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Abstract: We investigate the notion of quasi-invariant states introduced in [2] from
an analytic viewpoint. We give the structures of quasi-invariant states with uniformly
bounded cocycles. As a consequence, we can apply a Theorem of Kovacs and Sziics to
get a conditional expectation on fixed points and another of Stgrmer to get an invariant
semifinite trace under extra assumptions.

1. Introduction

Let (S, B) be a measurable space and G a group of x-automorphisms acting on S by
measurable transformation

seSr—gseS, ged.

A measure p on (S, B) is called G-quasi-invariant if the measures 1 o g and p are
absolutely continuous one with respect to the other.

Quasi-invariant measures are a much wider class than invariant, and that is why they
constitute the natural environment for the theory of dynamical systems and ergodic the-
ory. Therefore to develop a real quantum analogue of the classical theory of dynamical
systems, requires developing a theory of quasi-invariant states on general operator alge-
bras. Recently, in [2] the authors introduced the theory of quasi-invariant states under the
action of a group of x-automorphisms on a von Neumann algebra (or a -algebra). The
relationship between the group G and modular automorphism group, invariant subalge-
bras, ergodicity, modular theory, and abelian subalgebras is studied in [6]. Moreover, a
martingale convergence theorem for strongly quasi-invariant states is given in [7]. Fi-
nally, in [15], quasi-invariant actions are used in the setting of discrete quantum groups.
In particular, the main technical results in [15] is the computation of the Radon-Nikodym
cocycle for the action of the dual of SUg(2) on its Martin boundary with respect to the
canonical harmonic state defined by a quantum random walk.
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In this note, we wish to clarify the notion of G-quasi-invariant state under a nat-
ural boundedness assumption. The paper is structured as follows. First, we give the
structure of quasi-invariant states with uniformly bounded cocycle. Moreover, for G-
quasi-invariant states, we show that one can always spatially implement the action of G.
We further deal with a Theorem of Kovacs and Sziics. Then, we extend the main result
of Stgrmer in [20] to strongly quasi-invariant states with uniformly bounded cocycles.

2. Quasi-invariant States

We briefly review some definitions and properties of quasi-invariant states, respectively,
strongly quasi-invariant states with respect to a group of x-automorphisms on a von
Neumann algebra (cf [2]).

Let A be a von Neumann algebra and G be a group of normal *-automorphisms of
A equipped with its usual strong-topology.

Definition 2.1. A faithful normal state ¢ on A is said to be G-quasi-invariant if for all
g € G there exists x; € A such that

p(g(a)) = p(xga), ae A (2.1

We say that ¢ is G-strongly quasi-invariant if it is G-quasi-invariant and the Radon-
Nikodym derivatives x, are self-adjoint: x; = x,, g € G.

It is proved in [2] the following properties:
(i) When ¢ is G-quasi-invariant, the map g +— x, is a normalized multiplicative left
G-1-cocycle satistying
Xe = ]L xg2g| =xg]gf1(xg2)’ gla g2 € Ga (22)

and x, is invertible with its inverse

x =g ). (2.3)
Furthermore, for all « € A and g € G it holds
p(xga) = p(axy). (2.4)

(ii) If ¢ is G-strongly quasi-invariant, it holds that x, is positive invertible. It also holds
that x, commutes with x;, for all g,h € G. Hence the von Neumann algebra C
generated by {x, : ¢ € G} is commutative. It can be also easily shown that C is a
subalgebra of Centr(¢), the centralizer of ¢, which is defined by

Centr(p) := {x € A: ¢(xy) = ¢(yx) forall y € A}. (2.5)
Now we introduce the following lemma which plays a crucial rule later.

