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A B S T R A C T

Beams on elastic foundations are applied to a vast number of engineering problems. Several elastic foundation
models are available, from the simplest Winkler element with one parameter to complex models with more
parameters and nonlinear characteristics. Analytical and numerical approaches have been developed in the
literature for the solution of this problem, often specialized for a particular application. In this paper,
a novel numerical approach that can be applied to any combination of beam and foundation models is
presented. The method is based on independent meshes for the beam and for the foundation. The independent
discretization of the foundation opens the possibility to model any kind of foundation behaviour, including
nonlinearities, discontinuities and space-dependent properties. The two meshes are then connected by a
variable reduction approach, formulated by standard finite element procedures. Such an approach allows to
refine the discretization of the foundation without affecting the dimension of the solving system, i.e. with a
limited effect on the computational time. Additionally, a relevant advantage of the presented method is that,
contrary to most approaches described in the literature, gaps between the beam and the foundation can be
straightforwardly included by an energy-based formulation. Examples of applications to linear, nonlinear, and
foundation with gaps are reported in the paper. This innovative approach not only simplifies the modelling
process but also offers significant computational advantages, making it a versatile and efficient tool for a wide
range of engineering applications involving beam–foundation interactions.
,

1. Introduction

Beams on elastic foundations are widely employed in a broad vari-
ety of engineering fields. In structural and civil engineering, the design
and construction of safe and efficient buildings and structures require
an accurate modelling of structure–soil interaction in the foundation
system (Tiwari and Kuppa, 2014; Singh and Jha, 2013; Madhira et al.,
2016; Harden and Hutchinson, 2009). In tunnels and buried pipelines
design (Xiong et al., 2023; Dai et al., 2011; Klar et al., 2005), models
based on beam on elastic foundation are extensively employed to
analyse the structure deformation induced by soil settlement.

The behaviour of railway tracks during the passage of the train
is commonly studied by means of beam on elastic foundation mod-
els (Cojocaru et al., 2003; Lamprea-Pineda et al., 2022). In the auto-
motive field, tyre deflection and tyre-rim interaction mechanisms can
be effectively modelled with curved beams on elastic foundation (Kim
et al., 2008; Ballo et al., 2015, 2016, 2018).

In the design of cold rolling mill plants, roll-gap profile can be
estimated by means of beam elements describing the transverse defor-
mation of the roll axes connected by foundation elements modelling the
contact interaction among the rolls (Malik and Grandhi, 2008).

∗ Corresponding author.
E-mail address: giorgio.previati@polimi.it (G. Previati).

The earliest foundation model was developed by Winkler in 1868
(Winkler, 1868), who provided the simplest representation of a con-
tinuous elastic foundation, which assumes a sequence of independent
linear springs. The pressure on the foundation surface is proportional
to the surface deflection and the relation is given by the foundation
modulus. The Winkler foundation was soon improved by the addition
of a viscous element with different arrangements, resulting in novel
viscoelastic foundation models such as Kelvin–Voigt, Maxwell, Zener,
Poynting–Thomson and Burger (Kerr, 1964; Younesian et al., 2019).
The main drawback of these models was that the viscoelastic elements
of the foundation react independently to the external load, leading to
a discontinuous deflection at the border between loaded and unloaded
regions (Kerr, 1964; Younesian et al., 2019).

The independent response of the viscoelastic elements is addressed
with the addition of an upper layer either in the form of a stretched
membrane (Filonenko-Borodich (Kerr, 1964)), or a bending element
(Hetényi (Hetenyi, 1946)) or a shear-bearing layer (Pasternak (Pasternak
1954)). In other cases, such as the Vlasov and Reissner foundation
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models, the problem was approached from a variational continuum
erspective (Kerr, 1964; Younesian et al., 2019).

Depending on the type of analysis, more complex models can be
ound in the literature such as the multi-layered models extensively em-
loyed for the vibrational analysis of railway tracks (Lamprea-Pineda
t al., 2022; Younesian et al., 2019) or bi-moduli and nonlinear models

typically used to account for contact nonlinearities, amplitude depen-
dency response of the foundation and friction (Fallah and Aghdam,
2011; Zhang et al., 2018; Adin et al., 1985; Younesian et al., 2019).

According to the literature four theories are commonly employed
to describe the transverse vibration of a beam, namely the Euler–

ernoulli, Rayleigh, shear and Timoshenko (Younesian et al., 2019).
In the Euler–Bernoulli theory the sole contribution of the bending
moment is considered in the beam deformation. In the Rayleigh model,
the effect of the cross-section rotary inertia is included, while in the
shear beam model the shear contribution is considered in the beam
deformation but the rotary inertia is neglected. Finally, the Timoshenko
formulation accounts for both shear deformation and cross-section
rotary inertia (Younesian et al., 2019).

From the early 1900s, researchers’ efforts have been continuously
devoted to the study of beam on elastic foundation systems, combining
the mentioned models of beams and elastic foundations either with
nalytical or numerical approaches (Hetenyi, 1946; Zhaohua and Cook,

1983; Adhikari, 2021; Mourelatos and Parsons, 1987; Chen et al., 2004;
Girija Vallabhan and Das, 1991; Bao and Han, 1999; Balabušić et al.,
2019; Frydrýek et al., 2013; Onu, 2008; Akhazhanov et al., 2023; Zhang
nd Fan, 2023). For detailed state of the art papers on the topic, readers

should refer to Wang et al. (2005), Younesian et al. (2019).
Moreover, nonlinear models have been widely studied in the liter-

ture. For beams, the transverse displacement for large deflections is
overned by the one-dimensional von Karman model as shown in Gao

(1996), Jain et al. (2018). In Gao (1996), the author introduces a novel
onlinear beam model (Gao beam) to be applied for modelling the

behaviour of thick beams under large displacements. In fact, if the
beam is quite thick, the stress in the thickness direction cannot be ne-
glected, and the problem is solved by introducing the 2D linear elastic
constitutive relation (Gao, 1996; Malekzadeh and Karami, 2008).

Foundation models, on the other hand, are often used to describe
contact interaction problems, where the beam can detach from the
foundation, giving rise to additional nonlinear effects (Gao, 1996; Gao
et al., 2015; Machalová and Netuka, 2017).

In Gao et al. (2015), the authors analyse the behaviour of a largely
deformed beam on elastic foundation. In the paper, a Gao beam on a
Winkler foundation is considered, and a mathematical formulation of
the problem based on a variational approach is provided. Two different
problems are analysed, namely the classical foundation, where beam
and foundation are firmly connected and the unilateral foundation,
where the beam rests on the foundation and normal detachment is
allowed. The authors developed a solution strategy based on a mixed
hybrid formulation approach (Gao et al., 2015; Brezzi and Fortin, 1991;
Machalová and Netuka, 2011a,b, 2018). A decomposition method is
employed to define two independent integration domains associated
with the beam and the elastic foundation respectively. A linear equality
constraint is introduced to link the independent variables and en-
force compatibility conditions at the connection between beam and
foundation. The classical potential energy minimization problem is
transformed into a constrained minimization problem with the intro-
duction of the linear equality, and the resulting problem is finally
solved by means of a primal–dual optimization approach. The use of do-
main decomposition allows for independent meshing and interpolation
of the domains of beam and elastic foundation. In the paper numerical
examples are solved by using beam elements with cubic shape functions
and constant stiffness Winkler foundation elements.

The same authors, in more recent papers, extended their results by
ncluding also contact interactions with nonzero initial gap (Machalová

and Netuka, 2015) and an axial force acting at the tip of the beam
2 
(Radová and Machalová, 2024). Indeed, this topic finds extremely im-
ortant applications in modelling stitching behaviour between micro-
antilever structures and substrate in MEMS (Micro Electro Mechanical
ystems) design (Zhang and Zhao, 2012) or in modelling contact inter-

actions in rolling mills with crown profiles (Malik and Grandhi, 2008;
Zhang and Malik, 2018).

Zhang and Murphy address the topic of a finite elastic beam resting
n an elastic foundation in two papers (Zhang and Murphy, 2004,

2013). Equilibrium equations and boundary conditions related to a
inite Euler–Bernoulli beam loaded with a concentrated force with
 nonzero gap distance from a substrate are formulated. A general
nalytical expression for the solution of the partial differential equation

was derived, along with a set of associated unknown constants arising
from the analytical integration, to be determined by imposing boundary
onditions. Because of the dependency of the contact area from the
pplied load, the resulting system of equations is nonlinear and has
een solved numerically by means of a Newton–Raphson method.

