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Abstract we provide a sound theoretical framework for the characterization of randomly heterogeneous
spatial fields exhibiting multi-modal, long-tailed probability densities. Multi-modal distributions are at the core
of conceptual models employed to represent heterogeneity of hydrogeological or geochemical systems across
which one can otherwise distinguish diverse regions whose location is uncertain. Within each region, the
quantity of interest shows a distinct heterogeneous pattern that can be described through a generally non-
Gaussian distribution. Our analytical model embeds the joint formulation of the probability density of the target
variable and its spatial increments. The distributions of the latter scale with separation distance between
locations at which increments are evaluated. This feature is in line with documented experimental observations
of a variety of Earth system quantities. Our stochastic modeling framework integrates approaches based on
unimodal non-Gaussian fields described through a Generalized Sub-Gaussian model and (multi-modal)
distributions resulting from mixtures of Gaussian fields. These are recovered as specific instances within our
comprehensive formulation. We apply this framework to an experimental data set consisting of a collection of
dissolution rate fields obtained from high-resolution nanoscale measurements acquired through Atomic Force
Microscopy and documenting the dissolution behavior of a calcite sample under continuous flow conditions.
Our findings demonstrate the capability of our stochastic approach to elucidate key statistical traits and scaling
features inherent in the heterogeneous distributions of these types of environmental variables.

Plain Language Summary Spatially heterogeneous fields of hydrogeological or geochemical
quantities are typically distributed across distinct regions whose spatial arrangement within a given observation
area can be either deterministically known or affected by uncertainty. These scenarios are sometimes
represented through a class of approaches that rely on multi-modal distributions. These distributions emerge
when values of the specific physical property, which are linked to various sub-domains, are clustered within a
single population. When examining each of these regions separately, a variety of environmental variables
therein are often documented to exhibit marked non-Gaussian behaviors. These manifest through a pronounced
peak and heavy tails of the probability density of the target quantity and in the tendency of the frequency
distributions of associated spatial increments to change with the separation distance at which these are
evaluated. Our study introduces a detailed modeling framework that captures within a multi-modal distribution
these non-Gaussian traits. We then apply our theoretical formulations to experimental data. These consist of
spatial maps of dissolution rates evaluated from nanoscale measurements collected via Atomic Force
Microscopy imaging of a calcite sample undergoing dissolution under continuous flow.

1. Introduction

This study aims to develop a robust modeling framework for the characterization of randomly heterogeneous non-
Gaussian spatial fields that exhibit multi-modal and long-tail features in their probability density functions
(PDFs). The study is motivated by the observation that () non-Gaussian patterns are ubiquitously documented
for a wide variety of variables in the hydrological and hydrogeological context and () spatial fields encom-
passing regions associated with diverse and/or coexisting processes or system attributes are sometimes modeled
upon lumping available data as a unique sample population (see, e.g., Winter et al., 2003, and references therein).
The latter modeling approach is frequently employed, for example, to describe spatially heterogeneous distri-
butions of permeabilities of porous media whose internal geological architecture comprises diverse geomaterials,
each occupying a given region of the domain (e.g., Dai et al., 2004; Lu & Zhang, 2002; Massabd et al., 2008;
Zhang et al., 2013). Grouping together data associated with such diverse geomaterials, regardless of material
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category, yields a statistically homogenized conceptualization of the heterogeneous spatial distribution of the
property considered. The otherwise composite nature of the spatial distribution of geomaterials is then reflected
through a starkly multi-modal sample PDF of the spatially heterogeneous properties (Desbarats, 1987; Jour-
nel, 1983; Rubin, 1995; Rubin & Journel, 1991). A typical approach to modeling a given random function of
interest, Y(x) (x denoting a vector of spatial coordinates), exhibiting such multi-modal features is grounded on the
use of Gaussian mixtures. In this context, Y(x) is modeled as a sum of m = 1,...,M independent Gaussian
modes, Y,,(x), that are identified through a statistically homogeneous indicator random field (Rubin & Jour-
nel, 1991). Building upon this framework, Rubin (1995) derives theoretical formulations for the first two sta-
tistical moments (i.e., mean and variance) and for the covariance structure of a bimodal (i.e., M = 2) Gaussian
mixture. Lu and Zhang (2002) extend these formulations to embed a relationship linking the covariance of Y(x) to
a characteristic length associated with the observed spatial arrangement of the regions within which each of the
random fields constituting the modes of the mixture are distributed within the spatial domain. This modeling
framework has been further expanded by Siena et al. (2023). These authors provide analytical expressions for the
PDF of spatial increments (AY) of a bimodal Gaussian mixture (hereafter termed GMIX). Increments are defined
as differences of the variable of interest evaluated at spatial locations separated by a given (spatial) distance (or
lag), s, thatis, AY = Y(x) — Y(x + s).In this sense, the theoretical framework introduced by Siena et al. (2023)
goes beyond the developments of Rubin (1995) and Lu and Zhang (2002) due to its inclusion under a unified
theoretical framework of the behavior of Y, AY, and g—th order statistical moments associated with these two
quantities. As such, their formulation yields improved stochastic characterization of the main traits of the target
spatial random field through the joint analysis of ¥ and AY.

Such a conceptual picture relying on the assumption that each mode can be modeled as a Gaussian distribution
fails at accurately representing the stochastic behavior of Y in cases where any of the components of the mixture
exhibits non-Gaussian traits. Typical evidences of non-Gaussian behaviors of Earth-system quantities include (a)
the presence of sharp peaks and heavy tails characterizing their sample PDF and (b) a scaling tendency of the PDF
of their spatial increments. The latter element manifests through a dependence of the PDF of incremental values
on the lag at which increments are evaluated. These patterns are documented for numerous hydrological and
hydrogeological variables, including, for example, permeability (Painter, 1996; Riva et al., 2013), porosity
(Guadagnini et al., 2014, 2015; Painter, 1996), hydraulic conductivity (Guadagnini et al., 2013; Liu &
Molz, 1997; Meerschaert et al., 2004), electrical resistivity (Yang et al., 2009), soil and sediment texture
(Guadagnini et al., 2014), rainfall (Kumar & Foufoula-Georgiou, 1993), or sediment transport rate (Ganti
et al., 2009). The above-mentioned features can be captured by the Generalized sub-Gaussian (GSG) model
introduced by Riva et al. (2015). Such a theoretical model provides a joint description of the unimodal PDF of a
variable of interest that is conceptualized as a randomly heterogeneous non-Gaussian field within a given region
of a domain of interest as well as of its spatial increments evaluated therein. It embeds the Gaussian model as a
particular case. Recent studies document the remarkable ability of the GSG model to interpret statistical behaviors
observed across various spatial scales. Examples of application to a variety of spatial random fields include, for
example, gas permeability of limestone cores (Siena et al., 2019), neutron porosity of deep vertical boreholes
(Guadagnini et al., 2018), and (microscale) mineral surface roughness (Neuman et al., 2024; Stigliano et al., 2021)
and dissolution rates (Siena et al., 2021).

The distinctive objective of our study is to extend the GMIX model of Siena et al. (2023) to include non-Gaussian
modes described through the GSG model. The resulting Generalized sub-Gaussian Mixture (hereafter termed
GSG-MIX) model is highly flexible. It enables one to treat as a unique population a field composed by diverse
regions within which one can distinguish given system attributes and/or processes, each of these being charac-
terized by a non-Gaussian nature. Thus, the GSG-MIX model enables one to capture (i) multiple sharp peaks and
heavy tails of the sample PDF of the quantity of interest, together with (if) scaling behaviors of the PDF of
associated spatial increments. Our formulation is general and includes the above mentioned GSG and the GMIX
models as special instances. We also design an operational workflow for the estimation of parameters embedded
in the GSG-MIX model. The reliability of the latter is assessed upon relying on synthetically generated random
fields.

