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Abstract
Swirl injection is a widely used strategy to improve performance in hybrid rocket engines. However, the gas flow

can sometimes retain a tangential component when accelerating in the nozzle, leading to overestimated combustion
efficiencies due to throat contraction. This work presents a new method capable of calculating corrected combustion
efficiency for swirling flows, using pressure, mass flow rate, and thrust measurements. This method is applied to compute
combustion efficiencies for multiple experimental tests, achieving a 100% convergence rate with results consistent with
literature expectations.

Nomenclature

α conical nozzle semi-angle ◦

∆m fuel mass variation with the firing kg
∆q specific energy gas losses J/kg
∆t time window s
ε exit-on-throat area ratio −
ηc∗ combustion efficiency −
γ specific heat ratio −
λ conical nozzle corrective factor −
ρ density kg/m3

Θ temperature K
ζAth

throat areas ratio −
ζΘfl

flame temperatures ratio −
A area or surface m2

a sonic speed m/s
ar power law linear coefficient (m/s)

(kg/m2s)nr

c∗ characteristic velocity m/s
D diameter m
h height m
G mass flux kg/m2s
l length m
Ma Mach number −
Mm molar mass g/mol
ṁ mass flow rate kg/s
nr power law exponential coefficient −
p pressure MPa

Q̇ nozzle heat power losses W
R perfect gas constant J/kgK
R2 coefficient of determination −

Ru universal perfect gas constant J/molK
r regression rate mm/s
T thrust N
t time s
v gas flow velocity m/s
y gas properties vector
Zobj minimization function −
z nozzle axial coordinate m or −

amb ambient (atmosphere-related)
b burning (firing)
CEA ideal
c chamber
cl measured at injection arm
e nozzle exit
f fuel-related
lc load cell
new new proposed method
noz nozzle-related
old old method
ox oxidizer
real experimental
st static (pre-firing)
th nozzle throat
tot total
v measured at vortex center
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Acronyms/Abbreviations

ABS Acrylonitrile-Butadiene-Styrene
CB Carbon Powder
HRE Hybrid Rocket Engine
NIST National Institute of Standards and

Technology
SPLab Space Propulsion Laboratory
SEBS-MA Styrene-Ethylene-Butylene-Styrene

grafted with Maleic-Anhydride
SVFP SPLab VFP
TOT Thickness over Time
VFP Vortex Flow Pancake

1. Introduction
Swirling injection is a widely implemented strategy to

improve the performance of hybrid rocket engines (HRE)
[1–3]. Traditional hybrid rockets suffer from slow solid-
fuel regression rates, low volumetric loading, and rela-
tively poor combustion efficiency. Swirl injection en-
hances performance by introducing a strong tangential ve-
locity component to the oxidizer in the combustion cham-
ber, resulting in increased regression rates and combus-
tion efficiency [4–11]. The tangential velocity component
tends to diminish as the flow moves toward the exit, as
rocket nozzles are designed to accelerate gas in the ax-
ial direction. However, if the combustion chamber and
post-chamber lengths are insufficient and the initial flow
is highly swirled, the gas may retain its swirl as it ex-
pands through the nozzle [12–15]. Consequently, evaluat-
ing combustion chamber efficiency using traditional meth-
ods can lead to overestimation, with values potentially ex-
ceeding 100% [1, 16–18].

This work proposes a new approach for calculating
combustion chamber efficiency in the presence of swirling
flows. Typically, combustion chamber pressure, total
mass flow rate, and throat area are used to compute the ex-
perimental characteristic velocity, c∗. In addition, the pro-
posed method requires thrust measurement to apply the
swirl correction. Thrust was chosen because it is a non-
invasive and easily obtained measurement, compared to
alternatives like combustion chamber temperature, which
would provide more direct data but is challenging to mea-
sure due to the harsh environment. This method does not
directly alter the calculation of combustion efficiency or
characteristic velocity but applies a correction to the throat
area, proportional to c∗.

The algorithm was tested using firing tests conducted
at the Space Propulsion Laboratory (SPLab) of Politec-
nico di Milano with the Vortex Flow Pancake (VFP) en-
gine. The VFP, characterized by strong tangential in-

jection, produces a highly swirled flow, making it an
ideal candidate to test the effectiveness of the developed
method.

2. Experimental Setup
Multiple firing tests were conducted to evaluate the

newly developed method using the VFP engine, selected
for its ability to produce a highly swirled flow. The Space
Propulsion Laboratory’s VFP engine (SVFP) consists of
two flat solid fuel disks encased in stainless steel rings.
These disks are separated by a tangential injection device
featuring four channels spaced evenly along the circum-
ference, which are used initially for oxidizer injection and
later for nitrogen purging. The space between the two fuel
grains serves as the combustion chamber, whose height
increases as the fuel regresses during combustion. The
entire assembly is held together by top and bottom connec-
tion flanges, with O-ring gaskets at each junction, and is se-
cured by four nuts and bolts. A convergent-divergent cop-
per nozzle was employed, with an exit-to-throat area ratio
of ε = Ae/Ath = 2. The nozzle is enclosed by a cooling
chamber through which water flows during tests, using two
pipes connected to the water supply system. This cooling
process inevitably leads to some energy loss from the hot
expanding gas mixture. However, this trade-off is consid-
ered worthwhile, as it significantly prolongs the nozzle’s
lifespan.