In this paper, a numerical approach for the solution of beams on
lastic foundation problems is presented. The method is based on com-

plete independent meshing of beam and elastic foundation domains.
This independent discretization of the foundation, with respect to the
beam, allows for the modelling of various types of foundation be-
haviour, including nonlinearities, discontinuities, and spatially varying
properties. The two meshes are then linked by a variable reduction
pproach, allowing for a simple and effective solution of the problem.
ifferently from Gao et al. (2015), the method relies on standard

displacement-based finite element approach, enabling the use with
ny type of beam and foundation element. In principle, there is no
onstraint on the type of element to be used for the discretization of the
eam or of the foundation. Also, it is possible to use the same element
ype for the two meshes or different element types.

Additionally, a novel formulation of Winkler’s foundation element
s adopted by including the nonlinear contact stiffness and initial gap
unction in the internal work formulation. In this way, both the contact
tiffness matrix and the resulting gap force vector can be straight-
orwardly computed and assembled in the finite element system. As

a result, the numerical solution of the system can be obtained us-
ng standard techniques, thus simplifying the implementation of the
ethod. Also, being based on the virtual work principle, this approach

nsures that the force equilibrium of the solution is satisfied, and no
quilibrium iteration is required during the solution.

The paper is organized as follows. In the next section, the problem
nder consideration is described and formulated. Then, the proposed
umerical method for solving the problem is described in details.
irstly, the considered beam formulations are briefly reviewed. Then,
he foundation formulation is provided for both linear and nonlinear
oundation stiffness, as well as for cases where there is a gap between
he beam and the foundation. The variable reduction approach used

to solve the numerical system is then explained. Three numerical
examples are presented thereafter, followed by the conclusions.

2. Problem formulation

Fig. 1 depicts a beam on an elastic foundation. The beam, with
length 𝐿, is subjected to a load 𝑓 (𝑥) and rests on an elastic foundation

ith spring characteristics described by the function 𝑝 (𝑥). Additionally,
onstraints and concentrated loads can also be present. In the paper, a
lane problem is considered where 𝑥 is the axial coordinate of the beam
nd 𝑤 is the transverse displacement.

If a simple Euler–Bernoulli beam model is considered, the expres-
ion of a beam on an elastic foundation can be written as

𝐸 𝐼 𝑤𝐼 𝑉 (𝑥) + 𝑝 (𝑥) = 𝑓 (𝑥) ∀𝑥 ∈ [0, 𝐿] , (1)

where 𝐸 is the elastic modulus of the material, 𝐼 the moment of
inertia of the cross-section, and 𝑓 𝑥 the distributed load applied to the
( )
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Fig. 1. Beam on elastic foundation.

beam. Eq. (1) represents a Euler–Bernoulli beam on a general elastic
foundation.

Different beam formulations can be utilized by replacing the Euler–
Bernoulli terms of Eq. (1) (𝐸 𝐼 𝑣𝐼 𝑉 (𝑥)) with the corresponding terms of
the considered formulation. If Timoshenko and Gao (Gao et al., 2015)
beams are considered, the equations of a beam on an elastic foundation
respectively read

𝐸 𝐼 𝑤𝐼 𝑉 (𝑥) + 𝐸 𝐼
𝜅 𝐴𝐺𝑤𝐼 𝐼 (𝑥) + 𝑝 (𝑥) = 𝑓 (𝑥) ∀𝑥 ∈ [0, 𝐿] , (2)

𝐸 𝐼 𝑤𝐼 𝑉 (𝑥) −𝐸 𝛼 (𝑤𝐼 (𝑥)
)2 𝑤𝐼 𝐼 (𝑥) + 𝑝 (𝑥) = 𝑓 (𝑥)

(

1 − 𝜈2
)

∀𝑥 ∈ [0, 𝐿] ,
(3)

with 𝐴 area of the cross-section, 𝐺 shear modulus of the material,
𝜈 the Poisson coefficient of the material, 𝜅 shear coefficient of the
cross-section, and 𝛼 is a constant that, for beams with rectangular
cross-section of unitary width, can be expressed as (Gao, 1996)

𝛼 = 3ℎ (1 − 𝜈2
)

, (4)

being 2ℎ the height of the cross-section (Gao et al., 2015).
Referring to the elastic foundation formulation, several models can

be found in the literature (Kerr, 1964; Madhira et al., 2016; Singh and
Jha, 2013; Younesian et al., 2019; Lamprea-Pineda et al., 2022). Among
all possible formulations, Winkler (Kerr, 1964), Pasternak (Pasternak,
1954), and Hetényi (Hetenyi, 1946) foundations are often employed
and are considered in this paper. For these formulations, the mathe-
matical expressions respectively read

𝑝 (𝑥) = 𝑘𝑤 (𝑥) ∀𝑥 ∈ [0, 𝐿] , (5)

𝑝 (𝑥) = 𝑘𝑤 (𝑥) − 𝐺ℎ𝑤
𝐼 𝐼 (𝑥) ∀𝑥 ∈ [0, 𝐿] , (6)

𝑝 (𝑥) = 𝑘𝑤 (𝑥) −𝐷 𝑤𝐼 𝑉 (𝑥) ∀𝑥 ∈ [0, 𝐿] , (7)

where 𝑘 is the stiffness of the elastic foundation considered in all
models, 𝐺ℎ is the stiffness of the shear layer in the Pasternak model,
and 𝐷 is the bending stiffness in the Hetényi model. More details on
the different foundation formulations can be found in Kerr (1964),
Madhira et al. (2016), Singh and Jha (2013), Younesian et al. (2019),
Lamprea-Pineda et al. (2022) and in the references therein.

The different beam and elastic foundation formulations can be com-
bined as required by the considered problem. As the formulation gets
more complex, the analytical integration becomes more complicated
and only simple load cases can be analysed. Also, in all the considered
foundation models the foundation parameters have been considered
independent of the beam deflection 𝑤 (𝑥). However, in several relevant
practical applications such parameters depend on the beam deflection
3 
Fig. 2. Scheme of a 4 degrees of freedom beam element.

or unilateral contacts should be considered. In these cases, the elastic
foundation models become nonlinear and an analytical integration may
not be possible. For these reasons, in this paper, a numerical approach
is considered for the integration of the beam on elastic foundation
problem.

3. Numerical formulation

For the numerical formulation of the problem, a Finite Element (FE)
approach is employed. A beam element is defined for the discretization
of the beam, and a foundation element for the elastic foundation. As
the foundation element should mimic as accurately as possible the
deformation of the beam, a typical choice is to use the same shape
functions to describe the displacements of the two elements. In the
following, this choice is adopted, even though the presented procedure
can be applied in cases where different shape functions are utilized
without any modification. As shape functions, the classical Hermite
cubic polynomials are considered. Again, the procedure can be applied
with any other kind of shape functions complying with the usual
requirements for finite element formulation.

Fig. 2 depicts a scheme of the displacements of a standard plane
beam element with only transverse deformation and four degrees of
freedom (dofs). 𝑤1 and 𝑤2 represent the transverse nodal displacement,
𝜃1 and 𝜃2 the nodal rotations, 𝑥 is the axial coordinate of the element
and 𝐿 the element length. The vector of the nodal displacements can
be expressed as

𝐝 =
[

𝑤1 𝜃1 𝑤2 𝜃2
]𝑇 (8)

while the four Hermite cubic polynomials shape functions 𝐍 (𝑥) of the
element read

𝐍 (𝑥) =
[

2𝑥3
𝐿3 − 3𝑥2

𝐿2 + 1, 𝑥 − 2𝑥2
𝐿 + 𝑥3

𝐿2 ,
3𝑥2
𝐿2 − 2𝑥3

𝐿3 ,
𝑥3

𝐿2 − 𝑥2

𝐿

]

. (9)

3.1. Beam elements formulation

The FE discretization of Euler–Bernoulli (Eq. (1)) and Timoshenko
(Eq. (2)) beams by means of Hermite cubic polynomials is a widely
known approach. For the sake of readability, the expressions of the
corresponding stiffness matrices 𝐊𝐁 (stiffness matrix of the Euler–
Bernoulli beam) and 𝐊𝐓 (stiffness matrix of the Timoshenko beam) are
provided in Appendix A.

The FE modelling of the Gao beam (Eq. (3)) can be obtained as
follows. Let us consider the shape functions in Eq. (9). By assuming
𝑤𝐼 (𝑥) = 𝐍 (𝑥)𝐼 𝐝, the stiffness matrix of the Gao beam can be computed
as (Gao et al., 2015)

𝐊𝐆 = 𝐸 𝐼 ∫
𝐿

0
𝐍 (𝑥)𝐼 𝐼 𝑇𝐍 (𝑥)𝐼 𝐼 𝑑 𝑥 + 𝐸 𝛼

3 ∫

𝐿

0

(

𝐍 (𝑥)𝐼 𝐝
)2 𝐍 (𝑥)𝐼 𝑇𝐍 (𝑥)𝐼 𝑑 𝑥.