We then employ the GSG-MIX model to characterize the statistical behavior of a novel experimental data set. The
latter comprises a collection of spatially heterogeneous nanoscale dissolution rate maps evaluated from Atomic
Force Microscopy (AFM) imaging of a calcite sample in contact with a continuously flowing fluid and subject to
dissolution at far-from-equilibrium conditions. Our analysis yields an accurate characterization of spatially
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heterogeneous mineral dissolution rates. Acquiring this ability is key to model processes associated with chemical
weathering. The latter plays a major role in a variety of environmental and engineering scenarios as it drives, for
example, contaminant release/trapping in natural rocks (Heberling et al., 2014; Hovelmann et al., 2018; Julia
et al., 2023; Renard et al., 2018), changes in fracture aperture in deep reservoirs (Noiriel et al., 2007), or
effectiveness of geogenic carbon (Daval, 2018; Noiriel & Daval, 2017) and nuclear waste (Ewing, 2015) stra-
tegies. Advanced high resolution imaging techniques reveal the coexistence of several local mechanisms driving
the reaction across the mineral-fluid interface. The documented spatially heterogeneous strength of the actions of
these mechanisms prevents the use of modeling frameworks grounded on average (bulk) rate values to provide
accurate representations of material fluxes taking place at mineral-fluid interfaces (Liittge et al., 2013). In this
context, reliance upon a stochastic characterization of rate spectra, that is, sample PDFs of reaction rates, is
suggested as a way to capture the variety of processes underpinning dissolution kinetics and giving rise to the
intrinsic variability of observed rates (see, e.g., Bollermann & Fischer, 2020; Fischer et al., 2012, 2014). Typical
patterns documented for rate spectra include (i) long right tailing of the sample PDF (Bibi et al., 2018; Brand
et al., 2017); (i) sharp peaks and heavy tails of sample frequency distributions (Siena et al., 2021); (iii) a scaling
tendency of sample probability densities of associated spatial increments, their shape depending on the separation
distance at which increments are evaluated (Siena et al., 2021). Multi-modal traits of sample PDFs of reaction
rates, R, (Bollermann & Fischer, 2020; Fischer & Liittge, 2017; Recalcati, Siena, et al., 2024; Siena et al., 2023)
and their increments, AR, (Siena et al., 2023) are also documented when multiple processes contribute to drive the
reaction within the observation domain. Preliminary efforts to model rate spectra rely on Generalized Extreme
Value (GEV) (Brand et al., 2017; Emmanuel, 2014), GSG (Siena et al., 2021), and GMIX (Recalcati, Siena,
etal., 2024; Siena et al., 2023) models. Whereas each of these models can grasp some of the aspects characterizing
rate spectra, they do not incorporate all of them. The GEV formulation effectively captures tailing behaviors,
while failing at interpreting multi-modal traits. Moreover, it only provides a statistical description of R without
considering its spatial increments. Otherwise, the GSG model accurately describes the scaling behavior of AR and
non-Gaussian features (i.e., peak and tails) of the PDF of R. Otherwise, it does not account for multi-modal
attributes. Studies by Stigliano et al. (2021) and Neuman et al. (2024) document the effectiveness of the GSG
model to characterize surface roughness of a calcite sample subject to dissolution at near-to-equilibrium con-
ditions in the presence of a single mechanism driving mineral dissolution reaction. As opposed to the GEV and
GSG formulations, the GMIX model has the ability to characterize multi-modal traits of the PDF of R and scaling
tendencies of the PDFs of AR. However, Siena et al. (2023) observe some discrepancies between higher order
moments of R and AR based on observed data and their theoretical GMIX-based counterparts. They attribute these
differences to a possible non-Gaussian nature of the components of the mixture.

The GSG-MIX formulation we propose in this study offers a comprehensive conceptual and theoretical picture
enabling one to capture all of the above-mentioned traits associated with the statistical behavior of a given
variable and its spatial increments. Our study is structured as follows. Sections 2.1 and 2.2 illustrate our original
theoretical formulation of the GSG-MIX model for a variable and its associated spatial increments, respectively.
Section 2.3 presents the operational workflow tailored to the estimation of model parameters. Section 3 describes
our experimental settings. Modeling results are discussed in Section 4. Section 5 outlines our conclusions.

2. Statistical Modeling Framework

2.1. Generalized Sub-Gaussian Mixture Model

We consider Y(x) as a multi-modal spatial random field described according to (e.g., Lu & Zhang, 2002;
Rubin, 1995)

M
Y(x) = D 1, (X)Y,,(x), ()

m=l1

where M is the number of independent and mutually exclusive modes, Y,,(x), and I,,(x) is an indicator random
field independent of Y,,(x) and following a Bernoulli distribution with parameter p,,. Focusing on a bimodal field
(i.e., M = 2), Equation 1 reduces to

Y(x) = I(x)Y,(x) + [1 —I(x)] Yp(x), @
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Figure 1. Graphical depiction of the conceptual framework underlying the mathematical developments encapsulated in
Equations 1-7; (a) bimodal (spatially correlated) random field, Y(x), distributed according to a GSG-MIX theoretical model;
(b) spatially correlated random indicator variable /(x) (distributed according to a Bernoulli distribution with parameter p, B( p))
describing the architecture of the two regions within the domain; (c) randomly heterogeneous spatial distribution of each
component (m = A, B) of the GSG mixture across the domain.

where subscripts A and B denote the two components of the mixture, I(x) = I4(x), and I3(x) = 1 — I(x). The
ensuing cumulative distribution function (CDF) and PDF of Y respectively read as

Fy(y) = Pr{Y <y} = pFy(y) + (1 = p)F(y), 3)

Y(.Y)

K= =pfi(») + (1 = p)s(»). 4)

Here, p = p, is the relative proportion of A across the domain and corresponds to the ensemble mean of the
random indicator, that is, p = (I(x)), (-) denoting the expected value operator. We consider each mode Y,,(x) of
the mixture to be distributed according to a GSG model (Riva et al., 2015), that is,

Y, (x) =, +Y,(x) with Y,(x) = U,(x)G,(x), )

where y,, is the mean of ¥,,(x), G,,(x) is a zero-mean Gaussian random field, and U,,(x), denoted as subordinator,
is a positive spatially uncorrelated random function that is independent of G,,(x). Thus, Y,, is distributed ac-
cording to the following PDF (Riva et al., 2015)

(zy,,zum)z du

G,

where a%;m is the variance of G,,(x) and fy;, () corresponds to the distribution of U,,(x). Substituting Equation 6

into Equation 4 yields

_C-m) _ 0 /‘B)
,,2 ) du (1- = ) du
o[ e B 2 [ e ™

2710'GB

K =

GA

A graphical depiction of the conceptual framework underlying the mathematical developments encapsulated in
Equations 1-7 is offered in Figure 1.
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The GSG-MIX model rendered by Equation 7 can be considered as a generalization of the GMIX model illus-
trated in Siena et al. (2023), as each of its modes corresponds to a Gaussian distribution when U,, is a deterministic
quantity (i.e., fy, tends to a Dirac delta function).

Raw moments of order g of Y can be evaluated by making use of Equation 7 as

(Y = p(Yi) + (1 = p)¥p). (®)
Setting ¢ = 1 in Equation 8 yields the mean of Y, that is,
#y = pug + (1= plpg. ©)
The latter varies linearly with p. Central moments of Y can be evaluated as
q
YOy =((Y —uy)") = 2(?)(—1)%%0. (10)

=0

Variance, af,, skewness, Sky, and kurtosis, ky, of Y respectively read

o) = paéA(Ui) +(1 —p)UZGB<U§> +p(1 = p)(pa _ﬂs)z’ (1n
Sky = p(l(;; p)(ﬂA - /43)[(1 - 217)(/4,4 - HB)Z + 3(026,\(%20 - ‘TZGH<U123>)]’ (12)
Y

= Do (01—t V1) by O] 01—~
(13
[(1 = 3p(1 = p))pa — )" + 6(c3,,(U3) — p(0, (U3) — "263<U§>))]}’

where (U? ) is the g—th order raw moment of the subordinator associated with each m—th mode of the mixture.
The variance displays a quadratic dependence on p and attains a maximum at p = (1 + f)/2, with
B = (0g,(Us) — 06, (UR))/ (s — ,uB)2. Equations 12 and 13 indicate that the PDF of the mixture (i) is non-
symmetric (Sky # 0), even as each GSG mode is symmetric (i.e., Sky = 0) and (i) can be leptokurtic (xy > 3) or
platikurtic (ky < 3), depending on model parameters. The shape of a GSG-MIX distribution depends on p and on
the statistical parameters characterizing each mode Y,,, such as the difference between the component means,
My — Hp, and the variance 5(23”‘ (m = A,B), and on the PDF of the subordinator associated with each mode of the

mixture.

