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Optimally Controlled Moving Sets with
Geographical Constraints
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Abstract. The paper is concerned with a family of geometric evolution problems,
modeling the spatial control of an invasive population within a region V C R?
bounded by geographical barriers. If no control is applied, the contaminated set
Q(t) € V expands with unit speed in all directions. By implementing a control,
a region of area M can be cleared up per unit time. Given an initial set ©(0) =
0 C V, three main problems are studied: (1) existence of an admissible strategy
t — Q(t) which eradicates the contamination in finite time, so that Q(T') = () for
some T > 0. (2) Optimal strategies that achieve eradication in minimum time.
(3) Strategies that minimize the average area of the contaminated set on a given
time interval [0,7]. For these optimization problems, a sufficient condition for
optimality is proved, together with several necessary conditions. Based on these
conditions, optimal set-valued motions ¢ — Q(t) are explicitly constructed in a
number of cases.

1. Introduction

We consider a family of geometric evolution problems, modeling the spatial control
of an invasive population [8]. For each time ¢ € [0,7], we denote by Q(t) C R? a
set moving in the plane. This can be regarded as a “contaminated region”, which
we would like to shrink as much as possible. To control the evolution of this set, we
assign the velocity 8 = ((t,z) in the inward normal direction at every boundary
point € 0€(t).

A function E() > 0 is given, describing the effort needed to push the boundary
of Q(t) inward, with speed (3 in the normal direction (see Fig. 1). The total control
effort at time t € [0, 7] is then defined as

Et) = / E(B(t,2)) H(da), (1.1)
20(t)

where the integral is computed w.r.t. the 1-dimensional Hausdorff measure along
the boundary of (). In this paper we focus on the case where
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FIGURE 1 Left: a moving set, where the evolution is determined by
assigning the inward normal speed ( at each boundary point. Right:
the effort function E(S) in (1.2).

o
COR R (12

Given a constant M > 0 accounting for the maximum control effort, we consider
set motions ¢t — (t) which satisfy the constraint
E(t) <M foralltel0T]. (1.3)
This models a situation where:

o If the control effort is everywhere zero: E(3) = 0, then the inward normal speed

is § = —1 at every point. Hence the contaminated set Q(t) expands with unit
speed in all directions. In particular, its area increases at a rate equal to the
perimeter:

d .o _ 2)H (de) = H1
4 2(0m) = /m(t)ﬂ(t, ) M (dz) = H (0(1)).

e By implementing a control with total effort £(¢) = M, we can clean up a region
of area M per unit time, hence

d o =— z) H(dz) = - x Ydx
£L2(9(1) = /m(t) B(t, ) H (dz) /m(t) [1 - B(8(t.2)] H (d)

= H"(09(t)) — M. (1.4)

Here and in the sequel, H' denotes the 1-dimensional Hausdorff measure while £?
is the 2-dimensional Lebesgue measure. Given a set S C R?, we write

Bs(S) = {z € R?; d(z,5) < 6}

for the d-neighborhood around the set S. Motivated by (1.4), following [5] we intro-
duce

Definition 1.1. Given a constant M > 0, we say that the set motion t — (¢) is
admissible if

Qt+h) C By(Qt)) foral0<t<t+h<T, (1.5)

. c? (Bh(Q(t))\Q(t + h))

h—0+ h

<M foral 0 <t<T. (1.6)
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In the above setting, two basic problems can be formulated.

(EP) Eradication problem. Let an initial set Qg C R? and a constant M > 0 be
given. Find an admissible set-valued function ¢ — €(t) such that, for some
T >0,

Q0) = o, QT =0, (1.7)

(MTP) Minimum time problem. Among all admissible strategies that satisfy (1.7),
find one which minimizes the time 7.

Notice that the constant M puts an upper bound on the total control effort
at each time t. For example, in a pest eradication model, there will be an upper
bound on the amount of pesticides that can be sprayed per unit time. If M is too
small, compared with the size of the contaminated region, it may not be possible to
completely eradicate the invasive population.

More generally, even if the Eradication Problem does not have a solution, one
can consider an optimization problem, minimizing the size of the contaminated set
over time.

(OP) Optimization problem. Given an initial set €y and two constants k1, ka2 > 0,
find an admissible motion ¢ +— () that minimizes the cost functional

T
J(Q)im/o L2(Qt)) dt + ko L2(QUT)). (1.8)

with the initial data ©(0) = Q.

The main results in [9] provide the existence of optimal solutions, together
with necessary conditions for optimality. In the case where the initial set g C R?
is convex, the optimal solution to (MTP) and (OP) has been explicitly determined
in [5].

In the present paper we study similar control problems for moving sets, but with
geographical constraints. These models describe an invasive biological population
within an island, where the sea provides a natural barrier to its expansion. More
precisely, given an open set V' C R? we impose the additional constraint Q(t) C V.
Since the population cannot propagate outside V', the instantaneous control effort
(1.1) is now replaced by

Et) = / E(B(t, 2)) H(da). (1.9)
206NV

Notice that in (1.9) the effort is integrated only over the relative boundary of €(¢),
contained inside the open set V. In this setting, Definition 1.1 is replaced by

Definition 1.2. Given a constant M > 0 and a bounded open domain V C R?, we
say that the set motion ¢t — Q(t) C V is admissible if

Qt+h) C VNB(Q@1) foral0<t<t+h<T, (1.10)

2
lim sup - <<V N B(Q0) )\t + h))

h—0+ h

<M forall0<t<T. (1.11)
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The three problems (EP), (MTP) and (OP) can now be formulated in the same
way as before, replacing (1.1) with (1.9).

Aim of this paper is to provide an extensive analysis of the above problems,
in the presence of geographical constraints. In the first part, several results are
proved on the existence of solutions, sufficient conditions for optimality, and various
necessary conditions. In the second part, we use the necessary conditions in order
to explicitly construct optimal solutions in a variety of cases.

More in detail, in Sect. 2 we give an equivalent notion of admissible strategy
and review the definition of weak solutions to the optimization problem, introduced
in [9]. Section 3 deals with the eradication problem (EP). Concerning the existence
of an admissible eradication strategy, sufficient conditions as well as necessary con-
ditions are proved in Theorem 3.1.

In Sect. 4 we study the minimum time problem (MTP). A sufficient condi-
tion, for a strategy to eradicate the contamination in minimum time, is proved in
Theorem 4.1. Examples are given, showing cases where such condition can be used.
Here the optimal strategy amounts to piecing together a family of solutions to the
classical Dido’s problem. Namely, at each time ¢ € [0, 7], the relative boundary of
the set () C V has minimum length, compared with all other subsets W C V' of
the same area.

In Sect. 5 we prove a general result on the existence of optimal solutions for
the problem (OSM) and for the minimum time problem (MTP), within a class of
multifunctions with bounded variation.

Necessary conditions for optimality in a form similar to the Pontryagin maxi-
mum principle, are stated in Sect. 6. An intuitive argument is first given, motivating
the result and explaining the role of the adjoint variable, which can be interpreted
as a “shadow price for a cleaning service”. A detailed proof of the necessary con-
ditions is worked out in the following Sects. 7 and 8. Optimality conditions for the
minimum time problem are then derived in Sect. 9.

We should point out from the outset that the regularity of the set-valued map
t — Q(t) is a major issue. At the present time, the existence of optimal strategies
is proved within a class of maps whose characteristic function

1 if (.’E1,$2> S Q(t),

1Q(t,.’L'1,(L'2) = {0 if (x1’$2> ¢ Q(t), (112)

has bounded variation [4,19,23]. However, the optimality conditions obtained in
[9] require a much stronger regularity assumption. Namely, the boundaries 9€(t)
should be C? curves. More recently, the explicit solutions constructed in [5] show that
these conditions are too restrictive. To handle the majority of relevant cases, is thus
important to relax these regularity assumptions. Here we assume that the boundary
09Q(t) is only C* with Lipschitz continuous normal vector. Its curvature w(t,z) is
defined almost everywhere, and the inward normal velocity [((¢,x) is continuous.
Because of these weaker assumptions, a more careful proof is needed.

In spite of this improvement, there still remains a major gap between the regu-
larity provided by the existence theorem and the regularity required by the optimal-
ity conditions. To partially bridge this gap, in Sects. 10 and 11 we prove additional
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necessary conditions, which must be satisfied at boundary points assuming only
piecewise C! regularity. Roughly speaking, Theorem 10.1 shows that the boundary
08)(t) cannot have corner points in the interior of V. Moreover, Theorem 11.1 im-
plies that, at points where 0(t) meets the boundary of the constraining set V,
either the junction is perpendicular, or the control effort must vanish.

In the second part of the paper, Sects. 12 to 16, we study the problem of
how to construct admissible motions t — Q(t) C V which satisfy all the previous
optimality conditions. Here the discussion is partly rigorous, partly heuristic. We
make no attempt to cover all possible situations. Rather, we provide guidelines
for constructing these set-motions. Explicit formulas are obtained in a number of
specific cases. The reader should be aware that, although these motions are the
unique ones that satisfy all our necessary conditions for optimality, this does not
necessarily imply their optimality. In principle, there may be other strategies, with
only BV regularity, which achieve a lower cost.

We outline the main ideas. At each time ¢ € [0,7] the boundary 0Q(t) is
assumed to be the union of finitely many “controlled arcs”, where the control is
active, and “free arcs”, where no control is applied and the set (¢) thus expands
with unit speed. If at some intermediate time 7 € [0,7] a maximally extended free
arc is identified, in turn this determines the free arcs at all times ¢ in a neighborhood
of 7. The remaining portions of the boundary can now be constructed, since they
must be arcs of circumferences, all with the same radius r(t), whose endpoints
either (i) meet tangentially a free arc, or (ii) cross perpendicularly the boundary
O0V. Thanks to the identity (1.4) we obtain an ODE for the radius r(¢). In suitable
cases, the boundaries 9€(t) can thus be completely determined.

This general approach is described in Sect. 12, together with some examples.
Details are discussed in the following sections. The initial stage of an optimal strat-
egy is worked out in Sect. 13, while in Sect. 14 we derive a set of equations describing
a maximally extended free interface, assuming that the set V' has a smooth bound-
ary.

In Sect. 15 we assume that V is a polygon, and take up the more challenging
task of constructing a maximal free arc through one of its vertices. In this setting,
maximal arcs are determined by a system of ODEs which is of second order, implicit,
and singular. In Sect. 16 a 1-parameter family of local solutions is constructed, in a
neighborhood of a vertex.

Finally, Sect. 17 contains some concluding remarks and a brief discussion of
open problems.

Geometric optimization problem have been the subject of a rich literature. We
refer to [13,18,24] for comprehensive monographs, with further references. More
specifically, several different models related to the control of a moving set have
recently been considered in [6,7,10,12,16,17]. Eradication problems for invasive
biological species are studied in [1-3].
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2. An Equivalent Formulation of Admissible Set Motions

The concept of admissible set-motion, introduced is Definitions 1.1 and 1.2, is very
general. Indeed, it remains meaningful for any measurable set-valued map t — €(t).
However, toward the analysis of optimal strategies, it is convenient to work within
a class of more regular maps. Following [9], in this section we consider a weak
formulation of the optimization problem (OP), within the class of BV functions.

Let a bounded open set V C R? be given, with finite perimeter. Consider the
family of subsets

F= {Q C]0,T[xV; Q has finite perimeter}. (2.1)

Calling 1q the characteristic function of €2, this implies that 1 € BV. In other
words, the distributional gradient po = D 1q is a finite R3-valued Radon measure:

/ divpdr = — /cp ~dpg  for all p € C.(]0, T[ xR?; R?). (2.2)
Q
Given a set 2 € F, we consider the multifunction

t — Q@) ={zeR% (t,z) € Q}. (2.3)

By possibly modifying 1 on a set of 3-dimensional measure zero, the map ¢ — 1q )
has bounded variation from ]0,T[ into L!(R?). In particular, for every 0 < t < T,
the one-sided limits

Loy = lm law), lag-) = lim low), (2.4)

are well defined in L!(R?). This uniquely defines the sets Q(t+), Q(t—), up to a set
of 2-dimensional Lebesgue measure zero. Throughout the following, we define the
sets 2(0) and Q(7') in terms of

1o = tl_i)%gr low, lom = tli)fqr}_ Low)- (2.5)

In the following, by B(y,r) we denote the open ball centered at y with radius r,
while S? is the sphere of unit vectors in R3. If

L (1 ifzeq(),
u(t,a:)—lﬂ—{o if z ¢ Q(¢),

is the characteristic function of the set €2, the distributional derivatives of u will be
denoted by

Dyu, Dyu(t,”) = v-H'™LON(t). (2.6)

Here v = v(t,z) € R? is the unit inner normal to Q(t) at a boundary point z, while
the last expression indicates the restriction of the 1-dimensional Hausdorff measure
to the boundary 0€Q(t).

For every set of finite perimeter 2 € F, its reduced boundary 0*( is defined
to be the set of points y = (t,z) €]0,T[ xR? such that

va(y) = lim £2B:7)

10 |pa|(B(y,r)) 27)
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exists in R?® and satisfies |vg(y)| = 1. The function v : 9*Q +— S?% is called the
generalized inner normal to 2. A fundamental theorem of De Giorgi [4,23] implies
that 9*Q is countably 2-rectifiable and |D1q| = H2L0*Q.

To formulate an admissibility condition for a set {2 € F, we observe that, in the
smooth case, the (inward) normal velocity of the set Q(t) at the point (¢,x) € 9*Q
is computed by

B= (28)

/2 2"
vy +vj

Recalling that E(3) = max{1+ (3,0}, the instantaneous effort is thus computed by

E(t) = / E|— | H (dx
Q 90NV (x/vf + V%) ()
B -1 + \/V12 + 1/22 1
= max , 0> H (dz).
29(t)NV VVE+ 2

Therefore, integrating over a time interval ¢ € |t1, t2[ one finds

ta
/ S(t)dt:/ max{—uo—l—\/y%—i—ug, O}dHZ.
ty O*QN{(t,x); t1<t<to,z€V}

To impose the requirement that £(t) < M for all ¢, we consider the convex,
positively homogeneous function L : R? — R, defined as

L(v) = L(vo, v1,v2) = max{ — v + \/m, 0}. (2.9)

Definition 2.1. Let V' C R? be a bounded open set with finite perimeter. Given
M > 0, we say that a set Q € F in (2.1) represents an admissible motion, and write
Qe A, if for every 0 < t; <ty < T one has

/ L(v)dH?* < M(ty — t1). (2.10)
O*QN{(t,x); t1<t<to,z€V}

The original problem (OP) can now be reformulated as

(OSM) Optimal set motion problem. Given T, ki, k2 > 0 and an initial set Qy C V,
find an admissible set 2 € A which minimizes the functional

T(Q) = k1 L3(Q) + ko L2(AUT)), (2.11)

subject to 2(0) = Q.
Notice that the sets ©(0) and Q(7) are well defined in terms of (2.5).

3. Existence of Eradication Strategies

We consider here a null-controllability problem where all sets (¢) remain within a
given domain V C R?. This models the problem of eradicating a pest population
over an island.
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(CEP) Constrained eradication problem. Consider a bounded open set V C R?
with finite perimeter. Find a set-valued function ¢ — Q(t) C V such that,
for some T > 0,

Q0) =V, QT) =0, (3.1)

/ E(B(t,2)) H'(dz) < M, for all ¢ € [0, . (3.2)
VNoQ(t)

Note that in (3.2) the effort E(3) is integrated only along the portion of the
boundary 9€2(t) which is contained in the interior of V. Since we are thinking of V'
as an island, the contamination will never spread outside V.

We seek conditions that imply the existence (or non-existence) of an admissi-
ble strategy which eradicates the contamination. Toward this goal, two geometric
invariants associated with the set V play a key role.

(i) For any given A € [0, 1], we choose a set Vy C V with area £2(Vy) = A L2(V),
so that the length of its relative boundary is as small as possible. Then we take
the supremum of these lengths over all A. This leads to the constants

k(V, ) = inf {Hl(avA NV); Vi CV, L2(W3) = )\EQ(V)}, (3.3)
k(V)= sup &(V,A). (3.4)
Ae[0,1]

(ii) Next, we slice the set V' in terms of a continuous map ¢ : V' ~— [0, 1]. Here the
slices are the pre-images ¢~ 1()\), A € [0, 1]. We choose ¢ such that the maximum
length of these slices is as small as possible. This yields the constant

K(V)= inf (sup H1(¢—1(A))). (3.5)

4 vie[01] \ agjo.1]

Some results on the optimal constant (V) can be found in [15]. The invariant
K (V) in (3.5) is known as 1-width in dimension 2, see [21,22]. It is easy to see that
k(V) < K(V). In several cases a strict inequality holds.