(10)

The first term of Eq. (10) is equal to the stiffness matrix of a Euler–
Bernoulli beam and is reported in Appendix A. The second term is
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nonlinear as is function of the nodal displacement. This term can be
nalytically integrated leading to complicated formulas, reported in

Appendix B for readability.

3.2. Elastic foundation elements formulation

When implementing a finite element solution for a beam on elastic
oundation, the stiffness matrix of the beam element is modified to
ccount for the stiffening effect of the foundation. As pointed out
n Zhaohua and Cook (1983), the resulting stiffness matrix is the sum

of the stiffness matrix of the beam element and of a stiffness matrix
derived from the expression for the elastic foundation and for the
considered shape functions. In this paper, as the scope is the creation
of two different meshes for the discretization of the beam and of the
elastic foundation, the two contributions are kept separated. Therefore,
the expression of the foundation element refers to the formulation of
he stiffness matrix contribution related to the sole elastic foundation.
his stiffness matrix can be then assembled in the solving system, as
ill be shown in Section 4.

For the numerical implementation of the elastic foundation ele-
ments, the same beam element with two nodes and four dofs considered
for the beam models and depicted in Fig. 2, with the nodal displace-

ents defined in Eq. (8), and the shape functions in Eq. (9) is assumed.
It should be remarked that the choice of the shape function leads to the
particular expressions of the matrices derived in the remainder of the
paper, but the presented method can be applied to any other suitable
et of shape functions.

3.2.1. Linear case: bilateral contact and constant elastic foundation param-
eters

Firstly, the simplest case of bilateral foundation, i.e. an elastic
oundation that reacts in both compression and tension, with constant
oundation parameters, is considered. This represents the only case in

which the elastic foundation is linear. If the beam formulation is also
linear, a linear system can be obtained.

For this case, the computation of the stiffness matrices of the con-
idered foundation formulations is straightforward and can be derived
y considering the strain energy function of the elastic foundation. For

the Winkler foundation, the strain energy function can be computed by
considering a simple spring (𝑈 = 1

2𝑘𝑤 (𝑥)2), and the stiffness matrix
reads

𝐊𝐟 𝐖 = 𝑘∫

𝐿𝑓

0
𝐍𝑇 (𝑥)𝐍 (𝑥) 𝑑 𝑥

= 𝑘

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

13𝐿𝑓
35

11𝐿2
𝑓

210
9𝐿𝑓
70 −

13𝐿2
𝑓

420
11𝐿2

𝑓
210

𝐿3
𝑓

105

13𝐿2
𝑓

420 −
𝐿3
𝑓

140

9𝐿𝑓
70

13𝐿2
𝑓

420
13𝐿𝑓
35 −

11𝐿2
𝑓

210

−
13𝐿2

𝑓
420 −

𝐿3
𝑓

140 −
11𝐿2

𝑓
210

𝐿3
𝑓

105

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,
(11)

where 𝐿𝑓 indicates the length of the foundation mesh element. In case
of the Pasternak foundation element, the stiffness matrix consists of two
parts. The first part is the stiffness matrix of the Winkler foundation
element. The second part can be computed by considering that the
strain energy of the second term of Eq. (6) is given by shear deformation
(𝑈 = 1

2𝐺ℎ

(

𝑑 𝑤(𝑥)
𝑑 𝑥

)2
) (Zhaohua and Cook, 1983). The stiffness matrix,

therefore, reads

𝐊𝐟 𝐏 = 𝑘∫

𝐿𝑓

0
𝐍𝑇 (𝑥)𝐍 (𝑥) 𝑑 𝑥 + 𝐺ℎ ∫

𝐿𝑓

0
𝐍𝐼 (𝑥)𝑇𝐍𝐼 (𝑥) 𝑑 𝑥

= 𝐊𝐟 𝐖 + 𝐺ℎ

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

6
5𝐿𝑓

1
10 − 6

5𝐿𝑓

1
10

1
10

2𝐿𝑓
15 − 1

10 −𝐿𝑓
30

− 6
5𝐿𝑓

− 1
10

6
5𝐿𝑓

− 1
10

1 𝐿𝑓 1 2𝐿𝑓

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

.
(12)
⎣ 10 − 30 − 10 15 ⎦

4 
Similarly, for the Hetényi foundation element, the first term of the
stiffness matrix is the stiffness matrix of the Winkler element, while
the second term can be computed by considering the strain energy
associated with bending deformation (𝑈 = 1

2𝐷
(

𝑑2𝑤(𝑥)
𝑑 𝑥2

)2
). The stiffness

atrix thus results

𝐊𝐟 𝐇 = 𝑘∫

𝐿𝑓

0
𝐍𝑇 (𝑥)𝐍 (𝑥) 𝑑 𝑥 +𝐷 ∫

𝐿𝑓

0
𝐍𝐼 𝐼 (𝑥)𝑇𝐍𝐼 𝐼 (𝑥) 𝑑 𝑥

= 𝐊𝐟 𝐖 +𝐷

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

12
𝐿3
𝑓

6
𝐿2
𝑓

− 12
𝐿3
𝑓

6
𝐿2
𝑓

6
𝐿2
𝑓

4
𝐿𝑓

− 6
𝐿2
𝑓

2
𝐿𝑓

− 12
𝐿3
𝑓

− 6
𝐿2
𝑓

12
𝐿3
𝑓

− 6
𝐿2
𝑓

6
𝐿2
𝑓

2
𝐿𝑓

− 6
𝐿2
𝑓

4
𝐿𝑓

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.
(13)

3.2.2. Nonlinear case: unilateral contact or nonlinear elastic foundation
parameters

In the previous subsection, the case of linear elastic foundation ele-
ments has been discussed. However, nonlinearities often arise. In most
pplications, the elastic foundation is unilateral, i.e. the foundation
eacts only in compression. In some cases, the foundation parameters
ould also depend on the displacements.

Firstly, the case of unilateral contact with constant foundation
parameters is considered. For the three considered foundation formu-
lations, given the compression of the foundation element when the
displacement is negative (𝑤 (𝑥) ≤ 0), the parameters can be defined
as follows.

𝑘 (𝑥) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝑘 𝑖𝑓 𝑤 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

, (14)

𝐺ℎ (𝑥) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝐺ℎ 𝑖𝑓 𝑤 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

, (15)

𝐷 (𝑥) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝐷 𝑖𝑓 𝑤 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

. (16)

According to Eq. (14), Eq. (15), and Eq. (16), the elastic foundation
parameters are no longer constants, but they are nonlinear functions of
the transverse displacement 𝑤 (𝑥). As these functions are step functions

here the parameters are either zero or a constant value, the simplest
and most commonly used approach is to consider the stiffness matrices
of the elements as either equal to the null matrix, if at least one
of the nodes has a positive displacement, or equal to the expression
of Eq. (11), Eq. (12), or Eq. (13), if both nodes have a negative
displacement. The problem is nonlinear because, in general, the actual
contact area is not known a priori, and during the solution of the
ystem, the stiffness matrix has to be updated to account for which
oundation elements are actually reacting.