2.1 Materials and Fuels
The laboratory tests utilized various fuel compositions,

categorized into two groups: acrylonitrile-butadiene-
styrene (ABS) grains and paraffin-based grains. The
paraffin-based category consists of paraffin mixed with
varying percentages of thermoplastic materials. ABS
grains were produced using 3D printing, while paraffin-
based fuels were cast. The compositions tested are listed
in Tab. 1.

ABS is a thermoplastic polymer selected for its favor-
able mechanical and thermal properties, as well as its ease
of shaping via 3D printing [19–22]. Its enthalpy of for-
mation is characterized in Ref. [22, 23], a key parameter
for computing the characteristic velocity using the NASA-
CEA code.

Paraffins are hydrocarbons with the general formula
CnH2n+2. At room temperature, they can be either
liquid, if 10 ≤ n ≤ 18, or solid, if 18 ≤ n ≤ 55 [24,
25]. Solid paraffins are further divided into macro-
crystalline (18 ≤ n ≤ 30) and micro-crystalline waxes
(40 ≤ n ≤ 55). Macro-crystalline waxes exhibit greater
malleability and have melting points in the range of 313–
333 K, whereas micro-crystalline waxes are more brittle,
with melting points between 333–363 K [24, 25]. The
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paraffin used in this study is SasolWax 0907, a commer-
cial micro-crystalline wax produced by Sasol GmbH [26].
It is the primary component of the paraffin-based fuel
formulations, and its brute chemical formula is C50H102.
With a high melting temperature of 356–367 K and low
melt layer viscosity, it is well-suited for hybrid rocket com-
bustion due to its positive response to the entrainment ef-
fect [27]. By mixing paraffin with varying amounts of
Styrene-Ethylene-Butylene-Styrene grafted with Maleic-
Anhydride (SEBS-MA), a good balance is achieved be-
tween mechanical properties and ballistic performance. In
this study, formulations with 5-10-20 % SEBS-MA by
weight were tested.

SEBS-MA, a thermoplastic co-polymer commercially
available from Sigma-Aldrich [28], serves as a reinforc-
ing additive, improving the mechanical properties of the
brittle paraffin matrix. Its compatibility with paraffin
and its favorable mechanical and thermal properties make
SEBS-MA an effective reinforcer. The melting temper-
ature of SEBS-MA ranges from 455 to 460 K [28, 29].
SEBS-MA consists of styrene-ethylene-butylene-styrene
blocks, grafted with 2 wt% maleic anhydride, linked to the
butylene block. The central ethylene-butylene block im-
parts rubber-like flexibility, while the styrene blocks pro-
vide thermoplastic behavior. Adjusting the percentage of
SEBS-MA in the mixture allows tuning of both mechani-
cal properties and ballistic performance.

Carbon powder (CB), a micron-sized graphite powder
supplied by Sigma-Aldrich [30], was added to all paraffin-
based formulations at a concentration of 1 wt%. CB en-
hances radiant heat transfer between the flame and fuel
surface, while also preventing excessive thermal wave pen-
etration into the bulk fuel, which could degrade mechan-
ical properties and cause grain sloughing [29]. The CB
particles have a diameter of less than 20 µm and a density
of 2100 kg/m3 [30].

2.2 Test Stand
The experimental setup is equipped with several sen-

sors and instruments to monitor key parameters during
firing tests. A pressure sensor is mounted on one of the
four injection arms to measure the pressure of the oxidizer,
while a second pressure sensor is installed axially within
the combustion chamber, opposite the nozzle, to capture
chamber pressure. A load cell is positioned along the axis
of thrust to measure the engine’s thrust output, and an ig-
niter is connected to one of the injection arms to initiate
combustion. Additionally, a thermocouple is placed in
the water duct that exits the nozzle to monitor the cool-
ing water temperature. The feed system consists of two
main channels: one for the oxidizer and the other for nitro-
gen purging. Both lines operate at a feeding pressure of

4 MPa. The oxygen flow rate is regulated by a mass flow
meter, while several electrovalves ensure precise control
of the lines, allowing for coordinated opening and closing
immediately prior to combustion in the chamber.

3. Tests Data
During the tests, data on chamber pressure, oxygen

mass flow rate, thrust, and temperature were collected and
subsequently processed. The data was carefully filtered
to retain meaningful small oscillations due to combustion
instabilities while eliminating instrument noise for accu-
racy.

