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 A B S T R A C T

A comprehensive strategy for the simulation of mixed-mode cohesive crack propagation in 
a mesh of originally self-stabilized Virtual Elements (VEs) is proposed. Exploiting the VEs 
substantial insensitivity to mesh distortion, the propagating cohesive crack is accommodated 
within existing self-stabilized first-order quadrilateral VEs by simply adding new edges separated 
by a cohesive interface. The added edges make however the VE unstable and a new procedure 
for the stabilization of initially stable VE is developed. The method is formulated within a 
recently proposed Hu–Washizu variational framework, allowing for a higher order, independent 
modeling of stresses. In this way, a more accurate estimate of the stress at the tip of the cohesive 
process zone can be achieved allowing for a more accurate assessment of crack propagation 
conditions and direction. The proposed method is validated by application to several benchmark 
problems.

1. Introduction

One of the main difficulties involved in the Finite Element (FE) simulation of crack propagation is the treatment of the evolving 
displacement discontinuity in an existing FE mesh. The research literature on this topic is particularly rich. The problem has been 
tackled either by smearing the discontinuity, i.e. replacing the discontinuity by steep displacement gradients (see, e.g., [1,2]), or by 
eroding fractured elements (see, e.g., [3,4]), or by interposing interface elements along edges of existing elements (see, e.g. [5–10]), 
also considering polygonal meshes with a polygon splitting strategy [11], or by adopting various types of local remeshing techniques 
(see, e.g. [12,13]) or, finally, by suitably augmenting the finite element displacement model with discontinuous functions, as in the 
X-FEM (see, [14]).

The works mentioned above are only representative examples of possible approaches to the numerical modeling of crack 
propagation in solids and the list is by no means exhaustive. All these approaches have merits and drawbacks and may be 
satisfactorily employed for specific applications, which are not discussed here. In addition to these methods, the recently proposed 
Virtual Element Method (VEM) [15,16] allows to extend the Finite Element Method (FEM) to the use of polygonal and polyhedral 
elements of distorted shapes. Unlike for other methods, such as the Discontinuous-Galerkin approach, see, e.g., [8–10], where 
cohesive elements are preliminarily introduced at all element interfaces and where the crack is forced to propagate along directions 
predefined by the already existing element edges, the crack propagation direction in the VEM does not need to be pre-defined and 
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cohesive elements are conveniently introduced runtime, only where needed, as dictated by the computed crack trajectory. This is 
possible in the VEM since it allows to define elements of arbitrary shapes without accuracy loss, enabling runtime, computationally 
affordable local modifications of the mesh, with the addition and/or removal of edges and nodes, or by splitting one element into 
two or more elements, with minimal effort. These features are ideal for incorporating a single propagating crack into an existing 
mesh and have been exploited by several authors proposing different applications of the VEM to the simulation of nucleation and 
propagation of brittle fracture [13,17–19]. Other authors also showed how the VEM can be conveniently used to compute both the 
Interaction Integral [20,21] and the 𝐽𝑘-Integral components [22] to assess the conditions for brittle crack propagation.

Cohesive crack propagation in a VE mesh has been considered by a limited number of authors. Artioli et al. [23] formulated a 
model for cohesive fracture evolution in 2D, where nucleation and propagation are driven by the max principal constant stress in 
a VE. Since each new crack propagation step has to cut a VE into two parts, the propagation length is dictated by the element size 
in the propagation direction, implying a local mesh refinement procedure to avoid overly long propagation increments. The same 
approach has been refined in [24], where 12-node VEs have been used. Since the crack propagation direction is taken orthogonal 
to the maximum principal stress direction, element stresses are first recovered based on a complementary energy minimization and 
then the stress field ahead of the current fictitious crack tip is smoothed using a weight function. In Choi et al. [25], a cohesive crack 
is allowed to propagate in a VE mesh in the direction of the mixed-mode maximum strain energy release rate, which is obtained 
based on the computation of the J-Integral components as domain integrals. Propagation is possible when the traction normal to 
the computed crack propagation direction exceeds the cohesive peak traction. Also in this case, the computation of the stress state 
at the fictitious cohesive crack tip is crucial and  to avoid spurious oscillations in the crack path and/or in the load–displacement 
curve, the stress field is recovered based on a virtual grid superposed to the VE mesh.

From the literature review above, the main issues in the VEM modeling of cohesive crack propagation can be summarized as 
follows.

• Depending on the order of the displacement polynomial interpolation on the element edges and on the number of edges, in 
most cases VEs require a stabilization procedure. For a given order of polynomial interpolation along the edges, the number 
of zero-energy modes increases with the number of element edges. The geometric strategies implemented to accommodate the 
propagating crack through a VE often lead to an increased number of edges and consequent increased number of zero-energy 
modes.

• As in the FEM, the assessment of the conditions and direction of crack propagation requires an accurate evaluation of the 
stress state within the VE. In the case of brittle fracture, the J-Integral is usually computed [13,20–22], while in the case of 
cohesive fracture, the stress at the fictitious crack tip has to be evaluated [23–25]. Unlike in the FEM, the displacement field 
inside the VE is not known and its gradient cannot be used for this purpose. However, this is not a real problem since the 
accuracy of the displacement gradient is lower than the accuracy of displacements, and other techniques for stress recovery 
are normally used also in the FEM case (see, e.g. [26]). In the VEM, techniques for stress recovery, such as the superposition 
of a virtual grid [25], or the minimization of the complementary energy, coupled to the smoothing of the stress field by means 
of a weight function, as in [24], have been proposed.

• To allow a crack to propagate, a displacement discontinuity has to be introduced within the VE. Unless a smeared crack 
approach is pursued as, e.g., in [18], or an X-FEM enrichment of the displacement field is implemented, as in [21], a mesh 
modification strategy has to be devised. It may barely consist of the duplication of existing nodes, forcing in this case the crack 
to propagate along the direction of existing element edges [27], or of an element splitting strategy such as, e.g., in [20,22–25]. 
In this latter case, the almost effortless possibility to add nodes and edges to VEs and their almost complete insensitivity to 
distortions, open the way to inexpensive local mesh adjustments, allowing to incorporate the propagating discontinuity in the 
existing mesh at low computational cost.

In this work, the issues listed above are addressed for the simulation of mixed-mode cohesive crack propagation by the VEM in 
2D isotropic bodies. The focus of the work is on the treatment of an evolving displacement discontinuity, due to the propagation of 
a cohesive crack, by the VEM rather than the accurate description of the cohesive fracture behavior of a specific material. To this 
purpose, the linear softening mixed-mode cohesive model proposed in [6], based on the definition of effective opening displacements 
and tractions, is used in the numerical applications. The model has been originally proposed for the simulation of high-speed 
dynamics fracture and fragmentation in brittle materials, such as rocks, aluminum, ceramics, steel [6–8,10]. Applications to concrete 
materials in statics have been proposed in [26], while an exponential rather than linear softening model has been considered in [7]. 
Although allowing for good estimates of the peak load when the correct fracture energy is employed, the linear softening model 
may provide less accurate results in the final stage of structural failure. In the VEM context, bilinear softening laws have been used 
e.g. in [24,25]. Reviews on mixed-mode cohesive zone models can be found, e.g., in [28,29].

As for the stabilization issue, the possibility of formulating self-stabilized (or, equivalently, stabilization-free) VEs has been 
recently considered by several authors (see, e.g., [30–36]). Self-stabilized VEs can be obtained by projecting the gradient of 
the unknown virtual displacement field onto a polynomial of order higher than the order of the gradient of the displacement 
interpolation on the element edges. As discussed in Lamperti et al. [32], this can also be interpreted as a mixed approach, emanating 
from a mixed Hu–Washizu variational formulation, where a modeling of the strain field is assumed independent of the displacement 
gradient. Besides avoiding the definition of the artificial stabilization parameter, the self-stabilized formulation provides a higher 
order accuracy for strains and stresses, which can be conveniently exploited for the assessment of crack propagation conditions and 
direction.
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Fig. 1. (a) Problem definition with propagating cohesive crack. (b) Detail of cohesive process zone.

The variational Hu–Washizu mixed formulation proposed by Lamperti et al. in [32] is here enriched by the contribution of the 
cohesive process zone, arriving at a variationally consistent formulation of the incremental cohesive fracture problem. The problem 
domain is initially discretized by first-order self-stabilized quadrilateral elements with an independent linear strain model. While 
the stability of self-stabilized polygonal elements with an arbitrary number of edges cannot in general be rigorously established, in 
the special case of first-order quadrilaterals with a linear strain model, a rigorous proof of stability has been provided in [36]. The 
cohesive crack is allowed to propagate in the direction perpendicular to the maximum principal stress computed at the mathematical 
cohesive crack tip when this exceeds the critical normal cohesive traction. The assessment of this criterion requires an accurate 
evaluation of the stress at the current mathematical crack tip, which is obtained thanks to the adopted linear strain model together 
with a nodal stress smoothing procedure.

Crack propagation is achieved by an element updating and splitting strategy. Starting from the current fictitious crack tip, a 
crack increment 𝛥𝑎 is prescribed. Depending on the location of the new propagated tip, different situations may arise, which are 
treated separately. Exploiting the flexibility in element geometry definition offered by the VE concept, some originally quadrilateral 
VEs are transformed into (possibly non-convex) polygonal elements of up to 9 nodes to accommodate the propagating discontinuity. 
The increased number of edges creates spurious zero-energy modes in the new VE, which need be stabilized. A novel incremental 
stabilization technique for the originally self-stabilized VE is then developed to this purpose. Since the original VE was self-stabilized, 
the resulting number of spurious modes to be stabilized is always lower than in the case of the standard VEM. After the mesh 
updating, a cohesive interface element is introduced between the new separating edges and equilibrium of the new configuration 
is enforced.

The paper contents are organized as follows. The Hu–Washizu variational formulation is briefly recalled and enriched with the 
cohesive term in Section 2. The mixed-mode linear softening cohesive model is presented in Section 3. The FEM and VEM space 
discretizations of the finite-step mixed functional are discussed in Section 4. Section 5 illustrates the mesh updating strategy. The 
new incremental VE stabilization technique is proposed in Section 6. The implementation of the crack propagation algorithm is 
presented in Section 7. The numerical applications of Section 8 validate the proposed approach for the simulation of cohesive crack 
propagation.

For notation convenience, matrix notation is assumed for stresses σ, strains ε  and the elastic tensor 𝐃𝑒𝑙, throughout the paper.