If the foundation parameters also depend on 𝑥 and 𝑤, Eq. (14),
q. (15), and Eq. (16) can be modified as follows

𝑘 (𝑥, 𝑤) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝑓𝑘 (𝑥, 𝑤) 𝑖𝑓 𝑤 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

, (17)

𝐺ℎ (𝑥, 𝑤) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝑓𝐺ℎ

(𝑥, 𝑤) 𝑖𝑓 𝑤 (𝑥) ≤ 0 ∀𝑥 ∈
[

0, 𝐿𝑓
]

, (18)

𝐷 (𝑥, 𝑤) =
{

0 𝑖𝑓 𝑤 (𝑥) > 0
𝑓𝐷 (𝑥, 𝑤) 𝑖𝑓 𝑤 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

, (19)

being 𝑓𝑘 (𝑥, 𝑤), 𝑓𝐺ℎ
(𝑥, 𝑤), and 𝑓𝐷 (𝑥, 𝑤) general nonlinear functions of

𝑥 and 𝑤.
When the foundation parameters are described by Eq. (17), Eq. (18),

nd Eq. (19), the foundation stiffness matrices, in general, cannot be
computed analytically and are to be integrated numerically. For the
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numerical integration, a Gauss quadrature can be employed, and the
foundation stiffness matrices can be computed as
𝐊𝐟 𝐖 = ∫ 𝐿𝑓

0 𝑘 (𝑥, 𝑤)𝐍𝑇 (𝑥)𝐍 (𝑥) 𝑑 𝑥 =
=
∑𝑛

𝑖=1 𝜔𝑖𝑘
(

𝑥𝑖,𝐍
(

𝑥𝑖
)

𝐝
)

𝐍
(

𝑥𝑖
)𝑇 𝐍

(

𝑥𝑖
)

,
(20)

𝐊𝐟 𝐏 = 𝐊𝐟 𝐖 + ∫ 𝐿𝑓
0 𝐺ℎ (𝑥, 𝑤)𝐍𝐼 (𝑥)𝑇𝐍𝐼 (𝑥) 𝑑 𝑥 =

= 𝐊𝐟 𝐖 +
∑𝑛

𝑖=1 𝜔𝑖𝐺ℎ
(

𝑥𝑖,𝐍
(

𝑥𝑖
)

𝐝
)

𝐍𝐼 (𝑥𝑖
)𝑇 𝐍𝐼 (𝑥𝑖

)

,
(21)

𝐊𝐟 𝐇 = 𝐊𝐟 𝐖 + ∫ 𝐿𝑓
0 𝐷 (𝑥, 𝑤)𝐍𝐼 𝐼 (𝑥)𝑇𝐍𝐼 𝐼 (𝑥) 𝑑 𝑥 =

= 𝐊𝐟 𝐖 +
∑𝑛

𝑖=1 𝜔𝑖𝐷
(

𝑥𝑖,𝐍
(

𝑥𝑖
)

𝐝
)

𝐍𝐼 𝐼 (𝑥𝑖
)𝑇 𝐍𝐼 𝐼 (𝑥𝑖

)

,
(22)

where 𝜔𝑖 and 𝑥𝑖 are the weights and the locations of the Gauss points
respectively, 𝑛 is the number of Gauss points, and 𝑤 (𝑥) = 𝐍 (𝑥)𝐝.

Interestingly, Eq. (20), Eq. (21), and Eq. (22) are evaluated at the
Gauss points of the elements and not at the nodes. This implies that,
if a full integration with four Gauss points is considered, the contact
condition is checked at four locations for each element instead of only
at nodes. In this way, for the same mesh dimensions, a more refined
definition of the contact area can be obtained. It is also worth noting,
that the nodal forces computed for the elements are not the contact
forces on the element, but the contact forces have to be computed back
at the Gauss points during the post-processing of the results.

3.2.3. Gap implementation
For the implementation of the gap between the beam and the foun-

ation, a nonlinear Winkler elastic foundation element with parameter
(𝑥, 𝑤 (𝑥)) and an initial gap is considered. The gap is described by the

unction 𝑤0 (𝑥). The foundation stiffness 𝑘 (𝑥, 𝑤 (𝑥)) is defined as

𝑘 (𝑥, 𝑤) =
{

0 𝑖𝑓 𝛥 (𝑥) > 0
𝑓𝑘 (𝑥, 𝑤) 𝑖𝑓 𝛥 (𝑥) ≤ 0

∀𝑥 ∈
[

0, 𝐿𝑓
]

, (23)

with 𝛥 (𝑥) = 𝑤 (𝑥) −𝑤0 (𝑥) the elongation field.
The virtual work of the Winkler element with gap can be computed

or the external and internal forces respectively as

𝑊𝑒𝑥𝑡 = 𝜹𝒅𝑇𝑹, (24)

𝑑 𝑊𝑖𝑛𝑡 = 𝛿 𝑠 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝛥 (𝑥) 𝑑 𝑥, (25)

with 𝜹𝒅 a vector of arbitrary node virtual displacements, 𝑹 nodal
forces, and 𝛿 𝑠 (𝑥) an arbitrary virtual elongation field. The external
work 𝑊𝑒𝑥𝑡 has been computed directly from the nodal variables, while
the internal work 𝑑 𝑊𝑖𝑛𝑡 has been computed for the infinitesimal length
𝑑 𝑥 of the element. By considering

𝛿 𝑠 (𝑥) = 𝜹𝒅𝑇𝑵𝑇 (𝑥) , (26)

𝑤 (𝑥) = 𝑵 (𝑥)𝒅. (27)

Eq. (25) can be rewritten as

𝑑 𝑊𝑖𝑛𝑡 = 𝜹𝒅𝑇𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))
(

𝑵 (𝑥)𝒅 −𝑤0 (𝑥)
)

𝑑 𝑥. (28)

Eq. (28) can be integrated over the length of the Winkler element
s

𝑊𝑖𝑛𝑡 = 𝜹𝒅𝑇
∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))

(

𝑵 (𝑥)𝒅 −𝑤0 (𝑥)
)

𝑑 𝑥. (29)

By equating the external and internal virtual works and eliminat-
ing 𝜹𝒅 from both sides of the equation, through a simple algebraic
manipulation, the constitutive equation of the element can be obtained

𝑹 = ∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑵 (𝑥) 𝑑 𝑥 𝒅

− ∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑤0 (𝑥) 𝑑 𝑥.

(30)
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The two terms of Eq. (30) can be called as

𝐊𝐟 𝐖 = ∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑵 (𝑥) 𝑑 𝑥, (31)

𝐅𝐟 𝐖 = −∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑤0 (𝑥) 𝑑 𝑥, (32)

being 𝐊𝐟 𝐖 the stiffness matrix of the Winkler element already discussed
n the previous sections, and 𝐅𝐟 𝐖 the gap force vector of the Winkler
lement. When 𝛥 (𝑥) is positive, 𝐅𝐟 𝐖 represents the forces required to
alance the work of the stiffness of the elastic foundation for the gap
ength. Eqs. (31) and (32) are derived from the virtual work equilibrium

and, thus, the force equilibrium of the solution is guaranteed and
no equilibrium iteration or force adjustment coefficient is needed.
Eq. (32) requires that the gap function 𝑤0 (𝑥) be integrable over the
lement. In case an analytical integration is not feasible, Eq. (32) can
e numerically integrated by Gauss quadrature as

𝐅𝐟 𝐖 = −
𝑛
∑

𝑖=1
𝜔𝑖𝑘

(

𝑥𝑖,𝐍
(

𝑥𝑖
)

𝐝
)

𝑤0
(

𝑥𝑖
)

𝐍
(

𝑥𝑖
)𝑇 . (33)

4. Variable reduction

In Section 3.1 the stiffness matrices of the beam elements have been
derived, while in Section 3.2 the stiffness matrices of the foundation el-
ements. In most literature papers, the two element types are assembled
by constructing meshes in which the same nodes are shared by both
element types (Kerr, 1964; Madhira et al., 2016; Singh and Jha, 2013;
Younesian et al., 2019; Lamprea-Pineda et al., 2022), i.e. the lengths
of the beam and foundation elements coincide. In Gao et al. (2015),
ifferent meshes are considered for the discretization of the beam

and of the foundation. The connection between beam and foundation
elements is then realized through constraint equations enforced by
Lagrange multipliers. This approach has the advantage of allowing the
two parts of the model to be meshed independently. However, the use
of Lagrange multipliers leads to a mixed formulation, an increase in
the degrees of freedom of the system, and, possibly, a more complex
numerical solution of the equations.

In this paper, the different meshes used for beam and foundation
are connected by a variable reduction approach. By this approach,
the solving system will be a function of only the dofs of the beam
lements, leading to a reduction in the system size. Additionally, no
ixed formulation is required and the usual techniques for solving
onlinear systems can be employed. The variable reduction approach
s also a technique suitable for implementation in a finite element code
nd requires only matrix multiplications.

Fig. 3 depicts a node F of a foundation element on the axis of a
beam element and comprised of the two nodes B1 and B2 of a beam
element. 𝐝𝐛𝐞𝐚𝐦 =

[

𝑤1 𝜃1 𝑤2 𝜃2
]𝑇 indicates the vector of the nodal

displacements of the beam element, with 𝑤1 and 𝜃1 and 𝑤2 and 𝜃2 the
displacements and rotations of the nodes B1 and B2, respectively, and
𝐝𝐅 =

[

𝑤𝐹 𝜃𝐹
]𝑇 the displacement and rotation of the node F of the

elastic foundation.
As the beam deforms, node F must remain on the beam axis. There-

fore, the displacement and the rotation of node F can be computed as
a function of the shape functions of the beam element as
{

𝑤𝐹 = 𝐍
(

𝑥𝐹
)

𝐝𝐛𝐞𝐚𝐦
𝜃𝐹 = 𝐍𝐼 (𝑥𝐹

)

𝐝𝐛𝐞𝐚𝐦
⇒ 𝐝𝐅 = 𝜦𝐹

(

𝑥𝐹
)

𝐝𝐛𝐞𝐚𝐦, (34)

with 𝜦𝐹
(

𝑥𝐹
)

=
[

𝐍
(

𝑥𝐹
)

𝐍𝐼 (𝑥𝐹
)

]

the Jacobian matrix defining the relation-

ship between the dofs of node F and the displacements of the nodes of
the beam element. 𝑥𝐹 is the position of the node F on the beam element.