Lemma 2.2 ([19], 5.20. Lemma). Let ¢ be a positive form on a C*-algebra A and
a € A. If the linear form L, defined on A by L,¢(x) = ¢(ax) is positive, then

Lap(x) < lalle(x),

for all positive element x € A.
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Remark 2.3. If A is a von Neumann algebra and ¢, ¥ are two states on 4, we say that
@ is Y—absolutely continuous if ¥ (a*a) = 0 implies to ¢p(a*a) = 0 fora € A. We
say that ¢ and i are equivalent (¢ ~ ) if they are absolutely continuous one with
respect to the other. A state ¢ is G-invariant (resp. G—quasi-inavriant) if g o g = ¢ (resp.
pog ~ ¢)forall g € G.Indeed, if ¢ is as in Definition 2.1, then by Lemma 2.2 one has

o gla*a) = p(xga*a) < |Ixgllp(a*a), ¢(a*a) <|lx;'|lp o g(a*a),
Vg € G, Ya € A,

which proves that g o g ~ ¢ forall g € G.

3. Quasi-invariant States with Uniformly Bounded Cocycles

We will make the following assumption.
Assumption. Assume that there exists A > 0 such that

llxgll =2, VgeG. (A)

Since x, = 1, itis clear that A > 1. By (2.3), we also have ||xg_l | <A

Lemma 3.1. Under assumption (A), for any ¢ € G and any positive operator a € A

1 1
~9(@) = 9(xga) < Ap(@) and —¢(@) < p(ateg)") < Ap(@).

Proof. Letg € G anda € Abe apositive operator. Then by assumption (A) and Remark
2.3

0 < p(gla)) = p(xga) < ||xgllp(a) < rp(a).

Moreover, one has

p(a) = p(g~ ' (g(a))
= p(x,-1(g(a))
= llxg-1llo(g(a))

which proves that

1
p(g(a)) = p(a) > Xw(a)-

g 1]

Since ¢, = @ o g : a > @(xga) is a state, the linear form a +— (p(a(xg’l)*) =
o (xg_la(xg_])*) is positive. Then, for all a € A, we have

latrg ") = ¢la* (g %) = (g '@)*) = (g 'a) = L19(a)

thanks to the positivity of the above-mentioned linear form and ¢, and we can use Lemma
22 againas L -1¢ > 0. Similarly ¢ = Ly, (L -1¢) > 0 gives the last inequality. O
8 8

Our main result states that this assumption is equivalent to have an invariant normal
faithful state for the action. We borrow some ideas of [1].
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Theorem 3.2. If ¢ is a normal G-quasi-invariant state on A with cocycle x,’s satisfying
(A), then there exist a normal faithful G-invariant state  on A and a bounded operator
d € A such that

Y(a) = ¢(da), a € A

Conversely, if there exist a normal faithful G-invariant state ¥ on A and a bounded
invertible operator d € A such that for all g € G

V(a) = ¢(da), acA,
then ¢ is a normal G-quasi-invariant state on A with cocycle x,’s satisfying (A).

Proof. On A, define the linear map
[e(a) :=x,-18(a), ac€ A

Since g is normal and Xg-1 is bounded, it follows that I'y is o-weakly continuous.
Moreover, the maps I', satisfy the following properties:

(i) Forall g, h € G, 'y (xp) = Xpg—1- This is exactly (2.2).
(ii) Forall &, g € G, one has Iy, = I'yI'y,.
If a € A, computing with (2.2)

Len(a) = x(gpy-1 ghla)
= Xp-14-1 gh(a)
= x,18(xy-1)g(h(@)
= x,18(Th(@))
= e (Th(a)).

(iii) Forallg € G, 9o T’y = .
If a € A, easy computations give

P(Tg(@) = p(x,-18(@) = p(g~ ' (3(a) = p(a).

(iv) Forallg € Ganda,b € A, Ty(ab) = Ty(a)(xg—1)"'T4(b).
(v) Forallg e Ganda € A

(Tg(@)* = (xg-1) "' Ty (@) (xp-1)".

Let K be the o-weak closure of conv{xg}eec. Since the set {x;}gcc is uniformly
bounded, K is convex and compact with respect to the o-weak topology.
Moreover, by (i), I';(K) C K forall g € G.