2. Cohesive-crack Hu–Washizu variational formulation

Let us consider a linear elastic isotropic and homogeneous two-dimensional body 𝛺, with boundary 𝜕𝛺 = 𝜕𝛺𝑢 ∪ 𝜕𝛺𝑡 with 
𝜕𝛺𝑢 ∩ 𝜕𝛺𝑡 = ∅. The body undergoes small displacements under the action of imposed displacements 𝐮̄  on 𝜕𝛺𝑢, prescribed tractions 
𝐭̄  on 𝜕𝛺𝑡, and body forces b. All the aforementioned quantities depend on a position vector x  with respect to a Cartesian global 
reference system. Let 𝛤  denote a cohesive crack propagating under mixed-mode loading conditions, consisting of two parts: a first 
part terminating in the physical crack tip, where the two separating frictionless surfaces interact only when in contact; a second 
part, the cohesive process zone 𝛤𝑐𝑜ℎ, terminating in the mathematical crack tip, where tractions normal and tangent to the surfaces 
are exchanged (see Fig.  1).

Let 𝛤+
𝑐𝑜ℎ and 𝛤−

𝑐𝑜ℎ denote the two faces of the cohesive crack, with normals 𝐧+ and 𝐧−, respectively. The vector [[𝐮]] denotes the 
displacement discontinuity across the crack, expressed in the global reference system, and 𝐭+ and 𝐭− the cohesive tractions exchanged 
between the two sides: 

[[𝐮]] = 𝐮+ − 𝐮−, 𝐭− = 𝐧−𝝈 = −𝐭+ = −𝐧+σ (1)
3 
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 where 𝐧± is the matrix of director cosines of the normal to the crack faces: 

𝐧± =
[

𝑛𝑥 0 𝑛𝑦
0 𝑛𝑦 𝑛𝑥

]±

(2)

Crack propagation is an irreversible process. To follow the evolution of the structural response, it is necessary to subdivide the 
history of loading in a sequence of finite increments and solve the propagation problem in the current time step. A sequence of 
time stations 𝑡1,… , 𝑡𝑛, 𝑡𝑛+1,… is defined, where 𝑡𝑛+1 is the current time and 𝑡𝑛 is the time at the end of the previous time-step. The 
current time increment is 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛, and the generic quantity (⋅) is discretized as (⋅)𝑛+1 = (⋅)𝑛 + 𝛥(⋅). For brevity, the superscript 
𝑛 + 1 is omitted whenever not strictly necessary, and the notation (⋅) ∶= (⋅)𝑛+1 is adopted.

Assuming that the constitutive behavior of the cohesive interface in the considered time step is fully described by a potential 
function 𝐺𝑛([[𝐮]], 𝛥𝐷;𝐷𝑛), where 𝐷 in an internal variable that can be mechanically interpreted as a damage (the used expression of 
𝐺𝑛 will be presented in the next Section), the equations governing the structural response at 𝑡𝑛+1, i.e. at the end of the considered 
time step, can be obtained by enforcing the stationarity of the following extended, step-wise Hu–Washizu Lagrangian functional: 

𝛱𝑛(𝐮, ε,σ, 𝛥𝐷;𝐷𝑛) = ∫𝛺∖𝛤𝑐𝑜ℎ

1
2
ε𝑇𝐃𝑒𝑙ε 𝑑𝛺 − ∫𝛺∖𝛤𝑐𝑜ℎ

σ𝑇 (ε − 𝐮) 𝑑𝛺 + ∫𝛤𝑐𝑜ℎ
𝐺𝑛([[𝐮]], 𝛥𝐷;𝐷𝑛) 𝑑𝛤

−∫𝛺∖𝛤𝑐𝑜ℎ
𝐛𝑇 𝐮 𝑑𝛺 − ∫𝜕𝛺𝑡

𝐭̄𝑇 𝐮 𝑑𝜕𝛺, with𝛥𝐷 ≥ 0, 𝐮 = 𝐮̄ on 𝜕𝛺𝑢 (3)

 where  is the small-strain compatibility operator, gathering the components of the symmetric gradient operator to be applied to 
the displacement field: 

 =
⎡

⎢

⎢

⎣

𝜕𝑥 0
0 𝜕𝑦
𝜕𝑦 𝜕𝑥

⎤

⎥

⎥

⎦

(4)

 Due to the inequality constraint on 𝛥𝐷  in (3), the stationarity of 𝛱𝑛 is in fact a variational inequality 
𝜕𝐮𝛱

𝑛(𝐮, ε,σ, 𝛥𝐷;𝐷𝑛)[𝛿𝐮] = 0, ∀ 𝛿𝐮 = 𝟎 on 𝜕𝛺𝑢

𝜕ε𝛱
𝑛(𝐮, ε,σ, 𝛥𝐷;𝐷𝑛)[𝛿ε] = 0, ∀ 𝛿ε

𝜕σ𝛱
𝑛(𝐮, ε,σ, 𝛥𝐷;𝐷𝑛)[𝛿σ] = 0, ∀ 𝛿σ

𝜕𝛥𝐷𝛱
𝑛(𝐮, ε,σ, 𝛥𝐷;𝐷𝑛)[𝛿𝛾] ≥ 0, ∀ 𝛿𝛾 = 𝛥𝐷′ − 𝛥𝐷, with 𝛥𝐷′ ≥ 0, 𝛥𝐷 ≥ 0,

(5)

 where 𝛥𝐷′ is an arbitrary non-negative field defined on 𝛤𝑐𝑜ℎ. The inequality in the variational system (5) can be rewritten in 
complementarity form, obtaining the equilibrium equations, the linear elastic stress–strain relation, the compatibility condition and 
the damage activation conditions in the usual Kuhn–Tucker form: 

𝜕𝐮𝛱
𝑛[𝛿𝐮] = 0 ⇒∫𝛺∖𝛤𝑐𝑜ℎ

[(𝑇σ) + 𝐛]𝑇 𝛿𝐮 𝑑𝛺 + ∫𝜕𝛺𝑡

𝐭̄𝑇 𝛿𝐮 𝑑𝜕𝛺

+ ∫𝛤𝑐𝑜ℎ
(𝐭+)𝑇 𝛿𝐮+ 𝑑𝛤 + ∫𝛤𝑐𝑜ℎ

(𝐭−)𝑇 𝛿𝐮− 𝑑𝛤 = 0 ∀ 𝛿𝐮 = 𝟎 on 𝜕𝛺𝑢,

𝜕ε𝛱
𝑛[𝛿ε] = 0 ⇒ ∫𝛺∖𝛤𝑐𝑜ℎ

(𝐃𝑒𝑙ε − σ)𝑇 𝛿ε 𝑑𝛺 = 0 ∀ 𝛿ε,

𝜕σ𝛱
𝑛[𝛿σ] = 0 ⇒ ∫𝛺∖𝛤𝑐𝑜ℎ

(ε − 𝐮)𝑇 𝛿σ 𝑑𝛺 = 0 ∀ 𝛿σ,

𝜕𝛥𝐷𝛱
𝑛[𝛿𝛾] ≥ 0 ⇒ 𝑓 𝑛(𝐭𝑐𝑜ℎ, 𝛥𝐷;𝐷𝑛)𝛥𝐷 = 0, −𝑓 𝑛(𝐭𝑐𝑜ℎ, 𝛥𝐷;𝐷𝑛) ≥ 0, 𝛥𝐷 ≥ 0

(6)

 where 
𝐭𝑐𝑜ℎ = 𝜕[[𝐮]]𝐺

𝑛 = 𝐭− = −𝐭+, 𝑓 𝑛(𝐭𝑐𝑜ℎ, 𝛥𝐷;𝐷𝑛) = −𝜕𝛥𝐷𝐺𝑛([[𝐮]], 𝛥𝐷;𝐷𝑛) (7)

 are the cohesive traction vector, with components expressed in the global reference system, and the damage activation function, 
respectively, whose precise expression will be specified in the next Section for the particular cohesive model employed.

3. Linear softening mixed-mode cohesive model

The isotropic, linear softening mixed-mode cohesive model proposed in [7,26] is considered. However, the approach to the 
simulation of crack propagation discussed in this work is general and other cohesive models could be used within the proposed 
framework.

Let 𝐐 be the orthogonal matrix transforming a vector with components in the global reference system into the same vector with 
components in the crack local reference. Let 𝑤𝑠, 𝑤𝑛  be the opening and sliding components, respectively, of 𝐰 = {𝑤𝑠, 𝑤𝑛}𝑇 = 𝐐[[𝐮]], 
i.e., of the displacement discontinuity vector [[𝐮]]  expressed in the local reference of the cohesive crack, and let 𝐭 = {𝑡𝑠, 𝑡𝑛}𝑇 = 𝐐𝐭𝑐𝑜ℎ be 
the cohesive traction vector in the same reference system, 𝑡𝑠, 𝑡𝑛 being the corresponding tangential and normal traction components. 
An effective opening displacement 𝑤 is defined as [7,26]: 

𝑤(𝐰) =
√

𝑤2 + 𝛽2𝑤2 (8)
𝑛 𝑠

4 
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Fig. 2. Mixed-mode linear softening cohesive model. (a) Loading. (b) Unloading. (c) Elastic reloading. (d) Loading in the softening range.

𝛽 being a material parameter allowing to assign different weights to the opening and sliding mechanisms in mixed-mode 
propagation, leading to different values of the limit cohesive tractions in pure mode I and pure mode II. The corresponding effective 
traction 𝑡 is defined in such a way that the following incremental work equivalence is satisfied: 

𝑡𝑤̇ = 𝑡𝑠𝑤̇𝑠 + 𝑡𝑛𝑤̇𝑛 (9)

 leading to 

𝑡(𝐭) =

√

𝑡2𝑛 +
𝑡2𝑠
𝛽2

, 𝑡𝑛 =
𝑡
𝑤
𝑤𝑛, 𝑡𝑠 = 𝛽2 𝑡

𝑤
𝑤𝑠 (10)

From (10), one can see that the value of 𝛽 = 1 corresponds to the definition of a circular limit domain in the 𝑡𝑛−𝑡𝑠 plane. Modifying 
the value of 𝛽 could be used to assign different peak strengths in the normal and shear directions. The effective traction–separation 
law with linear softening is illustrated in Fig.  2, where 𝐷 is the damage internal variable, 𝑇𝑀  and 𝑊 𝑈  define the maximum effective 
traction and ultimate opening displacement, respectively, 𝑘𝑐𝑜ℎ < 0 is the negative softening slope, 𝐺𝑐𝑟 = 1∕2(𝑇𝑀𝑊 𝑈 ) is the cohesive 
fracture energy, and 𝑤𝑛

𝑚𝑎𝑥 defines the maximum opening achieved up to time 𝑡𝑛, i.e. 𝑤𝑛
𝑚𝑎𝑥 = max0≤𝑡≤𝑡𝑛{𝑤}, and 𝑡𝑛𝑚𝑎𝑥 the corresponding 

traction. Based on these definitions, the damage 𝐷 can be easily shown to satisfy the following relations: 

