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Abstract

We introduce an innovative lumped-parameter model of the aortic valve, designed to efficiently simulate the impact of
valve dynamics on blood flow. Our reduced model includes the elastic effects associated with the leaflets’ curvature and the
stress exchanged with the blood flow. The introduction of a lumped-parameter model based on momentum balance entails
an easier calibration of the model parameters: Phenomenological-based models, on the other hand, typically have numer-
ous parameters. This model is coupled to 3D Navier—Stokes equations describing the blood flow, where the moving valve
leaflets are immersed in the fluid domain by a resistive method. A stabilized finite element method with a BDF time scheme
is adopted for the discretization of the coupled problem, and the computational results show the suitability of the system
in representing the leaflet motion, the blood flow in the ascending aorta, and the pressure jump across the leaflets. Both
physiological and stenotic configurations are investigated, and we analyze the effects of different treatments for the leaflet

velocity on the blood flow.

Keywords Cardiac valve dynamics - Computational fluid dynamics - Reduced fluid—structure interaction - Lumped-
parameter model - Resistive immersed implicit surface - Aortic valve stenosis

1 Introduction

Cardiac valves allow maintaining unidirectional blood flow
in the heart and circulatory system. Their function helps in
reducing blood stagnation by improving the chamber wash-
out and in directing the ejection jets and the coherent vortex
structures of the flow. Because of the relevance of such com-
ponents, several cardiac pathologies are directly related (or
at least entail) valvular abnormal conditions, such as calcifi-
cation, stenosis, regurgitation, and anatomical defects of the
leaflets or the subvalvular apparatus: see, e.g., (Schoen 2005;
Otto 2008; Xanthos et al. 2011; El Sabbagh et al. 2018).
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Due to the complexity of cardiac valve structure and
their strong interplay with blood flow, valve modeling in
computational hemodynamics has been developed with dif-
ferent levels of detail. Several works consider a prescribed
kinematics of the valves, introducing interface conditions
that are expressed by analytical laws, as in Mihalef et al.
(2011), Seo et al. (2014), Tagliabue et al. (2017a), Tagliabue
et al. (2017b), Zingaro et al. (2021), Zingaro et al. (2022),
or derived from clinical measurements, as in Viscardi et al.
(2010), Chnafa et al. (2014), Bonomi et al. (2015), Chnafa
et al. (2016), This et al. (2020). On the other hand, detailed
mechanical models for the leaflets have also been proposed
in the literature, possibly including the inhomogenei-
ties and the fibers in the leaflets (see, e.g., (Marom et al.
2013; Marom 2015; Kaiser et al. 2021)) or a mechanical
coupling with the subvalvular apparatus and the proximal
vessels, such as in Kunzelman and Cochran (1990), Rim
et al. (2014), Schievano et al. (2007), Bellhouse (1969),
Moore et al. (2013). In order to couple such complex mod-
els with hemodynamics, the solution of a three-dimensional
fluid—structure interaction (FSI) problem is required. A wide
range of numerical methods have been employed to this aim
(Quarteroni et al. 2019; Fumagalli and Vergara 2024), either
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in a boundary-fitting setting or from a Eulerian standpoint:
the Arbitrary Lagrangian—Eulerian scheme (Cheng et al.
2004; Jianhai et al. 1996; Espino et al. 2014; Basting et al.
2017; Nestola et al. 2017), the CUTFEM and XFEM meth-
ods (Alauzet et al. 2016; Hansbo et al. 2015; Burman and
Fernandez 2014; Gerstenberger and Wall 2010; Mayer et al.
2010; Massing et al. 2015; Gerstenberger and Wall 2008;
Formaggia et al. 2018; Zonca et al. 2018), the immersed
boundary (Peskin 1972; Liu et al. 2006; Borazjani et al.
2008, 2010; Ge and Sotiropoulos 2010; Griffith et al. 2009;
Griffith 2012; Votta et al. 2013; Hsu et al. 2014; Wu et al.
2018; Yang et al. 2018; Nestola et al. 2019) and the fictitious
domain approach (Glowinski et al. 1997; van Loon et al.
2006; Dos Santos et al. 2008; Astorino et al. 2009; Bazilevs
et al. 2011; Kamensky et al. 2015; De Hart et al. 2003; Sti-
jnen et al. 2004; Morsi et al. 2007), the chimera method (Ge
et al. 2005; Zahle et al. 2009; Le and Sotiropoulos 2013),
and space-time finite elements (Hughes and Hulbert 1988;
Tezduyar and Sathe 2007; Takizawa et al. 2018), to men-
tion a few. The common ground of all these methods is that
they require a full 3D (or at least 2D) representation of the
valve geometry and of its mechanics solver, thus entailing
a significantly increased computational cost with respect to
imposed-displacement hemodynamics.

Conversely, in many clinical applications, the primary
focus is on blood flow dynamics rather than the stresses and
mechanical response of the valves themselves. In this regard,
aiming at modeling the valve dynamics with little computa-
tional burden, while retaining its interaction with the blood
flow, lumped-parameter models have been introduced. Most
of such models, e.g., those proposed in Korakianitis and Shi
(2006), Blanco et al. (2010), Regazzoni et al. (2022), typi-
cally account for the valve hemodynamics effects by means
of a phenomenological relationship between the pressure
jump across the leaflets and the flowrate passing through
them. However, since the parameters appearing in the equa-
tions seldom have a precisely quantifiable physical mean-
ing, the calibration of the model may be quite cumbersome
and highly dependent on the specific application of interest.
Other works derive their reduced model from a momentum
balance at the leaflets: Up to the authors’ knowledge, this
approach has been first adopted by Domenichini and Pedriz-
zetti (2015), where the inertia and stiffness of the leaflets
are neglected, while in the more recent work by Seo et al.
(2020) a linear ordinary differential equation is introduced
for the valve opening coefficient. However, the geometry of
the leaflets plays a marginal role in the model, affecting only
the valve’s inertia.

In this paper, we introduce a novel lumped-parameter
structure model for the aortic valve, with the aim of enrich-
ing the description of the valve dynamics with respect to
other OD models in the literature while preserving a low
computational effort compared to fully 3D FSI systems. We
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derive our simplified model from the balance of forces at
the leaflet, relating the elasticity of the leaflets to their cur-
vature. Although not entailing a locally accurate description
of the leaflet mechanics, this approach allows to syntheti-
cally account for the specific valve geometry and to relate
it directly with the total force exerted by the flow on the
leaflets.