The burning window,∆tb,is defined as the period start-
ing when the pressure reaches 70% of its maximum value
and ends at the oxygen shutdown. Fig. 1a displays an ex-
ample of the filtered pressure trace, with pcl representing
the pressure at the injection arm and pv the pressure at the
bottom of the combustion chamber. The average pressure
is computed over the burning window as:

p̄c =
1

∆tb

∫
∆tb

pc(t)dt [1]

Similarly, the average oxidizer mass flow rate and average
thrust are calculated as:

˙̄mox =
1

∆tb

∫
∆tb

ṁox(t)dt [2]

T̄ =
1

∆tb

∫
∆tb

T (t)dt [3]

The net thrust, T (t), is obtained by removing the static
weight of the engine from the load cell measurement:

T (t) = Tlc(t)−
1

∆tst

∫
∆tst

Tlc(t)dt [4]

Here,∆tst represents the time window for collecting static
data, usually the first 9 seconds before oxygen flow be-
gins. The temperature of the outflowing water from the
nozzle’s cooling chamber is monitored by a thermocouple.
The temperature data, sampled at 1000 Hz, undergoes low-
pass filtering with a cutoff frequency of 0.3 Hz to remove
noise. Fig. 1b illustrates an example of a water tempera-
ture trace, showing raw data, a moving mean filter (using
101 points), and the final low-pass filtered signal.

The ballistic performance metrics obtained from the
tests include the regression rate as a function of the to-
tal mass flux and the combustion efficiency, expressed in
terms of the characteristic velocity. The regression rate
is calculated using the thickness over time (TOT) method,
which is based on the weight difference of the fuel grains
before and after firing. Since the engine utilizes two fuel
disks regressing simultaneously, the individual regression
rates for both disks are computed and then averaged to ob-
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Table 1. Tested formulations and theoretical maximum density.

ID ABS Sasol 0907 SEBS-MA CB ρf (kg/m3)

ABS 100 wt.% - - - 1050
W1 - 99 wt.% - 1 wt.% 929

SEBS10 - 89 wt.% 10 wt.% 1 wt.% 928
SEBS20 - 79 wt.% 20 wt.% 1 wt.% 926

tain the final value. For a single disk i, the average regres-
sion rate is given by:

r̄fi =
∆mi

ρfAfi∆tb
[5]

where ∆mi is the mass difference for the grain, ρf is
the fuel density and Afi is the burning surface area. The
global average regression rate r̄f is computed by averag-
ing the individual values r̄fi . The total mass flux through
the combustion chamber is calculated using the fuel and
oxidizer mass flow rates. The height of the combustion
chamber changes as the fuel grains burn. This height can
be approximated as a linear function of time:

hc(t) = hc(0) + 2 r̄f [6]

The average chamber height is taken as the mean of the
initial (t = 0) and final (t = ∆tb) heights. The fuel and
total mass flow rates are computed as

˙̄mf = ∆m/∆tb [7]

˙̄mtot = ˙̄mf + ˙̄mox [8]

Thus, the mass flux is:

Ḡtot =
˙̄mtot

0.5Df h̄c
[9]

with Df the fuel outside diameter.

The temperature trace recorded during the tests is used
to calculate the average nozzle heat power losses ˙̄Q, fol-
lowing the procedure described in Ref. [31]. The specific
energy gas losses by passing through the nozzle are com-
puted as:

∆q = ˙̄Q/ ˙̄mtot [10]

This value is used to construct its antiderivative:

∆q =

∫ lnoz

0

∂q(z)

∂z
dz [11]

The combustion chamber efficiency is calculated
based on the ratio of the characteristic velocity:

ηc∗ = c∗real/c
∗
CEA [12]

where velocity of reference, c∗CEA, is the reference char-
acteristic velocity obtained from NASA-CEA code, and

c∗real is derived from the experimental data:

c∗real =
p̄c Ath

˙̄mtot
[13]

Here,Ath is the throat area of the nozzle, which plays a sig-
nificant role in calculating the real characteristic velocity
and, thus, the combustion efficiency. It will be discussed
in the next section.

(a)

(b)

Fig. 1. Example of experimental data of (a) filtered pres-
sure trace, with pcl pressure at injection arm and pv pres-
sure at combustion chamber bottom and (b) temperature
trace example: raw data, moving mean (movmean) fil-
tering on 101 points, low-pass filtering.
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4. Algorithm for Swirl Correction
This section presents the algorithm developed in this

work. The objective of the algorithm is to use additional
thrust data to estimate the effective throat area and, as a
result, calculate an unbiased combustion efficiency. This
work does not aim to solve the complex three-dimensional
gas flow equations that describe the behavior of swirled
flows through a nozzle, as these have been extensively
studied in various works [12–15]. Instead, the proposed
method simplifies the flow to a one-dimensional approxi-
mation, where the swirl effects are inferred from thrust
measurements and reflected in the throat area. When
calculating the characteristic velocity using Eq. [12],
pressure and mass flow rate are directly measured (see
Section 3), leaving the throat area as the only variable that
may change. Goldman and Gany previously noted that “a
reduction in the effective throat area of the nozzle” is a
result of swirl effects [16]. The following sections offer
a step-by-step explanation of the algorithm’s structure.
Also, the general workflow of the code is hereby presented
in a logic similar to programming syntax, where indented
lines represent the inner steps of the functions. This
format is used throughout the subsequent subsections as
well, to aid in understanding the algorithm more easily.