Ezample 3.1. Let V be an equilateral triangle with side of unit length (Fig. 2).
Then

K(V) = \f ~ 0.866... (3.6)

coincides with the height of the triangle. On the other hand, for any A € [0,1] we

have
Kk(V,\) < m(v, %) - \/?Zf = k(V) ~ 0.643... (3.7)

According to Theorem 3.1 below, the contamination can be eradicated from V if

M > g, and it cannot be eradicated if M < %.
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B

FIGURE 2 The two invariants (3.4) and (3.5) in the case of an equilat-
eral triangle with unit side. Left: one of the level sets of the function
¢ in (3.5) must go through the vertex C. Hence it will have length
> /3/2. Center: for any A € [0,1/2] we can cut a sector V) with area

AC2(V), so that its boundary is an arc with length < /3v/3/4x.
Right: for A € [1/2,1] we can take V) to be the complement of a
sector with the same property.

Theorem 3.1. (Existence of eradication strategies) Let V' C R? be a compact set
with finite perimeter. Consider the following statements:

(i) There exists a continuous map ¢ : V +— [0, 1] whose level sets satisfy

sup H* ({x eV, p(z)= s}) < M. (3.8)
s€[0,1]

(ii) The constrained eradication problem (CEP) on'V has a solution which satisfies
the additional monotonicity property

s<t = Q(s)2(1t). (3.9)

(iii) The problem (CEP) on'V has a solution.
(iv) For every X € [0, 1] there exists a subset Vy C V' such that

L2(V\) = ALA2(V), HYV NIVy) < M. (3.10)
Then we have the implications (i) = (it) = (iit) = (iv).
Proof. 1. We begin by proving the implication (i)==-(ii). Assume that (i) holds (see
Fig. 3, left). As a first step, we observe that the function

s o f(s) = 52({93 eV pz) > s}> (3.11)

is continuous. Indeed, the function f is clearly decreasing. If there exists sy such
that

f(So) < inf f(s)a

s<80—

then
£2({x eV; pz)= so}> = inf L’2<{:U eV; p(z) > s})

EREN)

—£2({x eV; o(x) > so}) > 0.
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FIGURE 3 Left: in the case where M > K(V'), an eradication strat-
egy can be constructed Right: if (3.16) holds and M < x(V'), then
the area of the set Q(¢) can never become smaller than \*£2(V).

Hence

({x eV; = so}>

reaching a contradiction. A similar argument rules out the possibility that

f(s0) > sup f(s).

§>80—

2. To construct a strategy satisfying (3.1)-(3.2) and (3.9), we proceed as follows.
By (3.8) we can find b; > 0 small enough such that

H1<{m eV; = s}) Mbl for all s € [0,1]. (3.12)
We now define
={z e V; o(x) > s(t)}, (3.13)

for a suitable function t — s(t), with s(0) =0, s(T) = 1 for some time 7" > 0. This
function s(-) is chosen so that
blM

L2(Qt) = E2<{x eV; o(x) > s(t)}) = L3(V) - T

3. It remains to prove that the above multifunction ¢ — Q( ) satisfies all re-
quirements.

By construction, the property (3.9) is trivially satisfied. This implies 5(¢,z) > 0
for all t and all x € VNOQ(t). For any 0 < t; < to < 1, using (3.12) and then (3.14)
we compute

/tlt /Vmag(t)E(ﬁ(t,fC))Hl(dx) dt = /: /Vrm(t) (1+ ﬁ(t,x))Hl(dm) dt

t. (3.14)

< Tt —t)+ [22(9(0) - £2(21))]
M by M
= 1+b1(t2—t1)+ 1+b1(t2—t1) = Mty — t1).

Since this is true for all ¢; < t3, this yields (3.2).
4. The implication (ii) = (iii) is trivial.



Vol. 93 (2025) Optimally Controlled Moving Sets 273

5. To prove the implication (iii) == (iv), assume that, on the contrary, (iv)
fails (see Fig. 3, right). Hence there exists 0 < A* < 1 and ¢ > 0 such that
HY(V NOW) > M +2¢ forall W C V with L2(W) = \*L*(V).  (3.15)
We claim that there exists § > 0 such that,
HY(VNOW) > M+e forall W CV with £2(W) = AL*(V), |\ — N < 4.
(3.16)
Indeed, if (3.16) fails, we could find a sequence of subsets W,, C V such that
lim L2(W,) = L3V),  limsup HY(VNOW,) <M +e. (3.17)

n—oo
Since all these sets have uniformly bounded perimeters, taking a subsequence we
can assume the L' convergence of the characteristic functions: 1y, — L1y~ for a
set W* C V such that

HEVNOW*) < M+e L2W*) = N LEV).
This yields a contradiction with (3.15).
6. Using (3.16), we claim that, for any admissible strategy ¢ +— () one has
the implication
L2(Q(1))

el € W ax ] = 420y > 0.

dt
Indeed,

d

ZLAQ) = — / B(t,2) H' (da) = / 1= B((t,2))] H' (da)
dt 80NV 20NV

> HY Q) NV) =M >e.

As a consequence, the area L£2(€)(t)) can never become smaller than A\*£2(V). In
particular, this area cannot decrease to zero. ]

4. A Sufficient Condition for Optimality

In this section we consider the minimum time eradication problem (MTP), con-
strained to a set V' C R? with finite perimeter. The following result provides a
sufficient condition for a set motion t — (t) to be optimal for the minimum time
problem.

Theorem 4.1. Let t — Q(t) C V be an admissible set motion with Q(0) = V,
Q(T) =0, and such that, for all0 <t <t' < T,

L£2(Qt)) < £2(t), Q') C Bu—e(Q1)), (4.1)
%52(9(75)) = H' (0Q(t)N V) — M. (4.2)

Assume that

H(V N 9Q(t)) = min {Hl(VmaW); WCV, L2W)= £2(Q(t))} (4.3)
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FIGURE 4 Two optimal solutions for the minimum time problem on
a disc. For every ¢t €]0,T[, the boundary 09(t) should be an arc of
circumference, crossing the boundary 0V perpendicularly.

for allt € [0,T]. Then this motion is optimal for the minimum time problem.

Proof. Let A = L2(V) be the area of the set V. For every a € [0, A] define

g(a) = min{H(V N dW); W C V, L%Wﬂ:a} (4.4)
Consider any admissible strategy ¢ — (~2(t), t €0, f] We then have
%ﬁ(ﬁ(t)) > HH(V NoQ(t)) — M > g(ﬁz(ﬁ(t))) ~ M. (4.5)
Calling a(t) = L2 ((NZ(t)), for every ¢ one has
d_ ~
LA > —M
Salt) > g(atn) — M,
hence
A
da
t> —_—. 4.6
ay M —g(a) (4.6)

In particular, if (0) = V and Q(T) = 0, this 1mphes

/ M (4.7)

On the other hand, if the strategy ¢ +— Q(t) Satlsﬁes (4.1)—(4.3), then

A da ~
T:A Mg =T (4.8)

Hence €2(-) is optimal for the minimum time problem. O

Remark 4.2. Notice that the minimality condition in (4.3) implies that, for each
t €]0, T, the set Q(t) should provide a solution to the classical Dido’s problem [25].
As a consequence, the boundary 9€(¢) should be an arc of circumference, crossing
the boundary OV perpendicularly at both endpoints (see Fig. 4).

More generally, the arguments used in the proof of Theorem 4.1 can be used
to obtain necessary and sufficient conditions for a family of minimum time transfer
problems with prescribed initial and terminal conditions.
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(MTTP) Given a bounded open set V C R? and two subsets
Qtinal C Qinitiat €V,
consider the family of all admissible motions ¢ +— §(¢) C V such that
Q0) = Qinitiar, QUT) = Qfinai (4.9)
for some T' > 0. Among all such motions, minimize the time 7.

Corollary 4.1. In connection with the optimization problem (MTTP), assume that
there exists an admissible motion t — Q*(t), t € [0,T*] that satisfies (4.9) together
with (4.2)—(4.3), for every t. Then Q* is optimal. Moreover, any other optimal
motion must satisfy (4.3) as well.

Ezample 4.1. In the case where V' is disc with diameter diam(V) < M, the two
constants (V') and K (V) in (3.4)-(3.5) both coincide with the diameter of V. In
this setting, two strategies satisfying the sufficient conditions stated in Theorem 4.1
are shown in Fig. 4. On the other hand, if diam(V) > M, by Theorem 3.1 the
contamination cannot be eradicated.

In the borderline case where diam(V) = M, the contamination still cannot
be eradicated. Indeed, recalling the function g at (4.4), for any admissible strategy
t — Q(t), if Q(T) = 0, this implies

TM? /4 ™
T > / _da 2 d0 = +00. (4.10)
0 M —g(a) M J 1_7r—9tan<9>
2 2

5. Existence of Optimal Solutions

In the case without geographical constraints, the existence of solutions for a general
class of optimal set motion problems was proved in [9]. The same arguments can be
adapted to the present setting.

Theorem 5.1. Let V. C R? be a bounded open set with finite perimeter. Then for
any set Qo C V with finite perimeter and any T, k1, ko > 0, the set motion problem
(OSM) has an optimal solution.

Proof. 1. We observe that the functional 7 (2) at (2.11) is non-negative. Moreover,
the strategy t — Q(t) = B;(Q0)NV is admissible and has finite cost. Indeed, setting

Q={(t,2); z € Bi() OV, te 0,71}, (5.1)
one has
T
7(Q) < / £2(By(Q)) dt + kL2 (Br(Q0)) < +oo.
0
Moreover, by (5.1) the inner unit normal satisfies

—vo+\/vi+vi=0

at a.e. boundary point (¢,z) € 2N (]0,T[xV). Hence the admissibility condition in
Definition 2.1 is trivially satisfied: Q € A.
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We can thus consider a minimizing sequence of sets €2, € A such that, as
n — 00,
QecA
Without loss of generality we can assume that
Q,(t) = {z eR? (t,2) €Q} C Bi()NV (5.2)

for all ¢t € [0,7] and n > 1. Otherwise, we can simply replace each set 2,,(¢) with
the intersection Q,,(t) N B(£2p), without increasing the total cost.
2. We now prove a uniform bound on the perimeters of the sets Q,, C R3. For
every n > 1 we split the reduced boundary in the form
0N (10, T[xV) =%, UST, (5.3)

so that the following holds. Calling v = (v, 1, v2) the unit inner normal vector at
the point (¢t,z) € 9*Q,, NV, and defining the inner normal velocity 3,, = (5, (t, z) as
in (2.8), one has

Bult,z) < —1/2if (t,z)e X, ,
{ Bn(t,z) > —1/2if (t,x) e I}. (5.4)

Integrating the effort over X one obtains

1
> _ 2 2 2> — dH>. )
MT_//ijaX{ Vo + 1/ Vi + V3, O}dH _/ZXQdH (5.5)

H? () < 2MT. (5.6)

Hence

On the other hand, on the domain ¥ one has the lower bound

. (5.7)

N | =

vy >

We can now write

£2(Br(w) > £2(2,(T) - £2(00)) = | ) [ P )

T
Yo 1 2 1 2 2
= — N N Mdw)dt = / vy dH? > / dH / dH>.
/0 /amt) \/1/% + 1/22 iUz, 2 s, pony
(5.8)
Combining (5.8) with (5.6) one obtains

H2 () < 2L2 (BT(QO)> +AMT. (5.9)

Together, the two inequalities (5.6) and (5.9) yield a uniform bound on the 2-
dimensional measure H? (6*Qn N (]0,T[x V)) of the relative boundary of €, inside

V.
Since V' has finite perimeter, this implies that the characteristic functions 1q
have uniformly bounded variation.
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3. By the uniform BV bound proved in the previous step, by possibly taking a
subsequence, a compactness argument (see Theorem 12.26 in [23]) yields the exis-
tence of a set with finite perimeter 2 € F such that the following holds. As n — oo,
one has the convergence

1o, — 1 ‘ 0, 5.10
H I — 20 L' (J0,7[ x&?) - (5.10)
together with the weak convergence of measures

[, = g (5.11)

n

4. In this step we check that the limit strategy €2 € F is admissible. Since
the function L in (2.9) is convex, for any 0 < t; < {2 < T we can use a lower
semicontinuity result for anisotropic functionals (see Theorem 20.1 in [23]) and
conclude

/ L(v)dH* < liminf / L(vy,) dH?
9*QN{t1<t<ts,zEV} N0 JoxQ,N{t1<t<ts,xzEV}
< M(r"—7). (5.12)

Therefore Q2 € A.
5. It remains to check that the limit set 2 is optimal. As n — oo, the conver-
gence (5.10) immediately implies

L£3(Q,) — L£3(Q). (5.13)

Moreover, since the map t — 1o € L!(R?) has bounded variation, given & > 0 we
can find § > 0 such that

1 (7
E2(Q(T)) - = LZ(Q(t)) dt

< e 5.14
5 ) (5.14)

On the other hand, for every n > 1 and t < T" we have the one-sided estimate
L2(Q,()\Q(T)) < M(T —t).

Therefore, choosing 6 < /M we obtain

T T
L2 (2, (T)) > 1/ [EQ(Qn(t)) - M(T - t)} dt > 1/ L2, (1)) dt — €
0 Jr—s 0 Jr—s

for every n > 1. Using the convergence

1, o,

/ £2(Q (1)) dt — / £2(9(t)) dt,

0 Jr—s 0 Jr—s
we obtain

L£2(T)) < liminf £2(Q,(T)) + 2e. (5.15)

Combining (5.13) and (5.15), since € > 0 was arbitrary we conclude

T(Q) = k1 L3(Q) + k2 L2(UT)) < lim inf 7 (2, (5.16)
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6. It remains to prove that the initial condition ©(0) = Qq is satisfied. Since
Qp has bounded perimeter, by (5.2) we immediately have

Jim £7(Q()\2) < lim £2 (Bt(QO)\Q(]) —0. (5.17)

On the other hand, for every n > 1 and ¢ > 0 the admissibility condition €2, € A
implies

L£2(Q0\Q (1)) < Mt.
Taking the limit as n — oo one obtains
L£2(2\Q(t) < Mt. (5.18)

Together, (5.17) and (5.18) yield the convergence 1oy — 1o, in L'(R?), completing
the proof. O

Entirely similar arguments yield the existence of an optimal solution for the
minimum time problem.

Theorem 5.2. Let V. C R? be a bounded open set with finite perimeter, and let
M > 0 be given. If the constrained eradication problem (CEP) has a solution, then
the minimum time problem (MTP) has an optimal solution.

Proof. By the assumption, there exists a minimizing sequence (2,,),>1, with Q,, €
A, Q,(0) =V, Q.(T,) = 0 for all n > 1. Here T,, — T converge to the infimum
among all eradication times.

Since all sets €2, are admissible, by possibly taking a subsequence, the same
arguments used in the proof of Theorem 5.1 yield the convergence (5.10)—(5.11). By
(5.12) we again conclude that Q € A.

Since ,(t) C V for all t > 0, from the inequality

L£2(V\Q,(t)) < Mt,

letting n — oo one obtains (0) = V.
Finally, using the fact that ' < T,, and Q,,(T},) = 0, since every €, is admissible
we obtain

c? (Qn(T)\Qn(Tn)) =L (Qn(T)) < M(Tn - T)'

Letting n — oo we conclude that £2(Q(T)) = 0, hence Q(T) = (. This completes
the proof. O

6. Necessary Conditions for Optimality

In order to derive a set of necessary conditions for optimality, some regularity con-
ditions on the domain V' and on the moving sets Q(t) will be needed. A key as-
sumption is that the unit outer normal n(x) to a boundary point =z € 9Q(t) NV
depends Lipschitz continuously on x. This allows us to parameterize the relative
boundary 9Q(t) NV as £ — x(t,§), in such a way that the maps t — x(t,£) describe
perpendicular curves.
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FIGURE 5 Two examples where the boundaries of the sets () can
be parameterized as § — xz(t,§), according to (A1)-(A3). Left: a
case where (t,£) € W = [0,T] x S*. Right: a case with geographical
constraints, where (¢,&) € W = [0,7]x]0, 1].

In the following, S' = {¢ € R?; [¢| = 1} denotes the unit circumference.
Given a vector v = (vy,v2) € R?, we write v= = (—vy,v1) for the perpendicular
vector, obtained by a rotation of 7 /2. Moreover, C1'! denotes a space of continuously
differentiable functions with locally Lipschitz continuous partial derivatives.