Based on this mechanical model, we set up a 3D-0D
fluid—structure interaction (FSI) system modeling the
interplay between the three-dimensional blood flow in
the ascending aorta and the aortic valve dynamics. Blood
dynamics is described by incompressible Navier-Stokes
equations, and the hemodynamics effect of the valve’s kin-
ematics is accounted for by the resistive immersed implicit
surface method (RIIS) introduced by Fedele et al. (2017).
This method is inspired by the resistive immersed surface
(RIS) method by Fernindez et al. (2008) and Astorino et al.
(2012), it is characterized by a negligible computational
overhead cost in CFD simulations, and its suitability for
the description of hemodynamics effects of cardiac valves
has been shown both in physiological and pathological con-
ditions: see Dede et al. (2019), Zingaro et al. (2022) and
Fumagalli et al. (2020), Fumagalli et al. (2022), respectively.
Moreover, the proposed reduced model has also been applied
to assess the effects of pulmonary valve replacement on the
hemodynamics of the proximal pulmonary arteries (Criseo
et al. 2024).

This paper is organized as follows. In Sect. 2, we intro-
duce the FSI mathematical model, made of the novel
lumped-parameter structural model of the aortic valve, the
blood flow equations including the RIIS representation of
the leaflets, and the coupling between the two systems. The
numerical approximation of the reduced FSI problem and
the scheme for its solution are described in Sect. 2.4. Then,
computational results are presented in Sect. 3, including an
analysis of the reconstruction of leaflet velocity, the inves-
tigation of physiological and pathological conditions, and
the comparison with a well-known model available in the
literature. These results demonstrate that the proposed model
serves as a computationally efficient tool for capturing the
effects of valve dynamics on blood flow dynamics and pat-
terns, as well as hemodynamics indicators that are meaning-
ful to address clinical questions.

2 Models and methods

We present a reduced model for the fluid—structure interac-
tion between the blood flow in the aorta and the aortic valve
leaflets. In Sect. 2.1, we introduce the fluid dynamics system,
with the valve effects modeled by the resistive method of
Fedele et al. (2017); Fumagalli et al. (2020). Then, a reduced
structure model for valve dynamics is derived in Sect. 2.2,
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considering the external forces induced on the leaflets by
the surrounding blood, and the FSI coupling is presented
in Sect. 2.3.

2.1 Fluid model and RIIS method

We model blood as incompressible and Newtonian, with
uniform density p and viscosity u, and the domain Q of inter-
est is represented in Fig. 1. The effects of the valve on the
fluid dynamics are accounted for by the resistive immersed
implicit surface (RIIS) method, introduced by Fedele et al.
(2017) and employed by Fumagalli et al. (2020), (2022)
in a clinical context. This method, based on the resistive
immersed surface (RIS) approach proposed by Fernandez
et al. (2008), Astorino et al. (2009), Astorino et al. (2012),
consists in the introduction of an additional penalty term
in the fluid momentum equation, thus weakly imposing the
kinematic condition at the surface representing the valve.

According to the RIIS method, the geometry of the mov-
ing valve I', is represented as a surface immersed in the fluid
domain Q, implicitly described at each time ¢ by a level-set
function g, : Q = R, as

I ={xeQ: p,x) =0} 1

The function ¢, is assumed to be a signed distance function,
namely to fulfill|Ve,| = 1, for any 7. A smeared Dirac delta
function 6,, : € — [0, +00) is then introduced, to approxi-
mate the Dirac distribution—rigorously, the codimension-1
Hausdorff measure—with support on the surface I';, as
follows:

1+cos(z,(x)/€) -
—_— if xX)| < e,
5Z’E(X) — { D¢ |¢t( )| (2)

0 if [p,(x)| > €,

where the half-amplitude € is the smoothing parameter.

In these settings, the velocity u and pressure p of the
blood satisfy the following formulation of the Navier—Stokes
equations:

du+pu-Vu-V-c+2u-ups, =0inQ, 1€ (0,7],
V:u=0 inQ, te (0,T],
<u:() onX,, t€(0,T],
on=p;n, onX;,t€(0,T],
on=p,n, onX, . t€0,T],

u=90 inQ, t=0,
3)

where 6 = 2uD() — pI = p(Vu + Vu’l) — pI is the fluid
stress tensor, R is the resistance of the RIIS term—acting
as a penalty parameter—and uy- is the velocity of the valve,
which constitutes a data for the fluid problem and will be
discussed in the following sections. Regarding boundary
conditions, p;,, Pou: are the pressure values imposed at the
inflow and outflow boundaries X, , %, respectively, while

mn? out?

the boundary X, represents the aortic wall.
2.2 Lumped-parameters mechanical model

In order to provide the configuration and the velocity of the
valve, represented by ¢, and ur in the fluid problem (3), a
structural model would be required for the deformation of
the surface I',. This section is devoted to the derivation of a
reduced, lumped-parameters model realistically describing
the main features of cardiac valve dynamics. The approach

aortic wall

aorta centerline

Fig.1 Computational domain and valve description. Left: the domain Q with its boundaries and the immersed valve I" in purple; center: closed
(above) and open (below) configuration of the aortic valve; right: schematic representation of a leaflet section and motion
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differs from the one proposed by Seo et al. (2020) in that the
elastic terms are related to the curvature of the leaflet, thus
including additional geometrical information in the model.
Letdy : [0,T] X ' — R3 denote the displacement of the
leaflet with respect to its reference configuration I'j = f,
namely we can represent the current configuration I, as

I ={xeR’:x=T,R) =X+d(X) for some X € ),
“
as schematically displayed in Fig. 1.

We assume that at each time ¢, every point X € I, of the
leaflet is subject to an external force (¢, x) due to the sur-
rounding fluid and to an elastic force related to the leaflet
curvature H(x)—both depending on the current configura-
tion of I', described by dp(x)—and that the valve motion
can be affected by some damping effect. Regarding the
curvature-induced elastic force, we assume that it acts only
normally to the surface, similarly to what happens in free-
surface tension (see, e.g., Buscaglia and Ausas 2011; Fuma-
galli et al. 2018). Moreover, since it is generally observed
that the resting state of the aortic valve is its closed configu-
ration; we impose this elastic force to vanish on r.