Syntax logic:
> setup input data
> characterize gas mixture:

» run NASA-CEA to simulate combustion
» rebuild CEA gas mixture using NIST data
» return: gas mixture

> compute true throat area by minimizing objective errors:
» find pressure and thrust error:

» find computed pressure and thrust:
» guess throat area and throat temperature
» compute combustion chamber values (thus pressure):

» integrate Shapiro’s equations from throat to chamber
return chamber values

» compute exit values (thus thrust):
» integrate Shapiro’s equations from throat to exit
return exit values

return computed pressure and thrust
return pressure and thrust error

return throat area @ mimimum error
> collect and post-process output (thus new combustion efficiency)

4.1 Setup input data
Input data is categorized into two groups: mandatory

and supplementary. Mandatory data is required for solv-
ing the equations and includes:

• Fuel and oxidizer properties: chemical composition,

enthalpy of formation, and storage temperature.
• Oxidizer-to-fuel ratio.
• Measured chamber pressure.
• Measured thrust.
• Measured mass flow rate.
• Nozzle throat area.;
• Nozzle exit area (or exit-to-throat area ratio).

The fuel, oxidizer, and chamber pressure are essential
for solving the combustion problem, while the pressure,
thrust, and mass flow rate act as boundary conditions in
solving the minimization equations. The throat and exit
areas serve as geometrical constraints necessary for solv-
ing the nozzle problem.

Supplementary data, which enhances result accuracy,
includes:

• Combustion chamber area.
• Heat losses.
• Nozzle 3D losses (e.g., conical divergent angle).

The combustion chamber area is an additional geometri-
cal constraint, but can be replaced by the assumption of
near-zero gas chamber velocity when solving the equa-
tions. Heat losses are useful in eliminating the assump-
tion of an adiabatic nozzle, though assuming zero heat loss
still allows the problem to be solved. Similarly, nozzle 3D
losses refine the result but can also be assumed to be neg-
ligible, as with heat losses.

4.2 Gas mixture characterization
Using the reagent data, oxidizer-to-fuel ratio, and

combustion chamber pressure, the NASA-CEA code
can simulate the theoretical combustion outcome. This
computation is necessary to obtain the theoretical char-
acteristic velocity (c∗CEA), as well as the composition
of the combustion gases. Specifically, the mixture’s
specific heat ratio γ and molar mass Mm are required
for subsequent calculations. While NASA-CEA provides
the combustion gas species, the thermal properties of
these species are sourced from the National Institute of
Standards and Technology (NIST). A weighted average
is then applied to calculate the mixture’s γ and Mm
values. This additional step allows for the mapping
of thermal properties across a wide temperature range,
enabling the use of a calorically imperfect gas model,
γ(Θ), in the nozzle calculations. The specific heat ratio,
tabulated from NIST data, is then approximated using
a 7th-order polynomial. This polynomial approximation
provides a functional representation of γ as a function of
temperature, Θ. Additionally, the first-order derivative of
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γ with respect to temperature, ∂γ(Θ)/∂Θ, is expressed
as a 6th-order polynomial.

Syntax logic:
> combustion = NASA_CEA(fuel, oxidizer, O/F, p_c)
> c* CEA = combustion.cstar
> Mm CEA = combustion.Mm
> combustion products = combustion.products
> combustion products mass percentage = combustion.products_wt%

> for every combustion product:
» from NIST download tabulated thermal properties
» return thermal properties

> for every tabulated Θ:
» γ = sum(γ · product %) / 100
» return γ

> γ(Θ) = polynomial fit(7th order, γ, Θ)
> dγ(Θ)/dΘ = derivative_function(γ(Θ))

4.3 Compute new throat area
This section introduces the core of the algorithm, orga-

nized in layers. The following paragraphs represent those
layers, from the most external to the inner layer.

4.3.1 Outer level function: Z_obj
The highest level consists in a minimization problem,

where the error function Z_obj(∗args) is defined such
that if Z_obj(∗args) = 0, then ∗args are the solution to
the problem. The error function is defined as the normal-
ized error with respect to the computed and experimental
chamber pressure and thrust at exit:

Z_obj(∗args) =

pc, exp−pc(
∗args)

pc, exp

Texp−T (∗args)
Texp

 [14]

Here, if Z_obj(∗args) = 0, then pc(
∗args) = pc, exp

and T (∗args) = Texp, meaning that the input ∗args are
the correct arguments to match computed values with ex-
perimental values. Since Z_obj(∗args) is defined by
two equations, ∗args must consist of exactly 2 variables
(or unknowns) to have a closed problem. Those two vari-
ables are chosen as the throat temperature (Θth) and the
throat area (Ath), which is a convenient choice as ex-
plained later. Thus, the generic input arguments are re-
defined as:

∗args =
[
Ath Θth

∗constants
]

[15]

where ∗constants represent the extra parameters intro-
duced earlier and explained in the subsequent paragraph.
The goal is to find the throat area and throat temperature
such that the error function is minimized to nearly zero.