Figure 2 provides an appraisal of the impact of the values of model parameters on the main traits of fy(y). For
illustration purposes, here we set u, = 3, ug = 0, and consider U,,(x) as lognormally distributed, that is,
U, ~ log N(O, 2 - am)z), a,, € (0,2) (see Appendix A). A GSG-MIX formulation embedding such a distri-
butional form of the subordinator tends to a GMIX model if a,, — 2, that is, each mode of the mixture is
described by a Gaussian distribution. Otherwise, non-Gaussian traits of each component are heightened as «,,
departs from 2. Previous applications of a unimodal GSG model relying on a lognormal subordinator yield ac-
curate interpretations of the statistical behavior of environmentally relevant variables such as, for example,
porosity (Guadagnini et al., 2018; Riva et al., 2015), electrical resistivity (Li et al., 2022), gas permeability (Siena
et al., 2019), mineral surface roughness (Siena et al., 2020) and dissolution rate (Siena et al., 2021). In the latter
cases, documented values for a,, are in the range 1.3—1.9. Figure 2 depicts the PDF of Y evaluated for different
values of the proportion coefficient, p, and a,, while keeping a%,A and a%,E (with a%m = Usz<U3">) constant. GMIX
distributions (dashed curves) having the same mean and variance as the GSG-MIX model are also shown. Similar
to their GMIX counterparts, GSG-MIX PDFs are non-symmetric and exhibit two peaks (located around 4, and
up) and a local minimum comprised therein. Increasing the non-Gaussianity of the Y, modes (i.e., decreasing a,,,)
leads to an increase of the heaviness of the tails of the resulting PDF of Y as well as of the magnitude of the two
peaks (with a corresponding decrease of the local minimum). These results support the flexibility of the GSG-
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Figure 2. Probability density function, fy(y), resulting from the GSG-MIX model evaluated considering a lognormal
subordinator (Equation A2) upon setting u, = 3, uz =0, 6%,/4 = 0%,3 = 1, various combinations of a,,, and (a) p = 0.2,
(b) p = 0.8 (continuous curves). Analytical expressions evaluated according to the GMIX model having the same mean and
variance of their GSG-MIX counterparts are also depicted (dashed curves).

MIX model to describe the observed statistical behaviors of numerous environmental variables characterized by
the presence of multiple sharp peaks and asymmetric long tails.

2.2. Spatial Increments of a Generalized Sub-Gaussian Mixture
Let Y, and Y, correspond to the GSG-MIX field at two spatial (vector) locations X; and Xx,, that is,
Y, = Y(x;) = I(x;) Ya (x;) + [1 = I(x)] Y (x;), (14)
with i = 1,2. The bivariate PDF of Y, and Y, reads (Siena et al., 2023)
Iy, yz()’pyz) = [P2 + CI(XlaXZ)]fYA] YAz(ylayZ)

+ [(1=p)* + C x| fry, v, (172) (15)
+ [p(1 = p) = G (x0.x)1 [y, (1), (02) + 15, 1) i (02)]:

where C;(X;,X,) is the spatial covariance of the indicator and ﬁml v (yl R yz) is the GSG bivariate PDF of the m—th

'y
component of the mixture. The latter is defined as (Riva et al., 2015)

+o0 +oo
Y1 Yo\ du; du
Jf/ml,ym,(}’p)’z):/ f fUml(ul)fl/mz("‘Z)fG,,,],sz< ! —2) —1= (16)
2 o Jo

M_l’ Upj Uy Up
Here, fGnl .Gy, 1s the Gaussian bivariate PDF of the underlying G, field, that is,

e e i Y=
(At (2t g, L1tz =)

fa. (y—l y_z)z — a6 , (17)
27 6%g

my>Pimy \ ’u
1 U 1= 2
/1 — 76,

where pg;,, is the correlation function of G,,. We assume second-order stationarity and isotropy of all fields, that is,
Ci(x1,%3) = Cy(s) and pg (X1,X3) = pg (5), s = [X; — X,| being the lag at which spatial increments are
evaluated. The PDF of increments, AY(s) = Y, — Y,, can be obtained from the corresponding CDF, F,y(Ay).
The latter reads
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Ay+y,
Fpy(Ay) = P{AY < Ay} = / / Fov,(v1:y2) dyydy,. (18)
== J Yy =—00

Recalling that fy(Ay) = dF,y(Ay)/d(Ay) and making use of Equation 15 yields

far(Ay) =

P*+Ci(s) +°°/'+°°fUA1(M1)fUA2(M2) —52 zA diosd

\/57'"7 G,

\/ZUG,, r

P(l —p)—CI(S)[-/M/+oofUAl l)fuﬂz(uz) ()’

r

2 2
G duzdu 1

19)

22 duydu

too o f A (1) f s (u ) (A\ﬂl —wz)
+/ f L0 0, T . du2dul],
w

: — 2 2 _ — 2 2 2,2 — 2,2 2 2
with r = \/u1 + uy — 2pg uuy, h = (Jog uy + og u;, andw = 4 fog uj + og u3.

All statistical moments of AY can be evaluated from Equation 19. In particular, mean and odd-order moments of
AY vanish. Second- and fourth-order moment respectively read

(Ar%) = 2fpog, ((U3) = (UaYpg,) + (1= p)og, ((Up) = (Us)*pg,)
001 = )| (1= p)ota = 15)’ + 0%, ((V3) = UV 0rpg,) (20)

+ 6263 (Upy - (U3>ZPIPGB)]},
(Ar*) = 6fp?at, [(UD) = AU U p, + (U3 (1 + 20,
+(1 = pa, [(UB) = KUsNUog, + (U3 (1 +243,)|

+p(1 = p)py o ((UD) = KU g, + (VR (1+253,)) on

+ b, ((Uh) = 41U URIG, + VR (14203

+2p(1 —p)(1 — p;)[(ﬂA —u5)" +6(up — ) (05, (U3) + 6% (U3))

+3(08, (Uy) + 0, (Up) + 205, o3, (USXUR))].

where p; = C;/6? (67 = p(1 — p) being the variance of I) is the (spatial) correlation function of /(x). The
analytical expression for the kurtosis of incremental values, kyy = (AY*)/(AY?)?, can be readily obtained from
Equations 20 and 21.

Recalling that Cy = (r%, — 7y (yy = (AY?)/2 being the variogram of Y), the covariance of Y is obtained from
Equation 20 as

o%, if s=0
e =1 . . ) | 22
P CYA +(1 _p) CYB+CI|:(”A _ﬂB) +CYA +CYB] if s>0

Here, Cy, = GZGW (Un)*pg, (m = A,B) is the covariance of the m—rh component of the mixture. The covariance

Cy is discontinuous at the origin, that is, it exhibits a nugget effect
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v= pUZGA 0%]A +(1 - p)azcn a%,ﬂ. (23)

Here, 0%]’” = (U%) — (U,)? (m = A,B) is the variance of U,,(x). Hence, the variogram of Y, yy, can be eval-

uated as

2
vy = v+ U v, + (L= p)(Up)re, + (s — 1s) 71

(24)
+p(1 = p)[(UaYog, (1 = pipg,) + (Us)og, (1 = pipg,)]s

whereyg = oém (1 - me) is the variogram associated with the Gaussian field underlying each component of the
mixture; andy; = p(1 — p)(l —-p ,) is the variogram of the indicator field. The integral scale of the mixture, /Iy,

is evaluated upon integrating the spatial correlation py = Cy/c%. This yields

1
Iy = ;{PZUéA(UAyﬁGA +( —P)25203<UB>2/10,;
' (25)

2 e e
+ p(1 _P)[(NA - /43) A+ GZGA<UA>2'11ZA + 0'%;3<UB>2'IIZB]}'

Here, Ag (m = A,B) and 4; are the correlation lengths of G,, and of I, respectively; 47, = f piPG,ds is a
representative length scale. The latter can be viewed as a measure of the way the strength of the correlation of G,
is modulated by the action of the correlation of the random indicator field (or vice versa) in a representation of Y as
a bimodal random field.