We shall assume (see Fig. 5):

(A1) Either V = R? or V C R? is a bounded open set with piecewise C* boundary.
(A2) The relative boundaries of the sets Q(t), t € [0,T], admit a C'! parameteri-
zation of the form

W 3 (t,8) — z(t,§) € ot)NV (6.1)
such that the following holds.
(i) Either W = [0,T] x St if V.= R?, or W = [0,7]x]0,1[ in the case with
geographical constraints.
(ii) At each time 0 <t < T, the map
& — z(t,§) € ot)NV (6.2)

is one-to-one. Its range covers all the relative boundary 0Q(¢) N V.

(iii) For every (t,£) € W with t > 0, the partial derivative x¢(t,£) is a nonzero
tangent vector to the boundary 09(t) at the point x(t,£). For any given £ and
any 7 > 0 there holds

i t.6)] > 0. 6.3
i [ze(t,) (6.3)

(iv) The perpendicular vector

n - .’L‘g(t,f) )
(t,€) <‘x£(t7£)}> (6.4)

yields the unit inner normal to the set (¢) at the boundary point z(t,§).

(v) For each &, the trajectory t — z(t,£) is orthogonal to the boundary 9€(t)
at every time t € [0,7]. Namely, there exists a continuous, scalar function
G : W +— R such that

(8, &) = B(t, &) n(t, &) forall (¢,&) € W. (6.5)
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FIGURE 6 At each time t € [0,7], the boundary of the set €(t)
is parameterized by { — x(t,£). The curves t +— x(t,£) cross the
boundaries perpendicularly.

We denote by

<1’l(t7 5)7 Leg (tv £)>
ze(t, )]’

the curvature of the boundary 0€(t) at the point x(t, ). Notice that this curvature
is well defined for a.e. (t,£) € W. Indeed, the functions x¢ and n are locally Lipschitz
continuous, while |z¢| is a continuous, strictly positive function. By Rademacher’s
theorem [19], x¢¢ exists almost everywhere. The following regularity property will
be assumed:

w(t, &) = (6.6)

(A3) For each &, the curvature function ¢ — w(t,£) is measurable and bounded.
Moreover,
T
lim sup |w(t,¢) — w(t, &)|dt =0. (6.7)
=70 Jo jc—gl<e
Before stating a precise set of necessary conditions, we outline the main ideas.
As shown in Fig. 6, assume that at some time 7 € [0,7] we change our control
B(+) in a neighborhood of a point (7,£). This corresponds to a “needle variation”
used in the proof of the Pontryagin Maximum Principle [11,14,20]. However, in the
present case the perturbation is localized in time and also in space. As a result of
this perturbation, at time 7 the set (7) will be replaced by a (possibly smaller) set
QF (7). Its relative boundary will be parameterized by

E—af(1,€) € 0Q° ()N V.

Afterwards, for t € [1,T], we keep the same control effort as before at all points
of the boundary 99Q¢(t). More precisely, calling

Be(t ) = (25 (8, €), n°(t,€))
the inward speed of the boundary point x¢(¢,&) € 9Q°(t), we impose

B (t @) g (t,€)| = B(t, ) |ae(t, ). (6.8)
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8§(T)

FIGURE 7 In the perturbed motion, at time ¢ the boundary 99(t)
is pushed inward in the amount € X (¢). To leading order, the change
A(t) in the area is described by the ODE (6.14).

This will guarantee that the total effort in the perturbed strategy is admissible.
Namely, for every t € |7, T],

£°(t) = / B(6(t,2)) [25(t,€)| dé = / E(B(t,x)) |we(t,€)| de = £(t) = M.
(6.9)

We wish to estimate the reduction in the total cost, due to the fact that all
sets Q°(t), t € [1,T] are now smaller than in the original optimal solution. Toward
this goal, consider the first order approximation

z°(t,8) = x(t,&) + e X (t,§)n(t, &) + o(e). (6.10)
This implies

|2e(t, &) ~ |ae(t, )| (1 —w(t, X (¢,9)), (6.11)

where w is the boundary curvature. In view of (6.8) one obtains

Be(t,€) ~ (1 +/B}Z;ft))gf(t’g)| —1 ~ (1+8(t9)) (1 +wteX(t,€)) — 1.
f 9
(6.12)
To leading order we thus find
0 X (t,6) = ALt §) = Bt,€) ~ (148t 8))w(t, )X (t,8). (6.13)

e

Calling A(t,€) = X (t,€) ‘:1:5 (t,¢ )! the infinitesimal decrease in the area produced by
the perturbation (see Fig. 7), differentiating w.r.t. time t € [r,T], we find

Oy ‘.f&(t,f)‘ = —ﬁ(t,{)w(t,ﬁ)‘xg(t,fﬂ,

0 A(t,€) ~ (1+ B(L,8))w(t, )X (t,8)]xe(t,€)| — X (,€)B(t, E)w(t, &) |e(t, €)|
= w(t, €)A(t, €). (6.14)
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The linear ODE (6.14) is the key to understanding the optimality condition. If at
time 7 we are able to clean up an additional area a in a neighborhood of the point
x(7, &), the total cost would decrease in the amount a - Y (7,§), where

T
Y(r,€) = / K1 A(L, €) dt + ko AT, €). (6.15)

Here A is the solution to the ODE (6.14) with initial data A(7,&) = 1. The adjoint
function Y can be computed as the unique solution to the backward, linear ODE

8ty(t7€) == W(t,é) Y(tvé-) — K1, Y(T7§) = R2. (616)
Indeed, (6.14) and (6.16) together imply
d
%(AY) = —/‘f,lAY7

T

Y (T,6)A(T,€) = Y (1, ) A(7,€) = — / k1 A(L, €) dt,

T

and this yields (6.15) because Y (T, &) = ko, A(7,&) = 1.

Remark 6.1. The adjoint variable Y > 0 introduced at (6.16) can be interpreted as
a “shadow price”. Namely (see Fig. 6), think of €(¢) as the contaminated set, and
assume that at time 7 an external contractor offered to “clean up” a neighborhood
of the point z(7,¢), thus replacing the set Q(7) with a smaller set Q°(7), at a price
of Y(7,£) per unit area. In this case, accepting or refusing the offer would make no
difference in the total cost.

To obtain an optimality condition, consider two boundary points P; = z(7, ;) €
00Q(7), 1 = 1,2. Assume that the control is active in a neighborhood of both points:
B(r,&) > —1. It Y(7,&) > Y(7,&) we can then rule out optimality. Indeed, we
can increase the effort (i.e., the value of () in a neighborhood of P; and decrease
it by the same amount in a neighborhood of P». This will produce an admissible
perturbation with a strictly lower total cost.

We conclude that, at each time 7, the control 3(7, -) can be active only at points
where Y (7, -) attains its global maximum. Otherwise stated, one has the implication

B(r,&) > -1 = Y(1,§) :m?X Y(7,() =Y*(7). (6.17)

We are now ready to state our main result, providing necessary conditions for
optimality.

Theorem 6.1. Assume that t — $(t) provides an optimal solution to (OP). Let
(t,&) — x(t,&) be a parameterization of the relative boundaries of the sets Q(t),
satisfying the assumptions (A1)-(A2). Let Y = Y (t,€) be the adjoint function in-
troduced at (6.16).

Then, for every (t,£) € W the inward normal velocity 5 = [(t,£) satisfies
(6.17).

A proof will be worked out in the next two sections.
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Remark 6.2. The condition (6.17) does not explicitly determine the values 5(7,&).
However, it implies that at any time ¢ the portion of the boundary 9€(t) where the
control is active must be the union of arcs with constant curvature w(t).

Indeed, by the assumptions (A2)—(A3), both £(¢,£) and the solution ¥ =
Y (t,§) of the ODE (6.16) are continuous functions of (¢,§). Consider the open
subset where the control is active:

Wadive = {(t7§)7 ﬁ(tag) > _1} (618)
Assume (t,&1), (t, &) € Waetive for all ¢ €]a, b[. Then
Y(t,&) =Y(t,&) = m?XY(t, ¢). forallt€]a,bl.

In view of (6.16), this implies
w(t, &) = w(t,&) for a.e. t €la,bl. (6.19)

Since &1, &, are arbitrary, we conclude that w(t,£) = w(t) is constant for all £ such
that (¢t,£) € Waetwe In particular: if w(t) # 0, this means that at time ¢ the
control effort is concentrated on the union of arcs of circumferences with radius
r(t) = ’w(t)‘fl. If w(t) = 0, at time t the effort is concentrated on a family of
straight lines.

In view of (6.16), one expects that the effort should be concentrated precisely
on the portion of the boundary 9€)(t) where the curvature is maximum. The recent
paper [5] proves that this is indeed the case when V = R? (i.e., without geographical
constraints), assuming that the initial set g is convex.

7. A Family of Admissible Perturbations

Toward a proof of Theorem 6.1 we will construct a family of admissible perturbations
of a set motion ¢ — §(t), satisfying the regularity conditions (A1)-(A2).
1. Define the functions (see Fig. 8)

3 —s? for |z < 3,

. . S
os) =4 (1= s) for 3 <ls| <1, we(9) =0 (). (7.1)
0 for |s| > 1,

Notice that these are C!'! functions, continuously differentiable with Lipschitz de-
rivative and with compact support. Moreover, they satisfy

/gp(s) ds = % /905(3) ds = g (7.2)

[go’(s)}2 < 4¢p(s), [gp’s(s)}2 <4 %p.(s) forall s € R. (7.3)

Assume that, at a time 7 €0, 77, we can perturb the boundary of the set (7)
in a neighborhood of a point (7, &), so that the new boundary is described by

xe(,]_’ g) = [E(T, f) + E’Y(ps@. - fO)n(T7 5)7 (74)
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-1 0 172 1 S

F1GURE 8 The functions ¢ and ¢, introduced at (7.1).

for some exponent v > 0 whose value will be determined later. As a consequence,
the boundary 0€(t) will be perturbed for all ¢ € [r,T]. We seek a function o :
[1,T] — Ry, with

o(r) = £1, (7.5)
and such that the perturbed motion described by
25 (t,€) = x(t,€) + 7o (t)pe(§ — So)n(t, §) (7.6)

is admissible.

Notice that, since the normal vector n is inward pointing, the perturbed sets
QF(t) will be smaller in the case o(t) > 0, and larger when o(t) < 0.

To estimate the total effort £°(¢) for the perturbed motion, we write

€ - [xz(t’g)]L € - € €
n(t,§) = Wﬂ Bo(t,€) = (n°(t,€), 25 (t,€)).
Since z°(t,§) = x(t,&) for |£ — &| > ¢, it suffices to find a function o such that
B(B°(t,6))|2e(t, )| < B(B(¢€))]ze(t, )] (7.7)

for all (¢,€) € [7,T] x [&o — €, &0 + €.
2. Observing that (z¢,n) = (ng,n) = 0, recalling the formula (6.6) for the
curvature, one obtains

<n5(t7 §)’ xﬁ(ta €)> = _<n(t7 5)’ xfﬁ(ta €)> = _w(t’ 5)"735@7 5)’2 (78)
Differentiating (7.6) w.r.t. { we compute

rg = x¢ + " opn + &l openg, (7.9)

|25|? = |ae|® + 2(z¢, 7openg) + P70 (L) + P02 |ng|?
= (1 —2we"op.) |ze|” +e¥0% (L) + 20’2 ne . (7.10)

Taking square roots, since we are assuming that |z¢| remains uniformly positive, we
obtain

j2g] = (1 - weToe) le| + O(1) - €0 [(02)* + 2] (7.11)

3. Next, we need to estimate the new inward speed ¢ = (xf,n®). For this
purpose we compute

x; = +e0pn+ eV opny. (7.12)
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e 1
n°® = % (7.13)
|13g|
It is convenient to write
/8E = <x§7n6> = <x§,n> + <l’§,n€ - Il> (7 14)
= [3+57¢'7<p5+<x§,n5—n>. '
Since |n°| = |n| = 1, we have
In® —n|=0(1) - <n, (CCZ - azg)J‘> =0(1)- <:1:5, (zz — x§)>
=0(1) - (&g, eopeng). (7.15)

Moreover, since z; is parallel to n, assuming that |z¢| remains uniformly positive,
the last term on the right hand side of (7.14) can be bounded as

(25,0 —n) = O(1) - (Ja +£7|5]¢2) - [n° — nf2 + O(1) - Yoo, ng| [n® — 1]

(7.16)
= O(1) -2
4. Combining (7.11), (7.13) and (7.15), and then using (7.3), we obtain
(14 B9)|wg| = (L + B) e
= (1 +B+&6p. +0O(1) - e¥0? gog) : <(1 —weTop.) |z
+0(1) - e202 [+ (¢)?]) = (1+ Alae]
= &7(6 — (14 B)wo)pe|ae| - €772 + O(1)
+0(1) - (1 + B+ elpe) e 2,
= &7(6 — (14 B)wo)pe|ze| + O(1) - 7 .. (7.17)
5. We now choose
a=1 ~ =4, (7.18)
o(t) = min (1+6(t0)w(t,¢)o(t) —e™. (7.19)

I¢—&ol<e

We claim that, with the above choices, the left hand side of (7.17) is non-positive,
for all t,&€ € [1,T] x [§o — &,&0 + €] and all € > 0 sufficiently small. Indeed, from
(7.17), it now follows

(1+55(t,6))|2E(t, )| — (1+ﬁ(t,§))\x§t§\
< =1t (€ — &o)|ae(t,€)] + O1 (5 ) (7.20)
- (—55}:1:5 £,6)| +0(1) 56)%(5 £o> <

since we are assuming that |z¢| remains uniformly positive.
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8. Proof of Theorem 6.1

In this section we give a proof of Theorem 6.1, in several steps.

1. Let ¢t — Q(t) be an optimal strategy for the problem (OP), and let Y =
Y (t,€) be the adjoint function, obtained by solving the backward Cauchy problem
(6.16). Assume that at some time 7 € [0, T] the condition (6.17) is violated. Namely,
there exist (7,&1), (1,&2) € W such that

ﬁ(T,fl) > —1, Y(T,gl) < Y(T,fg). (81)

By continuity, without loss of generality we can assume that 0 < 7 < T'. In this case,
by reducing the control effort in a neighborhood of &; (where it is less effective) and
increasing the effort near & (where it is more effective), we will construct another
admissible strategy ¢t — Q°(t) with strictly smaller total cost, thus achieving a
contradiction.

2. For € > 0 small we let Q°(¢) = Q(¢t) for t € [0,7 — €. Calling z=(¢,&) the
parameterization of the boundary 0Q°(¢). On the interval t € [T — ¢, 7], we define

xg(tv 5) = l’(t, f) - 670’1 (t)l’l(t, 5) + 670‘2 (t)n(ta 6)3 (82)
for suitable functions o1, 02. These must be chosen so that the perturbed motion is
also admissible. Recalling (7.17), for every t € [T — e, 7| this requires

0 > 1+ 6°) || — (1+ d
- i212/§ Ei|<5{< & )\:1:5] ( ﬁ)]:rd} ¢
= 3 [ Ao vo) e ae
1=1,2 i| <€
- ¥ [ fewedecon) 2o a 3)

1=1,2

To achieve (8.3), for i = 1,2 we first define

m(s)isup{‘wg(t”g)_xé(“&)‘; tefr—erl, |£—£i|<5}. (8.4)

‘LL’g(T, 5%)‘
Then we let 01,09 : [T — €, 7] — R be the affine functions such that
-1 1
Uz(t) = 8 ‘x (7_ 51)‘ . 771(55) B %7
‘ ¢ 1 () 1 o1(tr—¢) = oo(tr—¢) = 0. (8.5)
O'Q(t) = — - — =

€ |we(r, &) £ NGh
Inserting (8.5) in the right hand side of (8.3) and observing that the leading order
terms cancel, for every € > 0 sufficiently small we obtain

2 /|§—5-|<s {Emi(t) [lze(r. €]+ (et O] ~ fee(r&)])] + 0(1)- EW}%(S &) de

<> /‘§ . KE{—&”‘%+O(1)~6W}sos<f—&)d£ <0, (8.6)

i=1,2

showing that the perturbed motion is admissible.
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3. On the remaining interval |7, T], recalling (7.19) we let the functions o; be
the solutions to the linear ODEs

Ul(t) = \Cil‘lg’ii?ﬁs (1 =+ ﬂ(tv C))w(t7 C)O'l(t) - Ea? (87>

with initial data given at ¢ = 7 corresponding to the function constructed in step 2,
namely

S N €) — Ve
0'1(7') =01 = ‘l’g(T, 51)’ 771( ) \/:
. 1 B B
0'2(7') =09 = 7‘3}5(7‘, 52)‘ ?72(6) \/g (88)

As shown by the analysis in Sect. 7, by (7.20) this motion is admissible.
4. It remains to prove that, for € > 0, the new strategy achieves a strictly lower
cost. Let the functions Jf [, T) — R, i=1,2, be the solutions to

6i(t) = (1+B(t.E)oi (1), oi(r)=1. (8.9)
Thanks to the assumption (6.7), our construction implies the uniform convergence
) — -2 ) — 20 .10
o1, — T N 092 AN .
) ’x5(77£1)| : ’IE(ﬂg?)}

uniformly for ¢ € [r,T].
Recalling (7.2) and then using (6.15)—(6.16), the difference in the total cost
over the interval [r,T] can be estimated as

K1 /TT |£2(0°(1) = £2(Q1)) | dt + | £2(97(T)) = £2(T))]

_ L e f P : +1
= /-@1/ 575[01(75)—02@)] dt+5257-§[01(T)—a2(T)]-1-0(57 )(8.11)

e+l

= 5 (Y(T,Uﬂ—Y(T,Ug))+0(€7+1) <0,

As usual, here o(¢7*1) denotes an infinitesimal of higher order, as ¢ — 0.
On the other hand, during the time interval [7 — ¢, 7] the difference in cost can
be bounded as

/T £2(5(1) - £2()] dt = 0(1) - 72, (8.12)
Combining (8.11)-(8.12) we conclude
JOQF)—-J() < 0

for all € > 0 sufficiently small. This contradicts optimality, proving the theorem.
O
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Q(1)

FIGURE 9 As t — T— and the eradication is nearly completed, the
length of boundary 0€(t) approaches zero. Hence the assumption
that ‘xg(t,ﬁ)‘ remains uniformly positive as ¢ — T— is never satis-
fied. On the other hand, in most cases the optimal set motion satisfies
the necessary and sufficient conditions in Corollary 4.1, on some ter-
minal interval [r, 7.