Syntax logic:
> define Z_obj(A_th, Θ_th, ∗constants)

» p_c, T = nozzle_solver(A_th, Θ_th, ∗constants)
» Z(1) = (p_c real - p_c) / p_c real
» Z(2) = (T real - T) / T real
return Z

> find A_th and Θ_th | Z_obj(A_th, Θ_th, ∗constants)∼0

Next paragraph explores how the mentioned
nozzle_solver function is built.

4.3.2 Mid level function: nozzle_solver
The mid-level function, nozzle_solver, is responsible

for relating the throat area (Ath) and throat temperature
(Θth) to the chamber pressure (pc) and thrust (T ). The
following principles are used:

• Conservation of mass.

• Perfect gas law.

• Throat choking condition.

• Shapiro’s equations.

With throat area and temperature provided as input (initial
guess values), the sonic flow speed can be computed as:

ath =
√

γ(Θth) ·R ·Θth [16]

where γ is passed as a function of Θ in the ∗constants,
and R is the specific gas constant, calculated as R =
Ru/Mm, where Mm (molar mass) is assumed constant
(frozen mixture) and also passed in the ∗constants.

where γ is passed as function of Θ in the ∗constants
and R is the perfect gas constant R = Ru/Mm, with
Mm constant under the hypothesis of frozen mixture and
passed in the ∗constants as well. Using the throat chok-
ing condition, where the Mach number (Ma) is 1, the ac-
tual gas flow speed at the throat is:

Math = 1 −→ vth = ath [17]

From the conservation of mass, the gas density at the
throat is:

ρth =
ṁtot, exp

Ath vth
[18]

where ṁtot, exp is the experimental total mass flow rate,
passed in ∗constants. Finally, the pressure at the throat
can be obtained using the ideal gas law:

pth = ρth R Θth [19]

Now that the throat gas properties are characterized, the
gas properties vector y is defined as:

y =
[
Ma2 v a Θ ρ p F s

]
[20]
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in line with Shapiro’s formulation [32]. Indeed, the differ-
ential form of the gas properties y along the nozzle can
be correlated to their state y by the use of Shapiro’s equa-
tions:

∂y

∂z
= ode_Shapiro(y,∗ constants) [21]

where z is the nozzle axial coordinate (or normal-
ized coordinate), and the function Ode_Shapiro is de-
scribed in the next paragraph. By integrating from
the throat (z = 0) to the combustion chamber (z =
−1) starting from the vector at the throat yth =[
Ma2th, ϵ vth ath Θth ρth pth − −

]
the com-

bustion chamber status vector yc is found. Similarly, by in-
tegrating from the throat to the nozzle exit (z = 1), the exit
status vector ye is obtained. The Mach number Math, ϵ is
equal to Math − ϵ for the throat to chamber integration,
and Math + ϵ for the throat to exit integration ensuring
subsonic and supersonic condition respectively. Here, ϵ is
a small value that helps overcome the numerical singular-
ity at Ma = 1 in Shapiro’s equations. The chamber status
vector yc contains one of the desired outputs, pc. Thrust
(T ) is computed using:

T = ṁtot, exp · ve · λ+ (pe − pamb) ·Ae [22]

where ve and pe are contained in ye, Ae is the nozzle exit
area, pamb is the ambient pressure at the exit, and λ is
the corrective factor for 3D losses, which is 1 if they are
not considered. For a conical nozzle with a semi-angle
(α = 10◦ in this setup), λ is calculated as:

λ = 0.5 · (1 + cos(α)) [23]

Starting from the throat has several advantages: it allows
the use of mass conservation and the choking condition
more directly, and it provides better initialization for the
integration of Shapiro’s equations due to the known Mach
number at the throat.

Syntax logic:
> define nozzle_solver(A_th, Θ_th, ∗constants)

» Θ = Θ_th
» a = sqrt(γ(Theta) · R · Θ)
» Mach = 1
» v = Mach · a
» ρ = mass flow rate real / (A_th · v)
» p = ρ · R · Θ
» y_th = [0.99..9, v, a, Θ, ρ, p, 0, 0]
» z = [0, -1]
» y_c = integrate(function=ode_Shapiro(y), in z, from y_th)
» y_th = [1.00..1, v, a, Θ, ρ, p, 0, 0]
» z = [0, 1]
» y_e = integrate(function=ode_Shapiro(y), in z, from y_th)
» p_c = y_c(6)

» T = mass flow rate real · y_e(2) · λ + (y_e(6)-p_amb) · A_e
return p_c, T

4.3.3 Inner layer function: ode_Shapiro
The function ode_Shapiro correlates the gas status

vector, y, with its partial derivative with respect to the
nozzle’s axial coordinate, as described in Eq. [21]. This
is achieved by applying Shapiro’s equations, with cer-
tain additional considerations for nozzle flow dynamics.
Shapiro’s equations, describe the gas properties along the
nozzle. The independent variables (x) represent the fol-
lowing:

• Nozzle section (A).
• Heat, work, enthalpy.
• Friction effects.
• Mass flow rate (ṁ).
• Molecular weight (Mm).
• Specific heat ratio (γ).

