - > T T T —0.51— T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig.2 Test case A, N = 6. Top row: S4. Bottom row: Sg. Left column: analytic curves and the training points.
Right column: prediction comparison.

concerns Sp. In each row of Fig. [2] the left hand-side picture plots the five available models M’, together with the
available Y/ observations. The right-hand side compares the prediction ‘%) (x) from the IR, SF, and SR surrogates,
complemented by the envelope of one-standard deviation. Regardless of the model hierarchy, the IR formulation leads
to similar predictions. On the other hand, for S4 the SF, and the SR, formulations produce quite similar results. In
fact, the low regression coefficient assigned to M4 causes SR to almost degenerate into the single-fidelity approach.
However, the regression coeflicient is not exactly zero, and therefore some differences are noticeable for x 2 0.8. Taking
into account S, we observe a quite different scenario in which SR predictions have a qualitatively improved behavior,
significantly different from SF, due to a strong correlation of M3 with T'.

We now investigate the hyperparameters of the G kernel of the L level in the three models considered. Table|2]
reports the averaged kernel hyperparameters as resulting from training on the K data sets. For IR, the reported values
confirm that the correction term 6& (x) is of little relevance. The variance of the signal (8;) and the noise level (b
approach zero on average. At the same time, the correlation length of the corrective G% is one order of magnitude
larger than that of the input domain Q € [0, 1]. These considerations hold for S4 and Sg. In contrast, the GP in SR has
a significant dependence on the imposed hierarchy. Kernel hyperparameters vary according to the amount of correction
needed i.e., less correction is needed if the sequence is favorable.

We build the same surrogate considering enriched training sets namely, ¢(YM!) = 75, ¢«(YM?) = 60, ¢(YM3) = 30,
c(YM#) = 45 and ¢(Y"T) = 15 and report quantitative results in Table [3| Not surprisingly, increasing data leads to
general improvements. All approaches return higher scoreayg and lower scorestp. In particular, the IR consistently
scores a value close to 1. The SR approach is also endowed with high performance, but the strong dependency on the
prescribed hierarchy is still predominant. Note that SF returns scoreayg of about 0.803 which is again intermediate w.r.t.
SR performances obtained with S4 and Sg.

Again, Fig. 3|reports the ML) predictions over the input domain for one random training data set. Despite the



Table 2 Test case A: comparison of kernel hyperparameters averages considering N = 6.

Table 3 Test case A: performance comparison of surrogates trained according to a different recursive order.

T L

elLAVG - lLSTD 2AVG * 2sTD O—IQVG + O—SLTD

s IR 0.010 = 0.000 9.903 £ 0.967 0.000 = 0.000
A SR 0.151 £ 0.254 2384 +4.163 0.061 = 0.081
s IR 0.010 = 0.000 9.903 +£ 0.967 0.000 = 0.000
B SR 0.066 + 0.193 2296 +£3.901 0.010 =0.019
SF 0494 +0.0.454 1.417 +3.039 0.066 + 0.104

PAVG * PSTD SCOreAyG * SCorestp

Ml M2 M3 M4
o IR 0968:0.008 1.426+0004 0.002%0.003 -0.006=0.002 0.999 + 0.000
4 SR ; - ; 20273+ 0.111 0.735 + 0.515
o IR 0968+0.008 14260004 0002 0.003 -0.006:0.002 0.999 + 0.000
B SR ; ; 0.846 + 0.058 ; 0.928 + 0.097
SF ; - - ; 0.803 + 0.243

T M4 M3 M2 M1

T M3 M4 M2 M1

0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 08 1.0

Fig.3 Test case A, N = 15. Top row: S4. Bottom row: Sp. Left column: analytic curves and the training points.
Right column: prediction comparison.

different ordering sequences, qualitatively no particular difference is appreciable. A slight reduction in the prediction
variance is notable when comparing SR and SF, for x = 0.1 and x = 0.4, if Sp is employed.



Lastly, in Fig. [d(a-b) we report the averaged score for S and Sp as resulting by increasing the size of the data sets
N. For the sequence S 4, the SF approach is consistently endowed with an averaged score higher than the one related to

1.0 1.0+
0.81 0.8
0.61 ]
% 0s g 0.6
g : g 0.41
0.21
Q 9 0.2
0.01 — IR 0.01 — IR
—0.21 — SR — SR
—— SF —0.21 —— SF
0.4+ : : : : :
6 9 12 15 6 12 15
N/ N/
(a) (b)

Fig.4 Test case A. Comparison of the scoresyg associated to the different approaches w.r.t. an increasing size of
the training data sets. a) S4. b) Sp.