𝑤𝑛
𝑚𝑎𝑥 = 𝐷𝑛𝑊 𝑈 , 𝑡𝑛𝑚𝑎𝑥 = (1 −𝐷𝑛)𝑇𝑀 , 𝑡𝑛𝑚𝑎𝑥 =

( 1 −𝐷𝑛

𝐷𝑛

) 𝑇𝑀

𝑊 𝑈 𝑤𝑛
𝑚𝑎𝑥 (11)

Four cases are considered in Fig.  2:

(a) at time 𝑡𝑛 the pair {𝑡𝑛, 𝑤𝑛} defines a point on the softening branch and the point {𝑡𝑛+1, 𝑤𝑛+1} at the end of the step also defines 
a point on the softening branch (continuous loading during the time step). In this case 𝛥𝑤 > 0 and the traction 𝑡 proceeds 
down along the softening branch with a positive damage increment and 

𝐷𝑛+1 = 𝑤𝑛 + 𝛥𝑤
𝑊 𝑈 , 𝑤𝑛+1

𝑚𝑎𝑥 = 𝑤𝑛+1, 𝑡𝑛+1 = (1 −𝐷𝑛+1)𝑇𝑀 =
(

1 −𝐷𝑛+1

𝐷𝑛+1

)

𝑇𝑀

𝑊 𝑈 𝑤𝑛+1 (12)

(b) at time 𝑡𝑛 the pair {𝑡𝑛, 𝑤𝑛} defines a point on the softening branch and the final point {𝑡𝑛+1, 𝑤𝑛+1} defines a point on the 
unloading branch (unloading). In this case 𝛥𝑤 < 0 and the traction 𝑡 proceeds down along the unloading branch with a zero 
damage increment and 

𝐷𝑛+1 = 𝐷𝑛, 𝑤𝑛+1 = 𝑤𝑛 , 𝑡𝑛+1 =
( 1 −𝐷𝑛 ) 𝑇𝑀

𝑤𝑛+1 (13)
𝑚𝑎𝑥 𝑚𝑎𝑥 𝐷𝑛 𝑊 𝑈

5 
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(c) at time 𝑡𝑛 the pair {𝑡𝑛, 𝑤𝑛} defines a point on the unloading branch and the final point {𝑡𝑛+1, 𝑤𝑛+1} defines a point also on 
the unloading branch (elastic increment). In this case, one may have 𝛥𝑤 > 0 or <0, but in both cases 0 ≤ 𝑤𝑛 + 𝛥𝑤 ≤ 𝑤𝑛

𝑚𝑎𝑥, 
and 

𝐷𝑛+1 = 𝐷𝑛, 𝑤𝑛+1
𝑚𝑎𝑥 = 𝑤𝑛

𝑚𝑎𝑥, 𝑡𝑛+1 =
( 1 −𝐷𝑛

𝐷𝑛

) 𝑇𝑀

𝑊 𝑈 𝑤𝑛+1 (14)

(d) at time 𝑡𝑛 the pair {𝑡𝑛, 𝑤𝑛} defines a point on the unloading branch and the final point {𝑡𝑛+1, 𝑤𝑛+1} defines a point on the 
softening branch (reloading). In this case 𝛥𝑤 > 0 with 𝑤𝑛 + 𝛥𝑤 ≥ 𝑤𝑛

𝑚𝑎𝑥 and the traction 𝑡 proceeds up along the unloading 
branch and then down along the softening branch, with 𝛥𝐷 > 0 and 

𝐷𝑛+1 = 𝑤𝑛 + 𝛥𝑤
𝑊 𝑈 , 𝑤𝑛+1

𝑚𝑎𝑥 = 𝑤𝑛+1, 𝑡𝑛+1 = (1 −𝐷𝑛+1)𝑇𝑀 =
(

1 −𝐷𝑛+1

𝐷𝑛+1

)

𝑇𝑀

𝑊 𝑈 𝑤𝑛+1
𝑚𝑎𝑥 (15)

In the extreme case that 𝑤𝑛+1 < 0, the crack closes and the two faces come in contact. This case is treated separately through a 
frictionless contact algorithm.

The cohesive potential 𝐺𝑛(𝐰, 𝛥𝐷;𝐷𝑛) is assumed to depend on w  through the effective opening 𝑤 and, in the case of a linear 
softening model, takes the expression (note that the 𝑛 + 1 superscript is omitted, so that one has 𝐷 = 𝐷𝑛 + 𝛥𝐷) 

𝐺𝑛(𝑤(𝐰), 𝛥𝐷;𝐷𝑛) = 1
2

( 1 −𝐷
𝐷

) 𝑇𝑀

𝑊 𝑈 𝑤2(𝐰) +𝐷𝐺𝑐𝑟 (16)

 Based on this definition and on (10)2,3, one has 

𝜕𝐺𝑛

𝜕𝐰
= 𝜕𝐺𝑛

𝜕𝑤
𝜕𝑤
𝜕𝐰

= 𝑡

{

𝛽2 𝑤𝑠
𝑤

𝑤𝑛
𝑤

}

= 𝐭, 𝜕𝐺𝑛

𝜕𝛥𝐷
= −1

2
1
𝐷2

𝑇𝑀

𝑊 𝑈 𝑤2 + 1
2
𝑇𝑀𝑊 𝑈 (17)

 The expression of 𝜕𝐺𝑛∕𝜕𝛥𝐷 above, can be rewritten as 

𝜕𝐺𝑛

𝜕𝛥𝐷
= −1

2
1

(1 −𝐷)2
𝑊 𝑈

𝑇𝑀

{

(

1 −𝐷
𝐷

𝑇𝑀

𝑊 𝑈 𝑤2
)2

−
[

(1 −𝐷) 𝑇𝑀 ]2
}

(18)

 Making explicit the dependence on 𝛥𝐷  and the superscript 𝑛+1, and recalling the relations in (11)2 and (12)3, the partial derivative 
𝜕𝐺𝑛∕𝜕𝛥𝐷 can be finally expressed in the form 

𝜕𝐺𝑛

𝜕𝛥𝐷
= −1

2
1

(1 −𝐷𝑛 − 𝛥𝐷)2
𝑊 𝑈

𝑇𝑀

[

(𝑡𝑛+1)2 −
(

𝑡𝑛+1𝑚𝑎𝑥
)2] = 𝑓 𝑛(𝐭, 𝛥𝐷;𝐷𝑛) (19)

 Eq. (19) defines the damage activation function: a damage increment 𝛥𝐷 > 0 can occur only if 𝑓 𝑛 = 0 in (19), where 𝑡𝑛+1 is 
computed according to (12)3, under the loading assumption. The computation of the damage increment follows the usual return 
mapping scheme:

• for a prescribed opening 𝑤𝑛+1, compute 𝑓 𝑛
𝑡𝑟𝑖𝑎𝑙 through (19) where 𝛥𝐷 = 0 has been set and 𝑡𝑛+1𝑚𝑎𝑥 = 𝑡𝑛𝑚𝑎𝑥;

• if 𝑓 𝑛
𝑡𝑟𝑖𝑎𝑙 ≤ 0 (or, alternatively, if 𝑤𝑛+1 ≤ 𝑤𝑛

𝑚𝑎𝑥), then 𝛥𝐷 = 0 and 𝑡𝑛+1 = 𝑡𝑛+1𝑡𝑟𝑖𝑎𝑙;
• if 𝑓 𝑛

𝑡𝑟𝑖𝑎𝑙 > 0 (or, alternatively, if 𝑤𝑛+1 > 𝑤𝑛
𝑚𝑎𝑥), then 𝛥𝐷 > 0 is computed by imposing that 𝑤𝑛+1 = (𝐷𝑛 + 𝛥𝐷)𝑊 𝑈  and 𝑡𝑛+1 is 

obtained through Eq. (12)3.

Recalling that 𝑤𝑚𝑎𝑥 = 𝐷𝑊 𝑈 , the consistent tangent stiffness matrix 𝐃𝑐𝑜ℎ = 𝜕𝛥𝐭∕𝜕𝛥𝐰 also takes different expressions depending 
on the loading/unloading nature of the step: 

𝐃𝑛+1
𝑐𝑜ℎ =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−
( 1 −𝐷

𝐷

)

𝑘𝑐𝑜ℎ

[

𝛽2 0
0 1

]

if 𝑓 𝑛(𝑡, 𝛥𝐷;𝐷𝑛) < 0

−
( 1 −𝐷

𝐷

)

𝑘𝑐𝑜ℎ

[

𝛽2 0
0 1

]

+
𝑘𝑐𝑜ℎ
𝐷

⎡

⎢

⎢

⎣

𝛽4 𝑤2
𝑠

𝑤2 𝛽2 𝑤𝑠𝑤𝑛
𝑤2

𝛽2 𝑤𝑠𝑤𝑛
𝑤2

𝑤2
𝑛

𝑤2

⎤

⎥

⎥

⎦

if 𝑓 𝑛(𝑡, 𝛥𝐷;𝐷𝑛) = 0

(20)

4. Space discretization of the variational statement

4.1. Finite element formulation

The derivation of the discretized form of the conditions in (5) closely follows the approach presented in [32]. Only a brief account 
is given here, while further details can be found in [32].

The problem domain is discretized by 𝑛𝑒 polygonal elements 𝛺𝑒 with a linear displacement model over the element edges. In 
the initial mesh, the initial crack 𝛤  is treated as an external boundary, so that the crack path runs along element edges. 2-node 
cohesive interface elements 𝛤  are then introduced along the crack path, with a linear modeling of the crack opening displacement. 
𝑒
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Independent modeling of local displacements, strains and stresses is defined over each element 𝛺𝑒 (note that the element subscript 
𝑒 is omitted to simplify the notation wherever not strictly necessary): 

𝐮
(

ξ
)

≈ 𝐮ℎ
(

ξ
)

= 𝐍𝑢
(

ξ
)

𝐮̂
ε
(

ξ
)

≈ εℎ
(

ξ
)

= 𝐍𝜀
(

ξ
)

ε̂

σ
(

ξ
)

≈ σℎ
(

ξ
)

= 𝐍𝜎
(

ξ
)

σ̂

(21)

 where 𝐮ℎ, εℎ, and σℎ are approximations for displacements, strains, and stresses, respectively, ξ  denotes a system of element 
intrinsic coordinates, and 𝐮̂, ε̂, and σ̂ are vectors of parameters. 𝐍𝑢, 𝐍𝜀, and 𝐍𝜎 are matrices of shape functions defined in 𝛺𝑒, 
whose dimensions in 2D are, respectively, 2 × 𝑛𝑢, 3 × 𝑛𝜀 and 3 × 𝑛𝜎 , 𝑛𝑢, 𝑛𝜀 and 𝑛𝜎 being the numbers of parameters describing the 
corresponding approximate field. Each of the shape functions in 𝐍𝑢 is equal to one at an element node and equal to zero in all the 
other nodes and the resulting displacement field is continuous across adjacent elements. While the displacement parameters 𝐮̂  take 
the meaning of nodal displacements, ε̂  and σ̂  are just interpolation parameters with no special meaning and the resulting strain and 
stress fields are discontinuous across elements. The crack opening displacement 𝐰 in the crack reference frame is also discretized 
over each interface element by linear shape functions in terms of the two nodal values 𝐰̂: 