Shapiro correlates the normalized partial derivatives of x
and y as follows:

∂x

x
=



∂A
A

∂q−∂Wx+∂H
cp·Θ

4·f ·∂x
D + ∂X

0.5·kp·A·M2 − 2y · ∂ṁ
ṁ

∂ṁ
ṁ

∂Mm
Mm

∂γ
γ


[24]

∂y

y
=

[
∂Ma2

Ma2
∂v
v

∂a
a

∂Θ
Θ

∂ρ
ρ

∂p
p

∂F
F

∂s
cp

]′
[25]

∂y

y
= M(Ma2, γ) · ∂x

x
[26]

whereM is a matrix function of the Mach number squared
(Ma2) and the specific heat ratio (γ) [32]. Knowing y
and ∂x/x allows to compute ∂y. Let’s now examine how
these relations are used in the presented algorithm, from
the last term of ∂x/x to the first:

• Specific heat ratio (γ) and its derivative are known
as functions of temperature (as discussed in Sec-
tion 4.2). Since the status vector y contains tempera-
ture (Θ), this can be evaluated at any given state.

• Molar mass (Mm) is constant in this model (frozen
mixture), so its derivative is zero.

• Mass flow rate is also constant, meaning its deriva-
tive is zero as well.
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• Friction is assumed to be negligible, so the corre-
sponding term is set to zero, as friction effects are
minimal in typical nozzle applications of this kind.

• Heat exchange (∂q) is considered due to the heat
losses along the nozzle, and there is no work or en-
thalpy variation (Wx = 0, H = 0).

• sectional variation (∂A/A) is known based on the
nozzle geometry.

Thus, Eq. [24] simplifies to:
∂x

x
=

[
∂A
A

∂q
cp·Θ 0 0 0 ∂γ

γ

]′
[27]

At any axial position z, the values of x and ∂x are always
known. If the initial condition yz0 is partially known (with
at least Ma2 and Θ, necessary for M ), ∂y can be com-
puted and integrated along z to obtain the full status vector
y(z).

An important note involves handling the variation of γ.
The derivatives are computed with respect to z, whereas γ
is expressed as a function of temperature (Θ). To address
this,the chain rule is applied:

∂γ

∂z
=

∂γ

∂Θ
· ∂Θ
∂z

[28]

In informal terms:
∂γ(z) = ∂γ(Θ) · ∂Θ(z) [29]

Initially, Shapiro’s matrix M is solved assuming ∂γ = 0.
This allows to compute the correct ∂Θ with respect to z,
which is not function of ∂γ. It is then used to compute
∂γ(z) via Eq. [29]. Afterward, Shapiro’s equations are
solved a second time, accounting for the correct variation
of γ, yielding the final solution.

Syntax logic:
> define ode_Shapiro(z, y in z, ∗constants)

» A(z) = constants.A
» dA(z) = constants.dA
» γ(Θ) = constants.γ
» dγ(Θ) = constants.dγ
» dq(z) = constants.dq
» Mm = constans.Mm
» evaluate values for current z and current Theta

» R = R_u / Mm
» cp = R · γ / (γ-1)
» Shapiro (first round, dγ=0):

» dx over x = [dA/A, dq / (cp · Θ), 0, 0, 0, 0]
» dy over y = M(y(1)2, γ) · dx over x
» dy(1 : end-1) = dy over y (1 : end-1) · y(1 : end-1)
» dy(end) = dy over y (end) · cp
» return dy

» dΘ = dy over y (4)
» dγ in z = dγ in Θ · dΘ
» Shapiro (second round, dγ ̸= 0):

» ...
return dy

return dy

4.4 Post processing
At this stage, the nozzle throat area and combustion

chamber temperature that satisfy the target chamber pres-
sure and measured thrust have been determined. Running
thenozzle_solver function with these values provides the
gas flow state along the entire nozzle axis, of which an ex-
ample is shown in Fig. 2). The characteristic velocity, c∗,
as defined in Eq. [13], can be evaluated using both the ge-
ometrical throat area and the newly computed throat area.
These two characteristic velocities are referred to as c∗old
and c∗new. With these values, the combustion efficiency
can be computed using Eq. [12]. The combustion effi-
ciency is calculated for both the old and new characteristic
velocities, allowing for a comparison between the standard
and the new method.