SR. On average, this result is systematic regardless of the dimension of the data sets considered. For the sequence Sp,
SR clearly outperforms SF. At the same time, the IR strategy delivers the same performance regardless of the imposed
hierarchy of models. Similar considerations apply to the analysis of scoresrp, reported in Figure [5[a-b).

0.61 0.51
0.5 0.4
EOA- — IR E — R
Q — SR 0 0.3 — SR
S03) 802_ —— SF
0.2 o
0.01 ‘ ‘ , 0.01 ‘ ‘ ‘
6 9 12 15 6 9 12 15
N/ N/
(@) (b)

Fig.5 Test case A. Comparison of the scorestp associated to the different approaches w.r.t. an increasing size of
the training data sets. a) S4. b) Sg.

Lastly, in Table[d we report the computational time required to train the K surrogates. The aim is to provide a rough
indication of the training time increase due to the different formulations, based on popular choice kernels. The analysis
is carried out using a personal laptop and is meant to stress that training the IR surrogate is more demanding than
training the SR one. The task is not dramatic, showing a training time ratio of about 1.5. However, both approaches are
significantly more expensive than SF. In any case, the training time required to build 100 surrogates is on the order
of minutes, that is, tens of seconds to train the single surrogate. This amount of time is acceptable considering the
effort typically required to generate data in aerospace applications i.e., run a CFD simulation or execute an experimental
campaign. Moreover, in this paper we used a Python implementation of the IR, SR, SF approaches. For instance, a
C++ implementation would result in a faster framework, rendering the surrogate training phase even more negligible in



absolute terms.

Table 4 Test case A: computational time required for training the K surrogates, using the three different
formulations and for different c¢(Y7).

o(¥T)
6 9 12 15
IR 3148 [s] 3084 [s] 3388[s] 3694 [s]
SR 1898 [s] 1948 [s] 2350[s] 2623 [s]
SF 147 [s] 160 [s] 163 [s] 166 [s]

B. Wall-Mounted 2-D Hump

We investigate test n. 83 from the ERCOFTAC Classic Collection Database [22H24]. The application case consists
of a subsonic air flow over a wall-mounted Glauert-Goldschmidt type body. The pressure coefficient is measured
experimentally. Figure [6] depicts the geometry and reports the operating conditions. Details of the experiment

Po = 101325 [Pa]
endplate frames
Too = 298 K]
Poo = 1.185 [Kg/m?]
Hoo = 184-107° [Kg/ms]
U = 34.6 [m/s]
Reew = 223-10° [-]
Mso = 0.1 [-]
Lt = 0.42 [m]

Fig. 6 Test case B. The geometry of the experiment (image from Ref. [22]) alongside with the test conditions.

implementation can be found in the referenced paper. We just recall that the test rig includes a flap deflector and a
blowing/suction device to control the air flow. Here, we consider the uncontrolled configuration, namely, fixed flap and
no blowing/suction. In general, this experiment is approximated as two-dimensional.

The reality of interest 7 : Q c R! - R is the experiment itself. The available data consist of observations of the
pressure coefficient Cp(x) at discrete stations along the flow center line (x axis). We simulate the experiments using
computational models of varying complexity and cost, based either on Euler or Reynolds-Averaged Navier-Stokes
(RANS) equations. Specifically, M1 solves the Euler equations on a coarse grid (37k elements), whereas M2 solves
the Euler equations on a fine grid (83k elements). The models M3 and M4 solve the RANS equations on a grid
of, respectively, 100k and 131k elements (differences are limited to the resolution of the boundary layer). The
Spalart-Allmaras turbulence model [25] is used.

The open-source SU2 CFD solver [26] was used to generate data from M1, M2, M3, and M4. Numerical fluxes are
computed by a generalized Approximate Riemann solver of Roe type, with a Monotone Upstream-centered Scheme
for Conservation Laws (MUSCL) [27] with the Venkatakrishnan flux limiter. The convergence criterion monitors
the density residual, requiring a reduction of 7 orders of magnitude. In any case, simulations are ended after 10000
iterations. Note that this loose arresting criterion is applied to allow the collection of data from simulations that did not
converge. This is done on purpose, to maintain an agnostic perspective about the reliability of model predictions.