Now define a continuous norm p on A by p(x) = ¢(xx*)!/?. Leta # b € K, thanks

to the second estimate in Lemma 3.1 applied to I'g(a — b)(I'g(a — b))* > 0 for g

1
P(Tg(@) = Tg(B)? = 5 9(Tg(a = b)(Tgla = b)) ((xg-1)"")").
Using the algebraic identities (v), (iv) and (iii)

M (Tg(a) = Tg(b))? = @(Tg(a — b)(xg-1) "' Tg((a — b)*))
= ¢([g((a—b)(a—b)")
=g¢((@—">b)a—5b") >0.
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Therefore I'g is non-contracting and by the Ryll-Nardzewski fixed point theorem
[17] there exists d € K such that I'g(d) = d,ie.d = xg_lg(d) for all g € G. Notice
that forall g € G, p(xy) = 1. Then forallx € K

o(x) = 1 = p(d).
It follows that the operator d is non zero. Define
¥(a) = ¢(da), ac€ A
Then forall g € G
¥ (g@) = ¢(dg(@) = p(s(s~ (D)) = p(xe8 ™' (D)a) = p(da) = ¥ (a)

which proves that ¥ is G-invariant. By Lemma 3.1 for any y € K, we have %(p <gpy<
Ag. In particular ¥ is faithful as ¢ is.
Conversely, let d be a bounded invertible element of .4 such that

Y(a) :=¢(da), ace A
is G-invariant. It follows that for all « € A, ¢(a) = ¥ (d"'a), and forall g € G
o(g(@) = ¥(d "ga)
= ¥(g(g~" @ Ha))

=y (g ' (d Na)
= o(dg~'(d Ha).

This proves that ¢ is G-quasi-invariant state with cocycle
xg =dg '(d™h). (3.1)
Since d is a bounded invertible operator, then for any g € G
g '@ @) = lld7"P? and dg~'@ '@ HHd* < [1dIP|ld I
It follows that for any g € G
xg P = llxgxi |l < [1dI11d ™|
Thus the family {x,}¢cc satisfies (A). O

Now, let ¢ be a normal faithful G-strongly quasi-invariant state on .A with cocycle

x,s satisfying assumption (A). Since x, is a positive operator, one has

X, <k VgeG.

Thanks to (2.3), this is equivalent to

1
Xg-1 = T Vg € G. (3.2)

Therefore it is clear that assumption (A) is equivalent to
1
X <xg <A, Vgeoai. (3.3)

As a consequence of Theorem 3.2, we prove the following.
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Theorem 3.3. ¢ is a normal faithful G-strongly quasi-invariant state with cocycle xg’s
satisfying (A) if and only if there exist a normal faithful G-invariant state ¥ and a
bounded positive invertible operator d € A such that for all g € G

V(a) = ¢(da), ac A
Moreover; in this case for all g € G, [d, g(d)] =0.

Proof. Since ¢ is a normal faithful G—strongly quasi-invariant state with cocycle x,’s
satisfying assumption (A) then by Theorem 3.2, there exist a normal faithful G-invariant
state ¥ and a bounded operator d € A such that forall g € G

Y(a) = ¢(da), ae€A.

Remember that from the proof of Theorem 3.2, K is the o-weak closure of conv{x,}¢ec
and the cocycle xg’s satisfy (3.3), it follows that d satisfies (3.3) and d is a positive
invertible operator in A. Notice that in this case x, = dg='@" = x; which is
equivalent to [d, g(d)] = 0.

Conversely, let ¥ be a normal faithful G-invariant state

Y(a) :=¢(da), ac A

for some normal state ¢ on A, where d is a positive invertible operator in .A such that
forall g € G, [d, g(d)] = 0. Then it is clear that ¢ is a normal faithful G—strongly
quasi-invariant state on A with cocycle xg = dg='d™") = x;,‘. Since d is a positive
invertible operator, it is clear that the cocycle xg,s satisfies (A). O

4. Unitary Implementation Associated to Quasi-invariant States

When ¢ is G-strongly quasi-invariant state on a von Neumann algebra A (for a given
action) with cocycle x,’s, it is proved in [2] that, in the GNS representation of ¢, there
exists a unique unitary representation of G implementing the action by conjugation.
We will recover it in this section and show that for G-quasi-invariant states, one can
always spatially implement the action of G (but we don’t know if the map g — Uy isa
representation). Note that in [10], it is showed that the group G has always a canonical
unitary implementation which is different to the one introduced here. In particular in
[Theorem 3.2, [10]], with the usual notation from there, the condition ugJ = Jug is not
satisfied in our case.