5. Results
The experimental campaign was conducted using the

VFP engine with the fuels listed in Tab. 1, combined with
oxygen as the oxidizer. Various mass flow rates were em-
ployed to explore multiple oxidizer-to-fuel (O/F) ratios
and total mass flux conditions. The theoretical burning
time was adjusted during different tests to avoid overstress-
ing the engine and to preserve some residual fuel mass
for post-processing. This adjustment also took into ac-
count the mechanical properties of the fuels, where faster-
burning fuels were fired for shorter durations. Addition-
ally, a general rule of thumb was applied: burning time
was reduced when the oxidizer mass flow rate was higher,
to ensure balanced grain consumption. The main out-
comes of the experimental campaign are summarized in
Tab. 3.

5.1 Ballistic Analysis
The regression rate and total mass flux are calculated

according to Eqs. [5] and [9], and they are related by the
power law:

rf = ar G
nr
tot [30]

Since rf and Gtot are known for each test, the coefficients
ar and nr are determined through fitting, resulting in a
power law specific to each fuel formulation. The data
presented in this paper are supplemented with test results
from previous studies [1]. The results are summarized in
Fig. 3 and Tab. 2. The ballistic analysis highlights the im-
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Fig. 2. Example of gas properties evolution along the nozzle, accounting for heat and conical losses.

pact of the entrainment effect on the regression rate: ABS
is the slowest-burning formulation, while in paraffin-based
fuels, the regression rate increases as the SEBS-MA per-
centage decreases, corresponding to lower viscosity. How-
ever, it should be noted that pure paraffin (W1) exhibits
scattered data and a relatively low coefficient of determi-
nation.

Fig. 3. Regression rate as function of the total mass flux.

5.2 Combustion Efficiencies
The developed algorithm consistently proved effective,

achieving a 100% convergence rate. The last four columns
of Tab. 3 provide the following data: (i) ζAth

, the ratio

Table 2. Regression rate coefficients and coeffient of de-
termination.

Fuel ar
[

mm/s
(kg/m2s)nr

]
nr [−] R2 [−]

ABS 0.0633 0.5179 0.9664
SEBS5 0.0609 0.8347 0.9844
SEBS10 0.0995 0.5371 0.8930
SEBS20 0.0738 0.5803 0.9683

W1 0.1709 0.5648 0.7868

between the reduced throat area and the geometrical one;
(ii) ζΘfl

, the ratio between the estimated flame tempera-
ture and the adiabatic flame temperature; (iii) ηc∗old , the
standard combustion efficiency; and (iv) ηc∗new

, the com-
bustion efficiency computed using the new throat area.
In six tests, ζΘfl

was greater than 1, which is physically
impossible; therefore, these solutions were discarded de-
spite successful convergence. This discrepancy is likely
due to experimental measurement errors. All remaining
results fully align with expectations, showing a reduced
throat area, a lower chamber temperature than the adia-
batic flame temperature, and a new combustion efficiency
lower than that calculated by the standard method. A vi-
sual representation of combustion efficiency comparison
is shown in Fig. 4. The difference between the two com-
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bustion efficiencies ranges from a minimum of 4.38% in
the W1 firing test to a maximum of 13.74% in one of the
SEBS5 tests. Generally, the new combustion efficiencies
are significantly lower than those typically expected from
a swirled injection engine [4–11]. However, the developed
algorithm is a preliminary version based on a fully chem-
ically frozen expansion, which tends to underestimate the
parameter of interest. Accounting for heat losses and coni-
cal nozzle losses increases the computed ηc∗new

by approx-
imately 0-2% compared to when these losses are ignored,
although the shape of the function ∂q(z)/∂z has minimal
impact on the result.
It is beneficial to track both the old and new combustion
efficiencies, as they together represent the lower and up-
per limits of the actual value. Fig. 5 illustrates this with
error bars centered at average values, plotted as a function
of total mass flow rate, with different colors representing
various fuel formulations.
Lastly, pressure was measured at both the injection arm
and the bottom of the combustion chamber at the center
of the vortex, to verify and account for the centrifugal ef-
fect, which could potentially bias pressure measurements
and impact combustion efficiency [18]. However, no dif-
ferences were observed between the measurements from
the two pressure sensors, as shown in Fig. 1a.

Fig. 4. Comparison between the old and new combustion
efficiency.

6. Conclusions
This research developed an innovative methodology

for calculating combustion chamber efficiency in the pres-
ence of swirling gas flows. When gas is accelerated
through the nozzle, the effective nozzle area contracts,
causing standard evaluation methods to overestimate ηc∗ .
The developed algorithm introduces an additional mea-
surement, thrust, to calculate throat shrinkage. The gas
flow is treated as one-dimensional and chemically frozen,
but the combustion mixture is modeled as a calorically im-
perfect gas using NASA-CEA code and NIST data. The
nozzle’s thermo-fluid dynamic is solved using Shapiro’s
differential equations to accurately account for heat losses.
This preliminary version achieved a 100% convergence
rate, successfully matching all experimental data.