Figure[7] (a-b) report, respectively, the Mach field predicted by the Euler (M 1) and RANS (M 3) models. Streamlines
are superimposed to highlight flow features. The M1 Euler model, Fig.[7(a), predicts a fully attached flow downstream
the bump. On the other hand, a recirculation bubble is clearly visible in the solution from the RANS model M3. In
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(a) (b)

Fig. 7 Test case B. The Mach field and the flow streamlines computed using the SU2 CFD solver. a) Euler model
M1. b) RANS model M3.

the Euler model, the inviscid flow assumption prevents flow separation. However, CFD relies on the discrete form of
the governing equations and a certain amount of numerical dissipation is always present. A conscious exploitation
of numerical dissipation can help enforcing a local separation and render the Euler model reasonable even for a
separated flow. Typically, the amount of numerical dissipation decreases with the resolution of the grid. Therefore,
for the test considered, we expect the M2 data to be less reliable than the data from M1. Anyway, the widespread
bias higher-cost-equals-higher-accuracy may very well mislead a Modeler unfamiliar with CFD. Concerning the
RANS model, the extent of the predicted recirculation bubble strongly depends on the fluid transport properties and
the turbulence closure. In particular, turbulence models are devised with different applications in mind. Therefore,
establishing a fidelity hierarchy between closures is not straightforward.

Figure [8]compares the pressure coefficient along the test section as predicted from the CFD models. The comparison
is complemented by experimental data taken from [22-24]). Qualitatively, M 1 and M2 return reasonable predictions for
x < 0.6. A slight overestimation of the pressure peak for x < 0.2. The stream expands over the hump, reaching a quite
sharp edge in the aft part at x ~ 0.7, leading to the prediction of an excessively low C,,. At this edge, the lack of viscosity
in the Euler model prevents separation, and the flow follows the wall profile, suffering rapid compression downstream.
Since the recirculation bubble does not develop, the compression results in an overshoot of the experimental observation.
The deviation is more evident for M2, which employs a finer grid. In contrast, the RANS model predictions are closer to
the experiments and include the recirculation bubble. However, M3 and M4 predict a fairly different behavior between
x = 0.8 and x = 1.4. As mentioned, this discrepancy is possibly due either to the diverse grid resolution or to not fully
converged simulation.

According to this analysis, the fidelity hierarchy between the available models is not straightforward. We expect
the IR formulation to be capable of mitigating the consequences of erroneous assumptions concerning the hierarchy.
We then consider the M 1-M4 models and produce K = 100 randomized training data sets to investigate the averaged
performances. For each realization, the cardinality of the training sets is defined according to ¢(Y7) = N, ¢(YM#) = 2x N,
c(YM3) =3 x N, ¢(YM?) =4 x N and ¢(YM') = 5 x N. In addition, we also randomize the model hierarchy for each
realization. We perform the same analysis for N = {6,9, 12, 15, 20, 30}.

Table [5] reports the performance assessment. Since the four models predict a qualitatively similar behavior, the
surrogates have similar performances. Between IR and SR, the difference in terms of averaged performances is limited
and surely not dramatic. Both approaches perform consistently better than the single-fidelity one. Not surprisingly, all
methods perform similarly as the dimension of the data sets increases; see Fig.[0fa) and (b). It is interesting to point out
that the IR suffers from greater variability in the case of poorly populated data sets. This is due to the larger number of
degrees of freedom available, which makes the inference process more difficult and more dependent on the particular
data set realization. In SR we are forcing a hierarchy. That is, we are introducing some prior knowledge into the training
with the ultimate effect of regularizing the model.

C. Multi-fidelity optimization
We present an application of the proposed IR approach to the optimization of a 2D airfoil. We consider the
unconstrained optimization
X = argmaxypa J(X), 17
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Fig. 8 Test case B. Pressure coefficient CFD predictions and experimental observations.

Table 5 Test case B: performance comparison of surrogates trained according to different sized data sets.