According to these assumptions, a local force balance can
be formulated as follows:

ok ok = 1) = 7 (HO = AR) )y (), 5)

where pp- is a parameter accounting for the inertia of the
valve leaflets, § is a damping coefficient, y is an elasticity
coefficient, and n-is the normal to the surface I',. The func-
tion H (X) denotes the total curvature of the surface T in the
position X = Tl‘l(x) corresponding to x, that is the curva-
ture of the resting configuration. The parameter pi- can be
considered an effective surface density of the valve, since it
accounts for the mass my of the leaflets through the relation

mr = / Pré;. dQ = pp|Iy|.
Q

Since we also know that mp = p,.. ¢ |T,|, where p, .. is the
actual density of the leaflets and £ their average thickness,
we have pr = p .1 £- In the following, we consider the com-
mon assumption that p,,,. = p and adoptZ = 0.25mm as the
leaflet thickness (Morganti et al. 2015; Thubrikar 2018). It is
worth to point out that the parameter p- could also be tuned
to different values—without loss of generality—in order to
account for the inertia of the leaflets, which may be unknown
in patient-specific settings or possibly be affected by added-
mass effects (cf., e.g., (Causin et al. 2005)).

Aiming at reducing Eq. (5) to a 0D model, we assume that
d- can be decomposed as

dr (1, %) = c(ngX), (6)
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where the spatial dependence of the displacement, repre-
sented by the function g : = R3, is known, while the
opening coefficient ¢ : [0,7] — R has to be modeled. In
these settings, the local balance (5) can be re-written as

(@) + pe(t))pr &(T; (%))

. 7
= £(,%) — y<H(X) - H(T;l(x)))nr(x). @

Taking the component along ni-(x) and integrating over I';,
we obtain the following ordinary differential equation for c:

¢+ pe+nie,f)=0, where

(@), £0)
7 fy, (HOO = AT o)) = fr %0 - mpoax - ®)
B Jr, (T () - mr(x) ’

where the dependence of 7 on c is implicit in its dependence
from the curvature H: indeed, H = —divpn and the normal
vector n- can be computed in terms of the derivatives of the
function T,(X) = X + c()g(X); a more precise definition of np
and H will be introduced in Sect. 2.3. Equation (8) can be
completed by proper initial conditions on ¢ and ¢, depending
on the application of interest.

2.3 Coupling of the fluid and structure models

We couple the 3D fluid model described in Sect. 2.1 and
the OD valve model introduced in Sect. 2.2 to obtain a
reduced FSI model: The fluid-to-valve stress f appearing in
(8) is computed from the former, while the latter provides
the valve position and velocity. To this aim, we introduce
some additional notation related to the representation of
the immersed surface I',. Being ¢, a signed distance func-
tion, the domain € can be partitioned into two open sets

Q' ={xeQ: x>0}, Q =({xeQ: gx <0}
)

Accordingly, any function f defined over € can be decom-
posed as f = f* +f~, where f* = f|q..

Remark 1 (Discontinuity of @,) The definition of @, that we
employ, implemented in the Visualization Toolkit (VTK,
www.vtk.org), yields thatI', = {x € Q : @, = 0} is a subset
of the interface Qf N Q_I_ between Q" and QY. Indeed, as
schematically represented in Fig. 2 for a 2D case with a seg-
ment I, such interface is partitioned into the actual leaflet T’
and the line (& n E) \ T (a surface in 3D) where @ jumps
from negative to positive values.


http://www.vtk.org
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Fig.2 Two-dimensional sketch of distance function ¢ for a segment
I" (solid magenta). In gray the plane ¢ = 0, with Q™ and Q* separated
by I' and the discontinuity line (dashed magenta)

The function ¢, allows to define ﬁl- and H , that are the
extensions to the whole domain Q of the surface normal n
and its curvature H, respectively':

Vo,

= . H=—divi
" |Vo,| g (10)
__Ag, Ve, 1 (Vo,® V)
Vo, Vo, ’

with V2¢, denoting the Hessian matrix of ¢,. The quantities
n;- and H are actual extensions of the normal vector and
curvature, since | = nr,ﬁﬂr = H (cf., e.g., (Delfour and
Zolésio 2011)). We remark that A is such that it does not
change its verse when passing through I',.

Remark 2 (Normalization) In the definitions (10), we did
not make the standard assumption that |V,| = 1. Indeed,
although such an assumption holds in the neighborhood of
internal points of I',, its validity is broken near oI',, where
@, is not continuous. Moreover, this definition of W ensures
that the normal has unit magnitude also at the discrete level.

Regarding the RIIS description of the surface, a definition
of the surface velocity uy is required. Based on the decompo-
sition (6) of the displacement d., we provide the following
definition:

ur(t, %) = c(Og(x), Y

where g : Q — R? is the closest-point extension of
g: = R3.

The forces exerted by the fluid on the valve are related to
the stress jump across I';, thus

! In view of Remark 1, the derivatives appearing in (10) are com-
puted in Q~ and Q7 separately, so that no contribution actually arises
from the discontinuity of ¢,.

f=[onll, = 6" |r,nr — 07| np. (12)

Considering the surface smearing introduced by the smooth
Dirac delta o, and the definitions (10), the integral term
related to f that appears in (8) can be approximated as
follows:

~ T . + n 1, -
/f-nr_/(anr-nréryg—anr-nrér"s).
r, Q

Analogously, the other integrals of (8) can be approximated
as follows:

/ pr(geT;!) -y /Q pr(geT;") - or,
T

1

—J// (H—I/-}oTt_1>z—y/ <I~{—F~1>6R£,
T, Q

with f] denoting the RIIS representation of the pulled-back

13)

14

curvature H oTt_l.

Remark 3 (Transvalvular pressure jump) Notice that, since
|np| = 1, if the strain component of the normal stress is
assumed to be negligible with respect to the pressure term,
the integral force in (13) gets down to

/f.nrz/(pélf’e—péﬁJ,
r, Q

in accordance with other reduced models, such as those pro-
posed by Korakianitis and Shi (2006), Blanco et al. (2010),
Seo et al. (2020), Domenichini and Pedrizzetti (2015), which
are based on the pressure jump across the valve.

s)

2.4 Numerical approximation

We present the space and time discretization of the cou-
pled 3D-0D FSI model. We introduce a uniform partition
of the time interval [0, T] with step-size Ar and nodes
{t"=n At}21=o~ Accordingly, the time-discrete counterparts
of all quantities, evaluated at time ", will be denoted by a
superscript n. For the space discretization, we introduce a
hexahedral mesh 7, for the domain Q, and the Finite Ele-
ment (FE) space
X, = {vh e C'Q) : v, |x € Q(K),VK € Th} (16)
where Q" denotes the space of polynomials of degree
r with respect to each space coordinate. The veloc-
ity and pressure discrete spaces are thus defined as
Vi={v,€[X/]’:v,=00nZ }and Q) = X.