If a foundation element with two nodes is considered, with respect
o the mesh of the beam, three different relative positions of the nodes
f the foundation element and the elements of the beam mesh can occur
Fig. 4).
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Fig. 3. Elastic foundation node F on the axis of a beam element with nodes B1 and B2. 𝑥𝐹 is the position of the node F on the beam axis in the beam reference system.
Fig. 4. Relative positioning of the nodes of the foundation element and the nodes of
the mesh of the beam.

(a) Both nodes of the foundation element belong to the same beam
element (Fig. 4a). In this case, if the same shape functions are
used for both the beam and for foundation element, the foun-
dation element undergoes the same deformation of the beam
element at every point. The limit situation of this case occurs
when the nodes of the foundation element and of the beam
element coincide. This situation corresponds to using the same
mesh for both the beam and the foundation, and it can be
formally addressed using the proposed approach.

(b) One node of the foundation element belongs to one element
of the beam and the other to a neighbouring element of the
beam (Fig. 4b). In this case, the foundation element undergoes
a different deformation than the corresponding beam elements.
However, if the foundation element is sufficiently smaller, such
a difference is small. When its dimension is vanishing, the de-
formation of the foundation element tends to the deformation of
the beam elements .

(c) One node of the foundation element belongs to one element of
the beam and the other to a non-neighbouring element of the
beam (Fig. 4c). In this case, the foundation element undergoes
a different deformation than the corresponding beam elements
and the size of the foundation element cannot be reduced to
reduce this difference.

Case a is the best case and, if the same shape functions are adopted
for the two element types, no discretization error is introduced between
the two meshes. If different shape functions are used, the displacements
of the foundation element tend to the displacements of the beam ele-
ment as the dimension of the foundation element is reduced. However,
to ensure that any foundation element belongs to this case, all of
the nodes of the beam must be also used as nodes in the foundation
mesh. In other words, the foundation mesh can have more elements
than the beam mesh but must contain all nodes of the latter. To
avoid this constraint, some discretization error has to be accepted. For
elements belonging to case b, the discretization error can be reduced
by reducing the size of the foundation elements, and, at the limit, the
6 
process is convergent. Therefore, case b is acceptable. In this case,
a convergence analysis can be used to define the appropriate mesh
dimensions. Conversely, case c must be avoided as, in this case, the
discretization error cannot be controlled. As a consequence, to apply
this method with acceptable discretization errors, the elements of the
foundation mesh have to be smaller than the elements of the beam
mesh. Therefore, the number of foundation elements must be greater
than, or at most equal to, the number of beam elements.

If a Winkler element with gap is considered, the variable reduction
approach can be applied as follows. By considering Eq. (34), the Jaco-
bian matrix between the displacements of the nodes of the foundation
element (𝐝1 and 𝐝2) and the displacements of all the nodes of the beam
mesh (𝐝𝐛𝐞𝐚𝐦) can be defined as
⎧

⎪

⎨

⎪

⎩

𝐝1 = 𝜦𝑑1

(

𝑥𝐝1
)

𝐝𝐛𝐞𝐚𝐦

𝐝2 = 𝜦𝑑2

(

𝑥𝐝2
)

𝐝𝐛𝐞𝐚𝐦
⇒ 𝐝 = 𝜦𝐝𝐛𝐞𝐚𝐦, (35)

where 𝐝 =
[

𝐝1
𝐝2

]

, and 𝜦 is the global Jacobian matrix obtained by

assembling 𝜦𝑑1 and 𝜦𝑑2, with 𝜦𝑑1 and 𝜦𝑑2 being the two Jacobian
matrices of the nodes of the foundation element with respect to the
beam element corresponding to each node and defined in Eq. (34). 𝑥𝐝1
and 𝑥𝐝2 are the coordinates of the nodes of the foundation element
on the corresponding beam elements. It is worth noting that Eq. (35)
remains consistent regardless of the relative positions of the two nodes
of the foundation element and the elements of the beam mesh. The two
Jacobian matrices, 𝜦𝑑1 and 𝜦𝑑2, are calculated separately for each node
of the foundation element and then assembled into the global Jacobian
matrix 𝜦. This assembly is done with respect to the vector of all nodal
displacements of the beam, 𝐝𝐛𝐞𝐚𝐦, at the positions corresponding to
the involved nodes of the beam mesh, following the standard assembly
rules of the finite element method.

By considering Eq. (35), Eq. (24) and (29) can be rewritten as

𝑊𝑒𝑥𝑡 =
(

𝜦𝜹𝒅𝒃𝒆𝒂𝒎
)𝑇 𝑹, (36)

𝑊𝑖𝑛𝑡 =
(

𝜦𝜹𝒅𝒃𝒆𝒂𝒎
)𝑇

∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))

(

𝑵 (𝑥)
(

𝜦𝒅𝒃𝒆𝒂𝒎
)

− 𝑤0 (𝑥)
)

𝑑 𝑥,
(37)

where the integrals are performed on the coordinate of the foundation
element and 𝐍 (𝑥) are its shape functions. As 𝜦 and 𝒅𝒃𝒆𝒂𝒎 do not
depend on the 𝑥 coordinate of the foundation element, by following the
same computations of Section 3.2.3, the following relationships can be
obtained.

𝐊𝐟 𝐖,𝐛𝐞𝐚𝐦 = 𝜦𝑇
∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑵 (𝑥) 𝑑 𝑥𝜦 = 𝜦𝑇𝐊𝐟 𝐖𝜦, (38)

𝐅𝐟 𝐖,𝐛𝐞𝐚𝐦 = −𝜦𝑇
∫

𝐿𝑓

0
𝑵𝑇 (𝑥) 𝑘 (𝑥, 𝑤 (𝑥))𝑤0 (𝑥) 𝑑 𝑥 = 𝜦𝑇𝐅𝐟 𝐖. (39)

𝐊𝐟 𝐖 and 𝐅𝐟 𝐖 are the stiffness matrix and the gap force vector
computed in the foundation element reference system, while 𝐊𝐟 𝐖,𝐛𝐞𝐚𝐦
and 𝐅𝐟 𝐖,𝐛𝐞𝐚𝐦 are the stiffness matrix and the gap force vector referenced
to the beam mesh. These last two terms can be assembled with the
stiffness matrix and the load vector of the beam, respectively.
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Similarly, the stiffness matrices of the Pasternak and Hetényi foun-
dation elements can be expressed as

𝐊𝐟 𝐩,𝐛𝐞𝐚𝐦 = 𝜦𝑇𝐊𝐟 𝐩𝜦, (40)

𝐊𝐟 𝐡,𝐛𝐞𝐚𝐦 = 𝜦𝑇𝐊𝐟 𝐡𝜦. (41)

The resulting solving system, without gap, assumes the form
(

𝐊𝐢 +𝐊𝐟 𝐣,𝐛𝐞𝐚𝐦
)

𝒅𝒃𝒆𝒂𝒎 = 𝐅, (42)

where 𝐊𝐢 (𝑖 = 𝐵 , 𝑇 , 𝐺) is the beam stiffness matrix, defined according
to the different beam models. 𝐊𝐟 𝐣,𝐛𝐞𝐚𝐦 (𝑗 = 𝑤, 𝑝, ℎ) is the foundation
tiffness matrix referred to the beam mesh nodes defined according to
he different foundation formulations. 𝐅 is the vector of the nodal forces

applied to the beam.
For the Winkler foundation with gap, the solving system can be

xpressed as
(

𝐊𝐢 +𝐊𝐟 𝐖,𝐛𝐞𝐚𝐦
)

𝒅𝒃𝒆𝒂𝒎 = 𝐅 + 𝐅𝐟 𝐖,𝐛𝐞𝐚𝐦, (43)

being 𝐅𝐟 𝐖,𝐛𝐞𝐚𝐦 the gap force vector of the Winkler foundation referred
o the beam mesh nodes.