Figures 3a—3c illustrate the effect of model parameters on the main traits of the PDF of AY. As in Section 2.1, we
assume a lognormal distribution for the subordinator and set u, = 3, g = 0. For the purpose of our illustration,
we set p = 0.2, a%,A = o%,g = 1, and consider an exponential model for p; and p; (ie., pg, = e%n and
p; = e~M). We set Ag, = 10, Ag, = 20, and 4; = 7. GMIX counterparts characterized by the same mean,
variance, and correlation structure are also depicted (dashed curves). The height of the central peak of fyy is
controlled by the first two terms in Equation A9. The third and fourth term in Equation A9 otherwise govern the
height of the two secondary peaks. These terms are in turn weighted through the covariance of the indicator, C;,
which drives the relative proportion between the central and the lateral peaks. As s increases, the relative
importance of the secondary peaks increases at the expenses of the dominant peak. At all lags, the central peak
associated with the GSG-MIX model is less pronounced than its GMIX counterpart, the lateral peaks being
otherwise heightened. Figure 3d depicts analytical variograms of Y evaluated through Equation A14 for various
combinations of a4 and ag. Consistent with Equations A15 and A16, increasing the degree of non-Gaussianity of
each component of the mixture (i.e., decreasing a,,) yields a decrease of the integral scale of the mixture and an
increase of the nugget effect. Otherwise, the latter vanishes if the two components are Gaussian (dashed curve).
We further note that at small lags x,y (Figure 3e) tends to increase as the two components of the mixture tend to a
Gaussian (i.e., a,, — 2). In contrast, the asymptotic value attained by k,y at large values of s increases as the two
modes depart from the Gaussian case.

2.3. Estimation of Model Parameters

Estimation of model parameters relies on a custom algorithm grounded on a Bayesian classification approach
(Duda et al., 2000; James et al., 2013). For illustration purposes, we describe in the following the estimation
procedure considering the set of GSG-MIX formulations derived in Appendix A and corresponding to a
lognormal subordinator. Prior to application to experimental observations, the performance of the designed
operational scheme is assessed on synthetic data sets described in Appendix B. These are generated to resemble
typical geometrical patterns observed for experimental dissolution rate data at the mineral-fluid interface (see
Section 4). A schematic representation of the application of the parameter estimation workflow to a synthetic
GSG-MIX field is offered in Figure 4.

The methodology requires an initial parameter set. This can be obtained upon relying on a preliminary classi-
fication, I©(x), of the field based on our prior knowledge of the spatial distribution of the regions within the
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Figure 3. Probability density function, fyy(Ay), resulting from the GSG-MIX model evaluated considering a lognormal subordinator (Equation A9) upon setting

p =02, =3,z =0, ai = 0%,” = 1, various combinations of @,,, A, = 10, Ag, = 20, and 4; = 7 for (a) s/4; = 0.2, (b) s/4; = 0.7, and (¢c) s/4; = 1.2.
Associated (d) variogram, yy, and (e) excess kurtosis, Ekyy = kpay — 3, are depicted as a function of lag. Analytical expressions evaluated according to the GMIX model
having the same mean and variance of their GSG-MIX counterparts are also depicted (dashed curves).

observation window (see Figure 4a). Note that such preliminary classification is (generally) affected by error (see
also Appendix B). We then set a random path visiting all k = 1,...,N. cells, N, being the total number of data
points (Figure 4b). Relying on a Bayesian classifier, at each step k we assign a given observation y = Y(x;) to
category m (m = A, B) by maximizing the discriminant function, g, (y) (see also Figure 4c)

gn(y) = p(y|m)P(m), (26)

where p(y|m) is the likelihood of y given m and P(m) is the prior probability of m. In our setting we assign
category m to location x; according to

Iy=1if g >gs
I(x;) = ) 27)
Ip =1if gy <gg,
where, making use of Equation 6,
()
(m) (,2 uz du
() = f ’ (28)
77,'0'(;

with P(A) = p and P(B) = 1—p. The estimate, & of each parameter embedded in Equation A2 (i.e.,
& = p.pys0,, %y, With m = A, B) at step k is evaluated upon relying on the method of moments as detailed
below. As already mentioned, the methodology begins by defining an initial parameter set. To ensure a solution
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Figure 4. Schematic representation of the parameter estimation algorithm resting upon a Bayesian classification approach. The estimation workflow includes (a) a
preliminary classification of the field for algorithm initialization; (b) setting a random path visiting all N.. cells; (c) assigning each cell to a region and updating of model
parameters for the next step; (d) replication of the classification algorithm until stabilization of parameter values is achieved; (e) evaluation of the posterior probability of
the indicator associated with the last repetition, PN (A|y); and (f) evaluation of correlation functions P, and p;.

that is independent of the initial parameters, the procedure is repeated n times, with n = 1,...,N,. Starting
parameter values at repetition n — rh are those estimated with the (n — 1)—th repetition. A new random path is

.. . . . 2(k, . .
selected at each repetition. Estimates of parameters at step k during repetition n, af( n), are obtained by setting (i)
the ensemble mean of /, p, equal to its sample counterpart, Mglf;"), (ii) the ensemble mean of Y,,, u,,, equal its

sample counterpart, Mf,’;’f), and (iif) replacing the second- and fourth-order central moments of Y,, in Equa-

tions A7 and A8 by their sample counterparts, Mm% and p*n respectively. This procedure leads to the

m,2 my4

following system of equations
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P = M,

o k,
A" = My,
kyn)
Vatom _n_ L M, (29)
a," =2 n N
3(M,,")
sz _ (k2 [ 3
m m, M(k,n)m’4

The value of N, is obtained when p stabilizes (Figure 4d, see also Appendix B). The convergence rate of p is case-
specific and is mainly influenced by the shape of the PDF of the mixture as well as by the available sample size.
Enhanced performance is observed when the peaks of the mixture are clearly identifiable and well separated.
Then, we evaluate the spatial increments associated with each of the two regions identified at the last repetition,

that is, AYS;V’) (m = A,B). The correlation function of the underlying Gaussian field of each mode, ﬁqn, is

(Nr)
estimated by replacing (AY? ) in Equation A12 by its sample counterpart, M?Ym , that is,
)
1 2—ay M A
5. — (2-a,)” _ 72
me - e(z_&m)z |:g 26'26 B (30)

Finally, we evaluate the sample variance of increments of the indicator field associated with the last repetition,

M?’(N'), and estimate the correlation function of I as (Figure 4f)

M2AI(Nr)
2p(1 = p)’

pr=1 @D

The Bayesian classifier also provides as output the (posterior) probability of finding class m at any given position
in the domain as (see Figure 4¢)

PGP _ 8,()
() JZON

P(m|y) = (32)

where p(y) is evaluated via Equation A2 (Figure 4e).