9. Optimality Conditions for the Minimum Time Problem

If one tries to apply the optimality conditions derived in the previous sections to
the minimum time eradication problem, the construction invariably breaks down.
Indeed, a key assumption used in the construction of admissible perturbations is
that the arc-length |z¢ (¢, £)| remains uniformly positive for ¢ € [r, T]. However, in
all examples (see Fig. 9) one finds |z¢(t,€)| — 0 for all £, as t — T—. To obtain
necessary conditions, a different approach is needed.

We start with the simple observation that, if ¢ — Q(¢), t € [0, 7], is an optimal
solution to the minimum time eradication problem, then for any intermediate time
0 < T; < T one has:

(1) Restricted to the subinterval [0,T}], the strategy ¢ — €(¢) is optimal for the
minimum time transfer problem (MTTP), with

Qinitial =V, Qpina = QT1), (9.1)

(2) Restricted to the subinterval [T7,T], the strategy ¢ — €(t) is optimal for the
minimum time transfer problem (MTTP), with

Qinitial = Q(T1)7 innal = (Z) (92)

In many situations, one can choose T7 < T so that the optimal transfer problem
with data (9.2) has a solution satisfying the assumptions of Corollary 4.1. This pro-
vides necessary and sufficient conditions for optimality, restricted to the subinterval
[Ty, T).

It thus remains to derive necessary conditions for the problem (9.1). This will
require an additional assumption on the parameterization (t,£) — x(¢,€) of the
boundaries 9€Q(t), for t € [0, T1].

(A4) At time T3 the effort is uniformly positive along the boundary 0Q(Ty) NV.
Namely, there exists dy > 0 such that

B(T1,8) > =1+ 69 for all &. (9.3)
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The next result shows that, if ¢ — €(¢) is optimal for the minimum time transfer
problem (9.2) and the additional assumptions (A4) hold, then it satisfies the neces-
sary conditions for the problem of minimizing the terminal area at time t = T7.

Minimize: £2(Q(T1)) subject to: 2(0) =V, (9.4)

among all admissible motions. Notice that this is precisely the problem (OSM), in
the special case where k1 = 0, ko = 1 in (2.11). The corresponding adjoint equations
(6.16) reduce to

Y (t,8) = —w(t,)Y(t,&), Y(Ty) = 1. (9.5)

Theorem 9.1. Assume that t — §(t) provides an optimal solution to the minimum
time transfer problem (MTTP) with data (9.1). Let (t,&) — z(t,€) be a parameter-
ization of the boundaries OSUt), satisfying the reqularity assumptions in (A1)-(A3)
with T = Ty. Moreover, assume that (A4) holds. Let Y = Y (t,&) be the adjoint
function at (9.5).

Then, for every (t,€) €]0,T1[ x]0,1[, the inward normal velocity 8 = ((t,&)
satisfies the implication

Bt &) >—-1 = Y(t,§) = max Y(t(). (9.6)
¢elo,1]

Proof. 1. Assume that at some time 7 € [0, 7] the condition (9.6) is violated. Namely,
there exist (7,&1), (7,&2) with 0 < 7 < T3, such that

B(r,&1) > =1, Y(r,&) < Y(1,&).
For € > 0 small we then let Q°(¢) = Q(¢) for t € [0,7 — ¢]. Calling z(¢,£) the
parameterization of the boundary 09Q°(¢). On the interval t € [T — ¢, 7], we define
x°(t,&) = x(t,§) — Vo1 (t)n(t, &) + oo (t)n(t, §), (9.7)
for suitable functions o1, 09, constructed as in steps 2 and 3 of the proof of Theo-
rem 6.1. This guarantees that the perturbed strategy (9.7) is admissible.

The same analysis as in (8.11) now yields
evt+l

2
This shows that €(-) is not optimal for problem of minimizing the terminal area at
time 77. In particular, the previous construction yields

oo (Th) |ze(Th, &) | — o1(Th) |2¢(Th, 61)| = e1 >0, (9.9)

for some constant ¢; > 0 independent of € > 0. As shown in Fig. 10, this means that
the perturbed set Q°(73) contains an additional small region in a neighborhood of
the point x(77,&;), while a larger region is removed in a neighborhood of (71, &2).

L2(5(Ty)) — L2(UTY)) = (Y(T, o1) = Y(r, ag)) Fo(e?) < 0. (98)

2. By a further modification, we now construct a set motion ¢ — Q¢ (t) such
that

Q(Ty —e) = Q(Ty —¢), Q(Ty) = QUTY), (9.10)

while, for all ¢ € [T} — e, T}], a strictly smaller effort is required:

(1) = /0 (14 5°(1,€)) [5(t.6)| de < €5(1) — 6. < M — 5., (9.11)
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0T = Q(T;+9)

FIGURE 10 Left: the perturbed set Q¢(77), whose boundary is pa-
rameterized as in (9.7), is obtained from (77) by adding a small
region near x(77,&;) and removing a larger region near z(771,&s).
Right: by a further modification, we obtain a family of sets such that
Q=(t) = Q(t'), with Ty < ¢ < ¢'. This rules out optimality for the
minimum time problem.

for some 6. > 0.
This new motion is obtained replacing (9.7) with

= (t,€) = a(t, &) —e"o1(t)n(t, ) + 7o (t)n(t, §), (9.12)

where

(9.13)

W=\ Dt o1y —e)if te[l —e T

g
This clearly implies (9.10).
Concerning the total effort, by the assumption (A4) for ¢ > 0 small by conti-
nuity we can assume BE > —1, hence E(EE) =1 +BE. Moreover, for t € [T1 —e,T1],
similar computations as in (8.11) yield

-~

E(t)—&E°(t) =¢” / <¢2(t)|$5(t7€2)|sﬁs(§ — &) — &1(t)|ze(t, &1)|op= (€ — 51))d§ +o(e”)

_ %(— 0a(Ti — &)|re(t, )| + o1 (Th — ©)|re(t,€0)]) + 0(e7)
= %(7 UQ(Tl)‘xﬁ(T17§2)‘ +O’1(T1)|aj€(T17£1)|> + O(E’Y)
cie”

<

+o(e7) < 0, (9.14)

where we used continuity and finally (9.9).

3. In the previous step we constructed a set-motion that reaches the same
terminal configuration Q(77) but with a strictly smaller effort (9.11). In this step
we use the additional available effort M — E%(¢) > 0 to construct a further motion
t +— Q°(t) that reaches Q(T}) in a strictly shorter time. This motion will have the
form

t o Q) = Q(7(t)) tell—e Tl (9.15)

with 7(¢) > ¢ for t > T1 —e.
For this purpose, notice that the corresponding inner normal velocity for the
motion (9.15) is

B5(t,€) = #(t) - B (7 (1), €).
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By the assumption (9.3) we can assume that E(3°), E (BE) remain uniformly positive
for 77 — 61 < t < T. The instantaneous total efforts are thus computed by

0= [ (1+Fwo)Fnola= [ (14505 E0.9)Fol @

=&°(t) + /0 (7(t) — 1) - 5 ((2),€) [F5(t, )] de. (9.16)

In view of (9.11), the right hand side is < M provided we choose
1

1 < 7(t) < 1+6. UO BE(T(t),f) \fZ(t,f){dg} . (9.17)

Let T/ < T be such that 7(T7) = Ty. Then the motion ¢ — QF(¢) is admissible and
satisfies Q°(T7) = Q(T1), showing that  is not time optimal. This contradiction
proves the theorem. ]

Remark 9.2. In the above proof, the assumption (9.3) was only used to conclude that
the effort E(ﬁ(Tl,f)) is strictly positive in a neighborhood of the point z(77,&2).
A sharper version of the above result is as follows. Let ¢t — €Q(¢) be optimal for the
minimum time problem. Assume

B(T1,62) > —1 (9.18)

and let Y = Y (¢,€) be as in (9.5). Then, at any point (7,&;) where G(7,&) > —1
one has

Y(7,61) > Y(1,&). (9.19)

10. Optimality Conditions at Junctions

In Theorem 4.1, the existence of optimal solutions was proved within a class of func-

tions with BV regularity. On the other hand, the necessary conditions for optimality

derived in Theorem 6.1 require that the sets (¢) have C*! boundary. Indeed, we

used this assumption to uniquely define the perpendicular curves t — x(t,§).

Aim of this section is to partially fill this regularity gap, ruling out certain
configurations where the sets €2(¢) have corners. The following situation will be
considered:

(A5) There exists 7,09 > 0 such that, for |t — 7| < g, the boundary 0€Q(t) contains
two adjacent arcs 7 (¢, ), 72(t,-) joining at a point P(t) at an angle 6(t). Each
of these arcs admits a C! parameterization of the form

{3 — 7(t,s), s<0,

s 72(t,s), >0 1(t,0) = 12(t,0) = P(1). (10.1)

The tangent vectors to the curves v, (7,-) and v2(7, ) at the intersection point P(7)
will be denoted by

w1 = 71,8(7—7 0_)7 Wo = ’72,3(7—7 0+) (102)
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F1GURE 11 Left: the case of outward corner. Right: the case of an
inward corner.

Moreover, we call wi-, wy the orthogonal vectors (rotated by 90° counterclockwise).
Notice that the two curves 71,72 form an outward corner at P(7) if the vector
product satisfies (see Fig. 11, left)

Wi X Wy = <Wf,W2> > 0.

On the other hand, if w; X wo < 0 one has an inward corner, as shown in Fig. 11,
right.

As before, we say that the control is active on a portion of the boundary
0Q(t) if the inward normal speed is 5 > —1, hence the effort is strictly positive:
E(B) = 1+ > 0. The main result of this section shows that, for an optimal motion
t — Q(t), non-parallel junctions cannot be optimal if the control is active on at least
one of the adjacent arcs.

Remark 10.1. If the control is not active along any of the two arcs v1,y2, then in a
neighborhood of P(t) the set 2(¢) expands with unit speed all along the boundary.
This implies that for ¢ > 7 the set Q(t) satisfies an interior ball condition, hence it
can only have inward corners.

The next result shows that non-tangential junctions between two arcs cannot be
optimal. An intuitive explanation comes from the basic formula (1.4). By “cutting
the corners”, as shown in Figs. 13 and 14, we can reduce the perimeter 02(¢) in a
neighborhood of the junction point P(t). After this perturbation, the control effort
spent in this neighborhood of P(t) is reduced, hence £(t) < M. We can then use
the additional available effort M — £(t) to shrink the set 2(¢) in the neighborhood
of some other point Q(¢) where the boundary is smooth. This will produce a bigger
decrease in the area, thus decreasing the total cost J(Q2) at (1.8).

Theorem 10.1. Assume that t — §(t) provides an optimal solution to (OP), with
k1 > 0.

In the setting described at (A5), if the control is active along at least one of the
two arcs y1,72, then these two arcs must be tangent at P(t).

Proof. 1. Assume that the two arcs 71, v2 are not tangent, forming an angle 6(t) # «
for |7 —t| < §. We will then construct an admissible strategy ¢ — Q°(¢) with smaller
total cost.

To fix ideas, assume that the control is active along 7, and choose a point
Q(7) = 72(7, 5), with § > 0. Consider the tangent vectors

W1 = '7178(7—7 0)7 W2 = 71,8(7_70)7
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FIGURE 12 In a neighborhood of the point Q(7), the curves v2(t,-)
are parameterized according to a set of coordinates with axes parallel
to n3, nz .

and the three inward-pointing unit normal vectors (see Fig. 11)

. 71,5(7—5 O)L . 72,8(7—) O)L . ’}/2,3(7—7 E)L

1 =7 ~p D=7~ M3= 17

‘71,3(7_7 0)‘ ‘72,5(7_7 0)‘ "72,8(7—7 S)‘

To simplify the computations, without loss of generality we can assume that, for
some p > 0 small enough:

n (10.3)

e For |t — 7| < p and s € [—p,0], the arc s — ~1(t,s) is parameterized by
arc-length.

e For |t — 7| < p and s € [0, p], the arc 7, is parameterized by arc-length.

e For [t —7| < pand s € [s—p,5+ p|, the arc 75 is parameterized according to a
system of coordinates with coordinate axes parallel to n3, nz. More precisely
(see Fig. 12), this means:

(y24,m3) = 0and (y24,n3) =—1 for|t—7|<p, [s—5 <p.  (10.4)

Notice that the above arc-length parameterization implies

|wi| = |wz| =1, n;= Wll, ny = wt.

Given 0 < e << 4, for t € [T — &, 7 + 0 + €] consider the points
’yl(t,T—t—s) ifte|r—e, 7],

Pi(t) = 1 (t, —¢) ift e [r, 74 4], (10.5)
Nt t—1—d—¢))ifte[r+5 7++¢l,

vg(t, t—7’+5) ifte|r—e, 7],
Py(t) = Ya(t, €) if t € [r, 7+ 4], (10.6)
Yo(t, 7+0+e—t)ift e[+, 7+0+¢]

Observe that Py(t) = Py(t) = P(t) for t = 7 — ¢ and for t = 7+ 6 + . We now

construct a modified set motion ¢t — SAZ(t) by the following rules.

(i) For t ¢ [1 —e,7 4+ 0 + €], one has Q(t) = Q).

(ii) If wy; x wo > 0 (an outward corner), then for ¢ € [T —e,7 + § + ¢] the set
Q(t) is obtained from Q(t) by removing the triangular region with vertices
Py(t), P(t), P»(t), as shown in Fig. 13.

(iii) If wy X wy < 0 (an inward corner), then for ¢ € [r—¢, 748 +¢] the set Q() is ob-
tained from Q(t) by adding the triangular region with vertices Py (t), P(t), P2(t),
as shown in Fig. 14.
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F1GURE 13 The case of an outward corner, with wi x wg > 0. Left:
the original set Q(t), for ¢ € [r,7 + 6]. Center: the set Q(¢) obtained
from Q(t) by removing the triangular region @2. Right: the set
(NZ(t) obtained by removing an additional region in a neighborhood
of y5(t, 5).

B0

Q) P(t)

FIGURE 14 The case of an inward corner, with wy x wo < 0. Left:
the original set Q(t), for t € [r,7 + 6]. Center: the set €(t) obtained
from €(t) by adding the triangular region ﬁl\Pg. Right: the set (NZ(t)
obtained by removing an additional region in a neighborhood of
Y2 (t, 5).

F1curE 15 Computing the normal speed 35 of the side AB, as in (10.7).