The systems of Eqs. (42) and (43) are functions of the sole dofs of the
nodes of the beam. The mesh of the elastic foundation can be refined
without increasing the dimension or the complexity of the solving
systems. The displacements of the nodes of the elastic foundation can
be computed from the displacements of the nodes of the beam by using
Eq. (35) in the post-processing phase.

All the terms of Eq. (42) could be functions of the nodal displace-
ents, therefore, in general, the system is nonlinear. The system of

Eq. (43) is always nonlinear as a gap function is considered. The
solution of a nonlinear FE problem is widely discussed in the literature
and it is outside the scope of this paper. The solutions of Eq. (42) and
43) can be obtained by the usual methods employed to solve such

problems. In the following numerical examples, a simple direct sub-
stitution method is used. The direct substitution method, also known
as fixed-point iteration, involves computing the updated values of the
unknown variables as a function of their values at the previous iteration
and repeating the iterations to refine the solution until it stabilizes
below some desired tolerance or the maximum number of iterations
is reached (Chapra and Canale, 2009). The method is iterative and can
be used to solve most numerical problems, even if it is characterized
by a relatively slow convergence rate and, in some cases, convergence
issues.

5. Numerical examples

In this section, three numerical examples are considered. The first
two examples are taken from Gao et al. (2015) and Froio and Rizzi
(2016), respectively, and are used to validate the method developed
n this paper. The third example presents a highly nonlinear elastic
oundation with a gap. All the following examples are solved by con-
idering the numerical formulation of the foundation elements reported
n Section 3.2.2 and Section 3.2.3, with four Gauss points for each

element.

5.1. Example 1: linear unilateral foundation with different beam elements

In Fig. 5 top the first example is depicted. This example has been
taken from Gao et al. (2015) and the positive direction of the dis-
placement 𝑤 has been directed downward to be consistent with the
reference. Also, to allow for the validation of the method presented
in this paper with already published results, the same mesh, structure
configuration, and data reported in Gao et al. (2015) are used.

The example consists in a beam with three supports on a linear
nilateral elastic foundation without gap. The supports are at the
xtremities and at the centre of the beam. Three forces are applied
 a
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to the beam, namely 𝐹1 = 107 N, 𝐹2 = −5106 N, and 𝐹3 = 5107 N.
he beam has a length of 4000 mm and the three forces are applied
t 1000 mm, 3000 m, and 4000 mm from the left end, respectively.
he beam has a rectangular cross-section with height of 200 mm and
idth of 1000 mm. The material is linear with a Young modulus
f 30 000 MPa and a Poisson’s ratio of 0.3. The elastic foundation

has a constant stiffness of 20 N/mm2. The example is solved twice,
once with an Euler–Bernoulli beam formulation and once with a Gao
eam formulation. The beam displacements and the elastic foundation
eaction forces, computed for the two beam formulations considering
ight beam elements and sixteen foundation elements, are reported in

Fig. 5 bottom.
Table 1 and Table 2 report the displacements computed for the

Euler–Bernoulli and Gao beam formulations respectively. The tables
also show the comparison between the displacements computed in Gao
et al. (2015) and by using the method presented in this paper. The two
methods are in very good agreement. The method presented in Gao
et al. (2015) shows slower convergence with the number of foundation
elements because it employs different element formulations for the
oundation and the beam, while the method presented in this paper
ses the same element formulation for both meshes.

Referring to the convergence of the method presented in this paper,
by inspecting Table 1 and Table 2, it can be observed that the results
o not change as the number of foundation elements increases. This is
ue to two reasons. First, the meshes used to solve the examples have
een taken from Gao et al. (2015), and in all cases, all nodes of the
oundation elements correspond to nodes of the beam mesh. In this
ase, no discretization error is present when the same shape functions
re used for the two meshes. Second, the contact area is delimited by
he node at 2000 mm, as at that point a constraint is present. For all
he considered foundation element meshes, a node of these meshes is
lso present in that location. Therefore, in all cases, the contact area
s defined without any discretization error. The convergence of the
resented method will be discussed in the example in Section 5.3.

5.2. Example 2: foundation with spatially varying stiffness

In this example, a published analytical solution of a beam on an
lastic foundation is used as a benchmark for the method presented in
his paper. Several examples of analytical solutions of beams on elastic
oundations can be found in the literature (Franklin and Scott, 1979;

Liang et al., 2014; Froio and Rizzi, 2016, 2017). Among the available
cases, the simply supported beam loaded with a constant distributed
load 𝑞 on an elastic foundation with spatially varying stiffness discussed
in Froio and Rizzi (2016) is considered. The example is depicted in
Fig. 6 left. The stiffness spatial variation is described by

𝑘 (𝑥) = 1
(

𝑐0 + 𝑐1𝑥
)4

, (44)

with 𝑐0 > 0 and 𝑐1 > − 𝑐0
𝐿 . In Froio and Rizzi (2016), for the analytical

ormulation of the solution, the partial derivative equation describing
he system is given as function of functional terms as

(1 + 𝛽 𝜉)4 𝑣𝐼 𝑉 (𝜉) +
𝑣 (𝜉)
𝛼4

=
𝑞 𝐿4

𝐸 𝐽 (1 + 𝛽 𝜉)4 , (45)

where 𝜉 = 𝑥
𝐿 , 𝛽 = 𝑐1𝐿

𝑐0
, and 𝛼 = 4

√

𝐸 𝐽 𝑐0
𝐿 . By using these functionals and

reporting the results in normalized form with respect to the maximum
deflection, the solution becomes independent of the beam length 𝐿,
the elastic modulus of the material 𝐸, the moment of inertia of the
beam cross-section 𝐽 , and from the value of the applied load 𝑞. In the
following, the case with 𝛼 = 0.177 and 𝛽 = −0.9 is considered, as it is
the same case considered in Froio and Rizzi (2016) for the validation
of the analytical solution to the problem. Fig. 6 right depicts the cor-
responding spatial variation of the foundation stiffness. A logarithmic
scale has been applied to the 𝑦-axis to better illustrate the variation
cross different orders of magnitude.
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Fig. 5. Top: sketch of Example 1, adapted from Gao et al. (2015). Bottom: beam deformation and foundation reaction forces per unit of length obtained by the method presented
in this paper with eight beam elements and sixteen foundation elements.
Table 1
Comparison of the maximum and minimum computed displacement between the presented method and the approach described
in Gao et al. (2015), Bernoulli beam elements.

Bernoulli beam with 4 elements

Results in Gao et al. (2015) Presented method results

# foundation elements 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm] 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm]

16 64.40 −50.39 64.31 −50.35
40 64.33 −50.36 64.31 −50.35
80 64.32 −50.35 64.31 −50.35

Bernoulli beam with 8 elements

Results in Gao et al. (2015) Presented method results

# foundation elements 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm] 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm]

16 64.40 −50.39 64.32 −50.35
40 64.33 −50.36 64.32 −50.35
80 64.32 −50.36 64.32 −50.35
Table 2
Comparison of the maximum and minimum computed displacement between the presented method and the approach described
in Gao et al. (2015), Gao beam elements.

Gao beam with 4 elements

Results in Gao et al. (2015) Presented method results

# foundation elements 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm] 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm]

16 53.68 −41.93 53.63 −41.91
40 53.64 −41.91 53.63 −41.91
80 53.64 −41.91 53.63 −41.91

Gao beam with 8 elements

Results in Gao et al. (2015) Presented method results

# foundation elements 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm] 𝑤 𝑚𝑎𝑥 [mm] 𝑤 𝑚𝑖𝑛 [mm]

16 53.81 −42.00 53.76 −41.99
40 53.77 −41.99 53.76 −41.99
80 53.77 −41.99 53.76 −41.99
Fig. 7 left reports the comparison between the displacement com-

puted by the analytical solution derived in Froio and Rizzi (2016)

and the nodal displacements computed by the method presented in
8 
this paper. The expression of the analytical solution is rather com-
plicated and it is not provided in this paper. Interested readers can
refer to Froio and Rizzi (2016). For the numerical solution, ten Euler–
Bernoulli elements of equal length have been used for the discretization
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Fig. 6. Beam on a foundation with spatially varying stiffness. Left: scheme of the structure. Right: stiffness variation as function of the normalized axial coordinate 𝜉 = 𝑥
𝐿

for
𝛼 = 0.177 and 𝛽 = −0.9 (see Eq. (45)).
Fig. 7. Comparison of the displacements computed for a beam on an elastic foundation with spatially varying stiffness with the analytical solution in Froio and Rizzi (2016) and
with the method presented in this paper. Left: displacements normalized with respect to the maximum deflection. Right: percentage displacement difference.
of the beam, while thirty-four elements of equal length have been
considered for the foundation. This discretization ensures that only the
first and last nodes are shared by the two meshes. In Fig. 7 right, the
percentage difference between the computed displacements is reported.
The agreement between the two solutions is very good with a maximum
difference below 0.01%. As a comparison, in Froio and Rizzi (2016)
the analytical solution is compared with three different numerical
methods for the solution of differential equations, namely the finite
power series (Clastornik et al., 1986), the sine series expansion (Iyengar
and Anantharamu, 1963), and the central-difference scheme (Bowles,
1974). With a comparable number of nodes with respect to the mesh
used in Fig. 7, the maximum differences between these three numerical
methods and the analytical solution is between 1% and 15%.