Let G be a group of normal x-automorphisms of a von Neumann algebra .4 and ¢ be
anormal G-quasi-invariant state on A with cocycle x/,s.

We will use Haagerup formalism in this section for the standard form of A as in
section II of [23], this will avoid heavy formulas. We denote by N the crossed product
A xg¢ R of A by the modular group o associated with ¢. We denote by 6 the dual
action of R on V. Then @ satisfies 65 (x) = x (s € R)iff x € A. Let t be the trace on N
such that T o 6y = et and denote by Lo(N, ) the space of T-measurable operators
x affiliated with /. Define for p = 1, 2

Ly(A) :={x € LoWN, 1)| 65(x) =e*/Px, s R}

There is an identification of A, with L1 (A) assigning a positive operator D, € L (A)
to a normal linear form y € A, (Proposition 15 [23]). The duality is defined through
the use of a trace-like functional tr : L{(A) — C with

(Dy, @)y 4), A =t(Dya) =y(a).
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Since ¢ is faithful state on A4, its density D, € L;(A) satisfies supp(D,) = 1 by
Proposition 4(2c) in [23]. Note that, by duality, G acts on L;(A) and we have

(8" Dy, a)r,(A), A = ¢(g(a)).

The space L, (A) is naturally a Hilbert space with scalar product (A, B) = tr(A*B).
Moreover, by Theorem 36 in [23], the GNS representation of (A, ¢) is the triple (A C
1/2
N, La(A), D).

Lemma 4.1. There exists a positive invertible operator ag in A such that

Dyog = D)/*azD)/* = x;D,. (4.1)

Proof. Since ¢ is normal G-quasi-invariant and for alla € A and g € G, ¢(xqa) =
(p(ax;), it follows that

8"Dy := Dyog = x;D(/, = Dyxg. 4.2)
On the other hand, for any positive operator a € A and any g € G, one has
¢(8(@) = r(Dyog a) = p(xa) = |Ixgllo(@) = |Ixl tr(Dy/>aDy/?).

By Theorem 7 [23], we have 0 < Doy < [|xgl|Dy. As Dy, has full support, there exists
a positive element a, of NV such that

1/2 2 n1/2
Dyog = D,/*azD,/>.

Considering the dual action yields that 6;(ag) = a, for all s € R and a, is a positive
operator in .A. Now, notice that by the proof of Lemma 3.1, ¢ < llxq-1]l ¢ o g. Hence
one gets

_ pl2 2p1/2
Dyog = D(p agD(p > aDy,
where o = [[x4-1 ||~!. This proves that a§ > «a and ag is invertible. m|

Actually, the equation xg Dy = Dy xg implies that x, sits in the domain of in and
0¥ (xg) = x3 (see Theorem 3.25 in [22]). In particular, xg sits in the domain of o’ P
and one can check that

a; = ¥ 15(xg). (4.3)
Now we prove the following.
Theorem 4.2. For all g € G, the map
Ug: ADy* C La(A) — La(A)
xD;)/2 —> g_l(x)D(i,/zag

extends to a unitary transformation on Ly (A) (still denoted by Ug). Moreover for any
xeA
UgxUg = g(x).
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Proof. Forall x, y € A, one has
(Ug(xDy/?), Ug(yDy/®) 1,4y = tr(agDy/* g~ (x) g~ () Dy/*ay)
= (D, *agDy/* e~ () e ()

= o(x*y)
= (xD,/%, yD/*) 1, 4)-

Since A D;,/ % is dense in L>(A), U, can be extended to an isometry on L>(A). Now, let
h € Ly(A) NRan(Uy)™ . Then, foralla € A

0= (h, Ug(aDy/»)p,4) = tr(h*g~ (@) D}/*ay) = tr(agh*s~" (@) D}/?).