SCOreavG =+ SCOrestp

) 6 9 12 15 20 30

IR 0.634 £ 1.185 0.881 +£0.113 0.944 £0.057 0.960 + 0.046 0.979 £0.016 0.989 + 0.013
SR 0.614 £0.299 0.832+0.139 0.883 £0.156 0.922 +0.112 0.956 £0.063 0.982 + 0.031
SF 0423 £0.519 0.689 +0.312 0.822 +£0.204 0.890 + 0.093 0.933 £0.108 0.975 + 0.029

where the objective is the maximization of the lift coefficient c;.

The baseline geometry is provided by NASA TMR (Turbulence Modeling Resource) [28 [29], specifically the
2DNOO test case. We consider the NACA 0012 airfoil with unit chord and the following operating conditions: Mach
M, = 0.15, static temperature T, = 300 K and Reynolds number Re = 6 - 10°. More details can be found at [28] 29].

1. Computational models

We take advantage of the XFOIL [30] solver with default viscous correction. The inviscid formulation implemented
within XFOIL entails a simple linear-vorticity stream function panel method with an explicit Kutta condition. A
Karmén-Tsien compressibility correction is incorporated to improve predictions in the subsonic flow regime. The airfoil
is discretized using 170 nodes, all the other settings are left as default. To emulate a multi-fidelity framework, we
generate three different computational models based on a different airfoil discretization. Namely, M1 (180 elements),
M?2 (260 elements), and M3 (320 elements). We will arbitrarily refer to M3 as the reality of interest T for this test case.
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Fig. 9 Test case B. Comparison of the performances delivered by the different approaches w.r.t. an increasing
size of the training data sets. a) scoreayg. b) scorestp.

To simulate the incorrect specification of one model, we pollute the M2 output with Gaussian noise. For ¢; we consider
N (0,0.2), whereas N (0, 0.02) affects c4.

2. The optimization algorithm

We implement the Efficient Global Optimization (EGO) technique from the class of Bayesian methods; see [31].
We rely on the Expected Improvement (EI) combined with a co-kriging model based on the formulation presented in
Sec.|lIl The parameter ¢ controlling the trade-off between exploration and exploration is set to 0.01.

The design space is sampled randomly, considering a uniform probability distribution, and independently for each
co-kriging level, to produce the initial training data sets {XM 1, yM1} (xM2 yM2} and {XT,¥"T}. We thus obtain
a multi-fidelity surface approximating J(x)”. Once initialized, the optimization process explores the design space
collecting data from the L model only based on the expected improvement. Except for initialization, the / =0, ...,/ -1
models are never sampled and, therefore, intermediate surrogates are never updated. In other words, we limit the
optimization procedure to sampling the L level only, exploiting less accurate data to enrich knowledge in regions poorly
populated by high-fidelity information. Future works may be devoted to establishing criteria for selecting the level
to be sampled e.g., see [32]], exploiting the additional degrees of freedom provided by the IR formulation. Based
on predictions at M’ level, the EI is maximized using the Limited-memory Broyden—Fletcher—Goldfarb—Shanno
(L-BFGS-B) method [33] to select the most promising design point X,,. Once a new promising design point is identified,
a simulation with model M3 is automatically performed to generate new data and update the co-kriging surrogate. The
optimizer searches the design space until the maximum budget of 100 evaluations is exhausted or until the stopping
criterion Zi’: ir—s [ (X)) =JPEST||JPEST] < 0.01 is fulfilled. Note that this latter stopping criterion is defined considering
the last five samples of the optimization procedure.

3. Design Parametrization

To better test the IR strategy, we perform the optimization considering a design parametrization of increasing
complexity. We rely on a combination of the NACA 4 digit series codification with Class Shape Transformation
(CST) [34]. Namely, we first specify the airfoil based on the three NACA X-X-XX parameters (each "X" represents a
digit in the codification). Note that the last two digits concur to form a single design parameter. To extend the range of
attainable designs, each parameter is cast to a floating-point number in place of an integer. Bounds are enforced to avoid
degenerate profiles, respectively, [0.0, 8.0] (percentage of the chord) for the maximum camber, [4.5, 8.0] (tenths of the
chord) for the distance of the maximum camber point to the leading edge, and [1.0, 2.0] (percent of the chord) for the
maximum airfoil thickness. The resulting NACA 4 digit airfoil is then perturbed using CST to define an arbitrarily
complex parametrization based on recursive polynomials. We perturb the upper (U subscript) and lower (L subscript)
sides independently, using Chebyshev polynomials P" of degree n. The perturbation function ¢ is defined along the
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nondimensional coordinate s = x/c, being ¢ the chord of the airfoil, and it reads

Y =y P+ Vs (1= )% ( 9)/10, (18)

Y($)L =y N = V(1 - )W) (=5)/10. (19)

The design parameters consists of the coefficients of the Chebyshev series, bounded within [0.0, 1.0]. Furthermore, we
consider the Angle of Attack (AoA) a € [0.0°,25.0°] as an additional design parameter.