𝐰(𝜁 ) = 𝐍𝑤(𝜁 )𝐰̂ (22)

𝜁 being a local coordinate running along the interface element length.
To have that the scalar product between the strain and stress parameters correctly represents the element energy, it must be 

𝑛𝜀 = 𝑛𝜎 and 

σ̂𝑇 ε̂ = ∫𝛺𝑒

σ𝑇
(

ξ
)

ε
(

ξ
)

𝑑𝛺 = σ̂𝑇
(

∫𝛺𝑒

𝐍𝑇
𝜎
(

ξ
)

𝐍𝜀
(

ξ
)

𝑑𝛺

)

ε̂ (23)

 This condition is satisfied, e.g., if 

∫𝛺𝑒

𝐍𝑇
𝜎
(

ξ
)

𝐍𝜀
(

ξ
)

𝑑𝛺 = 𝐈 (24)

 where 𝐈 is the identity matrix with dimensions 𝑛𝜀 × 𝑛𝜀 and 

𝐍𝜎
(

ξ
)

= 𝐍𝜀
(

ξ
)

(

∫𝛺𝑒

𝐍𝑇
𝜀
(

ξ
)

𝐍𝜀
(

ξ
)

𝑑𝛺

)−1

= 𝐍𝜀
(

ξ
)

𝐆−1 (25)

 From (23) one also has 

σ̂𝑇 ε̂ = ∫𝛺𝑒

σ𝑇
(

ξ
)

𝐍𝜀
(

ξ
)

𝑑𝛺ε̂ ⇒ σ̂ = ∫𝛺𝑒

𝐍𝑇
𝜀
(

ξ
)

σ
(

ξ
)

𝑑𝛺 (26)

 The equations governing the discretized problem are obtained by enforcing the stationarity of the discretized version of the 
functional 𝛱𝑛 in (3) with respect to the three sets of discretization parameters ̂𝐮, ̂ε and σ̂. After assembling the element contributions, 
from the conditions in (6)1−3, one obtains: 

𝜕𝐮̂𝛱
ℎ = 0 ⟹ 𝐂𝑇 σ̂ = 𝐅𝑒𝑥𝑡 + 𝐅𝑐𝑜ℎ([[𝐮̂]], 𝐷𝑛, 𝛥𝐷) equilibrium

𝜕ε̂𝛱
ℎ = 0 ⟹ σ̂ = 𝐄ε̂ linear elastic constitutive law

𝜕σ̂𝛱
ℎ = 0 ⟹ ε̂ = 𝐂𝐮̂ compatibility

(27)

 where the following elemental vectors and matrices (omitting subscript 𝑒) have been introduced:
(i) 𝑛𝜀 × 𝑛𝜀 elasticity matrix 

𝐄 = ∫𝛺𝑒

𝐍𝑇
𝜀 𝐃

𝑒𝑙𝐍𝜀𝑑𝛺 (28)

 (ii) 𝑛𝜀 × 𝑛𝑢 compatibility matrix (taking into account the definition of G  in (25)) 

𝐂 = ∫𝛺𝑒

𝐍𝑇
𝜎
(

𝐍𝑢
)

𝑑𝛺 = 𝐆−1
∫𝛺𝑒

𝐍𝑇
𝜀
(

𝐍𝑢
)

𝑑𝛺 = 𝐆−1𝐀 (29)

 (iii) equivalent nodal external forces vector 

𝐅𝑒𝑥𝑡 = ∫𝛺𝑒

𝐍𝑇
𝑢 𝐛𝑑𝛺 + ∫(𝜕𝛺𝐭̄ )𝑒

𝐍𝑇
𝑢 𝐭̄𝑑𝜕𝛺 (30)

 (iv) equivalent nodal cohesive forces vector 

𝐅𝑐𝑜ℎ([[𝐮̂]], 𝐷𝑛, 𝛥𝐷) = ∫(𝛤𝑐𝑜ℎ)𝑒
𝐍𝑇
𝑢 𝐭𝑐𝑜ℎ([[𝐮̂]], 𝐷

𝑛, 𝛥𝐷)𝑑𝛤 (31)

 Finally, the stationarity with respect to 𝛥𝐷  leads to the damage loading–unloading conditions in (6)4, to be enforced locally at the 
integration points of the cohesive interface elements.
7 
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By substituting (27)2,3 in (27)1 and assembling the contribution of all elements, one has 

𝐊𝑐 𝐮̂ − 𝐅𝑐𝑜ℎ([[𝐮̂]], 𝐷𝑛, 𝛥𝐷) = 𝐅𝑒𝑥𝑡, with 𝐊𝑐 = 𝐂𝑇𝐄𝐂 (32)

 The system in (32), together with the damage loading–unloading conditions in (6)4, defines the nonlinear finite-step equilibrium 
problem to be solved iteratively by a Newton–Raphson scheme, using the tangent stiffness matrix of the cohesive model defined in 
(20). 𝐊𝑐 in (32) is the stiffness matrix of the linear elastic bulk material, consistent with the displacement and strain models. For the 
individual VE, this symmetric and positive semi-definite matrix has dimensions 𝑛𝑢 × 𝑛𝑢, 𝑛𝑢 being the number of nodal displacement 
Degrees Of Freedom (DOFs). When in an element 𝑛𝑢−𝑛𝜀 ≤ 3, 𝐊𝑐

𝑒 is 3 times singular, where the singular modes correspond to the three 
independent rigid-body motions. When 𝑛𝑢 − 𝑛𝜀 > 3, 𝐊𝑐 is more than 3 times singular, with the possible insurgence of zero-energy 
(hourglass) modes that need to be stabilized. Once the nodal displacements 𝐮̂ have been computed and taking into account Eq. (26), 
the approximate strain and stress fields can be derived, respectively, as 

εℎ
(

ξ
)

= 𝐍𝜀
(

ξ
)

ε̂ = 𝐍𝜀
(

ξ
)

𝐂𝐮̂

σℎ
(

ξ
)

= 𝐍𝜎
(

ξ
)

σ̂ = 𝐍𝜎
(

ξ
)

∫𝛺𝑒

𝐍𝑇
𝜀
(

ξ
)

σ
(

ξ
)

𝑑𝛺 = 𝐍𝜎
(

ξ
)

∫𝛺𝑒

𝐍𝑇
𝜀
(

ξ
)

𝐃𝑒𝑙εℎ
(

ξ
)

𝑑𝛺
(33)

4.2. Virtual element formulation

Let ξ = {𝜉, 𝜂}𝑇  define an element non-dimensional local Cartesian coordinate system with 

𝜉 =
𝑥 − 𝑥𝐺
ℎ𝑒

, 𝜂 =
𝑦 − 𝑦𝐺
ℎ𝑒

(34)

 where 𝑥𝐺 and 𝑦𝐺 are the global coordinates of the element centroid, and ℎ𝑒 is the maximum element diameter. It is important 
to note that here the coordinate transformation is linear whatever the element shape, in contrast to the standard isoparametric 
approach, where a nonlinear geometry mapping is required for non-regular shapes. This is a key ingredient for the almost complete 
insensitivity of VEs to distortion.

In the VEM, the displacement shape functions 𝐍𝑢 are not explicitly known inside the element. The displacement model is assumed 
to contain polynomials of degree 𝑘 plus other unknown functions whose exact knowledge is not required. An element of this kind 
is therefore referred to as a Virtual Element (VE). In this work, we consider polygonal VEs of arbitrary shape and number of edges, 
with a linear interpolation of displacements on the edges. For this reason, this is a 𝑘 = 1 VEM. While displacements are completely 
known on the boundary when their nodal values are known, displacements in the element interior remain unknown.

The key operator in the VEM is the compatibility matrix 𝐂 defined in Eq. (29), in which the matrix 𝐆 is directly computable 
once the strain shape functions 𝐍𝜀 are defined. In contrast, the computation of the matrix 𝐀 is not obvious, since it contains the 
displacement shape functions 𝐍𝑢, unknown in the element interior. To overcome the problem, one can integrate 𝐀 by parts: 

𝐀 = ∫𝛺𝑒

𝐍𝑇
𝜀
(

𝐍𝑢
)

𝑑𝛺 = ∫𝜕𝛺𝑒

(

𝐧𝐍𝜀
)𝑇 𝐍𝑢𝑑𝜕𝛺 − ∫𝛺𝑒

(

𝑇𝐍𝜀
)𝑇 𝐍𝑢𝑑𝛺 = 𝐀1 + 𝐀2 (35)

 The first term 𝐀1 in Eq. (35) is computable, as it results from the boundary integral of known quantities, as 𝐍𝑢 is a linear polynomial 
on the boundary. In contrast, 𝐀2 contains an integral to be computed over the element interior, where the displacement model 𝐍𝑢
is unknown. In the special cases that the strain model 𝐍𝜀 is constant or divergence-free, 𝑇𝐍𝜀 vanishes and one has 𝐀 = 𝐀1. In the 
case of non-divergence-free strain models and for the present 𝑘 = 1 formulation, 𝐀2 can be computed by projecting the unknown 
displacement field onto a linear polynomial, according to the technique proposed in [31,37]. This technique has also been used in the 
present work for the computation of 𝐀2, following the implementation proposed in [32]. The domain integral for the computation 
of 𝐀2 is computed through a subtriagulation of the VE. The boundary integral in 𝐀1 is computed using a Gauss–Lobatto integration 
based on the nodes at the ends of each edge. Once the compatibility matrix 𝐂 and the elastic matrix 𝐄 have been computed, the 
local VEM consistent stiffness matrix 𝐊𝑐 can be obtained by Eq. (32)2.