Notice that A D(},/ % is dense in L>(A) and ay is invertible. Therefore, one gets agh™ = 0
and & = 0. Hence, U, is a unitary operator on L>(A).
Now, let x, y, z € A. Then, one has

(UFxUg(yDy/?), 2Dy/*) 1,4y = (xg 7 (0D ag, ¢~ () Dy ag) 1,4
= tr(ag D,/* (¢ (1) *x* ¢ 2) D}/ a,)
= p(y"g(x)*2)
= (g()yDy/%, 2D)*) 1, (4),

which proves that Ugx Uy = g(x). ]

In the setting of Theorem 3.2, we have that there exists an invertible a € A such
that Dy, = D;,/ ZazD;,/ *_ Thus there is a partial isometry v such that D:/ ? = va D;,/ 2
Since both operators have full support, v is unitary and we deduce that there exists an
invertible y € A such that D}/Z = yDé,/z. Thus we get Dy, = d*Dy, = yDyy*. As
above, we get that y* sits in the domain of afl. and afi (y*) = y~1d*. We conclude
that d* = yofi(y*). In the same way, let y, = g '(y~ 1)y for g € G, then one can

also check that y;* sits in the domain of 0; and that x} = y,0 %, (y).

Proposition 4.3. If ¢ is G-strongly quasi-invariant then g — U ; is a unitary represen-
tation of the group G.

Proof. Notice that if ¢ is G-strongly quasi-invariant, it is showed in [2] that the cocycle

Xg, & € G, are in the centralizer of ¢. Therefore by (4.3) it follows that ag =X, = x;

(i.e.a, = xé/z). Moreover from (4.2), one has

ag DY/ = D!V%a,
and hence forallx € A, g € G

- 1/2
Ug(xDé)ﬂ) =g l(x)xg/ Di,/z.
By using the cocycle property, for any g, & € G, x € A, one has
_ 1/2
UgUn(xDY?) = Ug(h™ (x)x,/* DY)

_ _ _ 2 2
= g7 0 (g () Dxy* DY = Ung(xDY/).

It follows that g > Uy = U

-1 1s a unitary representation of the group G. O O
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5. A Theorem of Kovacs and Sziics for Quasi-invariant States with Uniformly
Bounded Cocycle

By Theorem 3.2, if ¢ is a normal faithful G-quasi-invariant state on a von Neumann
algebra A with cocycle satisfying assumption (A), then there exist a normal faithful
G-invariant state ¢ on A and a bounded operator d € A such that forall g € G

Y(a) ;= ¢(da), ae€ A

Since v is a normal faithful G-invariant state on A, it follows from [8, Theorem 1] that
there exists a normal faithful G-invariant Umegaki conditional expectation ® : 4 — B,
where /5 is a sub-von Neumann algebra of .4, such that

V() = WIB)o®()

If moreover d is invertible, one gets

¢ = (pd)|B) o d@ ") (5.1)

Now, if ¢ is a G-strongly quasi-invariant state and if g + U is the unitary repre-
sentation of G defined by Theorem 4.2, we will show that the conditional expectation
@ in (5.1) can also be characterized by U,, g € G. Define

ug(a) := U;aUg =gla) VgeG VYacA (5.2)

Let E be the orthogonal projection onto the subspace of all§ € L, (.A) invariant under all
U,. We denote by B the set of fixed points of .A under the action of the automorphisms u,
g € G. Let Fy = [B'Ey] be the orthogonal projection onto span(3’ EgL;(A)). Finally,
let M be a Godement mean over G. The following result follows from a theorem of
Kovacs and Sziics (see [14] or [1] and [8, Theorem 1]).

Theorem 5.1. Assume that ¢ is a faithful normal G-strongly quasi-invariant state with
uniformly bounded cocycle (i.e. cocycle satisfying (A)). Then

(1) There exists a unique normal faithful G-invariant conditional expectation ® : A —
B. Moreover, ®(b) can be defined (equivalently) as
(i) the unique element of A such that ®(b)Ey = EobEy
(ii) the unique element of A such that

(&1, P(b)&2) = M{(§1, Uyp-1bUgé2)}

(2) A faithful normal state w on A is G-strongly quasi-invariant with uniformly bounded
cocycle if and only if there exists a positive invertible bounded operator d such that

w(.) = (w(d.)|B)odd ')