For the approximation of the fluid problem (3), we
adopt a semi-implicit BDF-FE scheme of order s as done
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by Fedele et al. (2017), with the same polynomial degree
r for both V; and Q) and a SUPG-PSPG stabilization with
VMS-inspired coefficients: cf. (Forti and Dede 2015; Bazi-
levs et al. 2007).
The resulting numerical method reads as follows:
Given “Z € V}:,n =0,...,s—1, foreachn=s,...,N,
find uZ € VZ,pZ € QZ such that

n_ n,BDFs
asuh llh
p—

Al 5 Vh) + an(qu Vh) + C(uZ,S’ uZ’ vh)

+ b(vy,, p)) — b(uwy, ;)

nS e oy s (17
+ Z (7 Ty (W, 23, pw,™ - Vv, + Vg, )
KeT,
+ ) @D, Vv = F(v,)
KeT,

forallv, € V; and g, € Q;, where (-, -) and (-, -)x denote the
L? inner product over Q and a mesh element K, respectively,
and

a"'(u,v) = (uD(w), Vv) + <§ us’, v>,

b(v,q) = —(divv, g),
cw,u,v) = (w-Vu,v),

R
F(V)=L pinll'V-l-/ poutn'v_(;u?hé:l"’)'

Zoul

The BDF parameter a, and the velocities uZ’BDFS, u;”’ depend

on the order s of the BDF scheme (as in Forti and Ded¢
(2015)), while ry,, 7., % 1™ are defined as

C>'M’"°C
n nony _ afuz - uZ,BDFS n n,s n
ry (. p)) = pT — pAu, +pu,” - Vuy

+ Vo + Sour - up),
re(uy) =V -uy,
) -1/2
pa 2
o= (—At; +pu - Bu + GG G+ %(5:)2> :
-1
o' =(ne-e)
The quantities ® and g appearing above are the metric tensor
and vector, depending on the element map My : K — K, for
K € 7, mapping the reference element K to the current one
K (see, e.g., (Tezduyar and Sathe 2003)).

Regarding the geometric quantities describing the
valve, we hinge upon a FE description. In particular, the
discrete distance function is ¢} € X;/, with a polynomial
degree ' > 2 that is in general different from r. Introduc-

"

. . . N .
ing the basis functions {y, },” spanning X', the leaflet’s
extended normal and curvature are defined as follows:
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N
~n thzl (p;VWf

-, "
h n
DAL

b}

lei,h = —div ﬁ;h
T A
_ e P2V (18)

N
2fh=] (p;VWf

N
+ fom,kzl 00,9 Vi, 1 (Vy, ® V)
3

"

N,
Zf,;l @;Vl[/f

We point out that, since both these quantities appear in the
valve model only as integrands of (13), (14), we can use
directly the expressions (18), without the need of a projec-
tion onto a finite element space.

Concerning the valve’s kinematics, the discrete leaflet
velocity is obtained from a first-order approximation of (11):

n =,

Th = AL 8y (19)

u
while the solution of the ODE Eq. (8) describing the valve
dynamics is based on an explicit fourth-order Runge—Kutta
method RK4 (cf. (Siili and Mayers 2003)).

The fluid and structure models are weakly coupled at each
time step, as described in the following scheme, graphically
displayed in Fig. 3:

j fn_! * Mpn-18pn- 1y
]

"~ 0D valve model (4)

[ =t =msna,

i

P

o™ Lp" )| n1 —+n

6
3D rn
NS-RIIS
problem U
(9

Fig. 3 Graphical representation of the staggered FSI solution scheme:
the numbers of the panels correspond to the lines of Algorithm 1.
Panel 2: fluid-to-leaflet normal stress f - n in the region {|pr| < €}.
Panel 4-5: leaflet velocity field u. Panel 6: blood velocity u on a
slice
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Algorithm 1 Solution scheme for the 3D-0D FSI model

Given u},pj,c" for n = 0,...,5 — 1, and computed the functions ¢", ng, "
corresponding to the surface I'*, for n = 0,...,s — 1,
1: for n < s to N do
2: Compute the integrals that make up (4), in terms of uzfl,p:’*l,r”’l,p"’y
3: Find ¢" by advancing the 0D equation (4) with a step of RK4.
4: Move the immersed surface to its new configuration I'* described by dft = c"g
and compute upf = C"’A“L“H g.

5: Compute the new signed distance function " with respect to I'" and assemble
the normal and curvature fields nf and H"™.

6: Find (u}, p}') € V;7 x Qj, by solving the linear problem (9).

7: end for

This solution scheme has been implemented within life*
(cf. (Africa 2022; Africa et al. 2024), https://lifex.gitlab.io/),
a high-performance parallel C++ library for the solution of
multi-physics problems based on the deal. IT finite ele-
ment core described by Arndt et al. (2021).

3 Results and discussion

We show the suitability of the proposed reduced 3D-0D
FSI model in describing blood and valve dynamics in the
ascending aorta. Both the geometry of the domain € and
of the closed valve leaflets I are taken from Zygote (cf.
(Zygote Media Group, Inc. 2014)), an accurate model of
the physiological heart derived from scan acquisitions. To
x=X+gR), xel}

define the open configuration I' .., = {

—corresponding to an opening coefficient c = 1—we define
g as proportional to the distance field g connecting each
point of a leaflet to the closest point to wall of the corre-
sponding sinus of Valsalva. Specifically, we progressively
open the leaflets along g until a physiological orifice area
is attained. The obtained valve configuration is shown in
Fig. 1, bottom right and has an orifice area of 2.78 cm?, com-
parable with the values obtained in Johnson et al. (2020).
A possible drawback of this approach may be that the total
area |I',| of the valve is not exactly constant throughout its
motion; however, the areas of the fully closed and fully open
configuration differ by less than 1%, and all intermediate
configurations do not differ from them by more than 6%.