2. To estimate the change in the total effort & (t) required by the strategy (AZ,
we need to compute the inward normal speed (3 along the segment Py Ps.
Referring to Fig. 15, left, consider a triangle with vertices

P(t), Pl(t) = P(t) — Wiy, Pg(t) = P(t)+W2

Call By, B2, B3 respectively the normal speeds of the three sides P, P, P, P and Py P».
Knowing the velocity P = dP/dt, these are computed by
51:<vaf—>7 52:<P7Wé_>7
B = <P (w1 +W2)L> _ BitpBe

’ |w1 + wo| |w1 +W2|'

(10.7)
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During the time interval [r, 7 + ¢], the change in the total effort is thus computed
as

EW) —£(t) = &(Iwr + wal B(Bs) = E(B1) = E(B2) + O(1) - (5 +¢) ) + o(e)

c <|w1 — (M) —E(B) - E(ﬁz)) +O() - 62 + ofe).

|w1 + wa|

(10.8)

We claim that, for ,d sufficiently small, the right hand side of (10.8) is strictly
negative. Indeed, set

— . P14+ e . 2
= >—-1 A= ——>1. 10.9
B 5 E——— (10.9)
Notice that the first inequality follows from the assumption that at least one of the
normal speeds (31, s is strictly larger than —1. The second inequality is trivially
true because wi,wy are non-parallel unit vectors. By (10.9) and the convexity of

effort function E(f3) = max{0, 1 + 3} it now follows
51+ B2

|[wi1 + wa|

%|:‘Wl +W2\E( )\Aﬁ1+62>,E(51)+E(52)

) - B - )| = 18 (v 2 :

< E (Bl ;ﬁz) _ E(ﬁl);E(ﬁﬂ <o.

(10.10)

By choosing 0 < ¢ << ¢ sufficiently small in (10.8), our claim is proved.
By the above analysis, for 7 — e <t <7+ § 4+ ¢ we have the bounds

! (10.11)

Et) —E(t) < —ciefor t € [r, 7+ 4],
E(t)—E(t) < coe forte|r—e,T|U[T+d,7+e+0],

for suitable constants ¢, ¢y > 0.

3. In this step we construct a further set ﬁ(t), adding a perturbation in a
neighborhood of the point Q(7) = ~2(7,5) where the boundary is smooth (see
Figs. 13 and 14, right). At time ¢ € [T — &, 7 + § + ¢, this perturbed boundary is
described by

Y2(t, s) = 12(t, 5) + o(t)p,(s — 5)ns, (10.12)

where ng is the unit normal vector at (10.3), while ¢,(s) = ¢(s/p) is the function
considered at (7.1). Assuming

0<e<<p<<i<l, (10.13)

by a suitable choice of o(:) and p > 0, we claim that this motion Q) is admissible
and yields a strictly lower cost than €.

4. To compare the effort of the two strategies €(-) and €(-), we observe that
along the boundary arc v, by continuity one has

In(t,s) —ns| =o(t — 1) + o(s — 5),
V2,5(t,8) — 1| = o(t — 7) + o(s — 3). (10.14)
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Recalling (7.2), by (10.12) the difference in the effort of the two strategies in a
neighborhood of Q(7) = ~2(7, §) can be estimated by

5+p
p. :
/ [E(t,s) — E(t,s)] ds = 5<7(1t) - p(\a(t)\ - \a(t)\) co(p+e+0).
s—p
(10.15)
We now define o : [T —&,7 4+ 6 + €] — R to be the unique piecewise affine function
such that
o(t—e) =o(t+d+¢)=0,
0 = —3coe/pifte|r—e, 1],
o = c1e/2pif t € [r, 7+ 4],
o = —cge/pifte[r+4,7+0+¢,

(10.16)

for some constant cs > 2c¢o, uniquely determined by the terminal condition o(7 +
d+¢e)=0.
Using (10.15), one now checks that, with the choice of the constants ¢, 4, p as
in (10.13), one has £(t) < &(t) = M for all ¢. Hence this new strategy is admissible.
5. It remains to check that the perturbed strategy 0 yields a strictly lower total
cost. Since the perturbation is effective only over the time interval [ —e, 740 +¢],
we have to show that

T+0+€ _
/ [£2(0t) - £2(2(1)) ]t > 0. (10.17)
At any time ¢, the triangular region with vertices P, P, P, has area < £2.

Moreover, comparing the portions of the sets Q(t) and €(¢) contained in a
suitable ball B(Q,r) centered at the point @ = 73(7, §), we find

L2(Q(t) NB@Q,1)) — L2(Qt) N B(Q,r)) = g(o(t) + o(a(t))). (10.18)
We now observe that

e On the interval [T — ¢, 7], one has o(t) = O(1) - €2/p.
e On the middle interval, choosing € > 0 much smaller than the other parameters,

we have
L (o(t) + o(o(0) = 2 [ o). p + S
g [0(1) 0" +c12(5;] >0

e On the final interval [T —e,7 + 0,7 + 0 + €|, one has o(t) > 0.

Combining the above estimates we conclude that J(2) < J(Q2), showing that the
original strategy was not optimal. U

11. Optimality Conditions at Boundary Points

Theorem 11.1. Let t — Q(t) be an optimal strategy for the minimization problem
(OP), with k1 > 0. Assume that, for t in a neighborhood of T, the boundary 0S)(t)
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B(t) P(t) B® PO

FIGURE 16 Left: the original sets t — Q(t). Center: the sets Q(t)
obtained by removing the triangular region PAB. Right: the sets

Q(t) obtained by further perturbing the boundary in a neighborhood
of the point Q(7).

contains a C' arc v = v(t, s) which meets the boundary OV at one of its endpoints,
say at y(t,0). Then
(i) either the junction is perpendicular,
(ii) or else at the junction point the control effort vanishes, i.e., the inward normal
speed is ((t,s) = —1.

Proof. The main argument is similar to the one used in the proof of Theorem 10.1.
Assuming that the intersection is not perpendicular and the control effort does not
vanish, we first perform a perturbation Q) which decreases the length of the boundary,
so that the total effort is strictly reduced: £(t) < M, for t € [r,7 + 8]. We then use
the additional available effort to remove from ﬁ(t) a region in a neighborhood of
some other point @@ = (7, 5). This will yield an admissible motion ¢ +— ﬁ(t) with
strictly smaller total cost.

1. To fix ideas, assume that, near the boundary of V', the curve s — 7(t, s) is
parameterized by arc-length, so that v(¢,0) € OV, y(t, s) € 0Q(t) for s > 0 small.

As shown in Fig. 16, left, consider the points P(7) = (7,0) and choose some
other point Q(7) = (7, §) with § > 0. The following notation will be used:

e n; is the inward pointing, unit vector, perpendicular to the boundary 0V at
P(7).

o n, = s (1,0)*

72(7,0)|

e nj is the inward pointing, unit vector, perpendicular to the boundary 9€(7)

at Q(7).

2. Let ©2 be an optimal strategy, and assume, by contradiction, that the inter-
section at P(7) is not perpendicular. To derive a contradiction, we first consider the
case where (nj,ns) < 0, so that the tangent cone to Q(7) at P(7) has an opening
0 <m/2.

As shown in Fig. 16, center, given 0 < ¢ << §, for t € [T —e,7 + J + ¢] we
consider the points

is the unit vector perpendicular to v at P(7).

Y, t—T+e) ifte[r—e, 1],
At) = Y(t,€) ift er, 744], (11.1)
Y, T+8+e—t))ifte[r+6, T+I+¢],
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F1GURE 17 Computing the reduction in the total effort as in (11.4).
Left: the case where 0 < 6 < 7/2. Right: the case where 7/2 < 6 < 7.

We then define B(t) to be the projection of A(t) on the boundary of V. More
precisely, B(t) is the unique point which satisfies

B(t) = A(t) + h(t)ny, B(t) € V. (11.2)

By the implicit function theorem, such a point is uniquely determined.

Finally, we let €(t) be the set obtained by removing from €(t) the triangular
set with vertices P(t), A(t), B(t) (see Fig. 16, center).

Performing a similar analysis as in step 2 of the proof of Theorem 10.1, for
7—¢e<t<7+4+ 6§+ e we obtain the bounds on the total effort:

{g(t) —&(t) < —ciefor t € [r, 7+ 9], (11.3)

Et)—E(t) < coe forte[r—e,T|U[T+0,T+¢e+ 0],
for suitable constants ¢, co > 0.

Indeed, referring to Fig. 17 left, for ¢ € [r, 7+ 4] to leading order the difference
in the instantaneous effort is measured by E(f) - |AB| — E(3) - |0B|. We have

g

sinf’

|AB| = |0B|sinf, j =

-~

E(ﬁ)ﬂAB\—E(ﬁ)ﬂOB\:max{l—i-Siﬁe,O}siHQWOBl—(l—i—ﬂ)-\OBk
= max{sinf + 3,0} - |0B| — (14 3) - |0B| < 0,

11.4)

because we are assuming [ > —1. This yields the first inequality in (11.3). The
second one is clear, choosing ¢, sufficiently large.

3. The remainder of the proof is the same as for the previous theorem. Without
loss of generality, we can assume that, for |t — 7| < p and s € [s— p, 5+ p|, the arc v
is parameterized according to a system of coordinates with coordinate axes parallel
to n3, n3. This means:

<"Yt,n§_> = 0 and (’ys,niﬂ =—1 for|t—7|<p, |[s—35 <p. (11.5)

We now construct a further set Q(t), adding a perturbation in a neighborhood of
the point Q(7) = ~2(7,§) where the boundary is smooth (see Fig. 16, right). At
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FIGURE 18 The sets §(¢), ﬁ(t) and €(t) in the case where the tan-
gent cone to the set Q(7) at P(7) covers an angle 6 > /2.

time t € [T — &, T + 0 + ¢, this perturbed boundary is described by

Y(t,s) =~(t,s) +o(t)p,(s — 5)ns, (11.6)

where ¢,(s) = ¢(s/p) is the function at (7.1), and o : [T —e,7 + J + €] — R is the
piecewise affine function defined at (10.16). Repeating the analysis in the last two
steps of the proof of Theorem 10.1, we conclude that the set motion ¢ +— ﬁ(t) is
admissible and yields a strictly smaller total cost.

4. It remains to consider the case where (ny,ng) > 0, so that the tangent cone
to Q(7) at P(7) has an opening 6 > 7/2, as shown in Fig. 18. The points A(t), B(t)
are defined as before. The only difference is that the set SAZ(t) is obtained by adding
to Q(t) the triangular region PAB. During the time interval [7,7 + 4] this reduces
the length of the boundary d(t) NV, hence reducing the effort: () < E(t) = M.

As before, the additional available effort is used to remove from (AZ(t) a region
in a neighborhood of some other point @@ = 7(7,§). This will yield an admissible
motion ¢ — Q(t) with strictly smaller total cost. O

Remark 11.1. In the above construction, the sets Q(t) coincide with Q(t) for ¢ ¢
[T —e,7 4+ 0 + €. Hence the modified strategy would achieve eradication within the
same minimum time.

However, the same orthogonality condition can be shown to hold for the min-
imum time problem. Indeed, for ¢ € [7,7 + ] we can use the additional available
effort M —E(t) > 0 to construct a perturbed strategy Q% (t) so that Q(7+6) = Q¥ (')
for some ' < 7 +9.

More in detail, consider a new strategy obtained by shifting time: Qf(t) =
Q(tﬁ(t)). The inward normal speed, at any boundary point z € 9QF(t#(t)) is

~ dtt
Bt 0) = Blea) o

Hence the corresponding total effort is

Sﬁ(tﬁ) :/ max {1 + 34 (t, x), 0} dH'(z)
o0k (th)

= / max{l + 3(t,z) - d—tﬁ, 0} dH!(z). (11.7)
20(t) dt
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FIGURE 19 Left: if no control is active, an angle § < 7/2 is im-
mediately replaced by a perpendicular intersection. Right: An angle
0 > /2 can persist, even if no control is active.

We recall that, for ¢ € [1,7 + €|, the previous construction yields
Elt) = / masx {14 5(t,2), 0} di'(z) < M.
oQ(t)
By continuity, we can thus choose a function ¢ — t*(¢) with

#
{dt Jdt > lfor 7 <t<T+e, f(r) = 1,

dt*/dt = 1fort > 7 +e¢,

and such that the right hand side of (11.7) remains < M for t € [r,7 4 €]. This
contradicts the optimality of the original strategy, for the minimum time problem.

Remark 11.2. If the control is not active on a portion of the boundary of Q(¢) which
touches the boundary of V', the angle 6 between the two boundaries 0€2(t) and OV
immediately becomes > 7/2 (see Fig. 19). However, orthogonality may fail.

12. Optimal Strategies Determined by the Necessary Conditions

In the remaining sections of this paper we study motions ¢ — Q(¢t) C V that
satisfy all the necessary conditions derived in the previous sections. Of course, these
motions will be natural candidates for optimality. However, we should point out
that our necessary conditions are all based on regularity assumptions that may not
be always verified. It is only in the setting of Theorem 4.1 that our constructions
are guaranteed to yield the globally optimal solutions.

Throughout the following we consider an admissible strategy ¢ — Q(t) C V
such that the following holds.

(A6) For every t € [0,T1], the relative boundary 9€(t) NV is the concatenation of
finitely many C? arcs

7i(t) = {%(t,f); S [ai(t),bi(t)]}, i=1,...,N.

Each ~; can be
— either a free arc, where the inner normal velocity is 8 = —1 at every point,
— or a controlled arc, where § > —1 at every point.



Vol. 93 (2025) Optimally Controlled Moving Sets 301

Notice that, along a free arc, no control effort is present. Along this portion of
its boundary, the set Q(t) thus freely expands with unit speed. On the other hand,
along a controlled arc, the evolution of the boundary depends on the pointwise
control effort E =1+ (3(t,&) > 0.

Given an initial set Qy C V, we shall seek admissible set motions ¢ — Q(¢) which
satisfy the regularity assumptions (A6) together with the optimality conditions
derived in previous sections.

(A7) At a.e. time ¢ € [0, T] the following optimality conditions hold.
(i) The area of the set Q(t) varies according to

d
%52 Q) =H" (02t) N V) — M. (12.1)
(ii) All controlled arcs 7; have same constant curvature: w;(t,&) = w(t) for all

€.

(iii) Controlled arcs join tangentially with free arcs, at their endpoints in the
interior of V.

(iv) At a point Q = 7;(t, &) where a controlled arc touches the boundary OV, ei-
ther the junction is perpendicular, or else the effort vanishes: E(ﬁ (t,& )) =
0.

Assume that, at some time 7, a configuration
Ot) = (T) U2 (T) U+ Un(T)

is given. Based on the above conditions (i)—(iv), for ¢ in a neighborhood of 7 the
motion ¢t — €(¢) can then be determined as follows (see Fig. 20).

e As a first step, we determine the portion of the boundary 0€2(t) covered by
free arcs. Since the inward normal speed is = —1, these free arcs 7;(t) can
be constructed by shifting the points v;(7,£) in the normal direction n;(¢,§),
in the amount 7 — ¢.

e As a second step, we construct the controlled arcs 7;(t). These are arcs of cir-
cumferences, all with the same radius 7(¢). At their endpoints they are tangent
to the free arcs, and perpendicular to the boundary 0V. The common radius
r(t) is uniquely determined by the area identity (12.1), which yields an ODE
for the time derivative 7(t).

In our approach, a key role is played by maximal extended free arcs.

Definition 12.1. We say that a free arc v;(7) is a maximal free arc if, for all times t
in a neighborhood of 7 one has

() € {(r©) = (t=Tni(r.&): € € lailr),bi(r)]]- (12.2)
Here n;(t, £) denotes the unit inner normal vector at the point v;(7,&) € 9Q(t)NV.

If the maximal free arcs 7;(7) can be found, in turn these determine the free
arcs 7;(t) at all other times ¢ € [0,7]. In a further step, we can then construct
the family of circumferences ~;(t) tangent to the free arcs and perpendicular to
the boundary OV, thus completely solving the optimal set motion problem (see
Fig. 20). In the remaining sections we shall focus in more detail on some aspects of
this construction. The next simple example illustrates the main ideas.
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FIGURE 20 Here the segment ~;1(7) is a maximal free arc. At the
later time ¢ > 7, the boundary 9€2(¢t) NV is the union of a free arc
~1 and the controlled arcs, 72, v3. We first construct -4 (¢) by shifting
the free arc v1(7) in the amount ¢ —7 in the orthogonal direction. The
controlled arcs 7,(t),v3(t) are then two arcs of circumferences, with
the same radius r(t), tangent to 71 (¢) and perpendicular to OV at
the endpoints. There is a 1-parameter family of such arcs, depending
on the radius . A unique radius r(¢) can be determined by imposing
the identity (12.1) on the rate of decrease of the area.