Proof. Let g isafaithful normal G-strongly quasi-invariant state with uniformly bounded
cocycle. By applying Theorem 3.3, there exists a bounded positive invertible operator d
and a state a G-invariant state ¥ such that

¥ (a) = g(da) = (d'?Dy/* ad'>D})*),a) Va € A
Remember that x; = dg='d " = x;. Moreover for all g € G

Ugdl/zD(:,/z _ gfl(dl/z)x;ﬂD;/z _ dl/zD(}/z.
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Let p be the orthogonal projection onto span(B'd!/ 2D(y 2). Then p € Band p < Fp.
Moreover, one has

W(p) = (d"?D)/*, pd"*D}/*) 1,4
_ (d]/ZD;/Z’ dl/zD;;/z)Lz(A)
=) =y() = 1.

Since  is faithful, p = I and F{y = I. Finally the results of the above theorem follows
from [8, Theorem 1]. O

Now we provide a commutative easy example of faithful normal G-quasi-invariant
state such that the cocycle is not uniformly bounded. Moreover, we show in this example
that there is no G-invariant conditional expectation.

Example. On A = L°°(R), define the state

1
otf) == [ LY

g R1+S2

ds.

The additive group R acts on .4 by translation:
T (f)(s) = f(s —1)

It is clear that ¢ is R-quasi-invariant state with bounded cocycle

1 +s2

XI(S) = m

The cocycle (x;); does not satisfy assumption (A) since ||x;|, ||x[1 | > 1+ 72 The
fixed point of the action are constant functions. Thus every conditional expectation @
on L°°(R) has to be of the form

Q(f) =v(NI (5.3)

for some normal state v. But there are no functions in L; that are R-invariant.
This example also shows that it seems unlikely to improve Theorem 3.2.

6. Strongly Quasi-invariant States and Semifinite Trace

In this section we extend the result developped by Stgrmer [20] to the case of strongly
quasi-invariant states with uniformly bounded cocycles. Given a semifinite von Neumann
algebra A, a group G of x-automorphisms is said to act ergodically on the center Z =
AN A of Aif F(G) N Z = C1, where F(G) is the set of the fixed points of G in A.

Theorem 6.1. Let A be a semifinite von Neumann algebra and let G be an amenable
group of x-automorphisms of A and assume that G acts ergodically on the center Z of
A. Suppose that ¢ is a faithful normal G-quasi-invariant state on A with cocycle x,’s
satisfying assumption (A). Then, there exists up to a scalar multiple a unique faithful
normal G-invariant semifinite trace T of A. Furthermore the density ¢ € L(A, t)* of
@ with respect to T satisfies

(¢ H*e) = CXg-1, x;c =cxg, Vg €QG, 6.1)

where (g7)* : L1(A, t) — L1 (A, 1) is the predual map of g~" on A.
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Proof. Under assumptions of the above theorem, it follows from Theorem 3.2 that there
exists a normal faithful G-invariant state . Applying [[20], Theorem 1] for v, there
exists up to a scalar multiple a unique faithful normal G-invariant semifinite trace t on
A.Letc € L1(A, 7)* be the density of ¢. For all a € A, we have

T((g7)*(©)a) = t(cg” (@) = ¢(g (@) = p(x,-10) = T(cx,-10).

This proves the first equality (6.1). For the second, note that for all a € A

T(cxga) = @ o gla) = ¢ o g(a*) = t(cxga*) = r(x;‘ca).
This implies that x;c = cxg in L1 (A, 7). O

Example. Taking again .4 = L*°(R) and G to be the ax + b group of all automorphisms
of A of the form m(, ) f () = f(at + D) for (a,b) € R* x R. Then G is amenable

(since it is solvable), it admits a cocycle for the state given by the measure %ﬁdl;

2
X(a,p)(t) = a;l-iét;ib))z that is not uniformly bounded. Moreover, one can check that the

fixed point algebra by G consists only in constant functions. Similarly, one also easily
sees that there are no measures on R invariant by G. Thus one cannot remove the
assumption (A) even in a commutative situation.
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