3. Experimental Setup and Evaluation of Dissolution Rate Maps

Spatial maps of calcite dissolution rates are obtained from direct investigations of the topography of a crystal
sample subject to reaction under continuous flowing conditions. Measurements are performed at the nanoscale
upon relying on AFM imaging. The sample is freshly cleaved from a calcite crystal of Iceland Spar (Mexico)
along the {104} plane and then glued onto a glass slide. The latter is mounted on a support plate that is
magnetically attached to the AFM, enabling in situ and real-time imaging of the mineral-fluid interface. A fluid
cell (volume V ~ 2 mL) is screwed to the support plate and sealed with a Viton O-ring. The cell is connected to a
high precision syringe pump (Cetoni, Nemesys S) employed to regulate the fluid flow in the system. The flow rate
is set to @ = 10 pL s~!. This value ensures that chemical conditions are constant for the entire duration of the
experiment, while limiting imaging distortions associated with fluid flow (Recalcati et al., 2023). A 6 X 6 pm?
portion of the crystal surface is imaged across a 512 X 512 horizontal grid (pixel size d/ = 11.7 nm). Imaging is
performed in tapping mode by employing silicon tips with an aluminum coated cantilever (Nanosensors, PPP-
NCHR, k = 42 Nm™!). The scan rate is set to 1.28 Hz, leading to an acquisition time of At = 400s (~ 6.6 min).

Dissolution of the sample is induced at ambient conditions (i.e., p = pu,, and T = 22°C) by using Milli-Q water.
Under such chemical conditions, calcite dissolves by forming rhombohedral mono- and multilayer etch pits (see,
e.g., Bouissonnié et al., 2018; Teng, 2004). The former are shallow ephemeral surface features that can nucleate
randomly on crystal terraces or at point defects and have a depth of a single crystal layer (Harstad & Stipp, 2007).
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The latter arise in the presence of screw dislocations and spread laterally and vertically, removing several layers of
the lattice. At such locations, the material flux is enhanced by an excess of strain of the crystal lattice that results in
the radiation of chains of steps or stepwaves (Lasaga & Liittge, 2001, 2003; Liittge et al., 2019). These then travel
across the crystal surface inducing a layer-by-layer removal of the material. Recent work by Fischer and
Liittge (2018) provides experimental evidence that stepwave radiation at screw dislocations follows a pulsating
mechanism. The complex interaction and/or superposition of these trains of steps yields markedly heterogeneous
spatial distributions of reaction rates, R(X, ") [mmol m~2s~'], across the mineral surface. These are obtained from
differences of topographies, z(x,7) [m], measured at subsequent times as (e.g., Bouissonnié et al., 2018;
Emmanuel, 2014)

2(X, 1) — z(X, t; + Ar)
VAt ’

R(x.1) = (33)

with £f = 1 + Ar, V,, = 36.93-107° m’ mmol~! being calcite molar volume.

Similar to Siena et al. (2021), we express the reaction rate as the sum of a mean spatial value,
R(rr) = [2(t) — (1 + AD)/(V,,A1), and a local zero-mean fluctuation, R'(x,7) = [z/(X,5;) — 2/ (%,5; +
A1)]/(V,,At). The former represents the average material flux across the mineral surface, whereas the latter is
informative about the spatial variability of reaction rates. Pre-processing is generally required to recover the
actual topography, z(x,t), from raw AFM data, z,,,,,(X, ). These are often affected by lateral drift due to thermal
expansions of the piezoelectric scanner (see, e.g., Rahe et al., 2010) and/or by a bowing effect associated with the
scanning mechanism (Ricci & Braga, 2004). The former may cause a misalignement of topographic signals at
different times. This effect is corrected upon registering all images with respect to fixed points. We identify the
latter as small precipitates spontaneously forming on the surface during the reaction. Such image registration
procedure restricts our observation window to 5.3 X 5.3 pm? (corresponding to 450 X 450 cells). The bowing
effect is removed upon subtracting the best fitting second-order polynomial to z,,,,,(X,?). As detailed in Siena
et al. (2021), this pre-processing phase also removes the average value of z,,,,,(X, ), Z(¢). Hence, we assess spatial
maps of fluctuation of the topography about z(¢), z’(x, ), and, in turn, of the reaction rate, R’ (x,¢*) . This enables
us to provide insights on the spatial variability of rates.

4. Results and Discussion

Figure 5 depicts spatial maps of fluctuations of topography, z’ (X, ;) , measured at various times, #; (i = 1,...,7).
At all instants sampled during our experiment, we observe an evolution of the surface pattern driven by the
mechanisms described in Section 3, that is, step retreat and nucleation and spreading of shallow and/or deep etch
pits. At #;, the reaction is entirely dominated by the dynamics of shallow etch pits and by step retreat (Figure 5a).
A multilayer etch pit (MP1) enters our observation window at time f, (Figure 5b) and grows laterally at #;
(Figure 5c). Horizontal spreading of MP1 at time #4 is coupled with nucleation of a new deep etch pit (MP2) at
another dislocation that is positioned at the center of our observation window (Figure 5d). This pit considerably
grows laterally at ¢5 and t¢ (Figures 5e and 5f). At these times, the retreat of steps emanated from the center of
MP2 favors exposure of crystal terraces to the fluid solution. In turn, numerous shallow etch pits form on such
terrace. The edges of MP2 start to display an irregular (spatial) pattern at #;. This feature is typical of the final
phase of the action of the portion of the screw dislocation parallel to the z direction and associated with MP2 in
driving the material flux. As younger dissolution pulses are not radiated anymore from the center of MP2, the
reaction proceeds by retreat of the steps that have previously formed. A new etch pit (MP3) is seen to nucleate
at t;.

This documented evolution of the surface pattern leads to highly heterogeneous spatial distributions of reaction
rates, R’ (x,1*), evaluated through Equation 33 and depicted in Figures 6a—6f. The lateral expansion of MPI,
MP2, and MP3 yields dissolution stepwaves that are schematically delineated in orange, blue and green in
Figure 6g, respectively. The corresponding regions identify portions of the surface that experience enhanced
material fluxes. From a qualitative standpoint, reaction rates within such regions are seen to decrease as time
progresses and MPs spread horizontally. This observation is particularly striking for MP2, whose entire temporal
evolution is captured within our observation window. The increase of the areal extent of the spatial region
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(a) Z(x,1)

Figure 5. Spatial distributions of fluctuations (about the mean) of calcite topography, z’ (x, ;) , acquired at times (a) #; = 6.6 min, (b) #, = 13.2 min, (c) #3 = 19.8 min,
(d)#, = 26.4min, (e) t5 = 33.0 min, (f) 7, = 39.6 min, and (g) #; = 46.2 min from the beginning of the experiment; (h) enlarged view of the multilayer etch pit MP2
nucleating within time interval #; — 74, and enclosed in the dashed box depicted in (d).

comprised between the edges of MP2 at subsequent times (Figures 6¢c—6f) is associated with a decrease of the
strength of R’ therein. Such a temporal evolution of R’ is consistent with a description of the dissolution process as
driven by stepwave emanation (Fischer & Liittge, 2018). Otherwise, lower values of rate are attained at spatial
locations where the reaction is governed by shallow etch pits and step dynamics.

(@) R(x, 1)) () R(x, 1)) (©) R(x,1}) (g

(d) R(x. 1) () R(x.1) () Rx.1)

Figure 6. Spatial maps of R’ (x, tj*) evaluated with Equation 33 from AFM topography measurements depicted in Figure 5 at times (a) #{ = 13.2 min, (b) £; = 19.8 min,
(c) 3 = 26.4 min, (d) £; = 33.0 min, (e) 5 = 39.6 min, and (f) f; = 46.2 min; (g) schematic depiction of dissolution stepwaves emanated from MP1, MP2, and MP3.
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Figure 7. Application of the GSG-MIX modeling framework to the spatial field R’ (x, tj) . (a) Indicator field, I(x,tf[), resulting from the classification resting on the
algorithm illustrated in Section 2.3. Sample PDFs of (b) R’ and (c) AR (evaluated at lags s/dl = 10, 40, and 80). (d) Estimated correlations of the underlying Gaussian
field associated with each m-th mode of the mixture, f)Gm (m = A,B), and of the indicator field, p,. (e) Variogram of R’, y. In (b, ¢, e), GSG-MIX model results (continuous
curves) are juxtaposed to sample data (symbols).