4.3. Self-stabilized virtual element formulation

The element consistent stiffness matrix 𝐊𝑐 in (32) of the linear elastic bulk material is symmetric and positive semi-definite with 
dimensions 𝑛𝑢×𝑛𝑢. When 𝑛𝑢−𝑛𝜀 > 3, 𝐊𝑐 is more than 3 times singular and spurious hourglass modes may arise even in the assembled 
mesh. In this case, an element stabilization is required. In the case of quadrilateral elements, 𝑛𝑢 = 8 and at least 𝑛𝜀 = 5 is required 
to obtain a stable element. Following [32], a complete linear polynomial is used to model all strain components, leading to 𝑛𝜀 = 9, 
so that an initially self-stabilized (i.e., not requiring stabilization) element is obtained: 

𝐍𝜀(ξ) =
⎡

⎢

⎢

⎣

1 0 0 𝜉 0 0 𝜂 0 0
0 1 0 0 𝜉 0 0 𝜂 0
0 0 1 0 0 𝜉 0 0 𝜂

⎤

⎥

⎥

⎦

(36)

 A rigorous proof of self-stability for this type of quadrilateral VEs has been provided in [36]. In this work, an initial mesh made of 
these quadrilateral VEs is always adopted. However, upon crack propagation, new edges are added to the elements crossed by the 
crack, so that the crack path is described by a piece-wise linear trajectory, along which cohesive interface elements are introduced, 
as it will be shown in the next Section. In this case, the number 𝑛 = 8 of nodal DOFs is increased, while the number 𝑛 = 9 of 
𝑢 𝜀
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Fig. 3. VE split strategy. (a) Possible propagation from a crack tip inside a VE. (b) Detail of VE containing the crack tip and of its adjacent VE. (c) Five possible 
crack propagation cases.

strain parameters remains the same. The consequence is that the balance between the 𝑛𝑢 displacements DOFs 𝐮̂ and the 𝑛𝜀 strain 
parameters ε̂ is no longer satisfied when elements with 7 nodes (i.e., 𝑛𝑢−𝑛𝜀 = 14−9 = 5 > 3) or more are considered. A stabilization 
will then become necessary for these elements also when a linear strain model is adopted. This will be discussed after the element 
split strategy will be illustrated in the next Section.

5. Virtual element split strategy

The VEM is ideally suited to deal with a propagating discontinuity through an existing mesh. The treatment of this usually 
critical event is made easy by the possibility offered by the VEM to smoothly add an arbitrary number of nodes and edges in a FE 
mesh, splitting the existing elements and generating in this way highly distorted and possibly non-convex elements, at the same 
time preserving the desired level of accuracy and order of convergence. To illustrate the developed strategy, reference is made to an 
initially regular mesh of quadrilateral elements, but the same strategy could be applied to VEs with an arbitrary number of edges. 
The main idea of the element split strategy is to split or cut the elements crossed by the crack path, by adding new nodes and edges 
along the predicted crack path. In this way, the newly generated VEs become polygons with arbitrary shapes, with some edges 
aligned along the piece-wise linear crack path.

The solid red line in Fig.  3(a) represents the existing crack at the end of the previous step, with node 𝑂 located in correspondence 
of the mathematical crack tip. The coordinates (𝑥𝑛𝑂 , 𝑦𝑛𝑂) of the old crack tip node 𝑂 are therefore known. The element containing 
the tip node 𝑂 in Fig.  3(a) is a VE with 7 nodes, created by the cutting of the original 4-node element in the previous step. The 
dashed red lines in the same figure define four possible straight crack propagation increments 𝛥𝑎 in the current step. The actual 
increment direction is defined by the crack propagation criterion that will be discussed in the next Section, while the length of 𝛥𝑎
is prescribed as an input quantity, varying with the problem size and brittleness, more brittle structural responses requiring smaller 
increments 𝛥𝑎. The coordinates (𝑥𝑛+1𝑂 , 𝑦𝑛+1𝑂 ) of the new mathematical crack tip node are defined by 

[

𝑥𝑛+1𝑂

𝑦𝑛+1𝑂

]

=

[

𝑥𝑛𝑂
𝑦𝑛𝑂

]

+

[

𝛥𝑎 cos 𝜃

𝛥𝑎 sin 𝜃

]

(37)

 where 𝜃 denotes the crack propagation direction defined in the global coordinate system.
Points 𝐴, 𝐵, 𝐶 and 𝐷 in Fig.  3(a) are possible locations of the new crack tip at the end of the current step. The non-convex 

element numbered 𝐸1 in Fig.  3(b), containing the previous crack tip node 𝑂, has 7 nodes numbered in counter-clockwise order 
[

𝑁1, 𝑁2, 𝑁3, 𝑁4, 𝑁5, 𝑂,𝑁6
]

, while the neighbor virtual element 𝐸2 is quadrilateral, with the 4 nodes 
[

𝑁2, 𝑁7, 𝑁8, 𝑁3
]

. The five 
possible element splitting cases (see the details in Fig.  3(c), where element 𝐸  and 𝐸  are shown) are illustrated below making 
1 2
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reference to a mesh of quadrilateral elements. However, the same five cases define the splitting strategy also in the case of elements 
of an arbitrary number of edges.

(i) The new crack tip 𝐴 is located exactly on the element edge, defined by nodes 𝑁3 and 𝑁4 in element 𝐸1, or very close to 
it, within a tolerance of 10% of the average edge length 𝑙𝑒, to avoid overly short edges that could compromise accuracy. In this 
case, two nodes are added: node 𝑂′ comes from the duplication of the previous crack tip node 𝑂, while the new crack tip node 
𝐴 is connected to the nodes 𝑁3 and 𝑁4 of the previous edge. Therefore, the original element 𝐸1 is cut into two elements labeled 
as 1⃝ and 2⃝ in Fig.  3(c), where the new crack tip is assumed to be exactly on the previously existing edge. The resulting element 
1⃝ has 6 nodes [𝑁1, 𝑁2, 𝑁3, 𝐴, 𝑂,𝑁6

] with a non-convex angle, and its element number remains 𝐸1, while element 2⃝ has 4 nodes 
[

𝑁5, 𝑂′, 𝐴,𝑁4
]

, and its element number is appended to the last one in the original element list. The element above element 𝐸1 (not 
shown in the figure) now shares edge 𝑁4𝐴 with element 2⃝ and edge 𝐴𝑁3 with element 1⃝, and becomes a 5-node element. If 
the new crack tip node 𝐴′ is not precisely on the edge 𝑁3𝑁4, but very close to it, and if its distance from the edge is less than 
the tolerance of 10% of the average edge length 𝑙𝑒, the new edges connecting the crack tip 𝐴′ with the nodes 𝑁3 and 𝑁4 are not 
collinear and the element is slightly deformed.

(ii) The new crack tip 𝐵 coincides with an original node of the element. When the new crack tip 𝐵 coincides, e.g., with the 
original node 𝑁3 of an element 𝐸1, only one node 𝑂′ is added to duplicate the previous crack tip node 𝑂. In this case, the element 
𝐸1 is split into two elements marked as 1⃝ and 2⃝ in Fig.  3(c). Element 1⃝ has 5 nodes [𝑁1, 𝑁2, 𝑁3, 𝑂,𝑁6

] with a non-convex angle, 
while element 2⃝ has 4 nodes [𝑁5, 𝑂′, 𝑁3, 𝑁4

]

. The neighbor elements do not undergo any transformation in this case. The case 
where the new crack tip coincides with nodes 𝑁1, 𝑁2 or 𝑁4 is treated in the same way. If the new crack tip is not exactly coincident 
with an already existing node, but very close to it, to within a tolerance of 20% of the average edge length, the closest node is 
moved to the new crack tip by updating the coordinates of the original node, without modifying the crack path.

(iii) The new crack tip 𝐶 is located in the interior of 𝐸1. In this case, only element 𝐸1 needs to be modified, being transformed 
into a 9-node element, with nodes [𝑁1, 𝑁2, 𝑁3, 𝑁4, 𝑁5, 𝑂′, 𝐶, 𝑂,𝑁6

]

, by the addition of the new crack tip at node 𝐶 and of node 𝑂′

as a consequence of the duplication of the previous crack tip 𝑂.
(iv) The new crack tip 𝐷 is located in the interior of 𝐸2. In this case, both elements 𝐸1 and 𝐸2 are modified and four new nodes 

are inserted. Besides the new crack tip node 𝐷 and node 𝑂′, duplicating the original tip 𝑂, the intersection nodes 𝐹  and 𝐹 ′ between 
the crack and the element edge 𝑁2𝑁3 are also inserted. Element 𝐸1 is cut into two elements, as shown in Fig.  3(c). Element 1⃝ has 
5 nodes [𝑁1, 𝑁2, 𝐹 , 𝑂,𝑁6

] with a non-convex angle, keeping its element number 𝐸1. The non-convex element 2⃝ has also 5 nodes 
[

𝑁5, 𝑂′, 𝐹 ′, 𝑁3, 𝑁4
]

, and its element number is appended to the final number of the original element list. Moreover, element 𝐸2 is 
transformed from a quadrilateral element into a 7-node non-convex element, with nodes [𝑁2, 𝑁7, 𝑁8, 𝑁3, 𝐹 ′, 𝐷, 𝐹

]

.
(v) The new crack tip 𝐷 is located in the interior of the element with the crack edge propagating through more than two elements. 

Compared with case (iv), the difference is that the neighbor element 𝐸2 is divided into two elements by inserting other two new 
nodes 𝑀 and 𝑀 ′. Element 5⃝, containing the new crack tip, is transformed into a 7-node non-convex element. A possible case where 
the new crack tip stops at an edge of element 5⃝, or at one of the original element nodes, can be considered as the combination of 
this case (v) and of case(i) or case(ii). 

It should be remarked that the split strategy illustrated above refers to a single crack propagating in a 2D domain. In this case, 
the computational cost is minimal, all the operations being limited only to the few elements crossed by the new crack increment. 
The costs associated to the cohesive interface elements, are exactly the same of a FEM approach. The element computations required 
for a VE are in general slightly more expensive than for a FE. However, order one quadrilateral VEs are perfectly compatible with 
bilinear FEs, and far from the region of the expected propagation, VEs can be conveniently replaced by FEs.

The situation is different in the case that more than one crack is nucleated. Multiple cracks can be treated in the same way as 
long as they do not intersect, while crack branching and/or coalescence would require a dedicated procedure.

Extension of the proposed splitting strategy to the 3D case is in principle possible, by considering polyhedral VEs. Additional 
difficulties have however to be expected for the geometrical description of the propagating fracture plane in view of the increased 
number of cases to be considered, due to the higher dimensionality of the space.

6. Hourglass stabilization

As shown in the previous Section, with the considered element split strategy crack propagation in an initial mesh of regular 
quadrilateral elements produces a number of 7-node and 9-node VEs of arbitrary shape. Based on the discussion on self-stabilization 
at the end of Section 4.3, though the initial quadrilateral elements are stable, the newly generated 7-node and 9-node VEs are not 
so and need be stabilized. To this purpose, a possibility is to modify the strain model in the interested VEs, considering higher 
order polynomials and, hence, a higher number of strain parameters ε̂. The drawback of this approach is that it would lead to a 
heterogeneous strain modeling across elements, with a locally higher computing cost due to the higher order polynomial terms that 
need be integrated in matrix A  in (35). This would also imply a heterogeneity, difficult to justify, among neighboring elements in the 
stress-smoothing process that will be discussed in the next Section 7 for the computation of the stress state at the fictitious crack tip. 
As an alternative to this approach, the stabilization proposed in [32] for constant strain models is here adapted to the linear strain 
model considered in the present work, by using a quadratic displacement field to define the rigid and pure deformation modes. The 
resulting mesh will be made of self-stabilized elements, with some initially self-stable elements that have to be stabilized after being 
crossed by the crack. As long as the same strain model is used in all elements, this is not a problem since hourglass stabilization 
does not compromise the element performance and the stabilized element is convergent with the same order of convergence of the 
self-stabilized one. It is usually preferred to avoid stabilization because of the need to choose artificial stabilization parameters. 
10 
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However, the possibility of significant activation of an hourglass mode practically vanishes when the element is embedded in a 
mesh of stable elements, as it is the case considered here. Moreover, the fact that the virtual element is initially self-stable reduces 
the number of possible hourglass modes, further mitigating the problem.