C

~
Q) Q(ty)

A B

FI1GURE 21 The (conjectured) optimal strategy, for the minimum
time eradication problem, where the set () is confined within the
triangle ABC'. Left: the set (¢1) for 0 < ¢; < t*. Center: the set
Q(to) for t* < to < T/2. Right: the set Q(t3) for T —t* < t3 < T.

Example 12.2. In the x-y plane, let V be an equilateral triangle with sides of unit
length, and vertices A = (—1/2,0), B = (1/2,0), C = (0,1/3/2). In this case, there
is no way to satisfy the sufficient conditions stated in (4.3). A possible eradication
strategy t — Q(t), t € [0,T] is the one shown in Fig. 21. For a suitable ¢t* €]0,7/2[
this strategy can be described as follows.
(i) For t € [0,t*] one has Q(t) = V\B(A,r(t)), where by (12.1) the radius r(t)
evolves according to
3 M
r(t) = ———
mr(t)
(ii) For t* <t < T/2, the boundary 0€(t) is the union of a vertical segment along
the line where x = z(t) = r(t*) — (t — t*), and an arc of circumference.

—1. (12.3)
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(iii) For t = T/2, the set Q(T/2) = {(z,y) € V; = > 0} is the right half of the
triangle.
(iv) For t € [T/2,T], the set Q(t) can be defined by the symmetry property

Qt) = {(z,y) € V5 (—z,y) ¢ AT —1)}.

Calling r* = r(t*), we observe that (12.3) implies

3M
rfo< —. (12.4)
T
Otherwise 7 < 0 and the set Q(t) does not shrink. Moreover, by (iii) it follows
T 1
— —tf == 12.
5 =g (12.5)

For t* <t < T/2, using the rate of decrease of the area (12.1), one finds that
the radius of the boundary arc shrinks at the rate

Ht)=—-1- SE—— (12.6)

(v3-5)r@

Indeed, as shown in Fig. 22, we have

120 + 22 (2(t) = 1(0) - o) + ()]

6
= L3(V) - \g 2(t) + (ﬁJr) r(t),

H (v N 8Q(t)) - gr(t) + V3 (2(t) — (1)
Since #(t) = —1, from (12.1) it follows

(v3-3)rwiw = (5 - v3) r(v) - M,

L£2(Qt) = L£X(V) -

which yields (12.6).

We seek a solution to (12.6) with r(¢*) = r* and r(7'/2) = 0, where r* satisfies
(12.4) and t*, T are related by (12.5). Toward this goal, we observe that the solution
of (12.6) with initial condition 7(0) = r# = 3M /7 satisfies the implicit equation

1 Ar(t) +1 ! T
— (f _ - - _ =
t=(r r(t))+)\ln(>\rﬁ+1>, A M(f 3). (12.7)
Hence the time t* at which r(t*) = 0 is given by
1
th= b — Xln ()\7‘ti + 1).
The value of M for which we have the identity ¢! = rf — %, is
3V3 — 3V3\1~
= *[6 ) [m( \[)} ~ 0.6805. (12.8)

The previous analysis shows that the eradication problem for the equilateral triangle
is solvable if M > M¥. Notice that x(V) < M* < K(V), in accordance with
Theorem 4.1.
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FIGURE 22 Computing the time derivative of the radius r(t), at (12.6).

We conjecture that the above eradication strategy is the optimal one, for the
minimum time problem. Indeed, it satisfies all the necessary conditions for opti-
mality derived in the later sections. However, at present we cannot rule out the
possibility that some other strategy (possibly with lower regularity) may achieve
eradication in a shorter time.

Remark 12.3. If the boundary of the constraining set has a corner C, as in Exam-
ple 12.2, the best strategy has a curious behavior. Namely, as the boundary of the
set Q(t) crosses the corner, all the effort gets concentrated near the singular point.
The portion of the boundary where the control is active shrinks to a point, then
grows again. This remains true even if in (1.3) the constant M is very large. In
other words, even if there exist admissible eradication strategies where the set Q(t)
is monotonically shrinking, these are never optimal if the domain V' has corners.

Ezxample 12.2. Let V be the triangle
V:{($1,$2); 0<(L‘1<K, 0<a:2<x1}.

As shown in Fig. 23, left, let the initial contaminated set be
K
Q(O):{(xlvlé); 5<$1<K, 0<$2<l‘1}.

As shown in Fig. 23, right. an optimal strategy for (OP) proceeds in two stages.
For every t € [0,T], the boundary 9€2(t) NV is an arc of circumference y(t) with
endpoints A(t), B(t).

e On an initial time interval ¢ € [0,¢*], this arc is perpendicular to 9V at A(t),
while at B(t) the control effort is zero. This first stage is continued up to the
time t* where the intersection at B(t) becomes perpendicular as well.

e For t € [t*,T], v(t) is an arc of circumference centered at the origin, perpen-
dicular to OV at both endpoints.

Notice that this motion satisfies all the necessary conditions for optimality proved in

the previous sections. The arcs 7(¢) are uniquely determined by the above conditions,
together with the identity £(t) = M on the total effort (1.9).
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FIGURE 23 The optimal strategy in Example 12.2.
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FIGURE 24 In order to construct a family of circumferences that
cross perpendicularly a curve v, it suffices to construct a family of
circumferences tangent to + at two distinct points. Left and cen-
ter: this is possible near a point P where v has a corner, or where
the curvature is maximum (or minimum). Right: this construction is
not possible in case of a spiral-like curve 7, where the curvature is
monotone increasing.

13. The Initial Stages of an Optimal Strategy

In this section we focus on the initial stages of an optimal eradication strategy.
Assuming that V is an open set with piecewise smooth boundary, we seek an ad-
missible set motion ¢ — Q(t) C V with ©(0) = V, which satisfies the assumptions
of Corollary 4.1 on some initial interval ¢ € [0, T3].

As shown in Fig. 24, for ¢t > 0 small the complementary set V\Q(¢) will be
strictly increasing, bounded by an arc of circumference which crosses the boundary
0V perpendicularly at both endpoints.

The next two propositions show that such a family of circumferences can be
constructed in the neighborhood of a boundary point P € 9V in two main cases,
shown in Fig. 24, right and center:

(i) The boundary dV has an outward corner at P.
(ii) P is a point where the curvature of the boundary 0V attains a local maximum.

Proposition 13.1. Assume that the boundary OV contains two C* curves s — 7;(s),
i = 1,2, joining at an angle 0 €0, 7] at a point P = ~v1(0) = v2(0). Then, there
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exists so > 0 and a family of circumferences which cross perpendicularly the curves
i at points v1(s), 2(0(s)), for all s €]0, so]

Proof. 1. As shown in Fig. 24, left, using cartesian coordinates x,y we can assume
that P = (0,0) and the curves 1 and 7, are parametrized by

x — y(z) = (m,qf)l(x)), for = € [0, xo],
x — ylr) = (:U,qbg(x)), for z € [—o,0],

for some C? functions ¢1, ¢o which satisfy

¢1(0) = ¢2(0) = 0, ¢1(0) = —5(0) > 0. (13.1)

To find a family of circumferences which cross perpendicularly the curves 1,73, it
clearly suffices to construct a family of circumferences which are tangent to both
curves.

Toward this goal, for any « > 0 small, consider a circle with radius r > 0
tangent to v, at the point 7, (z). We claim that, for a suitable choice of r = r(x),
this circle will be also tangent to 7, at some point o (0(1:))

2. In the following, tangent and normal vectors to the curves ; at the points
vi(x), i = 1,2, are denoted by

ti(z) = (1,61(2)), m(e)=(=¢1(2),1), ta(2)=(1,¢2(2)), ma(x)=(—¢2(2)1).

To uniquely determine the value of o(z), we impose that the center of the circum-
ference tangent to the two graphs lies at the intersection of two lines: one parallel to
n; (z) through (z,¢1(z)) and the other parallel to to ny(o(x)) through (o, ¢:(0)).
These can be parameterized as

t (2,01(2)) +1(=d1(2),1), s = (0,02(0)) + 5(=5(0), 1).
For any x > 0 small, we thus seek a solution t,s > 0, 0 < 0, of the system
z—¢)(z)t = o —¢h(o)s,
p1(z) +t= ¢2(0) + s, (13.2)
(@1 (@) + 1) = ((9h(0)" +1)s2
The above identities hold if and only if

2= 0 (@) (61(2) ~ 62(0))
K@) —dhlo)
. _ 2= 0+ 6h(0)(61(2) — 62(0) (133)
@) —dhlo)

(¢4 () +1-t=/(¢5(0))* + 1.

Inserting the two expressions for ¢, s in the third equation, one obtains
(61 ()2 + 1+ (x — 0+ ¢h(0) (¢1(x) — ¢2(0))
=/ (#5(0))2 + 1 (z — 0+ ¢ (x)(d1(x) — P2(0)).
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This holds if and only if
(V@2 +1-V(#(@)2 +1) (2 - o)
+ (65(0) V(B @) +1 = @)V (G5(0)? 1) (61(2) — () =0,

Multiplying by (\/(qﬁ’l ()2 + 1+ /(d4(0))2 + 1) and dividing by (¢} (z) — ¢h(z)),
we eventually obtain the equation

F(z,0) = (¢} (2) + ¢h(0)) (z — 0)

+(61(2) — 63(0)) (B (@)dh(0) — 1= 1/ (#4(0))2 + 11/ (94 ()2 + 1) = 0.
(13.4)

By (13.1), at the origin the partial derivatives are computed by

OO — (64000 + 65(0) + L 0)($40)650) - 1 - VO F IO 1)
= )~ (410)* =1 [(#(0)* +1]) < 0.
OFLI)| o (61(0) + 6(0)) — 65(0) (64 (0)65(0) — 1 — /(@R + /(0 + 1)
rz=0=0

= 610)(~ (¢:)* ~1- [ ) +1]) < 0.

By the implicit function theorem, the equation F(z, o) = 0 thus uniquely determines
the function o(z), for # > 0 small. In fact, o(0) = 0 and Lo(z) = —1. O

Next, we consider the case where the boundary 9V is smooth, and show that a
family of circumferences can be constructed in a neighborhood of a point P where
the curvature of OV attains a local maximum.

Proposition 13.2. Assume that a portion of the boundary 8V is a C° curve s — (s),
whose curvature w(s) attains a positive, strict local mazximum at a point P = ~(§).
Namely, w'(5) =0, w"(5) < 0.

Then there exists g > 0 and a family of circumferences ~* with radii r(e)
depending continuously on € € [0,&¢], with the following properties. Each arc ¢
crosses the boundary OV perpendicularly at two points Q1(¢),Q2(g). Moreover, as
e — 0 one has the convergence r(¢) — 0 and Q1(¢),Q2(g) — P.

Proof. Working in a cartesian coordinates, we parametrize the boundary v by z +—
(z,¢(x)). Without loss of generality we can assume that 5 = 0, (5) = (0,0) and
$(0) = ¢/(0) = 0. Higher order derivatives will be denoted by ¢U)(z), for j = 3,4, 5.

Notice that, since w(z) = (d)u(w))g/g, the assumption ¢'(0) = 0 implies
1+(¢' (2))?
w(0) = ¢"(0) >0, &'(0)=¢™(0) =0,
W"(0) = 6™ (0) — 3(¢"(0))* <0, (13.5)

Performing the same calculations as in the proof of Proposition 13.1, to construct
the family of circumferences we need to solve (13.2), where now we simply define

{¢>1(l‘) = o(x) if x>0,
¢pa(x) = ¢(z) if z <O0.
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In view of (13.5) we have the Taylor approximations

¢"(0) e ¢(4)(0)x4 +0(1)-2°, ¢(z) =¢"(0)x + ng +0(1) -2,

ow) = 4l 3!
The same expression for F'(x,0) used at (13.4) now yields
(0
F(z,0) = (gb"(O)(x +0)+ ¢ 3|( ) (2 +0%) +0(1) - (z* + 04)> (z—0)

" (4)
(100 ot + 0 - o) 00 (o + 1)

( +¢”<2> (z - o)’ +o(1)-<x4+04>>

¢(4) <2x +a)(x—a)—(q:4—a4))

(¢”( )
4

= % (¢(4) (0) - 3(¢"(0))3> (x—0)*(x +0) + R(z,0)

= (z-0)" | 5o (O)(z+0) + M) .

Here the remainder R is a C° function that satisfies

R(z,0) =0(1) - (]ac]5 + ]0]5).

(2% —0?)(z - 0)2 + R(z,0)

The equation F(x,0) = 0 is equivalent to

_ 12R(z,0) - Olr.o
O= =T+ S e oT G(z,0). (13.6)

In the region where 0 < z < 1, o <0, one has

G(z,—x) = —x+O(1) - 22, ;(TG(:U,J) =0(1) - (|| + |o]).

In this setting, o(x) is the fixed point of the map ¢ — G(x, o). By the contraction
mapping theorem, a unique fixed point o(z) exists for all z > 0 small enough.
Moreover, the map = +— o(x) is C® and satisfies

|O’ —}—m‘ O(1) - z2.

This establishes the existence of a family of circumferences tangent to the graph of
¢ at the points z,o(z). In turn, this yields the existence of circumferences which
cross the graph of ¢ perpendicularly at the same points. ]

Remark 13.1. In Proposition 13.1, one can still carry out the same construction
in the case where the angle satisfies 6 €]m,27r[. Such a strategy will satisfy the
necessary conditions, but we do not expect that it will be globally optimal. Similarly,
in Proposition 13.2, one can consider the case where the curvature has a local
minimum. The above construction will yield a strategy which satisfies the necessary
conditions, but it will likely not be optimal.
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F1GURE 25 The setting considered in Remark 14.1.

14. Maximally Extended Free Arcs

This section is focused on the construction of maximally extended free boundary
arcs. Our goal is to derive a system of ODEs that describes these special curves.
The starting point is provided by the following remark.

Remark 14.1. Fix £ and consider a trajectory t — xz(t,§), perpendicular to the
boundary 9€(t). As shown in Fig. 25, assume that

(i) For t € [t1, 2], the point x(t, &) lies on the free portion of the boundary, where
no control effort is present.

(ii) For i = 1,2, the point P; = x(t;,§) lies at the edge of the arcs where the control
is active.

The necessary conditions (6.17) imply
Y(t1,) =Y (t1), Y(t2,§) =Y"(t2). (14.1)

Calling w(t, &) the curvature of the boundary 09(t) at the point x(t,£), and calling
w*(t) the curvature of the portion of the boundary 9€2(¢) where the control is active,
by (14.1) and (9.5) it follows

/tt Wt €) dt = /tt oL (14.2)

14.1. The Symmetric Case

As a first step, we consider the case where the domain V' is symmetric w.r.t. the
y-axis. More precisely (see Fig. 26, left)

V = {(z,y); 0 <y <g(x)}, (14.3)
for some C? function g : R — R such that
g(z) = g(—x), g(0)>0, ¢"(z)<0 forallzeR.

In this setting, a natural guess is that the maximal free boundary 7 should be a
vertical segment contained in the axis of symmetry. For notational convenience we
shift time, so that at time ¢ = 0 the relative boundary is contained in the y-axis:

Q0) = {(z,y); 0<y < g(z), z>0}.
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Pt

A 0 X

FIGURE 26 Left: the relative boundary 0€2(t) NV contains a free arc:
the vertical segment with endpoints A(t), P(t), and a controlled arc:
the arc of circumference with endpoints P(t), Q(t). Right: computing
the active portion of the boundary, at the time ¢ = 0 when this
boundary is contained in the y-axis.

As a consequence, as shown in Fig. 26, left, at each time ¢ the relative boundary
00Q(t) NV will be the union of a free portion: the vertical segment with endpoints
A(t), P(t), and a controlled arc: the arc of circumference with endpoints P(t), Q(t).
Notice that, for a fixed ¢, there is a 1-parameter family of circumferences that are
tangent to the vertical line {x = —t} and cross perpendicularly the boundary OV'.
A unique choice of this circumference is determined by the area identity (12.1).

We observe that, in this symmetric setting, the identity (14.2) is trivially sat-
isfied. Indeed, the curvature of the free arc is w(t,£) = 0. On the other hand, by
symmetry we have t1(§) = —t2(§), while w*(—t) = —w™*(t) for all t. Hence the right
hand side of (14.2) vanishes as well.

Next, we wish to determine the lengths of the arcs AP and PQ at time t = 0,
when they are both vertical segments on the y-axis. These should depend on:

e The radius of curvature p of the boundary 0V at the point Q.
e The bound M on the total effort.

With reference to Fig. 26, right, for any ¢ > 0, consider the point Q. = (z.,y:)
where a circumference tangent to the vertical line {# = —¢} crosses the boundary
0V perpendicularly. We denote by P. = (—¢, z.) the point where this circumference
has a vertical tangent.