As a consequence of the presence of diverse regions, each associated with a given dissolution mechanism, sample
probability densities of R’ (x,#*) exhibit marked multi-modal traits. These emerge whenever distinct mechanistic
processes (each characterized by its kinetics) drive dissolution and the (otherwise distinct) populations of the
ensuing rates are then lumped within a unique population. Similar patterns are documented for dissolution rate
PDFs associated with experimental settings and/or mineral-fluid systems other than those here considered (e.g.,
Emmanuel, 2014; Fischer & Liittge, 2017; Fischer et al., 2015; Lange et al., 2021; Noiriel et al., 2018, 2020). As
an illustrative example, Figure 7b shows the sample PDF associated with the spatial field R’ (x, tj) depicted in
Figure 6d. This is obtained by grouping data into 100 (uniformly spaced) bins. The number of data associated with
each of the sample PDF values depicted in Figure 7b ranges between a minimum of 150 and a maximum of
12 911. The PDF is characterized by a dominant peak centered at R” ~ 0 and a secondary peak located at R’ > 0.
We relate the former with kinetic processes taking place on crystal terraces, that is, the dynamic evolution of
shallow etch pits and step retreat. Otherwise, the latter is associated with high material fluxes due to stepwaves
radiating from MP2. A similar behavior is observed at all times (see Figures S1-S5b in Supporting Informa-
tion S1). Modes associated with high and low values of reaction rate are hereafter denoted as A and B, respectively
(see Figure 7a). Figure 7c depicts sample probability densities of incremental values evaluated at three lags,
s/dl = 10,40, 80. At each lag, sample PDFs display a central dominant peak at AR ~ 0 and lateral secondary
peaks that are symmetric with respect to the origin. These arise from differences of R’ values evaluated between
two points located within region A and B, respectively. Sample PDFs of AR are characterized by a pronounced
scaling tendency with separation distance. The shape of the PDFs changes depending on the lag at which in-
crements are evaluated. As lag decreases, the peaks of the PDFs become sharper and the tails become heavier. All
of the above-mentioned traits of the PDFs of R’ and AR are consistent with a description of the statistical behavior
of the dissolution rate as described by the GSG-MIX modeling framework. In the following, we rely on a
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Figure 8. Temporal trends of estimated GSG-MIX parameters embedded in Equation A2, that is, (a) p, (b) ,,, (¢) &,,, and
(d) 65 (m = A,B).

lognormal distributional form of the subordinator associated with each component of the mixture (see Appen-
dix A) for our analyses.

We rest on the parameter estimation scheme described in Section 2.3 and obtain a classification of the observed R’
fields in two regions together with the estimation of GSG-MIX model parameters. Regions characterized by a
higher material flux are associated with dissolution stepwaves emanated by MP1, MP2, and MP3 (see region A in
Figure 7a). Otherwise, low reaction rates are identified within regions where the mineral-fluid interface is only
experiencing a vertical retreat, that is, terrace regions (see region B in Figure 7a). Estimates of the spatial cor-
relation of the underlying Gaussian field, p; (m = A, B), and of the indicator field, p;, are depicted versus lag in
Figure 7d. We evaluate spatial increments within region A only up to separation distances corresponding to half of
the characteristic length of this region. We estimate the latter by relying upon the maximum Feret diameter
(Walton, 1948). This metric is typically employed to evaluate an equivalent representative size to characterize
irregular shapes in various application contexts (see, e.g., Lolo et al., 2023; Mazzoli & Favoni, 2012; Weber
et al., 2014). It is defined as the maximum difference between two parallel tangents to the convex hull enclosing
an area (i.e., the biggest connected cluster of region A in our case). The estimated correlation of / exhibits a
marked oscillating behavior about O at all times (see also Figures S1-S5d in Supporting Information S1). This
behavior arises from the geometrical pattern characterizing the indicator field and is linked to stepwave emanation
from multilayer etch pits. Similar traits are also observed for the correlation function pg , although this is
associated with a less pronounced oscillating behavior. We relate such pattern to the dynamic evolution of
monolayer etch pits taking place across crystal terraces. Oscillating behaviors at large lags also emerge for the
variogram related to the mixture, y, (see Figure 7e for y, (tj) and Figures S1-S5e in Supporting Information S1
for all of the other observation times). Analysis and interpretation of these types of correlation behaviors could
rely upon nested models entailing a hole-effect component (see, e.g., Siena et al., 2019, 2021). While we leave this
modeling analysis to future developments, here we directly employ g (m = A,B) and j; to specialize the
analytical GSG-MIX formulations. Modeling results obtained through Equations A2 and A9 are juxtaposed to
sample PDFs of R’ and AR in Figures 7b and 7c, respectively. Visual inspection of these results documents a
remarkable agreement between modeling results and their sample counterparts. As an additional element of
analysis, modeling results displayed in Figure 7b are compared against their GSG- and GMIX-based counterparts
in Text S2 in Supporting Information S1. The analytical expression of the GSG-MIX variogram (Equation A14) is
then juxtaposed to sample data in Figure 7e. Results of similar quality are obtained at all times (see Figures S1—
S5b, S5¢, and S5e in Supporting Information S1), demonstrating the ability of the novel GSG-MIX model to
capture the experimental behavior of both R’ and AR within a unified theoretical framework.

Figure 8 depicts temporal trends of model parameters embedded in Equation A2 (i.e., p, fi,,, 62(;”‘, and @,,, with
m = A, B). Each mode of the PDF of the reaction rates is inherently tied to a mechanism driving the evolution of
the mineral-fluid interface. Therefore, analyzing the temporal behavior of each component of the mixture pro-
vides valuable insights into the way each mechanistic process contributes to drive the overall reaction dynamics.
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Figure 9. Temporal trend of the variance of R, o3. Analytical expressions
evaluated through Equation A4 are depicted as red asterisks.

of correlation with the behavior of /i,, a peak in the former corresponding to a
trough in the latter (Figure 8b). Within the temporal window #; — 13, the
estimated proportion coefficient p is virtually constant, as well as ji,. This
behavior reflects the ending phase of the action of the dislocation originating
MP1. The largest value of /i, is attained at time 73. The latter corresponds to the emanation of young dissolution
pulses from MP2. As such, material fluxes are higher at this instant than at other times. However, high values of
R’ are localized in a limited portion of the mineral surface, that is, close to the center of the dislocation. Then, the
value of /i, decreases at times #; — 5. This is consistent with the expected evolution of a dissolution stepwave
(Fischer & Liittge, 2018). Even as the horizontal spreading rate of MP2 remains approximately constant in time,
the intensity of the material flux in the region comprised within pit edges at subsequent times (i.e., the region
associated with the stepwave) decreases as the trains of steps move further away from the dislocation. Otherwise,
p increases in this time interval, following the lateral expansion of the pit. Finally, time #; corresponds to the
ending of stepwave radiation from MP2 and only a part of the area comprised between pit edges at subsequent
times is attributed to the high-rate component of the mixture (see Figure S5a in Supporting Information S1). The
formation of a new stepwave at MP3 induces a slight increase in /i, at ;. The mean of the low-rate component, /i,
exhibits a slightly oscillating behavior in time that is ascribed to the dynamic evolution of shallow etch pits. The
temporal trend of the estimated shape parameter, &,, (im = A, B), is depicted in Figure 8c. These findings suggest
that the degree of non-Gaussianity of the data populations associated with each region is (i) significant
(@&, ~ 1.7 — 1.9), (ii) similar for the two regions, and (iii) remains virtually stable over time. Given that the
variance (0,2%) of each m—th component of the mixture is influenced by both «,, and azcm, its temporal variations
are primarily driven by changes in the variance of the underlying Gaussian fields, Gén, as illustrated in Figure 8d.
Note that (}1233 remains almost constant at all times. As far as MP1 is the only etch pit driving the reaction (i.e., at #}
and £3), there are no significant changes observed in 612eA. Similarly, at £, £5, and fg, MP2 governs the dissolution
process and &12?/\ remains nearly constant. This temporal trend indicates that the degree of spatial heterogeneity