The domain is discretized by a hexahedral mesh of about
100K elements including artificial flow extensions at both
inlet and outlet. The elements size 4 ranges from 2 mm in the
flow extensions to 0.5 mm in the aortic root. Blood velocity
and pressure are both discretized with Q! finite elements, and
a BDF order s = 1, namely a semi-implicit Euler scheme, is
chosen. The other physical and numerical parameters of the
system are reported in Table 1.

Regarding boundary conditions at the inlet and outlet sec-
tions of the domain we impose the time-dependent normal
stresses i, (1), pou:(?) displayed in Fig. 4, obtained from the
lumped circulation presented by Regazzoni et al. (2022)
after proper calibration in order to be consistent with physi-
ological pressures as reported in Wiggers diagrams (see,
e.g., (Wiggers 1923)) and comparable with those employed

Table 1 Physical and numerical
y p u R € pr p v At
parameters
ke [Pas] [Pas] (m] ke [s7!] N [s]
m3 m? M
1060 35.1073 10* 1073 0.265 0.2 3 2-107*
130 20 1.0 4 == 3.0
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Fig.4 Physiological pressure boundary conditions (left) and corresponding values of the valve’s opening coefficient ¢ and orifice area (right).

The case up = 0 is discussed in Sect. 3.2

@ Springer


https://lifex.gitlab.io/

|. Fumagalli et al.

in computational works such as Kamensky et al. (2015),
Johnson et al. (2020).

The choice of an effective calibration strategy is crucial
to ensuring that the simulations accurately reflect blood flow
physiology around the valve. Despite we did not conduct a
systematic sensitivity analysis, we are aware of its impor-
tance in this context. Therefore, we explored a partial sensi-
tivity analysis to assess the role of the following parameters
in the valve’s opening phase:

e The damping parameter f slows down the valve opening
phase. Yet, to observe appreciable changes, the value of
p should be modified by at least one order of magnitude.

e Increasing y delays the opening phase and possibly pre-
vents the valve from opening completely. A more detailed
discussion is provided in Sect. 3.3.

¢ Anincrease in the inertial parameter pr- is associated with
a slowdown of the opening phase. A large increase of
this parameter may further reduce the maximum attained
orifice area. Further details are discussed in Sect. 3.3.

All the simulations reported in the following were run in
parallel on a 48-processor of CINECA’s HPC cluster GALI-
LEO100. On average, the wall time for the simulation of a
full systole was 5 h. At each time step, the integration of
the 3D stress terms on the leaflets and the solution of the
reduced valve model required around one-tenth of the com-
putational time employed to solve the flow problem. This
shows how the proposed approach introduces little addi-
tional computational effort with respect to a purely fluid
dynamics simulation.

3.1 Physiological valve opening

We focus on the valve opening phase, from ¢ = 0.084 s when
the overall pressure difference Ap = p;, — p,, between the
inlet and the outlet is positive, up to its inversion occurring
att = 0.302s. As we can see from Fig. 4, the opening valve
dynamics is characterized by different phases:

(i) The leaflets remain closed until a minimal transval-
vular pressure jump of about 5 mmHg is developed.
(i) Then, they rapidly open up to their fully open posi-
tion, in a timespan of 72 ms, in accordance with the
measures of 76 + 30 ms reported by Handke et al.
(2003).
(iii)) In most part of the systole, the valve remains in its
fully open configuration, while the pressure jump
progressively decreases.

The evolution of the blood flow during this systolic ejec-

tion is reported in Fig. 5. In the early stages of the simula-
tion, while the valve is closed, the whole pressure gradient
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is concentrated across the valve. Then, the opening of the
valve is accompanied by a progressive development of
the typical jet flow through the aortic orifice, and much
smaller pressure differences can be observed.

In order to better examine the role of pressure in the
valve dynamics, Fig. 5c shows the pressure distribution
in the e-neighborhood of the leaflet, that is in the region
where the RIIS term is active. While the valve is closed,
the whole pressure gradient develops within that region,
showing the effectiveness of the RIIS method in provid-
ing an obstacle to the flow. Then, while the valve opens,
the pressure jump between the two sides of the leaflets
is relatively small, but non-negligible gradients are pre-
sent inside the RIIS region: This localized inhomogeneity
allows to develop a nonzero leaflet velocity u while pre-
serving the incompressibility constraint of Navier—Stokes
continuity equation. Indeed, when the valve is in its fully
open configuration, ur = 0 and pressure is essentially con-
stant in the whole e-neighborhood of T',.

3.2 Reconstruction of the leaflet velocity
and quasi-static approach

The leaflet velocity up is provided by the reduced valve
model (19). In this section, we assess its effect on the
blood dynamics by comparing our results with those of the
quasi-static approach adopted by Fedele et al. (2017). To
this aim, a simulation in the same settings and boundary
conditions of the previous section is run, the only differ-
ence being that ur = 0. Resorting to Fig. 4, we can notice
that the quasi-static approach entails a faster opening
phase (53 ms), with a larger opening velocity ¢ especially
at the beginning. Moreover, comparing Fig. 6 with Fig. 5,
a lower transvalvular pressure gradient can be observed at
the early opening stages, as well as a faster developing jet
in the aorta. These results can be motivated by observing
that, in order to attain u = 0 in the valve region, the con-
tinuous function u must transition from the flow values to
0 in a surrounding boundary layer, which thus artificially
enlarges the effective obstacle that the leaflets represent to
the flow: As a consequence, the leaflets undergo a stronger
push from the flow.