The basic idea is to define first the hourglass modes 𝐮̂𝐻 , i.e. the 𝑛𝐻  independent combinations of nodal displacements spanning 
the kernel of the consistent stiffness matrix 𝐊𝑐 , then to add some artificial stiffness to them. This implies deriving the 𝑛𝑢 × 𝑛𝑢, with 
𝑛𝑢 > 12, hourglass matrix 𝐇 such that 

𝐮̂𝐻 = 𝐇𝐮̂ (38)

 To this purpose, the vector of nodal displacements 𝐮̂  is expressed in terms of natural parameters 𝐩̂𝐷+𝑅 and 𝐩̂𝐻 , where the superscript 
𝐷 + 𝑅 denotes pure Deformation + Rigid body modes and 𝐻 denotes Hourglass modes: 

𝐮̂ = 𝐮̂𝐷+𝑅 + 𝐮̂𝐻 = 𝐓𝐷+𝑅𝐩̂𝐷+𝑅 + 𝐓𝐻 𝐩̂𝐻 (39)

 In (39), 𝐓𝐷+𝑅 is a matrix whose 𝑛𝑢 − 𝑛𝐻  columns represent combinations of nodal displacements defining pure deformation and 
rigid body modes, while 𝐓𝐻  is the matrix whose 𝑛𝐻  columns define hourglass modes, with (𝐓𝐷+𝑅)𝑇𝐓𝐻 = 𝟎. From (38), one also 
has that it must be 𝐇𝐮̂𝐷+𝑅 = 𝟎. Multiplying 𝐮̂  in (39) from the left by (𝐓𝐷+𝑅)𝑇 , one has 

(𝐓𝐷+𝑅)𝑇 𝐮̂ = (𝐓𝐷+𝑅)𝑇𝐓𝐷+𝑅𝐩̂𝐷+𝑅 (40)

 Solving for 𝐩̂𝐷+𝑅, replacing in (39) and solving for 𝐮̂𝐻 , one finally obtains: 

𝐮̂𝐻 = 𝐮̂ − 𝐓𝐷+𝑅𝐩̂𝐷+𝑅 = {𝐈 − 𝐓𝐷+𝑅 [

(𝐓𝐷+𝑅)𝑇𝐓𝐷+𝑅]−1 (𝐓𝐷+𝑅)𝑇 }
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐇

𝐮̂ (41)

 The hourglass matrix H  is therefore known once 𝐓𝐷+𝑅 is known.
In the standard 𝑘 = 1 VEM, a 𝑘−1 (i.e., constant) strain model is adopted, so that a linear displacement field completely defines 

the strains through linear compatibility, while the other unknown functions contained in 𝐍𝑢 are responsible for the hourglass modes 
(see [32] for the stabilization in this case). In the present case, the strain field in (36) is linear, with 𝑛𝜀 = 9. In an element with seven 
nodes, such as the element 𝐸1 in Fig.  3(b) containing the mathematical crack tip 𝑂, one has 𝑛𝑢−𝑛𝜀 = 14−9 = 5 > 3 and the element 
must be stabilized. Since the strains are linear, they are completely defined through compatibility by a quadratic displacement field 
of the type 

𝐮ℎ𝐷+𝑅(ξ) = 𝐍2(ξ)𝐩̂𝐷+𝑅, with 𝐍2(ξ) =
[

1 0 𝜉 0 𝜂 0 𝜉2 0 𝜉𝜂 0 𝜂2 0
0 1 0 𝜉 0 𝜂 0 𝜉2 0 𝜉𝜂 0 𝜂2

]

(42)

 The same displacement field can be imagined to be defined by a matrix of virtual shape functions 𝐍𝑢(ξ) multiplying the nodal 
displacements 𝐮̂𝐷+𝑅, defining pure deformation and rigid body modes, so that one can write 

𝐮ℎ𝐷+𝑅(ξ) = 𝐍2(ξ)𝐩̂𝐷+𝑅 = 𝐍𝑢(ξ)𝐮̂𝐷+𝑅 = 𝐍𝑢(ξ)𝐓𝐷+𝑅𝐩̂𝐷+𝑅 ⇒ 𝐍2(ξ) = 𝐍𝑢(ξ)𝐓𝐷+𝑅 (43)

 Since the shape functions in 𝐍𝑢 in (43) by definition take value 1 in their reference node, i.e. 𝐍𝑢(ξ𝑖) = 1, ξ𝑖 being the coordinates 
of the 𝑖−th node, and 0 in all the other nodes, the relation in (43) provides a straightforward way to compute 𝐓𝐷+𝑅 and, hence, H
from (41), by evaluating (43) at the element nodes. For instance, at node 1 one has 

𝐍2(ξ1) =
[

1 0 𝜉1 0 ... 𝜂21 0
0 1 0 𝜉1 ... 0 𝜂21

]

=
[

1 0 0 0 ... 0 0
0 1 0 0 ... 0 0

]

𝐓𝐷+𝑅 (44)

 This expression provides the first two rows of 𝐓𝐷+𝑅. The other rows can be computed similarly by evaluating 𝐍2 at the other 
nodes. The resulting 𝐓𝐷+𝑅 matrix has 12 columns, each column defining one of the 9 pure deformation modes corresponding to the 
adopted linear deformation model, or one of the three rigid body modes.

Once 𝐓𝐷+𝑅 and H  have been computed, the element consistent stiffness matrix 𝐊𝑐
𝑒 is stabilized by adding a stabilization stiffness 

matrix 𝐊𝑠
𝑒 defined as (see [38]) 

𝐊𝑠
𝑒 = 𝐇𝑇

𝑒 𝚲𝑒𝐇𝑒 (45)

 with (see [38]) 

𝚲𝑒 = diag [𝚲]𝑖𝑖 = diag
[

max
{

[

𝐊𝑐
𝑒
]

𝑖𝑖 ,
1
9
tr
(

𝐃𝑒𝑙)
}]

(46)

 In the equilibrium Eqs. (32), the assembled 𝐊𝑠 is then added to 𝐊𝑐

(𝐊𝑐 +𝐊𝑠)𝐮̂ − 𝐅𝑐𝑜ℎ([[𝐮̂]], 𝐷𝑛, 𝛥𝐷) = 𝐅𝑒𝑥𝑡 (47)

 This procedure can be used for the stabilization of any 2D VE with 𝑘 = 1, 𝐍𝜀(ξ) defined by complete linear polynomials (i.e. with 
𝑛 = 9), and with a number of nodes ≥7.
𝜀
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Fig. 4. VE patch containing the current mathematical crack tip.

7. Implementation of crack propagation algorithm

7.1. Crack propagation criterion

Following a common criterion, crack propagation is assumed to occur initially in mode I, i.e., when the maximum principal stress 
at the current mathematical crack tip exceeds the cohesive strength 𝑇𝑀 . Accordingly, the propagation takes place in the direction 
orthogonal to the maximum principal stress direction. The following operations are then carried out within the considered time 
step.

• At time 𝑡𝑛, the current position (𝑥𝑛𝑂 , 𝑦𝑛𝑂) of the mathematical crack tip 𝑂 is assumed to be known. A new load increment is 
assigned and a trial solution with the current crack configuration is computed, assuming that no propagation takes place in 
the time step and solving the nonlinear problem defined in (47).

• The maximum principal stress 𝜎𝑚𝑎𝑥 at the mathematical tip of the existing cohesive crack is computed and compared to 𝑇𝑀 .

– If 𝜎𝑚𝑎𝑥 > 𝑇𝑀 , then a crack increment 𝛥𝑎 is prescribed in the direction normal to the direction of 𝜎𝑚𝑎𝑥.
– If 𝜎𝑚𝑎𝑥 ≤ 𝑇𝑀 , then no propagation occurs in the considered time step, a new load increment is assigned and a new trial 
solution is computed.

• In the case that 𝜎𝑚𝑎𝑥 > 𝑇𝑀  at the current mathematical crack tip, the mesh is updated, integrating the new crack increment 
𝛥𝑎 in the existing mesh, by using the VE split strategy described in Section 5.

• A new solution is computed iteratively solving the nonlinear problem (47) for the updated crack configuration.

7.2. Computation of max principal stress at crack tip position

As illustrated in the previous subsection, both the crack propagation criterion and the direction of propagation are based on 
the accurate determination of 𝜎𝑚𝑎𝑥. The adopted linear modeling of the element strain field and, through (25), of the stress field, 
allows for a higher order accuracy in the stress computation within the element. It should be noted that while in the VE interior 
displacements are unknown, the stress and strain fields are known everywhere in the element, thanks to their independent modeling 
(33). The stress field resulting from (33)2 is however discontinuous across elements. A smoother, more accurate stress field in the 
element containing the current mathematical crack tip, to be used in the crack propagation criterion, is obtained by the following 
procedure. 

• Define the patch 𝛺̄𝑒 of the element containing the current mathematical crack tip and of its neighbor elements (Fig.  4).
• For all the elements 𝑒 in the patch 𝛺̄𝑒:

– After the nodal displacements 𝐮̂  have been computed, compute the strain parameters ε̂ = 𝐂𝐮̂ for all the elements in the 
patch 𝛺̄𝑒.

– Compute the stress components at the element integration points ξ ∈ 𝛺̄  : σℎ(ξ ) = 𝐃𝑒𝑙𝐍 (ξ )ε̂.
𝑔 𝑒 𝑒 𝑔 𝜀 𝑔
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Table 1
Wedge Splitting Test. Mechanical parameters of bulk and cohesive materials.
 Parameters Symbol Value  
 Young modulus of bulk material 𝐸 25200 MPa 
 Poisson ratio 𝜈 0.2  
 Fracture energy 𝐺𝑐 0.1 N∕mm  
 Maximum traction stress 𝑇𝑀 3.3 MPa  
 Maximum opening of the cohesive interface 𝑊 𝑈 0.061 mm  

– Using (26), compute the stress parameters σ̂𝑒 =
∑𝑛𝑔

𝑔=1 𝛺𝑒𝐍𝑇
𝜀
(

ξ𝑔
)

σℎ𝑒
(

ξ𝑔
)

𝑤𝑔 , where 𝑛𝑔 is the number of element integration 
points of the considered element 𝑒 and 𝑤𝑔 are the integration weights at the same point.