within region A during these times is attributed to the nucleation of shallow etch pits on terraces freshly exposed to
the solution by the retreat of steps originating from MP2. This interpretation is supported by the relatively small
difference observed at r; — f{ between &12eA and (‘rig. Indeed, the degree of spatial heterogeneity (as expressed
though the variance) within region B is also governed by the formation of shallow etch pits and remains almost
constant at all times. Otherwise, 8,2€A is considerably higher at #3 than at all of the other times. At this particular
time, the region that is identified as contributing to high reaction rates is seen to comprise two sub-regions. Values
of R’ (x, t§) are assessed from topographies z’ (x,#;) and z’(x,#;) (see Figures 5c, 5d, and 5h). As there is no
evidence of the presence of MP2 at #3, the dislocation originating MP2 is exposed to the solution in the time
interval comprised between #; and #,. Since the initial stage of stepwave formation at etch pits is extremely fast,
our temporal resolution does not enable us to capture the first phases of this evolution. Therefore, the topography
map 7’ (X,1,) can be considered as a temporal average of the processes taking place on the surface in the time
interval between 73 and 7. These encompass (i) the nucleation of MP2 and (i) the emanation of initial dissolution
pulses. Hence, the spatial map R’ (x, t}‘) includes (i) a sub-region associated with the emanation of a new stepwave
and (i) a sub-region arising from the spreading of the dissolution pulses that have been radiated during the time
interval 13 — 14.

Figure 9 depicts the variance associated with the entire field, 0%, versus time. Corresponding analytical ex-
pressions evaluated through Equation A4 are also included and document a remarkable level of agreement with
experimental results. Values of % are virtually constant in the interval #; — ¢;. They attain a maximum at £},
followed by an approximately linear decreasing trend. Such temporal dynamics somehow resemble the trend
exhibited by y, (see Figure 8b), with a temporal shift corresponding to the acquisition time At. Given that GSG-
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MIX parameters are linked to the evolution of the surface pattern, the analysis of their partial contribution to % is
informative about the relative influence of the kinetic processes to the level of spatial heterogeneity, as expressed
through the value of ¢%. On the basis of Equation A4, the variance of the mixture is controlled by (i) the square

difference of the means, (u, — 3)2, (ii) the difference of the variances, o3, — o7, , and (iii) the variance of the

background region, aﬁB, together with (iv) the proportion coefficient, p. As shallow etch pit dynamics drive the
heterogeneity within each region, variances of R, (m = A,B) attain similar values at all times (see Figure 8d).

Therefore, the temporal evolution of 0% is essentially controlled by the behavior of (/4 W — U 3)2 and p. At times
f; — 1}, 0% approximately coincides with a%eB, as the value of p is negligible (Figure 8a). A sudden increase of 6%

is then observed at #;, due to the increase of p coupled with a non negligible value of (/4 4 — U 3)2. Note that even

as (,uA - /43)2 is maximized at 5 (Figure 8b), the small lateral extent of the region involved in stepwave
emanation at the initial phase of MP2 evolution somehow tempers the effect of such difference. The decreasing
trend observed at f; — f¢ reflects the homogenization of regions A and B that takes place as a consequence of the
final stages of the action of the dislocation originating MP2. Hence, the temporal dynamics of 6% document a
delay between the actual formation of the MPs driving the reaction and the time at which this effect propagates
onto the statistical behavior of the entire field.

5. Conclusions

We provide a theoretical framework, termed GSG-MIX, and ensuing formulations enabling one to characterize
the spatial distribution of a random field, Y, encompassing different regions across an observation domain, each of
these being characterized by a given degree of heterogeneity. Our modeling framework extends the Gaussian
Mixture (GMIX) model to consider mixtures entailing Generalized sub-Gaussian (GSG) modes. We emphasize
that the modeling approach illustrated in this work offers a remarkable flexibility as it admits a general form of the
subordinator associated with each GSG mode and embeds the GSG and the GMIX models as particular cases.

Our analytical developments focus on a bimodal mixture (with components A and B) and provide rigorous
formulations ensuring consistency between the statistics of Y and its spatial increments, AY. Each mode of the
mixture is identified through an indicator random variable. The GSG-MIX modeling framework is general and
could be applied to the analysis of a variety of hydrological/hydrogeological quantities exhibiting multiple sharp
peaks and heavy tails and distributed across distinct (non-overlapping) regions and scales of investigation. The
presence of such regions can be linked to the occurrence of different processes and/or geomaterials within the
domain of observation. Examples include, for example, spatial distributions of cm-scale air-permeability data (Lu
& Zhang, 2002; Siena et al., 2023), hydraulic conductivity of km-scale sedimentary aquifers associated with
lithofacies architectures (Dai et al., 2020), or neutron porosity data (Guadagnini et al., 2015). Here, we exemplify
its application to the statistical characterization of dissolution rate fields obtained from high quality nanoscale
AFM measurements of the topography of a calcite sample subject to dissolution under continuous flowing
conditions.

Our analysis leads to the following key conclusions.

1. The PDF of Y, as characterized through a GSG-MIX model, exhibits peaks that tend to become sharper as each
component of the mixture departs from a Gaussian distribution. The probability density of AY is characterized
by a dominant central peak and two secondary peaks. The importance of the central peak with respect to the
lateral ones changes with the separation distance at which increments are evaluated. This pattern reflects a
scaling behavior that is driven by the correlation structure associated with the indicator random field.

2. We propose and validate an operational workflow for the estimation of model parameters relying on a
Bayesian classification approach. The Bayesian classification scheme offers the additional advantage to
provide an estimate of the level of uncertainty associated with the clustering of data. Inspection of the posterior
probability field associated with the classification imbues us with confidence on the reliability of the parameter
estimation, sharp transition boundaries in the posterior probability fields indicating a high level of fidelity of
the classification. We recall that an appropriate classification hinges on the availability of a sufficient amount
of data. This requirement is met in laboratory-scale scenarios of the kind we illustrate here. Otherwise, ap-
plications related to intermediate or larger-scale settings, such as those encountered in various environmental
and hydrological/hydrogeological scenarios, might suffer from these types of limitations. As a drawback, the
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parameter estimation workflow is potentially associated with a high computational burden. We circumvent
this issue by evaluating model parameters analytically upon resting on the method of moments. While
computationally efficient, this methodology does not provide a rigorous and complete assessment of the
uncertainty of all parameter estimates. Future investigations will focus on exploring alternative (computa-
tionally feasible) methodologies that can provide rigorous parameter estimation uncertainty associated with
random fields that can be characterized through a GSG-MIX distribution.

3. With reference to the nanoscale setting we considered, sample probability densities of dissolution rate fields,
R’, exhibit a stark bimodal tendency. Distributions of increments, AR, show (i) a central dominant peak
coupled to lateral secondary peaks and (ii) a pronounced scaling behavior with the separation distance at which
AR are evaluated. Each of the two modes of the mixture exhibits clear non-Gaussian traits such as heavy tails,
sharp peak and scaling of the PDFs of increments evaluated within each of the two spatial regions identified.
All of these traits are effectively capture by our GSG-MIX formulation. Modeling results exhibit a striking
agreement between sample and theoretical PDFs as well as sample and theoretical moments of R’ and AR. The
strong link between dissolution mechanisms and GSG-MIX model parameters enables one to view these as
aggregate descriptors of the evolution of the surface processes driving the dissolution reaction. As such, future
research efforts will focus on establishing a functional relationship between model parameters and temporal
evolution of mechanistic processes. Knowledge of such a relationship could then be used to yield predictions
of dissolution rate statistics at unsampled times, thus enriching our fundamental knowledge of nano-scale
dissolution processes. These insights are critical for developing robust (physically based) upscaled dissolu-
tion models to be employed in field scale scenarios. Statistical descriptors associated with the GSG-MIX
modeling framework can provide information on aspects of the physics underpinning dissolution reactions,
such as, for example, the degree of persistence of reaction rates related to pulsating dynamics of etch pits, as
driven by the typically random spatial variability of crystal defects.