We also compare our results with those of Fedele et al.
(2017), in terms of valve opening time. It can be noticed
that a much faster opening is observed in that reference (11
ms). This difference is not only in the treatment of the sur-
face velocity ur, but also in the different valve model con-
sidered. We can then state that the model presented in this
work represents an improvement in terms of physiological
representation of the aortic valve opening. A more detailed
comparison with such model is provided in Sect. 3.3.2.
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Fig.6 Quasi-static approach u = 0. Velocity (a) and pressure distribution in the domain (b) and within the leaflet region (¢) under physiologi-

cal pressure conditions. The valve leaflets are colored in purple in (a), (b)

3.3 Full systole: physiological and stenotic valve

We now employ the proposed reduced 3D-0D FSI model
to simulate a full systole, with the valve initially closed,
namely c¢(t = 0) = 0. In view of the discussion of Sect. 3.2,
we consider a nonzero leaflet velocity u, that is we do not
adopt the quasi-static approach. We are going to discuss our
numerical results in a physiological case, and then, we will
introduce and investigate two different levels of aortic valve
stenosis, indicated as steno-1 and steno-2 in the following.
Specifically, case steno-1 corresponds to an increase of the
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elasticity coefficient y with respect to the physiological base-
line— modeling a stiffening of the valve—and case steno-2
corresponds to an increase of the parameter p with respect
to steno-I—modeling an increase of the leaflets’ inertia sur-
rogating the added mass of calcifications. The values of y
and pp- for the different cases are reported in Table 2 together
with the following synthetic indicators:

® Tipen is the time interval between the first time in which
¢ > 0 and the first one in which ¢ reaches its maximum
value ¢, (cmax = 11n the physiological case); analo-
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Table 2 Synthetic indicators for valve stenosis: physiological, steno-
1, and steno-2 cases

Physio steno-1 steno-2

4 [N/m] 3 15 15
pr [kg/m?] 0.265 0.265 0.276
Topen [ms] 72 58 79
Toose [ms] 32 35 21
OA,,., [cm?] 2.78 1.79 1.06
AS [%] 0 36 62
Unpeak [m/s] 1.52 2.26 2.17
Piump. peak [mmHg] 3.45 8.41 12.52

gously, 7, 1s the time between the last local maximum

of ¢ and the following instant in which ¢ = 0;
e the aortic stenosis ratio AS is based on the maximum
maxt AS =1 = 222 (cf (Seo et al. 2020;

physio

Baumgartner et al. 2009)) with OA
the physiological case y = 3 N/m;

e U is the velocity attained by the aortic jet at the end
of the opening phase;

®  Pjump. peak 1S the macroscopic pressure jump pj,,, across
the aortic root at the time when U, is attained. This
is computed as Pjymp = Pup — Pdown> WHETe Py, Paown are
the average pressures in two small spheres upwind and
downwind to the valve, respectively, as shown in Fig. 8,
left.

orifice area OA

physio corresponding to

The baseline settings of the following discussion are
those of the physiological case y = 3 N/m. As displayed in
Fig. 7, after the opening phase discussed in Sect. 3.1, the
valve remains in its fully open position for 173 ms, and then,
it closes in 32 ms. We point out that the duration of the clos-
ing phase lays within the physiological range of 42 + 16 ms
reported by Handke et al. (2003), even though the calibration
procedure considered only the opening phase, thus support-
ing the aptness of the proposed valve model.

The time evolution of the pressure boundary conditions
is reported in Fig. 8, together with the cross-valve pressure
Jump piymy = Pup — Paown- We notice that p;, is definitely
positive/negative during the opening/closing phase, whereas
it remains below 10 mmHg in the interval r € [0.151,0.336]s
when the valve is fully open. These values are compara-
ble, e.g., with the 5 and 15 mmHg of transvalvular pressure
jump reported in Kamensky et al. (2015) and Johnson et al.
(2020), respectively. Moreover, the physiological value of
the peak velocity U, = 1.52 m/s—consistent with Hsu
et al. (2014)—confirms that the fully open state that we
consider corresponds to a non-stenotic configuration.

1.0 ! 3.0
= = 2.5
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----- steno-1
== steno-2 2.0
0.6 1 3 : =
= 15 8
0.4 - § o
2!
0.2 1 &8
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0.20 025 030 0.35 040 045
ts]
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Fig.7 Opening coefficient ¢ (left axis) and orifice area OA (right
axis) under physiological pressure conditions, obtained with the
curvature-based model in the case of a physiological valve and two
degrees of aortic stenosis (steno-1, steno-2: see Table 2). The shaded
areas correspond to average physiological opening and closing times
as reported by Handke et al. (2003)

We notice that the beginning of the closing phase at
t = 0.368 s is delayed with respect to the inversion of the
macroscopic pressure jump, occurring at r = 0.315 s, and
this delay is even larger than the closing time. Such behavior,
consistent with the valve modeling literature, is due to the
inertia of both the blood flow and the valve, and it shows
how the reconstruction of the local stress exchanged between
the flow and the leaflets has a major impact on the valve
dynamics. Indeed, analyzing the time evolutions of Fig. 8,
we observe that, in the interval t € [0.151,0.336]s where
¢ = 1, the stress jump “17 fr, f - n remains between 3 and 5

mmHg, keeping the valve open against the elastic forces;
moreover, the change of sign in the stress term occurs at
t = 0.34 s, causing the abovementioned delay of the valve
closing phase with respect to the sign inversion of the pres-
sure jump. Furthermore, the average stress jump remains
significantly lower than p;,,, during almost all of the valve-
opening phase: This can be seen as a confirmation of the
common statement that cardiac valve leaflets (in physiologi-
cal conditions) are basically transported by the flow—as
done, e.g. , in the purely kinematic model by Collia et al.
(2019).

The velocity distribution and the associated coher-
ent vortex structures at different times are displayed in
Figs. 10 and 11, respectively. In the valve opening phase,
a jet flow is generated, which leads to the formation of
the classical ring coherent structures detaching from the
tips of the aortic leaflet (see, e.g., (Moore and Dasi 2014;
Sotiropoulos et al. 2016; Becsek et al. 2020)), as we can
see att = 0.2 s in Fig. 11. The vortex structures are then
transported downwind in the ascending aorta during the
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Fig.8 Full systole: macroscopic pressure jump pj,m,, = Pyp — Paown (C€Nter) between two spherical control volumes (left) and transvalvular stress

jump |r17 /F’ f - np (right). The overall pressure difference Ap = p;, — p,, 1s reported, too, for comparison

valve opening phase and the jet breaks up as soon as the
valve is fully open (see Fig. 11, 1= 0.2 — 0.3 s). Finally,
after the valve is closed, residual flow recirculations can
be appreciated both upstream and downstream to the
valve.