5.3. Example 3: nonlinear foundation with gap

Fig. 8 illustrates the third example. The example could be consid-
ered a simplified model of a pipe on a terrain. The beam, of hollow
circular cross-section, is subjected to a uniform load, corresponding to
the weight of the pipe, and rests on a nonlinear foundation with a gap
representing the terrain. Slider constraints are applied at both ends of
the beam to model the remainder of the pipe. The foundation has a
complex shape. From the left slider to point A, there is no gap between
the beam and the foundation. At point A, the foundation has a vertical
drop and, from that point, a gap is present. Finally, between points B
and C, a sinusoidal shape is considered for the gap.

The stiffness of the foundation spring is nonlinear and described by
the expression
𝑘 = 𝑛𝑘0𝛥𝑧
𝑛−1, (46)

9 
Table 3
Parameters of the example of Fig. 8.
Parameter Value

Beam length 50 m
Beam cross-section external diameter 0.4 m
Beam cross-section internal diameter 0.3 m
Beam material elastic modulus 107 N/m2

Beam material Poisson coefficient 0.3
Distributed load q 2500 N/m
x coordinate of point A 20 m
x coordinate of point B 38 m
x coordinate of point C 44 m
Gap mean height h 0.5 m
Amplitude of the gap sinusoid hA 0.2 m
Foundation parameter 𝑘0 60 000 N/m2

Foundation parameter 𝑛 2

which can represent a simplified relationship between sinkage 𝛥𝑧 and
terrain stiffness (Bekker, 1969). The sinkage 𝛥𝑧 represents the defor-
mation of the foundation. 𝑘0 and 𝑛 represent the terrain properties
taking into account the dimensions of the body on the terrain. In
particular, 𝑛 defines the nonlinearity of the stiffness characteristics. If
𝑛 > 1 the stiffness is hardening, otherwise is softening. As hardening
problems are more critical from a numerical point of view, in this
example, the case 𝑛 > 1 is considered. Hardening problems are typical
of most contact situations. The data of the problem is summarized in
Table 3. The problem is solved using Euler–Bernoulli beam elements
and a Winkler foundation.

Fig. 9 depicts the displacements computed for the beam by using 25
Euler–Bernoulli beam elements and 100 Winkler foundation elements.
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Fig. 8. Sketch of Example 3.
Fig. 9. Displacements of the beam of Example 2 depicted in Fig. 8 (data in Table 3). Solution obtained with 25 Bernoulli beam elements and 100 Winkler foundation elements.
Top: beam displacements. Bottom: foundation deformation.
At the top, the deformed shape of the beam is compared with the unde-
formed foundation. At the bottom, the deformation of the foundation
elements is shown. Negative deformation indicates contact between the
beam and the foundation. From the left slider to point A, the beam
remains in contact with the foundation. After point A, as a discontinuity
is present in the foundation with a quite large gap, the beam and the
foundation are not in contact up to where the displacement of the beam
is sufficient to close the gap. The first section of the sinusoidal part
of the foundation causes a reduction in the deformation of the beam
as the initial gap is smaller. Then, in the second section, the increase
in the initial gap is quite sharp and the beam loses contact with the
foundation. The contact areas are not known a priori, but are computed
during the solution of the system. The computed total length of the
contact area is 43.6 m.

The stiffness per unit of length of the foundation computed at each
Gauss point of the foundation elements is reported in Fig. 10 top. As
the stiffness is nonlinear, at any point of the foundation a different
value of stiffness is computed accordingly to Eq. (46) and to the beam
displacement. Where the beam is not in contact with the foundation,
a null stiffness is considered. In Fig. 10 middle, the reaction force of
the foundation is depicted. The reaction force is computed in the post-
processing phase, after the foundation stiffness and deformation have
been determined. Fig. 10 bottom shows the values of the gap forces.
10 
These forces are computed at each Gauss point, integrated as shown in
Eq. (33), and then added to the known force vector (see Eqs. (39) and
(42)), for the computation of the beam displacement. The gap forces
are null where the gap is null or where there is no contact between
the beam and the foundation. Between points A and B, even if the gap
is constant (see Fig. 8), the gap force is not, since the stiffness is not
constant in this region. The same happens between point C and the
right slider.

The convergence analysis of the solution of this example is re-
ported in Fig. 12 and Table 4, Table 5, and Table 6. The convergence
analysis have been performed by always using 25 equally spaced Euler–
Bernoulli beam elements for the beam and varying the number of
foundation elements. In the analysis, displacement, foundation stiff-
ness, and foundation reaction force at point A are considered. This point
has been selected due to the presence of a gap discontinuity at this
location.

For the convergence analysis, three different strategies have been
considered for refining the foundation mesh. The three strategies are
depicted in Fig. 11 and are as follows.

(a) Corresponding nodes (Fig. 11a): each node of the beam mesh has
a corresponding node on the foundation mesh. In this case, each
element of the foundation mesh is fully contained within a single
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Fig. 10. Foundation stiffness and reaction forces of Example 2 depicted in Fig. 8 (data in Table 3). Solution obtained with 25 Bernoulli beam elements and 100 Winkler foundation
elements. Top: foundation stiffness per unit of length. Middle: foundation reaction force per unit of length. Bottom: foundation gap forces for unit of length.
element of the beam mesh, matching the relative positioning
of the beam and foundation elements depicted in Fig. 4a. As
explained in Section 4, no discretization error is expected for this
mesh configuration.

(b) Non-corresponding nodes (Fig. 11b): There is no correspondence
between the nodes of the beam and foundation meshes. In this
case, some elements of the foundation mesh are not fully con-
tained within a single element of the beam mesh but instead span
two adjacent beam elements. These elements have a relative
node positioning similar to the situation depicted in Fig. 4b.
As explained in Section 4, a discretization error is expected for
these nodes. This error should diminish as the foundation mesh
is refined.

(c) Local refinement (Fig. 11c): the foundation mesh is locally re-
fined. For the considered example, mesh refinement is applied
within a region of ±0.1 m around point A. Outside the mesh re-
finement region, 24 equally spaced Winkler foundation elements
have been used for any increase in the local refinement. Since
there is no correspondence between the nodes of the refined
mesh and the nodes of the beam, a discretization error is present.

For all the quantities reported in Fig. 12, the approach developed
in this paper shows a different convergence behaviour for the mesh re-
finement strategies shown in Fig. 11a Corresponding nodes and Fig. 11b
Non-corresponding nodes. In particular, convergence in the first case
is faster, especially in terms of displacements. This difference arises
11 
Fig. 11. Meshes for the convergence analysis of Example 3. (a) Corresponding nodes:
any node of the beam mesh has a corresponding node on the foundation mesh. (b)
Non-corresponding nodes: there is no correspondence between the nodes of the beam
and foundation meshes. (c) Local refinement : the foundation mesh is locally refined.

because discretization errors occur only when some elements of the
foundation mesh span two adjacent elements of the beam mesh. Since
this error is absent in the Corresponding nodes, as expected, a faster
convergence rate is achieved. However, as the foundation mesh size
is reduced, the error for the case in which the discretization error is
present, namely case Non-corresponding nodes (Fig. 11b), also reduces
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Fig. 12. Convergence of the solution of Example 3 as function of the number of Winkler foundation elements (data in Table 3). For any number of foundation elements, 25
qually spaced Euler–Bernoulli elements have been used for the beam. The convergence is evaluated at 𝑥 = 20 m as in this point a discontinuity in the foundation geometry is
resent. Plots in bilogarithmic scale. Top: displacement. Centre: foundation stiffness force per unit of length. Bottom: foundation reaction force for unit of length.
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Table 4
Convergence analysis of the Example 3 as function of the number of Winkler foundation
elements (data in Table 3, 25 beam elements). The nodes of the foundation mesh are
qually spaced. All nodes of the beam mesh also belong to the foundation mesh.
# foundation 𝑤 𝑘 Reaction Found.
elements [m] [N/m2] force [N] elem. size [m]

25 −0.31661 37 339 11 618 2
50 −0.31662 37 666 11 823 1
100 −0.31662 37 830 11 926 0.5
500 −0.31662 37 961 12 009 0.1
1000 −0.31662 37 978 12 019 0.05
5000 −0.31662 37 991 12 027 0.01
10 000 −0.31662 37 992 12 029 0.005

and the solution converges to the same solution of the first case, namely
orresponding nodes (Fig. 11a).