Appendix A: GSG-MIX Formulation for Lognormal Distribution of U

In the following, we consider U,, as described by a lognormal PDF, that is,

__?u
e 20-an)?

fu, W) = ——=————— with u>0 and a,€(0,2) (A1)

V2mu(2 - a,,)

Substituting Equation Al into Equation 7 yields

2 2
1 Y=HA
(22;,;) + ( ) du

O P
fY y)= zﬂUG/‘(Z_aA) 0 ¢ ﬁ
(A2)
2 2
Ay
2”663(2 - ag)j; ¢ ﬁ
The g—th order raw moment of U,, is
ﬁ(Z—a )
(Ul) =er %), (A3)
Variance, skewness, and kurtosis of Y are respectively given by
—a,) —ay ) 2
oy = pog, 07N+ (1 = p)og, 7 + p(1 = p) (s — 1) (A4)
p(1—p) 2
Sky = 3 (HA _ﬂB){(l - ZP)(P‘A - ﬂB)
! (A5)

+ 3[‘72GA 2an’ _ aéBez(z_aB)z]},
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Ky = {3]7[6 B2’ _ GG 8C-an)’ ] + 362;888(2_%)2
oy
2 2
+ p(1 = p)(pa — 1g) [(1 = 3p(1 = p))(us — pp) (A6)
+ 6( Uch 2 _ p( o2 2C-a) 2 ez(z—(t,,)z))]}.
Note that second- and fourth-order central moment of each component of the mixture respectively read
(¥2) = of, 27, (A7)
(Y,y =3} SO, (A8)
Substituting Equation A1l in Equation 19 leads to

ln up+inuy | A2
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2
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Making use of Equation A9, second- and fourth-order moment of the increments read

(AY?) = 2{1, o2, e’ [ @-ap? _ ] + (1 = p)rod, e’ [ (@-ap)® PGB]
+ p(1 —p)[(l — 1) — ) + 0%, e (e(z‘”“ _pIpGA) (A10)
+ 2, e’ <e(2—a3)2 _ plpcﬁ)]},
(AY4) = 6{[1204 Ay’ [l + ey _ 4e(2_"A)2pGA + ZpZGA]
+( p)z 4 -y [1 4 A0’ _ 4,0y P, +2p263]

+p(1 —P)f)ll’é/‘ 84(2—(1,\)2 [1 + e4(2—(lA)2 — 48(2—0(/\)2/)GA + ZPZGA:I

(AL1)
4 _4Q2—-ag)? 402—ap _ 4, (2—ap)? 2
+og e [1+e ) — 4\ = /’GB+2/’GB]}
4
+2p(1 —p)(1 - pI){(MA —up)’ +6(uy — p)’ [60 2’ g2, P2y ]
+ 3[6& SC-a)’ 4 6463638(2“"”)2 + 26%;,, 626362((2_“‘)2+(2_"’*)2)]}.
Note that second-order moment of the increments associated with each component of the mixture reads
(AYE) =208 e [eee — g | (A12)
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The covariance and the variogram of Y respectively read

6?/ if s=0
—a.)? 2 —an)? .
Cy(s) = p262GAe(2 ) pg, +(1—=p) ()'ZGBe(2 ) PG, t if >0 (A13)

2 —Q, 2 —Q, 2
+p(1 = p)p; [(ﬂA —pp) + UZGA‘?(2 " Pg, T 0'2039(2 ») PGB]

—a,)’ 2 (2—ap)? 2
vy = v+p e Wy + (1= p)e® ™y + (s — ) v

2 (2-ay)? 2 (2—ap)? (Al4)
+p(1 - p)[GGA 2 (1= pypg,) + o, e (1~ pIpG,,)],
where

v =poy, o)’ (ea—aﬁ _ 1) + (- P)gzcﬂe(z—ag)z (e(z—agf _ 1) (A15)

is the nugget. The integral scale of the mixture is obtained as

1 —a. P —ap)?

Iy = g{pzaé/\e(z “W ) + (1 —p)zazcﬂe(2 ) .

(A16)

2 —a.)? 0 —an)? &
+p(1 —P)[(ﬂA —ug) A+ ‘720A el / PiPg,ds + 526,;@(2 ) / P1PGBdS]}-
0 0

Appendix B: Performance Assessment of the Designed Operational Scheme on
Synthetic Datasets

The methodology for parameter estimation outlined in Section 2.3 is tested on synthetic fields generated on a
450 x 450 grid. Such a grid size is selected to match that of experimental data presented in Section 3.
The mixture is obtained by generating (i) two spatial random fields distributed according to a unimodal
GSG and (i) an indicator field resembling geometries typically observed for experimental dissolution rate
fields. Unimodal GSG fields associated with Y, and Y are generated using an exponential correlation model
for G, that is, pg (s) = e™*& (m = A,B), and setting: u, = 25,03, = 0.05,a4 = 1.7,Ag, = 10 and
Hp = O.S,crég = 0.15,a5 = 1.85,4g, = 20. The system is characterized by a proportion p = 0.1. The mixture

is then evaluated making use of Equation 2.

A schematic representation of the application of the parameter estimation procedure is offered in Figure 4. The
fields used for the algorithm initialization are shown in Figure 4a where we mimic the occurrence of a classi-
fication error that (often) occurs when dealing with experimental data. For region A, we introduce a misclassi-
fication by selecting (a) a region having an area corresponding to ~60% (black area in Figure 4a) of the real one
(orange pattern in Figure 4a) and (b) a small portion (~1%) of region B (blue pattern in Figure 4a) located next to
the edges of the actual region A. Region B is initialized by selecting a random region with an areal extent of ~7%
of the real region B. Such a choice is grounded on our ability to preliminary identify mechanistic processes
contributing to high (region A) and low (region B) rates. Identification of region B is generally straightforward
because regions that are only experiencing vertical surface retreat, that is, terrace regions, are associated with the
lowest dissolution rate (see, e.g., Bibi et al., 2018; Bollermann & Fischer, 2020; Brand et al., 2017) and are
therefore always attributed to the lowest-mean component of the mixture. On the other hand, even as younger
dissolution stepwaves could be reasonably associated with high rates, it is also possible that etch pits charac-
terized by a depth comprising a few layers and/or older dissolution stepwaves are associated with a high material
flux. The performance of the parameter estimation algorithm is assessed in Figure 4d, where the estimated pa-
rameters (i.e., p,f,,,a,,, and &Gm) are compared with their actual reference values. Errors between estimated and
reference parameter values are evaluated at the last repetition of the algorithm and are also included in Figure 4d.
We notice that ug, 0g,, and a, are associated with the highest errors. The error associated with yi, is related to the
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distance between the components means, (/4 4 — U B). If this distance is relevant, assigning some cells that actually
belong to region A to region B induces an increases of fiz, even as the error associated with the estimation of p is
low (e.g., =0.5% in the considered case). The estimation error related to 6, and a, can be attributed to the a low
sample size of region A. Notably, the overall estimation error of these parameters still remains below 10%.

Analysis of the dependence of the results on the number of repetitions of the algorithm documents that the
parameter set characterizing each component Y,, does not change anymore after convergence of p (Figure 4d).
Therefore, we stop replicating the algorithm upon reaching variations of p that are smaller than 2%. The per-
formance of the algorithm is also tested on synthetic fields generated starting from the same Y,, distributions and
different geometrical arrangements of the indicator (not shown). These resemble other surface pattern evolution
types, such as the nucleation of multiple smaller etch pits. The results obtained are of similar quality as those
shown here.

Data Availability Statement

Data are freely available at Recalcati, Riva, and Guadagnini (2024). Matlab scripts specifically developed for the
research are available at https://doi.org/10.5281/zenodo.14713743.

Acronyms

AFM atomic force microscopy

CDF cumulative distribution function
GMIX Gaussian mixture

GSG generalized sub-Gaussian
GSG-MIX generalized sub-Gaussian mixture
PDF probability density function
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