To assess the effectiveness of the RIIS penalty method
in representing a non-leaking valve, in Fig. 9, we report
the flowrate Q,y through a transversal section of the
whole domain, together with a zoom on pj,,, when
the valve is closed. By comparison with Fig. 7, we can
notice that the flowrate is very small when the valve is
closed: the maximum of |Q,y| when ¢ = 0 corresponds to
a spurious regurgitation of 4.2 ml/s (attained at t = 0.41
s), when the valve sustains a negative pressure jump
Pjumpli=041s = =98 mmHg, comparable with Hsu et al.
(2015). Before the valve is fully closed, instead, in the
last part of the closing phase, we can observe a backflow
that reaches 296 ml/s: This is due to the valve inertia,
and it is in partial accordance with the backflow of ~ 200
ml/s observed in the same phase in Hsu et al. (2014);

Kamensky et al. (2015), where a detailed 3D valve model
is considered.

3.3.1 Modeling a stenotic valve

According to the literature, a calcification-based stenosis of
the aortic valve is associated with a reduced compliance of
the leaflets, which thus oppose a higher resistance to the
blood flow (cf., e.g., (Carabello and Paulus 2009)). This
feature can be included in our reduced model by increasing
the stiffness parameter y, that can be used to model different
degrees of stenosis severity. Moreover, the added mass of the
calcifications increases the leaflets’ inertia. In this section,
we compare the physiological valve with the cases steno-1
and steno-2 introduced at the beginning of Sect. 3.3. The
chosen values of y and pr- are reported in Table 2 together
with the synthetic indicators defined above.

The time evolution of the opening coefficient ¢ and of the
orifice area, displayed in Fig. 7 and summarized in Table 2,
shows how both an increase in y and in pr- yields a reduction

0
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Fig. 9 Evolution of py,, when the valve is closing and fully closed (left), and of the flowrate 0y throughout the whole systole (center). On the
right, the section through which Q, is computed, transversally crossing the whole domain
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of the maximum achievable opening of the valve, with an
opening phase that is slower in case steno-1. Indeed, from
Fig. 8, we can observe that p;,,, in the stenotic cases has an
almost doubled average value than the physiological cases,
and it even exceeds, in the closing phase, the maximum
pressure difference p;, — p,, that is imposed as a boundary
condition over the whole domain. As already pointed out in
Sect. 3.1, the control-volume-based macroscopic pressure
jump pj,,,, stems from a combination of the local stress term
/r f - np and the elastic term y /r(H - ﬁ). Indeed, the stress
term is comparatively small in the closing phase, which is
dominated by the elastic forces, while in the opening phase
it shows great variability among the three different settings
considered here.

In terms of peak velocity U, we notice higher values
in the stenotic cases, with values of more than 2 m/s and
thus exceeding the physiological range. Yet, we point out
that, as confirmed by the routine clinical practice (see, e.g.,
(Baumgartner et al. 2009)), a single indicator for stenosis
may not be sufficient to fully categorize a patient’s condition,
and different indicators have to be considered at the same
time. Indeed, although the values of AS may indicate that
steno-1 and steno-2 are representative of mild and moderate
stenosis, respectively (see (Seo et al. 2020; Baumgartner
et al. 2009)), the indicators Ue, and pjymp peax bOt lie in
the mild stenosis range.

In Figs. 10 and 11, we report the velocity field on a 2D
slice and the coherent vortex structures generated by the
Q-criterion method (cf. (Hunt et al. 1988)). We notice that,
in the stenosis cases, the reduced orifice area and the shorter
time interval in which flow is allowed through the valve
yield a stronger aortic jet and a more disorganized velocity
distribution. The ring vortex detaching from the tips of the
leaflets, that can be seen at time ¢t = 0.20 s, is highly distorted
in a short time (see t = 0.25 — 0.30 s), while it is transported
along the jet and impacts on the posterior aortic wall. After
valve closure (see t = 0.40 s), the smaller blood velocity
magnitude and vortical structure dimensions in the stenotic
cases indicate a less effective mixing of blood and a longer
residence time of blood in this portion of the vessel, thus
yielding a reduced cardiac output. Moreover, since steno-
2 represents a more stenotic case than steno-1, the jet that
can be appreciated in Fig. 10c, albeit characterized by high
velocity values, gets very narrow and lasts for less than half
of the systole. Correspondingly, the velocity profile is more
chaotic, and the vortical structures undergo a faster break-
down into small-scale eddies (cfr. Fig. 11b, c).

3.3.2 Comparison with the Korakianitis—Shi model

We compare the proposed curvature-based reduced model
with another 3D-0D FSI system proposed by Fedele et al.

(2017). In that reference, a Navier—Stokes-RIIS fluid dynam-
ics system is coupled with the Korakianitis—Shi (KS) model
for leaflet mechanics introduced by Korakianitis and Shi
(20006):

6+ kf@) = (kppjumP + k, Q) cos 8 — k, | Q] sin(26), (20)
where 6 is the valve opening angle, ranging between some
prescribed values 0,;,, 6,,,.x» and it depends on the pressure
jump pj,,, and the flowrate Q across the valve; k. are model
parameters that need calibration. Hinging upon the definition

of the resistance area introduced by Korakianitis and Shi
(20006), Fedele et al. (2017)

max?

(1 — cos 0)?

AR, = ———
(1 = €08 0,

@1
and observing that the orifice area is quadratic with respect

to the opening coefficient ¢ ranging from O to 1, the opening
angle 0(¢) can be related to c(¥) by

cos 0, — cos ()

cos @, —cos O,

c(t) =

(22)

In reference (Fedele et al. 2017), a patient-specific geom-
etry was analyzed, and a quasi-static approach was adopted
in the RIIS term, that is uj- = 0 is considered in the momen-
tum equation. In view of the discussion of Sect. 3.2, we drop
here the quasi-static hypothesis: This and the difference in
the geometry of interest lead us to a re-calibration of the
KS model. Consistently with what done for the proposed
curvature-based OD model, the calibration was carried out
aiming at a physiological opening time, and the resulting
model parameters are reported in Table 3.

The time evolution of the opening coefficient and the
associated effective orifice area are displayed in Fig. 12, and
synthetic indicators are reported in Table 4. We notice that
the resulting KS model does not allow a full opening of the
valve, with a maximum angle § = 66° < 6,,,, although both
the opening and closing times 77, and 7 lie in the physi-
ological ranges 76 + 30 ms and 46 + 12 ms, respectively.
The latter observation may be seen as an improvement with
respect to Fedele et al. (2017), which reported a slow clos-
ing phase, that can be ascribed to considering the velocity
surface u. The lack of reaching a fully open position, in
turn, is due to the choice made on the calibration strategy:
In additional numerical tests, we observed that modifying
the parameters to attain a larger maximum value of § would
determine a non-physiologically short opening time (an
observation in accordance with Fedele et al. (2017)).