The design vector x € Q ¢ R has dimension d corresponding to a plus the 3 NACA parameters plus the coefficients

of the Chebyshev polynomial n + n (n for each side) . Note that, for n = 0, the parametrization corresponds to the NACA
4 digit convention plus . Exemplary (random) design realizations are reported in Fig.[T0}

nC:O>f\ i e ———

b@oo@
n=2§

= —— N N el el G
Fig. 10 Test case C. Random realizations of the airfoil, for a varying order of the Chebyshev polynomial.

4. Optimal designs

We present the optimizations performed using the three different metamodels i.e., SF, SR, and IR. According
to our parametrization, we consider the following cases: n =0 .. d =4, n =2 ..d =6,n =4 .. d = 8, and
n =8 .. d = 12. All optimization processes are initialized using the very same database of size c(YOT ) =95, c(YéVI 2) = 40,
and ¢(Y 1) = 500 respectively.

The optimization history of the four cases is reported in the left column of Fig.[TT} whereas the optimal designs
are reported on the right side (note that each row corresponds to the different values of n, in an increasing order from
top to bottom). Note that the optimization histories report predictions from the L level only, the gray-shaded area
identifies points in the initial database. For n = 0, all optimizations based on SF, SR, and IR-, converge to the very
same solution. The IR methodology requires only 5 iterations to satisfy the convergence criterion, whereas the SR
methodology requires more evaluations than the single-fidelity approach. For n = 2, IR/SR methods have a very similar
behavior and both converge in 5 iterations. The SF approach instead requires a larger number of steps. The three
resulting profiles are similar, but not exactly identical. The delivered performance is also slightly different. For n = 4,
the IR-based optimization achieves convergence in just 5 steps, the other methods requiring a bit more. Notably, the
designs provided by the SR and SF methods are suboptimal and deliver lower performance. Although the IR and SR
optima present slightly different maximum performances, the resulting airfoil shapes are quite similar. For n = 8, the SF
approach converges to a very poor solution using more than 20 iterations. Instead, the IR and the SR approaches return
the very same optimal solution, with significant differences in the optimization history. The IR converges in 11 steps,
whereas the SR requires twice the number of evaluations.

As we are interested in the implications of a (possibly) biased fidelity hierarchy, we investigate how the regression
parameters evolve with new samples collected during optimization. We recall here that only the model at level L is
sampled. Figure[I2]reports the evolution of the regression coefficients for SR (on the left) and IR (on the right) based
optimizations. For n = 0, we observe differences between SR and IR. Considering the SR case, initially the value of the
inferred coefficient pé_l is close to one. A strong correlation is inferred, but this result is fortuitous since the initial data
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Fig. 11 Test case C, small database. Optimization history and resulting designs. From top to bottom:

n=1{0,2,4,8}.
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sets are random. As the optimizer samples the design space, it realizes a poor correlation between L and L — 1 due to
noise that corrupts the lift coefficient predictions. This fact provides an explanation for why the SR formulation behaves
worse than the single-fidelity one. The abrupt decrease of pf_l corresponds to an abrupt variation in the optimal values
for the kernel hyperparameters. At some point, the information brought about by the new samples produces an abrupt
decrease in pf_l. The SR no longer correlates the L data with the L — 1, and the whole machinery is downgraded to a
single-fidelity GP. The IR formulation recognizes a strong correlation between the L and / = 0 data sets i.e., p(’; ~ 1,
instead discarding [ = 1 by learning plL ~ 0. In other words, the IR formulation is capable of neglecting the more
expensive but less accurate information from the model M2. As we consider n = 2 and n = 4, we observe a qualitative
similar behavior, with only quantitative differences. For the SR, P£—1 is initially close to one and decreases as the design
space is sampled. Since the design space is larger, the regression coefficient does not go to zero and instead approaches
a non-negligible value of about 0.75 and 0.85. This is possibly due to the amount of data available, which becomes poor
in relation to the larger input space. In both cases, the corrective term §;(x) ~ GP interprets the discrepancy between
ME=1 and MF as pure noise which, in principle, is not wrong. However, the noise component hinders the overall
optimization process, as it introduces uncertainty in the predictions of the co-kriging model at the level L. The optimizer
then needs to acquire more samples to reduce the prediction variance i.e., more exploration is performed. Instead, the IR
formulation still infers strong and poor correlations of level L w.r.t. L —2 and L — 1, respectively, discarding the noisy
data set. The same conclusions apply to the n = 8 case. However, the amount of data in relation to the dimensionality of
the problem is very poor, and both the SR and IR approaches struggle to produce an interpretable behavior.