As ¢ — 0, the area identity (12.1) yields

1
[area of shaded region] = 5(?/6 —2:) - (e+xe) +0(e) = Me + o(e)

We now set z. = he + o(¢) and denote by ¢ = lim._,o(y. — 2-) the length of the free
arc at time t = 0. Letting € — 0, we obtain the identity

g (1+h) =M. (14.4)

Next, we impose the orthogonality condition at the boundary. Setting g = ¢(0) and
calling p = —1/¢”(0) > 0 the radius of curvature of the boundary 9V at the point
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Q= (0, g(O)), recalling that ¢ is an even function, a Taylor expansion yields
_ I 3
y=g(x) =9 2t o(z”).
Referring to Fig. 26, right, call r. the radius of the circumference through P. and

Q-, and 6. > 0 the angle of the corresponding arc between (). and P.. By standard
trigonometric identities we find

2.2
resinf. = £ — h; +0(e?), 7. —r.cos6, = (14 h)e + o(e), (14.5)
p
1 —cosf,
— (=1 . 14.
. 0= (14 h)e+o(e) (14.6)

On the other hand, the orthogonality condition at (). implies

h
0. = f +o(e). (14.7)
Combining the two identities (14.6)-(14.7) one obtains
62 /2 0. he
= l=—l=—1 =(1+4+h .
20— 0= 5 ofe) = (1+ e+ ofe)

Letting ¢ — 0 we conclude
he =2p(1+ h). (14.8)
Together with the first identity (14.4), this determines the two constants ¢, h:

2M

Notice that the sign in front of the square root is consistent with the fact that, as
the radius p — 0, the length of the controlled arc also approaches zero:

£=M<1— 1—?\2’) ~ 2p — 0.

14.2. Maximal Free Arcs: The Non-symmetric Case

If the set V is not symmetric, we do not expect that a maximal free arc v* should be
a straight line. We seek a system of ODEs describing this arc. This will be achieved
in several steps.

1. Consider the configuration in Fig. 27. At time ¢t = 0 the relative boundary
09(0)NV = ~4*U~¥, is the union of a controlled arc v* and a free arc v* where the
set 2(t) expands with unit speed. By a suitable choice of coordinates, we assume
that the arc of circumference v* is tangent to 7% at the point P = (0,0), and
perpendicular to OV at the other endpoint (). We choose the z-axis so that it is
perpendicular to ¥ and v* at P.

Let 4% be parameterized in terms of arc-length, as & — ~#(¢), with ~#(0) =
P, and call n(¢) the unit inward normal vector. Then at time t = ¢ > 0 the
corresponding free arc will be parameterized by

V(&) = 7*(&) — en(§). (14.10)
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FiGURE 27 The shaded region yields the signed area swept by the
moving arc of circumference for ¢ € [0, ], up to higher order infinites-
imals.

In addition, at time ¢ the controlled arc v will be a portion of circumference with
endpoints ). € 9V and P. = v (f(s)), for some &(¢). We seek a formula for the

time derivatives
. P_-P . _
P = lim == , @ = lim Q- Q
e—0+ 3 e—0+ e

(14.11)

This will rely on three properties:

e The junction at P. is tangential.
e The intersection at (). is perpendicular.
e By the identity (12.1), the signed area swept by the moving arc of circumference
equals M — H(y*).
2. To fix ideas, assume that at time ¢t = 0 the controlled arc v* has center at
C* = (r*,0), radius r* and spans an angle §*. As shown in Fig. 27, for every angle
a € [0,6%] let Z(a) and Z.(«) be the intersections of the circumferences ~v*,~*
with the line through C*, forming an angle o with the z-axis, and call r}(a) =
|Z.(a) — C*|. Notice that |Z(a) — C*| =r* for all o
The signed area swept (in the inward direction) by the moving arc of circum-
ference during the time interval [0, ] is computed by
G*T*

0 .
A, = /0 (r:(a) — T*) r*da+o(e) = E(IQ\ — 1) 5

Indeed, the endpoint P. moves outward with unit speed, while the other endpoint
Q- moves inward with speed Q.
The area identity (12.1) now yields

Ao =e[M —H'(v)] + o(e) = e[M — 0*r*] + o(e). (14.13)

+o(e). (14.12)

Combining the two above formulas and letting € — 0 we obtain
2M
g*r*

. 0 )
M—b7" = (Ql-1) =, [Ql= (14.14)
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L 0 L) Tx

FIGURE 28 The shaded region is the area swept by the moving arc
of circumference for t € [0, ¢].

0 C.0 X

FIGURE 29 Computing the partial derivatives of the distances (¢, ¢)
and 0(&,¢) w.r.t. C.

3. Next, referring to Fig. 28, let the boundary 0V be parameterized by arc-

length as ¢ — Q(¢), with Q(0) = Q. For any pair (§,() =~ (0,0), denote by C(&,()
the intersection of

e the perpendicular line to ¥ at the point v#(&),
e the tangent line to OV at the point Q(().

The distances between C(&,¢) and the points 7#(¢), Q(¢) will be denoted respec-
tively by

3(6.¢Q) = [0 =), 7(&¢) = |CE¢) = QQ)]- (14.15)
When £ = ¢ = 0 we clearly have
§(0,0) = [C* = P| = r* = |C* = Q| = r(0,0). (14.16)

To compute the derivatives of these distances w.r.t. £ and (, we let w = 1/p be
the curvature of the boundary dV at the point @, and let w# be the curvature of +*
at the point P. At the point C(&, (), the angle formed by the lines through +#(¢)
and Q(() is thus

0(£,¢) = 0" + W + wC + o(€) + 0(C). (14.17)
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sl
71e) 8(8,0) C(&0)

FI1GURE 30 Computing the partial derivatives of the distances (&, ()
and 0(&,¢) w.r.t. & Here P = (0,0), C* = (r*,0).

At ¢ = ¢ = 0, recalling that the point Q(({) is parameterized by arc-length, by
elementary trigonometric identities (see Fig. 29) one finds

9 . .
8—CT(O,C) = —r*w cot 0" — 1. (14.18)
Moreover, observing that
Q= C0.0] sin(0.¢) =" sin" +0(C), 5-6(0,0) =
at £ = ( = 0 we obtain
9 e W T'w
ac 5(0,¢) = ac [7“ sin 6 cot 0(0, ()] = r*sin 6 e T Tsme (14.19)

Next, referring to Fig. 30, we observe that the point C'(£,0) lies at the inter-
section of two straight lines with equations

y = —tanf* (z —7r%), y = —E+wia+o(€) - . (14.20)
At the intersection point, this yields
tan 0% (x — 1) 4+ (whr* — 1)€ = W (z — 1) + 0(¢) -
Observing that z — r* = O(1) - &, we obtain C(&,0) = (z(£),y(€)), where

wu

1 —whr
2(€) = 1"+ =€+ 0(6), y(§) = (W -1DE+o©).  (14.21)
Using (14.21), the partlal derlvatlves of § and r w.r.t. £ at £ = ( = 0 are computed
by
0 1 — whr 0 1 0 1 — wir
85 &) = tan 0* ’ 87§T(§’ 0) = cos 0* 87536(5) - sinf*
(14.22)

g(50)

4. For t =~ 0, denote by
Q) = Q). P(t) =~*(£(1) —tn(€)),
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the endpoints of the controlled arc of circumference v*(¢) at time ¢. By the previous
analysis we have
2M

-1

Q*T*

d )
—((t = =
a0 =10

We now use the identity

r(€(t),¢(1) = t+3(&(1).¢(1)) (14.23)

which is valid for all ¢, to compute the derivative d{(t)/dt. Inserting (14.18), (14.19)

and (14.22) in (14.23), we obtain

Ordg  OrdC | 06de  00dC

d€dt T ocat T ocdr Tacar
d _[or 09§ -1 06 d¢  Ord¢
20| = %5 (+%a-x%)
4y 1 —cosO” -t rw . . 2M
= [(1—@)7‘).7} ~{1+<—. + r*wcot +1)( —1)}.
sin 0* sin 6* O*r*

(14.24)

5. We are now ready to derive a second order system of ODEs satisfied by the
maximal free arc y*. As before, let ¢ — 7#(¢) be an arc-length parameterization,
with v#(0) = P. For any £ > 0, let #1(£) < 0 < t2(£) be the times where the points

P;(§) =74 — (ti(€) — 7)n(§)
lie at the junction between the active and the free arcs (see Fig. 25).
To derive an ODE for ~#, let w#(€) be the curvature of 4% at the point v#(&),
and denote by w(t) the curvature of the controlled arc at time ¢. Differentiating
(14.2) w.r.t. £ we obtain

wh(€)  dta(€) wh(&)  dti(€) dtz(§) dt1(§)
1+ towh(&) dE _1+t1wﬁ(§) d¢ —w(t2(§)) d€ —w(tl(f)) -

(14.25)

Here the time derivatives dt;(£)/d¢ can be computed by inverting (14.24). Notice
that this is a second order, highly nonlinear ODE. Indeed, this is an implicit equation
that can be solved for the curvature w(¢) in terms of the other variables.

Remark 14.2. At a time 7 when the free arc is maximal, assume that the boundary
9Q(7) NV is the union of the free arc 7% together with a controlled arc of circum-
ference v* with endpoints P, (). From the necessary conditions for optimality we
deduce:

(i) The arc of circumference v* is perpendicular to the boundary 0V at the point

Q.

(ii) The two arcs 4* and v* have a second order tangency at the point P.

Indeed, (i) follows from Theorem 11.1. The first order tangency condition in (ii)
follows from Theorem 10.1. Both of this facts remain valid at all times. On the other
hand, the second order tangency is a unique property of maximal arcs. Indeed, let

P(t,€) = (&) — (t = 7)n(§)
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FiGurE 31 Evolution of the free and the controlled portions of the
boundary 0€2(t). Here y = ¢(z) is the equation of the maximal free
interface.

denote a point on the free arc for ¢ € [t1(€), t2(£)], which coincides with the endpoint
of the controlled arc for t = ¢1(£) and t = t5(&), with

t1(§) <71 <t2(8), gl_i)fé)_ t1(§) = Slim t1(§) =

By (14.2) the curvatures are related by

1 t2(&) 1 t2(§)
s, dt = ———— . *(t) dt.
1206 — 11(6) /tl@ Wt dt = S T ® /m(@ v

Taking the limit as £ — £— one obtains (ii).

15. The Free Interface Near a Corner Point

In the z-y plane let the motion take place within a set V' having a corner point.
After a change of coordinates, as shown in Fig. 31 we assume

V ={(z,y); |yl < ztana}, (15.1)

for some 0 < @ < m/2. Our goal is to describe the maximal free interfaces.
To fix ideas, assume that at time ¢ = 0 a smooth free interface

y = ¢(z) (15.2)
is given. Then for small times ¢ € [—9,d] we can uniquely determine a family a
circumferences, tangent to the free curves at points (z(t), ¢(z(t))). Indeed, the radii
of these circumferences will be determined by the tangency requirement, together
with the swept area equation (12.1). In addition, the optimality conditions require
that the identities (14.2) be satisfied.
Our goal is to show that there exists a 1-parameter family of admissible maxi-
mal interfaces, all satisfying ¢(0) = ¢’(0) = 0.
As shown in Fig. 31, let  — ~(z) = (z,¢(x)) be a parameterization of the
maximal free interface v, with ¢(0) = 0. For each z > 0, call P;(z), Py(x) the points
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B Ox)

FIGURE 32 Deriving the identities in (15.6).

where the straight line perpendicular to v at the point v(z) = (z, ¢(x)) crosses the
lower and the upper boundary of V', respectively. Moreover, we call o the angle
between the z-axis and the upper boundary of V, and set § = § — «

Call

0(z) = arctan ¢’ (), (15.3)
so that

1
1 "(x)]?2 = . 154
VIF PP = s (15.4)
The angles at P;(z) and Pa(z) are then computed by

91(1') = /8 - 0($)7
{92(:6) — B+0(x). (15.5)

With reference to Fig. 32, according to the law of sines one has

P-Q _B-Q |P-Q _ |A-Q|

sin(m — 3)  sin(8—0)’ sin 3 sin(r — 3 —60)°
Let t1 = t1(x) < 0 be the time when the center of the active circumference is
at Py(x), and call 1 = r1(z) the radius of this circumference. Similarly, let t5 =

to(x) > 0 be the time when the center of the active circumference is at Py(x), and
let 7o = 7r2(x) be the radius. Using (15.6) we obtain

(15.6)

et = 101t = A
ot = 1) = )

Imposing the area identity (12.1), we obtain (see Fig. 33)

(15.7)

1 3 1
502(rs + ) + (2. = )1+ [0/ (0)Pra — (B0 — 02) 2 ~ boo515, + Me.
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FIGURE 33 During the time interval [¢, ¢ +¢] the center of the active
circumference moves from P to P.. The shaded region has area Me.

Denoting the derivatives w.r.t. time by an upper dot, letting ¢ — 0 we obtain

2
. 1.
Oaro + Tron/1 + [gb’(m)]z — 92% = 592’/“% + 091919 + M. (158)
Observing that

. d , . ¢II .
Oy = T [arctan¢ (2)]a = H[gb(’m(;;)]Q T,
and dividing both sides of (15.8) by 72, one finds
. M —s ¢ (=) ,
O2(r2 — 1) + Ty ( 1+ [¢/(z)]? T [¢’(x)]2 7“2) L (15.9)

Recalling (15.5) and (15.7), since tan a = cot § we obtain
1= [sinﬁ(cotﬁ — ¢ (x)) B sin 8(z cot B — ¢(z)) cos(62(2)) ¢ (z) ] .

sin O () sin? 0 () 14 [¢/(z)] ?
(15.10)
Combined with (15.9) and (15.5), this yields
ey ( T+ [0/ @) - Mm> i
sin B3(cot B — ¢'(x))  sinB(zcot B — ¢(x)) 9 (=) .
—(B+06()) { sin(B+6(z))  sin?(8+6(z)) s @) [¢’(w>12} -
(15.11)

Solving for & = dxz/dts we obtain

dta

E = 7—2(1,7 t27¢7 ¢/7¢H)

. T2 ¢" ()
= = 1 (x)]? — ———F—=
o (virwer - )

B . cos B —¢'(x)sin3  xcosf — ¢(x)sin B cos . ¢" ()
(8 +0(=)) [ sin(3+ 6(x)) sin® (8 + 0(x)) (5 +0( ))1+ [d)/(x)f} }
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(15.12)

An entirely similar computation can be done for ¢ < 0. To treat this case, it is
simpler to reverse time and replace ¢ by —¢.

O1r1 — 2ri/ 1+ [(]5’(30)]2 + 5917“% = —5917“% —01r171 + M.

01(r1 +1 (W-F ¢’ (@) T1> .
L+ [¢/(2)]
; | sinB(cot B + ¢/ (x)) B sin B(z cot B + ¢(z)) cos(6: (2 —¢" () ] B
1= sin 04 (z) sin? 0y (z) (61()) 1+ [q&’(az)f 7

—M—< 1+[¢’(m)]2+¢”(x)r)d7

- 1+ [¢/(@)]°

(5 b(e sin B(cot B+ ¢'(z))  sinB(zcot B+ ¢(z)) cos(B — 0(z ¢ (x) i
(6= 0) [ sin(8 — 0(x)) * sin? (8 — 6(z)) (8= 0@) 1+ [qﬁ’(x)f]
Eventually we obtain

M e, 6,6,

dzx
.o ¢ (x)
= —— 1 /(x)]? — 5Tl
M{( +[¢()]+1+[¢,($)]2 )
(6 — 0(x cos B+ ¢'(z)sin3  wcos B+ ¢(x)sin 3 — o(x 9" (x) .
Rl ) T 0] B ))1+[¢'<w>]2H
(15.13)

Remark 15.1. In the case where ¢(z) = 0, the identity (15.11) reduces to
M )
M i~ (BeotB)i = (1~ Feot fl(rs — 1) tan = [tanf— B](7> — 1).
2
15.1. Necessary Conditions

Next, we impose the necessary condition (14.2). The curvature of the maximal free
interface 7 at the point y(z) = (x, (b(a:)) is computed by

w(z) = —— — () . 15.14
( ) p(l’) (1 N (¢,(w))2)3/2 ( )

By (14.2) it now follows that, for every = > 0,

tg(af) 0 tg(x) dt
/ dt —/ dt :/ . (15.15)
0 r2(t) S (@) m1(t) ) Plx) +1
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We wish to use these identities to obtain a second order ODE describing the
curve v(-). Differentiating (15.15) w.r.t. z, one obtains

1 dt 1 dt dt dt
-Gz, 20 Y %2 Y M (15.16)
ro dr 11 dr 1+tw dz 1+tiw dx

Remark 15.2. We choose the time ¢t = 0 as the time when the free interface is
maximal, touching the vertex C. In this case, it is precisely the graph of ¢(-).
We have

dtl (.CU) dtz ({L’)
— < 0, ——=>0.
dx dr
The radii r1, 75 are always taken to be positive. However, for ¢ > 0 the curvature
1sw——,whllefort<01tlsw——%

There is a huge cancellation of the terms on the left hand sides of (15.15) or
equivalently (15.16), while there is no cancellation on the right hand sides.