– Compute the stress σℎ𝑒 (ξ𝑎) at the nodes of the element containing the crack tip: σℎ𝑒 (ξ𝑎) = 𝐍𝜎ℎ𝑒
(ξ𝑎)σ̂𝑒, where ξ𝑎 denotes 

nodal coordinates.

• At each node of the element containing the crack tip, compute the average σ̄(ξ𝑎) of the nodal stresses of all elements in the 
patch sharing that node.

• For the element containing the crack tip, compute the modified stress parameters ̂̄𝜎 by a linear projection, based on the 
averaged nodal values σ̄(ξ𝑎), minimizing the difference 

min
̂̄𝜎

=
𝑛𝑛𝑜𝑑𝑒𝑠
∑

𝑎=1

[

𝐍̄𝜎 (ξ𝑎) ̂̄𝜎 − σ̄(ξ𝑎)
]𝑇 [

𝐍̄𝜎 (ξ𝑎) ̂̄𝜎 − σ̄(ξ𝑎)
]

(48)

 where 𝑛𝑛𝑜𝑑𝑒𝑠 is the number of the element nodes and 𝐍̄𝜎 (ξ) = 𝐍𝜀(ξ) has been set, with 𝐍𝜀(ξ) defined in (36).
• Compute the smoothed stress σ̄(ξ𝑂) at the mathematical crack tip, to be used in the crack propagation criterion: σ̄(ξ𝑂) =
𝐍̄𝜎 (ξ𝑂) ̂̄𝜎.

8. Numerical tests

Based on the proposed self-stabilized VEM incorporating a crack propagation model, five numerical tests taken from the literature 
are carried out to investigate the method performance and accuracy. In the first two tests, the results of the VEM numerical 
simulations are compared with the results obtained with two popular numerical techniques, namely an X-FEM approach for a mode-I 
splitting test (see Section 8.1), and a phase-field approach to fracture for the simulation of a mode-II shear test (see Section 8.2). In 
the remaining three tests, the results of the VEM numerical simulations are compared with the experimental results of three mixed-
mode crack propagation tests involving an L-shaped panel test (Section 8.3) and two three-point bending tests with an off-centered 
notch placed in two different positions (Section 8.4).

8.1. Wedge splitting test

A mode-I wedge splitting test with the geometry and boundary conditions shown in Fig.  5 (units are in mm) is considered first. 
The wedge splitting experiment in [39] was intended to test the fracture toughness of concrete materials. The specimen has an 
initial crack length of 115 mm. Opening vertical displacements are applied symmetrically at the two wedge edges, and the center 
point of the right edge is fixed both horizontally and vertically. The crack mouth opening displacement (CMOD) is measured at the 
mouth of the initial notch. The specimen has been initially discretized by 6622 elements of typical size ℎ𝑒 = 2.5 mm. The element 
in front of the initial crack tip is a 5-node rectangular element, while the other elements are regular 4-node quadrilateral elements 
( Fig.  6). The hanging node at the middle of the left edge of the 5-node element (in red in Fig.  6) is the initial crack tip node. The 
mode-I crack propagation path is rectilinear due to the symmetry of boundary conditions and applied displacement load. During 
crack growth, the crack will propagate through the elements interior, dividing them into two parts and generating new elements.

In order to compare with the results of an X-FEM approach, the material parameters used in [26] have been adopted for the 
simulations. The bulk material is linear elastic, with Young’s modulus 𝐸 = 25200 MPa and Poisson ratio 𝜈 = 0.2. The parameters of 
the cohesive model are: fracture energy 𝐺𝑐 = 0.1 N/mm, maximum traction 𝑇𝑀 = 3.3 MPa and maximum opening of the cohesive 
interface 𝑊 𝑈 = 0.061 mm (see Table  1). Since the specimen has a thickness of 97 mm, plane strain conditions are assumed. A 
mixed-mode coupling coefficient 𝛽 = 1 is assumed. A total displacement of 0.23 mm per wedge side (0.46 mm of crack mouth 
opening), with a prescribed increment 𝛥𝐮̄ = 0.005 mm per side at each time step, is imposed. A crack increment 𝛥𝑎 = 3∕4𝑙𝑒, where 
𝑙𝑒 is the average length of the element edge, is imposed at each time step if the crack propagation criterion is satisfied.

During propagation, the crack goes through the original mesh, cutting the elements located along the crack path. As depicted 
in Fig.  7(a), node A represents the old crack tip, node B is the new crack tip after propagation, and the dashed red line AB is 
the increment 𝛥𝑎 of the crack path. During this process, the old crack tip node A is duplicated (A’ is the new node), and two new 
intersection nodes C and C’ are created between the crack edge and the edge of the old element, as shown in Fig.  7(b). The crack 
increment AB separates the old element into two 5-node elements and the new element containing the new crack tip becomes 
a 7-node non-convex element, where node B coincides with the new crack tip position. For this wedge splitting test, the obtained 
crack path is almost perfectly straight. The computed reaction force and prescribed CMOD are plotted in Fig.  8. The VEM numerical 
results are in good agreement with the numerical results in [26], obtained by an X-FEM modeling of the displacement discontinuity 
with the same material parameters.
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Fig. 5. Wedge Splitting Test. Geometry (mm) and boundary conditions. 𝑡ℎ denotes specimen thickness.

Fig. 6. Wedge Splitting Test. Finite element mesh and detail of crack tip region.

Fig. 7. Wedge splitting test. Element split procedure and crack propagation through the elements.

8.2. Single edge notched specimen under shear

The single edge notched (SEN) specimen under shear test is analyzed for comparison with a phase-field numerical approach to 
the simulation of mode-II crack propagation. The geometry of the specimen is shown in Fig.  9. The dimension of the single edge 
notched specimen is 2 × 2 × 1 mm with a 1 mm original notch. The bottom edge of the specimen is completely constrained in both 
horizontal and vertical directions. A rightward horizontal displacement is applied at the top edge, while its vertical displacement is 
constrained to be zero. The specimen is discretized by 8670 elements, with a typical element length ℎ = 0.0125 mm of the refined 
𝑒
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Fig. 8. Wedge splitting test. Reaction force vs. CMOD. Comparison of VEM results with XFEM [26] numerical results.

Fig. 9. SEN specimen under shear. Geometry (mm) and boundary conditions.

mesh, 1/2 of the length ℎ𝑒 = 0.025 mm in the region with the coarse mesh. The mechanical parameters for the bulk material and 
the cohesive model are displayed in Table  2. 𝛽 = 0.7 is assumed for the coupling coefficient of the cohesive model. A constant 
crack increment 𝛥𝑎 = 0.025 mm is prescribed with a horizontal displacement increment 𝛥𝐮̄ = 0.0003 mm. Plane strain conditions are 
assumed.

The crack path predicted by the proposed linear-strain self-stabilized VEM model is displayed as the red curve in Fig.  10, while 
the black curve corresponds to the crack path produced by the Phase-Field Model (PFM) in [40]. The results obtained by the two 
methods are in good agreement. The details of the element split and crack path in a zoomed region of the VEM model are shown 
in Fig.  11.

The predicted reaction force-top displacement curve is plotted in Fig.  11, where it is compared with the numerical results based 
on the PFM (see [40]). The PFM crack path is a graphical approximation of the results in [40], since the PFM produces a damage 
localization band and not a discrete discontinuity. At the beginning, the mechanical response is linear elastic. Before the response 
15 
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Table 2
SEN specimen under shear. Mechanical parameters of bulk material and cohesive model.
 Parameters Symbol Value  
 Young modulus of bulk material 𝐸 210000 MPa 
 Poisson ratio 𝜈 0.3  
 Fracture energy 𝐺𝑐 2.7 N∕mm  
 Maximum traction stress 𝑇𝑀 650 MPa  
 Maximum opening of the cohesive interface 𝑊 𝑈 0.0046 mm  

Fig. 10. SEN specimen under shear. Comparison of crack path obtained by the VEM (red curve) and by the PFM (black curve approximating the damage 
localization band). The zoomed-in box shows details of element splitting due to crack propagation.

Fig. 11. SEN specimen under shear. Reaction force vs. imposed displacement obtained by the VEM (red curve) and by the PFM (black curve) in [40].  (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

peak is achieved, there is a slight drop of the elastic modulus. During this stage, the process zone continuously expands. After the 
peak, the reaction force decreases due to crack propagation. The computed reaction-displacement curve is in good agreement with 
the one in [40].

8.3. L-shaped panel test

A classical test with mixed-mode crack propagation in an L-shaped concrete panel [41] is simulated. The geometry and boundary 
conditions are shown in Fig.  12, with 𝐿 = 500 mm, 𝐿1 = 220 mm and a thickness of 100 mm. The bottom edge of the concrete panel 
is constrained both horizontally and vertically. An upward vertical displacement is applied at a point distant 30 mm from the right 
edge of the panel, while the displacement in the horizontal direction is free at the same point. Initially, the panel is discretized by 
16 
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Fig. 12. L-shaped panel test. Geometry and boundary conditions.

Fig. 13. L-shaped panel test. Mesh and computed crack path.

7275 elements of two different sizes, as shown in Fig.  13, where the red curve represents the numerical crack path obtained with the 
proposed VEM. The region where the crack is expected to propagate is meshed by fine elements, initially of 4 nodes each, of 2 mm 
edge length, while the area far from the center of the panel is meshed by coarse 4-node elements of 10 mm edge length, to improve 
the computational efficiency. It is worth noting that the mesh transition from coarse to fine elements is modeled straightforwardly 
by the VEM, by defining quadrilateral transition 8-node VEs, with 2 nodes per each of three edges and 6 nodes on the edge on the 
transition line. The edge with six nodes is shared by five fine 4-node elements. As soon as the crack starts to propagate, the mesh 
is updated according to the element split strategy described in Section 5 to accommodate the evolving displacement discontinuity 
within the existing mesh.