The algorithm was applied during an experimental test
campaign on the VFP engine at the Space Propulsion Lab-
oratory of Politecnico di Milano, an engine characterized
by strongly swirled injection flow. Multiple firing tests
were conducted with different fuel formulations, measur-
ing chamber pressure at the injection point and the center-
head of the combustion chamber, thrust, mass flow rate,
and cooling water temperature. These data were used for
ballistic analysis and to calculate gas heat losses.

The dual pressure measurement was performed to ver-
ify the effect of the swirling flow on the pressure sen-
sor due to centrifugal forces. However, no differences
were observed in the tests. The combustion efficiencies
calculated with the new method were consistently lower
than those determined by standard methods, as expected
from the literature, with differences ranging from 4.38%
to 13.74%. Ignoring heat losses or conical-nozzle correc-
tions in the proposed method lowers the calculated com-
bustion efficiency by 0–2% in the tested setup, while the
distribution of heat losses along the nozzle axis has a neg-
ligible impact The results establish a lower limit for com-
bustion efficiency in engines with swirl injection.
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Fig. 5. Average combustion efficiency and its limits function of the total mass flux, divided by fuel type.

Table 3. Experimental results of the test campaign.

Fuel ε p̄ ∆tb T̄ ˙̄Q ˙̄mtot Ḡtot rf ζAth ζΘfl ηc∗
old

ηc∗new

- MPa s N kW g/s kg/m2s mm/s - - % %
ABS 2.00 0.70 14.18 14.59 NA 8.19 8.48 0.20 0.92 0.91 103.65 94.94
ABS 2.00 0.72 13.33 15.75 NA 8.20 8.54 0.20 >1
ABS 2.00 0.72 10.93 16.17 6.120 8.19 8.69 0.20 >1
ABS 2.00 0.51 15.50 10.22 4.800 5.85 6.11 0.17 >1
ABS 2.00 0.51 14.26 10.23 4.120 5.82 6.13 0.16 >1
ABS 2.00 0.85 11.30 18.78 6.350 10.79 10.85 0.20 0.93 0.92 99.00 92.56
ABS 2.00 0.87 10.84 18.96 5.940 10.95 11.00 0.22 0.92 0.88 99.13 90.77
ABS 2.00 0.93 9.69 21.15 6.490 12.12 12.23 0.22 0.94 0.89 97.41 91.53
W1 2.00 0.83 14.97 18.56 4.020 13.63 11.62 0.77 0.95 0.79 95.33 90.95
W1SEBS5 2.00 1.63 7.67 37.35 9.160 17.63 17.06 0.66 0.88 0.90 105.13 92.20
W1SEBS5 2.00 1.65 7.78 39.22 9.370 18.15 17.66 0.65 0.87 0.89 105.14 91.79
W1SEBS5 2.00 1.86 7.99 43.10 10.360 19.46 18.66 0.68 0.87 0.91 106.97 93.23
W1SEBS5 2.00 1.90 7.71 43.93 11.780 20.67 19.66 0.74 0.87 0.86 103.23 90.09
W1SEBS5 2.00 0.96 12.83 20.86 9.280 11.80 10.88 0.45 0.91 0.81 93.98 85.55
W1SEBS10 2.00 0.83 14.63 17.34 4.790 9.59 8.96 0.32 0.89 0.80 97.11 86.70
W1SEBS10 2.00 0.82 14.72 17.31 4.320 9.63 9.01 0.33 0.90 0.79 95.96 86.61
W1SEBS10 2.00 1.00 11.45 22.46 5.800 11.78 11.10 0.38 0.92 0.81 95.36 87.47
W1SEBS10 2.00 0.99 9.92 21.53 5.600 11.58 11.24 0.36 0.89 0.78 95.99 85.59
W1SEBS10 2.00 1.17 10.29 27.32 6.640 13.42 12.84 0.38 0.93 0.88 98.40 91.49
W1SEBS20 2.00 1.38 13.21 32.33 13.670 14.49 13.52 0.34 >1
W1SEBS20 2.00 1.56 4.37 37.76 11.560 16.93 17.06 0.39 >1
W1SEBS20 2.00 0.91 16.84 20.36 9.920 10.37 9.56 0.28 0.93 0.96 100.35 93.65
W1SEBS20 2.00 0.92 14.77 19.70 9.690 9.80 9.74 0.28 0.89 1.00 107.20 95.82
W1SEBS20 2.00 0.78 15.12 16.98 5.240 9.20 8.60 0.26 0.93 0.86 96.45 89.92
W1SEBS20 2.00 0.77 14.93 16.47 5.530 9.04 8.60 0.26 0.92 0.85 96.84 89.29
W1SEBS20 2.00 1.09 10.12 25.16 6.830 12.88 12.43 0.31 0.93 0.88 98.51 91.50
W1SEBS20 2.00 1.08 9.65 25.07 6.760 12.85 12.42 0.30 0.94 0.89 97.71 91.95
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