In view of (15.12)-(15.13), multiplying both sides of (15.16) by M we obtain
an equation of the form

F(z,t1,t2,0,¢',¢") = Gz, 11, 12,0, ¢, ). (15.17)
Setting
= xcqsﬂ—f—qS;inﬂ_tl, )
T = xccs)lsnﬁ(ﬁ— ¢Si)nﬁ + 2 I etand e (1+<’;|2)g/z’
Sin (5 + 0) ’
(15.18)

the left hand side of (15.17) is computed by

F(z,t1,t2,¢,¢',¢") = { <W7 _ )

1+ °

—(3+0) {cosﬁ—(ﬁ/smﬁ_xcosﬁ—¢sinﬁcos(6+9)qsﬂ}}

sin(B + 6) sin?(8 + 0) 1+ 9|2
(e o)

Ca cosfB+¢'sinf  xcosf+ ¢sing a9
(8 9){ sin(8 — 6) + sin?(8 — ) cos(f 9)1+\¢’(x)|2} }

(15.19)
After some cancellations, one obtains
F(z,ti,t2,0,¢',¢") = _%I;’IQ - (r1+72)
a9 |0 =8 ) - LI i)
g [+ L )

(15.20)
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On the other hand, recalling (15.12)—(15.13), the right hand side is computed by

dta  dt1

Gz, t1,t2,¢,¢",¢") = Mw (E - %> - Muw {

tow dtz tiw dtl
1+ tow dz 1+ tiw dz

7’

WW(T% *7"3)

tiw taw @
= M T — 7
w[1+t1w ' T e 2}+1+|¢,|2(r1+7’2)+

__pB+o {cosﬁ—dfsinﬁ—wcosﬁi¢5inﬁ~ ¢ }wr
sin(3 + 0) tan(3+0) L+ |¢/)2] >
B8—0 , . zcos B+ ¢psinf o
,m {cosﬂ+¢ sin 8 + tan(3 — 0) 17 |¢,|2} wry. (15.21)

Summarizing, we need to solve a system of three ODEs for the three functions
o(x),t1(x), ta(x). Namely: the two first order ODEs (15.12)-(15.13) for the functions
to,t1, respectively, together with the second order ODE (15.17) for ¢. These are
supplemented by the identities in (15.18). They are to be solved with boundary
conditions

£1(0) = 2(0) = (0) = 0. (15.22)

Since the equations also involve the second order derivative ¢”(x), we expect to find
a l-parameter family of solutions.

The main difficulty in constructing solutions stems from the fact that the above
equations (15.12)—(15.13) and (15.17) are implicit, and singular at the initial point
x = 0. To gain some insight, we make the guess

px)| << z as x—0. (15.23)

Starting with (15.12)—(15.13) and neglecting higher order infinitesimals, we are led
to

% ~ j\f]{l—ﬁcotﬁ—d)'(m)(co‘c,@’—ﬁ—ﬁcotZﬂ) —z¢"'(z) (cot B — Bcot? B) },

(15.24)

dt1 N r1

{1 —Bcotﬁ+¢)'(m)(cot6 — 3 — Bcot? ﬁ) + x¢” (x) (cotﬁ—ﬁcot2 ﬁ) }

de ~ M
(15.25)
In view of (15.7), this yields
ti(x) =01) 2%, 7ri(z) =xcotf+o(zx), i=1,2. (15.26)

As usual, o(z) denotes a higher order infinitesimal. Inserting these expressions in
(15.16) we obtain

Fl,t1,t2,6,8,0") =~ {—2(cotﬂ—ﬁ—ﬂcot25)¢’—2(cotﬂ—ﬂcot26)x¢”}.

(15.27)
On the other hand, the right hand side of (15.16) can be approximated by
tan g — 0
—

tanZg 0 = 2cotf - Beot? B)xg”.  (15.28)

G(gj7t17t27 ¢) d)/’ ¢”) ~ 2
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To leading order, (15.27) and (15.28) yield the approximate ODE
x¢" () = 0¢'(x), ¢(0) = 0, (15.29)

where

B B cot B — 3 — [eot? B

o =o(f) =2 483 cot? B — 4 cot
_ﬁ—I—ﬁtanQﬂ—tanﬁ_ (3 —sin B cos 3
N 2tan 3 — 20 ~ 2cosB(sin 8 — Beos )’

(15.30)

We claim that o(5) > 1 for every 8 €]0, 7/2]. Indeed, a Taylor approximation
yields

—(B-p%/6)(1 —p%/2
lim o(f) = lim b <ﬁ 5/ )( il ) =1. (15.31)
B0+ a—0+2(8 — 33/6) — B(1 — 32/2)

Moreover, by elementary differentiations one obtains

d
dp

(ﬂtan25+ﬂ—tan5)—d< 8 Siﬂﬁ>:52sinﬁ

T dB \cos23  cosf cos3 3’

hence

do(B)  B2ss(tanf — B) — (B + Stan® § — tan §) tan® §

dj 2(tan 8 — [3)2

= 2(tanﬂs_mgﬁ)2 vy (26(sin 8 — B cos B) — sin B(B — sin (3 cos 3))
sin? 3 osi _ 0
> 2(tanﬁ—ﬁ)2cos4ﬁ( (sinf3 — BeosB) — (B — smﬁcosﬂ)) >0,
(15.32)
in view of the fact that
ddﬂ(Q(sin,B — Beosf) — (06— sinﬂcosﬂ)) = 28sin 8 — 2sin? 3 > 0.
Together, (15.31) and (15.32) imply that o(5) > 1.
The general solution to the linear equation (15.29) is
¢(z) = ca”, (15.33)

where ¢ is an arbitrary constant. Since ¢ > 1, this yields a 1-parameter family of
solutions, for which the asymptotic condition (15.23) holds.
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16. Local Solutions to the Equations of Maximal Free Interfaces

Aim of this section is to prove a local existence theorem for solutions to the singular,
implicit Cauchy problem

¢(0) = 0,
H($7t17t27¢7 (b/’(b,/) = 07 lim ¢($) — ¢
/1 = 7'1($7 tlv ¢7 ¢,7 ¢,/)7 z—0+ IU+1 7 (]‘6]‘)
/2 :E($,t2,¢,¢/,¢,/), tl(o) = 07

£5(0) = 0.

Here 73,7; are the functions introduced at (15.12)—(15.13), while H = G — F, with
F,G as in (15.20)(15.21).

Theorem 16.1. Let 0 < f < 7/2 and ¢ € R be given, and let o > 0 be the constant
in (15.30). Then there exists x1 > 0 and a local solution x — (¢(x),t1(z), t2(z)) to
the initial value problem (16.1), defined for x € [0, 7).

Proof. 1. In view of the previous analysis, to leading order the equation (15.17)
reduces to (15.29). We thus expect that solutions will satisfy

p(z) =0(1) 27, ¢(x)=0(1) 27, ¢"(x)=01) 27", ti(z)ta(z) =0(1) 2.
We thus consider a domain of the form
D= {(t17t27¢7 ¢/)’ ‘tl('r)‘ S CO xza }QS('I)‘ S CO I'O.—i_l, ‘QS/(QZ)‘ S CO xa}a
(16.2)

for a suitable constant Cj.
Within this domain, the local solution will be obtained as the fixed point of a
Picard-type operator

(Plt1,t2.6.6)) (@) = (B1,F2. 6. )(@), (16.3)

where the functions on the right hand side are defined as follows. We begin by
constructing the function Y = Y (z,t1,ta, ¢, ¢’), implicitly defined by the identity

H(z,t1,t2,¢,¢',T) =0. (16.4)
Details of the construction of T will be worked out in step 2. We then define
Ti(w, t1, b2, 0, 8") = T; (@, t;, 0,8, T (2, 1, 12,6, ¢')), (16.5)
and set
ti(x) i/oxTi(x,tl,tz,qb, o dy, i=1,2. (16.6)

Next, we write the equation H = 0 in the equivalent form
x¢”(w) - 0’¢,($) = K(x?tht%(ba ¢/a¢/,)- (167)

for a suitable function K. Solving (16.7) with ¢” = T, in view of the second bound-
ary condition at (16.1) this leads to

¢ (x) =x° <(U +1)c+ /0 y T K (y, b, b2, 0,6, T) d?/) (16.8)
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&m;lﬁwMy (16.9)

In the remainder of the proof, we will show that the above formulas (16.6), (16.8),
(16.9) yield a strictly contractive map, on an interval [0, z'] small enough.

2. In this step, using the implicit function theorem we construct the function T
and provide estimates on the function K in (16.7). Computing the partial derivatives
of H=G — F, in view of (15.20)—(15.21) and (15.18) we obtain

0

a¢//H = 4z (cot B — Beot® B) + O(1) - x' T, (16.10)
a?z)/H: —2(3 + Bcot”® B — cot B) + O(1) - a°, (16.11)
S H =00) 16" +00) (e + o)) |6 = 0() a7 (1612
aatiH =0(1)-|¢"| +0(1) - (z+[9])|¢"* = O(1) - 27~ (16.13)

Since OH/0¢" > 0, this yields the local existence of the function Y implicitly defined
by (16.4). Here, € = min{1,0}.
Moreover, we have

oY  OH/0¢  2(B+ Bcot? f—cot3) + O(1) - xf

oy - = 1) . 51
9¢’ OH/0¢"  4xz(cot B — Beot? B) + O(1) - wlte c+0(1)
(16.14)
Similarly, we obtain
OF _ 0HJ06 _ ) oma O OHOL ) o
0p — OH/d¢" =07 ot;  OH/d¢" =0(1)-277%. (16.15)

Next, we observe that the equation H = 0 is equivalent to

¢//($) = T(CL‘7 1,12, ¢($), ¢,<$))
In turn, this yields
1;@5// = ;UT, JIQZ)// — O'QZS/ = K,

where
K(CL’, tl, tQ, ¢, (b/) =T T(.%’, tl, tg, ¢, ¢,) — O'¢,. (1616)
In view of (16.14)—(16.15), the partial derivatives of K thus satisfy the bounds
0K 0K 0K
=0(1)-2°5, — =0(1)-27 % =0(1) 271 (16.17)

FYg G ot;
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3. We now provide estimates on the functions 77, T introduced at (16.5). Re-
calling (15.12)—(15.13) and (15.18), we begin by estimating the partial derivatives

07; 07;

5y = O, 5 =00, (16.18)
oT o _ o
oy = O 5o =0(1) o (16.19)

By (15.12)-(15.13) and (16.14)—(16.15) it follows
oT, 9T, 0T, o _

50 = 00 "o 95 = OW (16.20)

of; 0T, 0T 0T . = oo
90 — 09 T o4 g — O (wratat ) =00)m (16:21)
Of; _ 0T | 9T OY _ 1y (14 2247-2) = O(1). (16.22)

or, o, " ag" ot
4. We need to prove that the transformation (P(tl,t2,¢,¢')>(x) =

(t1, 1o, &, 5’)(1:), as in (16.3), maps the domain (16.2) into itself. Let (¢1,t2,¢,¢") €
D. Then, recalling (16.17), we obtain

& (@) = 27 (o + e+ 27 /0 y { /0 IR 1200 0)W) gy

o
LOK (At t2, 6,00 (W) LOK (At ta, ¢, ¢)(y)) }
+ a-ow+ Y [ dx- ti(y) pdy
0 a¢/ i=1,2" 0 8ti
=27 (c +1)c+2701){a® +2° + 2} = (6 + 1)ca® + O(1)z"+*. (16.23)

Hence,

o) = [ Sy = a7t er O
0
For i = 1,2, working as in (16.23) and using (16.20)—(16.22), one gets

co T POt e, 6,00 (W)
fi(2) = /0 { /0 o dX- 6 (y)

L 8TZ (A(t17t27 ¢7 ¢/)(y)) / 1 8TZ (A(t17t27 ¢7 ¢/)(y)) .
+/0 EYY dx- ¢ (y)+j§2/o o1, dA-tJ(y)}dy

= O(l){xc"Jr2 —+ x3} = O(1)x?te.
Taking Cy > 2(0 + 1)c and ' small enough, we obtain that, for any = € [0, 2],

(P(t17t27¢, ¢/)>($) €D.
5. To achieve the contraction property, consider the norm

”(751,752,¢7¢,)H: sup max{‘d)(x)‘ ]qb’(a:)}’ ‘tl(?” }tQ(;U)‘} (16.24)

9
O<z<zt potl x? T x
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Given two sets of functions (t;1,1;2, 5, #}), j = 1,2, such that
H(tn,tu,(ﬁl, ¢h) — (tzl,t22,¢2,¢/2)H =0>0, (16.25)
we will prove that the corresponding Picard iterates satisfy
“(?117?1275175,1) - (;217t~22,$27$/2)H <z (16.26)

6. We are now ready to prove the contraction propert
induced by the norm (16.24). If (16.25) holds, then

< NS

(16.26), with distance
|¢1(m) — ¢2(x)| < 6zt }qﬁ'l(ac) - <b/2(a:)‘ < 627, !tu(m) - tzi(az)} <6z, i=1,2.

Consider the intermediate points
Z(A\,x) = AMtar, tig, d1, ¢1) (@) + (1 = N)(tar, ta2, da, o) ().

By (16.8), the difference between the two values of 5’ is computed by

(@) — Fy(a) = 2° / ' yol{ / OR(ZO) 41 (41) = 0(y)

96
LOK(Z(\ )
+/0 ¢/

+Z/0 M(gij\’y))d)\'(til(y)_tﬁ(y))}dy' (16.28)

i=1,2

dX\ - (¢ (y) — #3(y))

Recalling (16.17) and (16.27), one obtains
&, (z) — dh(z) = O(1) - {xH 527 + 2° 627 + :L“FléxQ} — O(1) - 627+,
(16.29)

In turn, this yields

d1(x) = ba() = / "[Biw) - Bw)] dy = 0(1) / "oy dy = 0(1) - 627
(16.30)

Finally we estimate the change in the ¢; variables. For ¢ = 1,2, the same approach
as in (16.28) now yields

ule) ~ ) = [ { [ ZERID - 61) - ot

LaT,(Z(\ y))
+/0 ¢/

§=1,2

dX - (¢ (y) — $5(y))
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Using (16.20)—(16.22) and recalling (16.27), we now obtain

?lz(x) — ’tVQz(x) = / 0(1) . [1 . 5y0+1 + e 5y0' 4 1. y2] dy — O(l) i x2+5.
0
(16.31)

As z ranges in an interval [0, 2] small enough, the three inequalities (16.29)—

(16.31) yield the contractive property (16.26).
6. The unique fixed point of the contractive transformation defined at (16.6),
(16.8) and (16.9) now provides the desired solution to the Cauchy problem (16.1).
O

17. Concluding Remarks

In this paper we analyzed a family of set-motion problems, discussing existence of
optimal solutions and necessary conditions toward their explicit computation. We
like to think of these as “time dependent isoperimetric problems”. Indeed, by the
area formula (12.1), to minimize the area one should reduce the perimeter as fast as
possible. In the optimal motions considered in Theorem 4.1, at each time ¢ € [0, T]
the set 2(¢) has the shortest relative boundary 0€2(¢) NV, compared with all other
subsets with the same area.

Among several problems which are left open, a key issue is the regularity of op-
timal solutions. While the existence results proved in Sect. 5 yield optimal solutions
in the class of BV functions, it seems reasonable to conjecture that for a.e. t € [0, 7]
the set €(¢) should satisfy an interior ball condition. That is: Q(¢) should be the
union of discs of radius 7(¢) > 0. Such regularity would likely suffice for deriving
necessary conditions for optimality.

A second goal would be to use the analysis in Sects. 13-16 in order to construct
set motions that satisfy all optimality conditions globally in time. Two cases appear
to be particularly interesting, where either (i) V' is a polygon, or (ii) V' is a convex
set with smooth boundary, whose curvature has finitely many local maxima and
minima.

Both of these problems are left for future investigation.
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