The used material parameters for the linear elastic bulk material and for the linear softening cohesive law, listed in Table  3, 
have been calibrated on the experimental curves in [41] (see also [42]). A coupling coefficient 𝛽 = 1 has been adopted for the 
cohesive model. Plane stress conditions have been assumed. A crack increment 𝛥𝑎 = 3∕2𝑙𝑒, with 𝑙𝑒 = 2 mm, is imposed at each time 
step when the crack propagation criterion is satisfied, and 𝛥𝐮̄ = 0, 0075 mm.
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Table 3
Mechanical parameters of bulk material and cohesive model in the L-shaped panel test.
 Parameters Symbol Value  
 Young modulus of bulk material 𝐸 18000 MPa  
 Poisson ratio 𝜈 0.18  
 Fracture energy 𝐺𝑐 0.075 N∕mm 
 Maximum traction stress 𝑇𝑀 2.6 MPa  
 Maximum opening of the cohesive interface 𝑊 𝑈 0.058 mm  

Fig. 14. L-shaped panel test. Comparison of numerical crack propagation paths with experimental results [41]: red curve = present VEM with initially self-
stabilized elements (linear strains); green curve = standard stabilized VEM (constant strain); blue curve = Meshless Method [42].  (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)

The crack path based on the linear strain model (36) is shown in Fig.  13 (red curve). The obtained crack propagation trajectory 
is contained within the envelope of experimental crack propagation trajectories [41] and is compared with the numerical results 
(dashed blue curve) computed by a combined meshless-FEM approach in [42], as shown in Fig.  14. In addition, results obtained 
with the standard stabilized VEM with constant (instead of linear) strains, hourglass control, and the same nodal smoothing strategy 
are shown in the same figure (green curve). It can be observed that the proposed VEM based on the linear strain model (red curve) 
predicts a more accurate crack path than the one of the standard VEM with a constant strain model (green curve). For this latter case, 
the green curve shows that in an initial stage the crack grows smoothly, while in a later stage the path exhibits strong oscillations, 
with a premature stop due to lack of convergence. This is consistent with what has been observed for a similar type of standard 
VEM in [25].

The reaction force–displacement curve is shown in Fig.  15. The curve based on the linear strain VEM models is compared to 
the experimental ones [41], to the numerical results in [42] obtained by a meshless approach, and to the results obtained with a 
standard constant strain VEM with hourglass control. The reaction force response is linear elastic in the initial stage, with a rather 
steep softening branch after the peak. The red curve predicted by the VEM with linear strains fits fairly well the experimental results, 
while the green curve, relative to the standard VEM with a constant strain model and hourglass stabilization, overestimates the peak 
response and soon stops in the decreasing stage because of lack of convergence.

To investigate the robustness of the approach with respect to variations of the mesh size and of the crack increment size 𝛥𝑎, two 
parametric studies have been conducted. In the first case, the refined region of the L-shaped panel has been meshed with elements 
of different lengths of 4 mm, 3.33 mm, 2.5 mm, 2 mm, and 1.67 mm, with a total number of 2499, 3675, 5250, 7275 and 9750 
elements, respectively, and with the same crack increment 𝛥𝑎 = 4 mm. The results in terms of reaction force vs. displacement are 
plotted in Fig.  16. In the second parametric test, the same mesh with elements of average edge length ̄𝑙𝑒 = 2 mm in the refined region 
has been tested with crack increment lengths 𝛥𝑎 of 2𝑙𝑒, 3∕2𝑙𝑒, 𝑙𝑒, and 3∕4𝑙𝑒. The results in terms of reaction force vs. displacement 
are plotted in Fig.  17. It can be observed that the obtained responses are almost completely insensitive to the considered variations 
of mesh size and crack propagation increments, confirming the method robustness.
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Fig. 15. L-shaped panel test. Reaction force vs. displacement. Comparison of VEM numerical results with experimental results [41]: red curve = present VEM 
with initially self-stabilized elements (linear strains); green curve = standard stabilized VEM (constant strains); blue curve = Meshless Method [42]; black curves 
= experimental.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. L-shaped panel test. Reaction force vs. displacement responses for varying element lengths and constant crack propagation increment 𝛥𝑎 = 4 mm.

8.4. Three-point-bending tests with off-centered initial notch

Two three-point-bending tests of a simply supported specimen with off-centered initial notches experimentally tested in [43] are 
considered as the second type of mixed-mode crack propagation problem. The geometry and boundary conditions of the notched 
specimen are shown in Fig.  18. The length of the specimen is 𝑆 = 304.8 mm, the width 𝑊 = 76.2 mm and the thickness 28.6 mm. 
The length of the initial notch is 25.4 mm. The distance between the initial notch and the specimen midspan is 𝛼𝑆, where 𝛼 is the 
off-center ratio. To investigate the effect of the initial notch location, two different off-center ratios of 1∕6 and 1∕4 are considered. 
The two ends at the bottom of the notch specimen are supported and fixed vertically, while they are free horizontally. At the top 
midspan, a vertical displacement is applied and at the same time its displacement is fixed in the 𝑥 direction. Initially, the notched 
specimen with the off-centered ratio 1∕6 is meshed with 13528 4-node elements and the one with the off-centered ratio 1∕4 with 
14440 4-node elements, of tipical size ℎ𝑒 = 2 mm.

The mechanical parameters of the linear elastic bulk material and of the linear softening cohesive model are listed in Table 
4. The coupling coefficient of the cohesive model is 𝛽 = 1. The prescribed crack propagation and displacement increments are 
𝛥𝑎 = 2 mm and 𝛥𝐮̄ = 0.005 mm, respectively. Plane strain conditions are assumed.

The crack paths predicted in the two considered cases based on the proposed VEM model are shown by the red curves in Fig.  19 
and are in good agreement with the experimental results in [43] (black curves). To prevent possible instabilities due to snap-back 
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Fig. 17. L-shaped panel test. Reaction force vs. displacement curves for different crack increment length 𝛥𝑎 and constant mesh size.

Fig. 18. Three-point-bending test with off-center notch. Specimen geometry and boundary conditions.

Table 4
Three-point-bending test with off-center notch. Mechanical parameters of bulk material and 
cohesive model. 
 Parameters Symbol Value  
 Young modulus of bulk material 𝐸 32800 MPa 
 Poisson ratio 𝜈 0.18  
 Fracture energy 𝐺𝑐 0.08 N∕mm 
 Maximum traction stress 𝑇𝑀 2.8 MPa  
 Maximum opening of the cohesive interface 𝑊 𝑈 0.057 mm  

responses, the experimental tests have been conducted in a closed-loop testing machine with control of the Crack Mouth Opening 
Displacement (CMOD). The computed reaction force vs. CMOD curves for the two bending tests are plotted in Fig.  20. Also in 
this case, very good agreement with the experimental results in [43] has been achieved up to the peak response, while the initial 
softening branch is less accurate. This is probably due to the linear softening model used. The experimental initial softening branch 
is very steep, even in a Force-CMOD representation, becoming less steep in the final stage of failure. This type of response is difficult 
to reproduce with a cohesive model with a constant softening slope, as the one used here.

9. Conclusions

A numerical method for the simulation of mixed-mode cohesive crack propagation in 2D isotropic solids, based on the Virtual 
Element Method (VEM), has been proposed. The main novel contributions of the present work can be summarized as follows.
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Fig. 19. Three-point-bending test with off-center notch. Crack paths for different off-centered ratios: (a) 𝛼 = 1∕6 and (b) 𝛼 = 1∕4. Red curve = VEM results; 
black curves = experimental results.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 20. Three-point-bending test with off-center notch. Reaction force vs. CMOD for different off-centered ratios: (a) 𝛼 = 1∕6; (b) 𝛼 = 1∕4. Red curve = VEM 
results; black curves = experimental results.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 
article.)

• The proposed formulation is based on a consistent incremental finite-step version of Hu–Washizu variational principle incor-
porating the energy contribution of a linear softening mixed-mode cohesive crack model. The mixed variational formulation 
allows for an independent linear modeling of the strains. The stationarity conditions of the discretized functional are shown 
to return the problem governing equations, including the loading–unloading conditions for the cohesive model.

• A computationally inexpensive VE split strategy has been devised to accommodate the propagating cohesive crack increment 
into the VE mesh. Starting from a mesh of quadrilateral first-order VEs, new VEs with up to 9 nodes are generated. Linear 
cohesive interface elements are introduced between the newly created VE edges.

• Self-stabilized first-order VEs are used in the initial mesh. Self-stabilization is obtained by projecting the displacement gradients 
onto the assumed linear strain model. Upon crack propagation, the number of edges is increased in some VEs making them 
unstable. The new hourglass modes are stabilized by projecting displacements onto quadrilateral polynomials. Since the VEs 
were originally stable, the number of hourglass modes to be stabilized is smaller than in the standard VEM case.

• The adopted mixed-mode cohesive crack propagation criterion requires the stress evaluation at the mathematical cohesive 
crack tip. Better accuracy is achieved by exploiting the adopted linear strain modeling coupled to a stress smoothing procedure. 
The numerical tests have shown that more accurate predictions of the crack path in mixed-mode propagation can be obtained 
in this way.

• A number of reference numerical tests in mode-I, mode-II and mixed-mode, taken from the literature, has confirmed the 
accuracy and computational effectiveness of the proposed method. In particular, the beneficial role of the linear strain modeling 
in initially self-stabilized VEs has been assessed in comparison with the standard VEM.

In all the considered cases, accurate results have been obtained with a method simple to implement and computationally inexpensive. 
The propagating discontinuity is smoothly incorporated in the mesh by addition of nodes and edges to the interested elements, 
without touching the other elements and without caring about the distortion of the resulting new elements. This is possible because 
the VEs are almost completely insensitive to distortion (possible non-convex elements do not create problems) and can therefore take 
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any necessary shape without accuracy degradation. The possibility to define VEs with arbitrary number of nodes and edges can be 
conveniently exploited also to create the transition from a coarse to a finer mesh in the region where the propagation is expected, as 
shown in Section 8.3. Furthermore, unlike other methods, such as, e.g., Discontinuous-Galerkin approaches (see,e.g., [8–10]), in the 
VEM approach to fracture, a crack can propagate in any direction, not necessarily along element interfaces, and nodes are duplicated 
only in the elements crossed by the propagating crack, with only a minimal increase of the number of degrees of freedom. 

The propagation of a single dominant crack has been considered in the applications. In the case of fragmentation, with multiple 
cracks propagating simultaneously, or crack branching, other methods in which cohesive cracks can propagate along the cohesive 
interfaces already interposed between all adjacent elements would result more effective (see, e.g. [3,6,8]).

A number of possible future developments is listed below.

• A simple linear softening mixed-mode cohesive model has been used for the considered implementation. Incorporating other 
cohesive models into the proposed framework could provide more accurate results in the case of complex material behavior.

• The proposed simulation strategy has been tested only in a 2D framework. The extension to 3D with the use of polyhedral 
VES does not present difficulties from the formulation point of view, while some complications have to be expected for the 
geometrical treatment of the propagating fracture planes, which generate new VEs.

• When a self-stabilized VE is crossed by a crack, its number of edges is increased, and the VE may require the stabilization 
illustrated in this work. It could be worth considering the possibility to obtain another self-stabilized VE by projecting the 
displacement field onto a higher-order polynomial strain model. In view of the heterogeneity of the strain model across 
elements, this would also require to reconsider the smoothing strategy adopted to estimate the stress state at the fictitious 
crack tip.
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