In the two described cases, the nodes of the foundation meshes are
equally spaced. When local mesh refinement is applied around point A
Fig. 11c, Local refinement), a large increase in the convergence rate can

be observed, as shown in Fig. 12. This analysis shows that refining the
foundation mesh in the discontinuity region yields better results than
niformly refining the foundation mesh. When 66 foundation elements

are used, results are obtained that closely match those from using
000 foundation elements in the Corresponding nodes case or 10 000

foundation elements in the Non-corresponding nodes case.
Fig. 13 shows the computational times for a single iteration of

he iterative solution algorithm for the refined meshes considered in
Table 4. The computational time increases linearly with the number
of foundation mesh elements. This is consistent with the proposed
algorithm. In fact, as the number of foundation mesh elements in-
creases, the time for constructing the foundation mesh also increases
proportionally. The time required for the solution of the solving system
12 
Table 5
Convergence analysis of the Example 3 as function of the number of Winkler foundation
lements (data in Table 3, 25 beam elements). The nodes of the foundation mesh are

equally spaced. The nodes of the beam mesh do not belong to the foundation mesh.
# foundation 𝑤 𝑘 Reaction Found.
elements [m] [N/m2] force [N] elem. size [m]

26 −0.30924 36 482 11 091 1.92
51 −0.31278 37 212 11 539 0.980
101 −0.31466 37 596 11 779 0.495
501 −0.3622 37 913 11 978 0.0998
1001 −0.31642 37 954 12 004 0.04995
5001 −0.31658 37 986 12 024 0.009998
10 001 −0.31660 37 990 12 027 0.0049995

Table 6
Convergence analysis of the Example 3 as function of the number of Winkler foundation
lements (data in Table 3, 25 beam elements). Foundation mesh refinement. The nodes

of the beam mesh do not belong to the foundation mesh.
# foundation 𝑤 𝑘 Reaction Min. found.
elements [m] [N/m2] force [N] elem. size [m]

25 −0.31661 37 832 11 927 0.2
27 −0.31661 37 961 12 009 0.1
28 −0.31661 37 940 11 995 0.067
30 −0.31661 37 962 12 009 0.04
36 −0.31661 37 979 12 020 0.0182
46 −0.31661 37 986 12 024 0.0095
66 −0.31661 37 990 12 027 0.00488

(Eq. (43)) remains unchanged, as depends only on the number of nodes
in the beam mesh. In fact, the only free variables of the system are the
displacements of the nodes of the beam mesh.
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Fig. 13. Computational time for the different refined foundation meshes of Example 3 reported in Table 4. The computational time refers to one iteration of the solution on a
Intel I7-12700H laptop processor, code not optimized for speed.
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6. Conclusions

In this paper, the finite element modelling of a beam resting on an
lastic foundation has been discussed. A general method to decouple

the meshes of the beam and of the foundation has been presented.
The method consists of independently meshing the beam and the
foundation. Then, the nodes of the foundation mesh are constrained
to remain on the axis of the beam through geometrical constraints
enforced by a variable reduction approach.

Although the concept of decoupling the two meshes is not new, the
presented method is much simpler than other methods presented in the
literature, offering several advantages.

The method is based on the variable reduction approach, a well-
nown technique and can be formalized in the finite element formu-

lation. This approach avoids increasing the dimension of the solving
system when finer meshes are used to describe the elastic founda-
tion. Furthermore, it does not require special solution techniques, as
standard finite element solution methods can be employed.

The method is quite general, as it can be applied to any formulation
of the beam and foundation elements. Even different shape functions
can be used for the two kinds of elements. Both linear and nonlinear
beam and elastic foundation element formulations can be employed.

he application of the method for some beam and elastic foundation
ormulations has been shown.

The formulation of the method allows for a straightforward inclu-
sion of a gap between the beam and the elastic foundation. A suitable
gap formulation has been developed for the Winkler elastic foundation
model along with the implementation in the finite element framework.
The general applicability of the presented method has been shown for
his case as well.

The paper shows that the only constraint in the application of the
method is that the elements of the foundation have to be smaller than,
or at least equal in size to, the elements of the beam. This is not a
limitation, as the scope of using different meshes is to allow for the
refinement of the foundation mesh. In this respect, local mesh refine-
ment can be used effectively, especially in cases with discontinuities in
foundation characteristics.

Three examples have been considered to demonstrate the perfor-
ances of the method. The first two examples are taken from the

iterature and serve as benchmarks for evaluating the accuracy of
he developed method against existing results. The results show that
he method is able to accurately solve these problems, even when a
onlinear beam formulation is used.

The third example involves a nonlinear elastic foundation with an
nitial gap of variable width relative to the beam. The gap is present
nly in part of the beam, and a geometrical discontinuity occurs where
he gap begins. The method has proven effective in solving the problem

and identifying the contact areas. The example has also been used to
llustrate the convergence of the method as a function of the dimensions

of the foundation elements for a given beam mesh. The analysis shows
that better results are obtained when each foundation element is fully
13 
contained within a single beam element, as opposite to when some
foundation elements span two adjacent beam element. This effect is
ue to the discretization error in the foundation mesh, which occurs
nly in the latter case. However, as the foundation mesh is reduced,

the discretization error reduces as well and the solution of the two cases
converges to the same values. Finally, if a local refinement is applied
in the gap’s discontinuity zone, very accurate results can be obtained
with a significantly smaller number of foundation elements.

The presented method has been discussed in a two-dimensional
framework. Further development could involve extending the method
to three-dimensional problems and including the axial deformation of
the beam.
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Appendix A. Euler–Bernoulli and Timoshenko beams stiffness ma-
trices

Euler–Bernoulli beam stiffness matrix (see Fig. 2 for symbols’ defi-
nition):

𝐊𝐁 = 𝐸 𝐼
𝐿

⎡

⎢

⎢

⎢

⎢

⎢

⎣

12
𝐿2

6
𝐿 − 12

𝐿2
6
𝐿

6
𝐿 4 − 6

𝐿 2

− 12
𝐿2 − 6

𝐿
12
𝐿2 − 6

𝐿
6
𝐿 2 − 6

𝐿 4

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (A.1)

Timoshenko beam stiffness matrix:

𝐊𝐓 = 𝐸 𝐼
𝐿 (𝜙 + 1)

⎡

⎢

⎢

⎢

⎢

⎢

12
𝐿2

6
𝐿 − 12

𝐿2
6
𝐿

6
𝐿 𝜙 + 4 − 6

𝐿 2 − 𝜙

− 12
𝐿2 − 6

𝐿
12
𝐿2 − 6

𝐿
6 6

⎤

⎥

⎥

⎥

⎥

⎥

, (A.2)
⎣

𝐿 2 − 𝜙 −𝐿 𝜙 + 4 ⎦
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where 𝜙 = 12𝐸 𝐼
𝜅 𝐺 𝐴𝐿2 and the following shape functions have been consid-

red to take into account the shear deformation

𝐍𝝓 = 1
1 + 𝜙

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

2𝑥3
𝐿3 − 3𝑥2

𝐿2 + 1 +
(

1 + 𝑥
𝐿

)

𝜙

𝑥 − 2𝑥2
𝐿 + 𝑥3

𝐿2 +
(

𝑥
2 − 𝑥2

2𝐿

)

𝜙

3𝑥2
𝐿2 − 2𝑥3

𝐿3 + 𝑥
𝐿𝜙

𝑥3

𝐿2 − 𝑥2

𝐿 −
(

𝑥
2 − 𝑥2

2𝐿

)

𝜙

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝑇

. (A.3)

Appendix B. Non linear term of the Gao beam stiffness matrix

By considering Eq. (A.1), the stiffness matrix of the Gao beam
element reads (see Fig. 2 for symbols’ definition)

𝐊𝐆 = 𝐊𝐁 + 𝐸 𝛼
3

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑘𝐺 ,11 𝑘𝐺 ,12 𝑘𝐺 ,13 𝑘𝐺 ,14
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where:
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with 𝑤1, 𝑤2, 𝜃1, and 𝜃2 the nodal displacements defined in Fig. 2.

Data availability

No data was used for the research described in the article.
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