In Fig. 13, we report the velocity distribution and coher-
ent vortical structures obtained in these settings. Comparing
such results with those of Figs. 10 and 11, we notice that that
they are intermediate between the physiological and steno-1

lose
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Fig. 10 Velocity distribution on a longitudinal slice at different times: a physiological case, b case steno-1, ¢ case steno-2 (see Table 2)
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Fig. 11 Q-criterion isosurfaces with Q = 5000 s colored with velocity magnitude at different times: a physiological case, b case steno-1, ¢ case
steno-2 (see Table 2)

Table 3 Model parameters for the KS model cases of the curvature-based model, as it is for the stenosis

k k k, i, 0 0. indicators AS and U, repo.rted in Table 4. This ?onﬁrms

d d ad d [°] [ that the KS model, when calibrated in order to attain physi-

[T] [mgsz] [E] [m_L] ological opening times, leads to a slightly stenotic behavior
of the valve.

50 665 6 21 5 75
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Fig. 12 Full systole: opening coefficient ¢ (left axis) and orifice area
OA (right axis) under physiological pressure conditions, obtained
with the curvature-based model and with the KS model

Table 4 Synthetic indicators for valve stenosis for the curvature-
based model proposed here and the one by Korakianitis and Shi

Curvature-based KS
4 [N/m] 3 -
Topen [ms] 72 64
T ose [ms] 32 52
OA e [cm?] 2.78 2.10
AS [%] 0 24
Upeak [m/s] 1.52 1.78
Pjump, peak [mmHg] 3.45 5.98

4 Conclusions

We proposed a novel reduced FSI model for the aortic valve.
The valve dynamics was described by a lumped-parameter
model considering the flow-induced stress and a curvature-
based elasticity term, as well as damping effects, and its cou-
pling with the 3D blood flow was based on the RIIS method.
This system was employed to simulate the blood flow in the
ascending aorta, both in physiological conditions and in the
case of mild aortic stenosis.

The numerical results demonstrate that the proposed
model is a computationally efficient approach for simulating
aortic hemodynamics and the effects of valve dynamics on
blood flow. Compared to a CFD simulation with prescribed
leaflet displacement, the additional computational effort cost
is minimal, limited to the assembly of the right-hand side
of the ODE governing valve dynamics, which can be effi-
ciently carried out at each quadrature node. The model also
straightforwardly provides an explicit expression for the leaf-
lets’ velocity up-, without resorting to complex reconstruc-
tion procedures that would introduce discrete interpolation
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errors. The comparison with a quasi-static approach adopted
in previous works and with the Korakianitis—Shi model
showed the advantages of our model in reconstructing the
surface velocity and reproducing a physiological duration of
the valve opening and closing phases.

To achieve the computational efficiency of the proposed
method, we introduced some assumptions that may limit
its applicability. Although accounting for macroscopic
curvature changes in the leaflets, the model does not fully
describe local deformations nor leaflet coaptation or pro-
lapse. Moreover, we assume uniform material proper-
ties, ignoring the heterogeneity of stiffness and thickness
and the anisotropy of the tissue, which may impact valve
dynamics. For these reasons, in several applications, a
reduced model such as the one proposed is not a substitute
for a fully three-dimensional fluid—structure model. The
latter approach is necessary to have an accurate description
of mechanical stresses in the leaflets and a locally detailed
stress—strain relationship, as needed, e.g., in the investiga-
tion of the onset and progression of valve calcification or
structural degeneration. Moreover, a fully detailed mod-
eling is required to analyze flow details in proximity of
the leaflets and shear stress distributions, associated with
thrombotic risk, or to capture leaflet fluttering, which is
the subject of increasing investigation, especially in pros-
thetic valve design. Finally, our reduced model does not
allow to predict long-term biomechanical changes related
to valve disease progression, remodeling or degeneration.

Nevertheless, our model could be employed as an agile
computational tool for several hemodynamics investigations.
Since it includes the valve geometry, it can provide a more
realistic representation of transvalvular pressure gradients
and flow features compared to lumped-parameter models. It
could be used in scenario analysis for the assessment of the
hemodynamics effects of valve stenosis in domains includ-
ing the ventricle or a wider downstream tract of the aorta
and proximal vessels, where the computational burden of a
fully 3D model may become impractical. Indeed, a prelimi-
nary step in this direction has been taken in the investigation
of pulmonary valve replacement (Criseo et al. 2024). Fur-
thermore, it could be employed in population-based studies,
where computational efficiency is paramount.

In order to further enhance the proposed model for the
study of different scenarios and pathological conditions, dif-
ferent directions of research may be undertaken. A more pre-
cise representation of the valve’s open configuration could
be achieved using patient-specific imaging data. Moreover,
the opening field g could be replaced by a more complex
displacement field involving additional (though still lim-
ited) degrees of freedom, as in Domenichini and Pedrizzetti
(2015). This could improve the conservation of the valve’s
mass throughout its dynamics and possibly account for addi-
tional kinematic modes in a synthetic way.
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Fig. 13 Results with Korakianitis—Shi model at different times: a velocity distribution on a longitudinal slice; b Q-criterion isosurfaces with

Q = 5000 52 colored with velocity magnitude

An efficient semi-automatic calibration strategy of the
model parameters would allow a patient-specific analysis of
different pathological conditions, as well as the simulation of
possible treatment scenarios to help the pre-operative design.
In such context, the efficiency of the calibration procedure
would have particular relevance: Reduced order models and
machine-learning-based surrogates of this complex system
may thus help in this respect. Thanks to the general deriva-
tion of the model from a local force balance, its extension to
the pulmonary valve of even the atrioventricular valves can
be envisaged, possibly introducing additional terms account-
ing for the subvalvular apparatus.

In terms of the numerical scheme, an implicit coupling
of the fluid and valve model could be considered. While
this would increase computational cost, adopting a semi-
implicit strategy, as proposed in Hsu et al. (2015) and

Johnson et al. (2020), could help mitigate the additional
effort.

Finally, an additional level of complexity may be intro-
duced by considering contact forces exchanged among the
leaflets, that may affect the dynamics in the early opening
phase and in diastole.
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