To provide a confirmation of the above discussion, we also repeat the very same optimization procedure considering
richer initial data sets. Consequently, ¢(Y]) =20, ¢(¥}*?) = 100, and ¢(Y}*") = 600. The optimization histories are
reported in Fig. Again, the IR formulation seems to provide the best solution in the least number of iterations
quite consistently. The SR and the SF surrogates lead either to suboptimal solutions or require more search steps to
find the optimum, especially as the degrees of freedom for the optimization problem increase. The evolution of the
regression coefficient is reported in Fig.[T4 Conclusions similar to those drawn for the smaller database. That is, the SR
formulation infers a poor correlation between L and L — 1 since the very beginning, basically acting as a single-fidelity
approach. On the contrary, in the IR case the pg and the plL coeflicients do not vary with the sampling of new points,
showing that the corrupted information brought to the process by M2 are discarded from the very beginning.

Overall, the IR is promising and, at least for this exemplary case, is more robust to corrupted data from intermediate
levels. It must be stressed that we do not claim a general superiority of the proposed formulation w.r.t. standard
optimization multi-fidelity approaches. Our goal is to focus attention on possible biases introduced in the establishment
of the fidelity hierarchy between models. A thorough investigation of the implications of using the proposed formulation
within an optimization procedure is required.

IV. Conclusions

We propose a modification of the standard autoregressive recursive formulation for building multi-fidelity co-kriging
surrogates. The mathematical formulation represents a straightforward extension of the existing approach. The
complexity of the implementation into a computer code is limited, whereas the computational cost required to training
the surrogate remains acceptable.

The proposed multi-fidelity formulation is capable of overcoming the possible limitations inherent in the process
of establishing an (arbitrary) fidelity hierarchy between available models. That is, the formulation mitigates the role
played by the Modeler’s prior knowledge in selecting the appropriate ordering and is more resilient to subjective biases.
The framework recognizes the coherence of predictions of different fidelity w.r.t. the reality of interest, selecting the
appropriate models while neglecting inaccurate, or wrong, information. This should not be intended as a framework
capable of preventing the Modeler from committing errors in establishing a fidelity hierarchy between models, but
rather as a framework capable of mitigating the consequences of such errors.

The proposed formulation can also improve the interpretability of the co-kriging surrogate. The a posteriori analysis
of the regression parameters helps identify direct correlations between available models. Instead, in the standard
recursive autoregressive formulation the correlation was available only for consecutive models.

Moreover, the proposed formulation can be employed straightforwardly in aerodynamic shape optimization and in
design problems in general. In this regard, it may be exploited to support the early design stages Multi-Disciplinary
Analysis and Optimization in aerospace applications.

However, future works should focus on further investigating the implications of arbitrary multi-fidelity sequences.
Although the proposed approach is capable of mitigating modeling biases, a not quantified relevance of the ordering
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Fig. 12 Test case C, small database. Regression parameters for level L SR (left) and IR (right). From top to
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sequence is still retained and deserves thorough attention. This lies in the recursive structure of the co-kriging model.
At each level, the training fits the corresponding data set Y/. Changing the hierarchy may change the quality of the
surrogate obtained at each level and, since the formulation is autoregressive recursive, also the quality of the surrogate
at the level L. Surely, a possible future development is introducing an automatic ordering rule for the available models,
to achieve an optimal sequence w.r.t. the specific data set realization. Another key aspect is to consider the possible
spatial dependency of the regression coefficients to shed light on the implications. Eventually, database infill strategies
may be developed based on the proposed formulation.
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