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Abstract—This article establishes a systematic methodology
to improve the utilization efficiency of probabilistic information
for the stability analysis and stabilizing control of discrete-time
semi-Markov jump linear systems (SMJLSs). The transition and
sojourn information is incompletely known, and the coupling
between the known (or unknown) transition and unknown (or
known) sojourn information renders the known probabilistic
information difficult to be fully leveraged, which can lead to con-
servative results in system analysis and synthesis. To approximate
the unknown transition and sojourn information, a polyhedral
approach is developed, which facilitates the incorporation of
the known probabilistic information coupled with unknown
information. Accordingly, novel vertex-based Lyapunov functions
are proposed to establish stability conditions. New criteria are
established for the stability analysis and control of SMJLSs
by incorporating all the jointly known transition and sojourn
information, all the known probabilistic information, and both
the known and the approximation of unknown probabilistic
information, respectively. The effectiveness and superiority of
the theoretical results are illustrated by a numerical example
and a simulated continuous stirred tank reactor process. The
results demonstrate that both the improvement in information
utilization efficiency and the implementation of the proposed
vertex-based Lyapunov functions can reduce the conservativeness
in the stability analyses.

Index Terms—Incomplete transition and sojourn information,
polyhedral approximation, probabilistic information utilization,
semi-Markov jump linear systems, time-dependent control.

I. INTRODUCTION

N various real-world systems, abrupt changes in struc-

tures and/or parameters are frequently encountered. These
changes may lead to switchings among different operating
modes, which can have a significant impact on the system
dynamics [1]. The systems that exhibit stochastic switching
behaviors are referred to as jump systems [2]-[4]. As two
important classes of jump systems, Markov jump systems
(M1JSs) and semi-Markov jump systems (SMJSs) have gained
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extensive attention due to their modeling efficacy. In an
MIS, the sojourn time between any two consecutive jumps
follows exponential distributions for a continuous-time MJS
and geometric distributions for a discrete-time MJS, while the
sojourn time for SMJSs may follow any possible probability
distributions. Therefore, SMJSs are more general, allowing
for greater flexibility in modeling and analysis of industrial
systems/processes. For the past twenty years, there have been
a significant amount of research on MJSs, e.g., [5]-[10], and
SMJSs, e.g., [11]-[21]. As compared to MJSs, the switching
signals for SMJSs are more complex, which leads to a greater
challenge in research on SMJSs.

In the context of MJSs, transition probabilities (TPs) are
crucial for understanding the system dynamics. However,
according to [2], [22], [23], it is challenging to determine TPs
accurately. If inaccurate TPs are used for control system devel-
opment, then the closed-loop performance of the underlying
system may be degraded or even unstable [22]. To overcome
this problem, the authors in [24], [25] developed stochastic
stability and stabilization conditions for MJSs with incomplete
knowledge of TPs by separating the sub-conditions corre-
sponding to the known TPs from the unknown TPs. Regarding
continuous-time MJSs for which all the off-diagonal entries
of the TP rate matrix are unknown, a polyhedral approach
was proposed in [26]. This approach uses a set of linearly
independent matrix vertices that are determined by known
diagonal TP rates to approximate these off-diagonal TP rates.
Accordingly, a necessary and sufficient mean-square stability
condition for the MJSs was established via analyzing the
stability of a higher-dimensional deterministic switched system
derived from the original MJS. Approximation algorithms
based on polyhedral TP matrices can also be found in [2], [27];
however, the linear independence of the matrix vertices cannot
be guaranteed. Moreover, the previously discussed approaches
can hardly be extended to more generalized jump system
models, including SMJSs [28], [29].

SMIJSs have been employed to model various real-world
systems, such as computer systems [30], [31] and process
control systems [32]-[34]. In an SMJS, there are two sources
of probabilistic information: transition information and sojourn
information. Transition information refers to the TPs for the
embedded Markov chain associated with the switching signal,
which amount to the TPs specific to jump instants; sojourn
information means the probabilistic distribution information of
sojourn time. The two types of information can be integrated to
form a semi-Markov kernel (SMK) that was leveraged for the
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analysis and synthesis of SMJSs in [35]-[39]. So far, the ma-
jority of the existing results on SMJSs have been established
based on an ideal assumption of completely and precisely
known probabilistic information. However, the samples are
often inadequate and the available statistical information is
generally insufficient in practice, and several studies, such
as [29], [40], [41], highlighted the difficulty in obtaining
accurate probabilistic information. Therefore, it is common
that only partial information on the transition and/or sojourn
is accessible. The above observations highlight the importance
of considering incomplete probabilistic information when con-
ducting analysis and control designs for SMJSs. Accordingly,
initial efforts were made to develop methods that aim to han-
dle the scenario of incomplete probabilistic information, see,
e.g., [29], [40]-[43]. However, the results in [41]-[43] were
restricted to specific constraints on the cumulative distribution
of each sojourn-time probability mass function (STPMF). If
the STPMF is fragmentarily known, it becomes challenging
to ensure the satisfaction of this assumption. Although this
limitation was addressed in [29], [40], the known probabilistic
information was not fully utilized in these studies on SMJSs
with incomplete probabilistic information; this can lead to
additional conservativeness.

In particular, previous studies on SMJS analysis and syn-
thesis neglected certain known probabilistic information, in-
cluding fragmentarily known STPMFs, TPs! coupled with the
unknown or abandoned part of their corresponding STPMFs,
and STPMFs coupled with their unknown corresponding TPs.
For example, in [29], [40]-[43], only entirely known STPMFs
were utilized in analysis and synthesis; if the sojourn time
takes a value such that its STPMF is unknown, then the
entire STPMF needs to be disregarded. Also, based on the
approaches in [29], [40]-[43], each SMK entry is expressed
as the product of the TP and STPMF with the same pair
of the current and the target modes. If either of the TP or
STPMF is unknown, then the corresponding SMK entry will
be inaccessible, and the known TP or STPMF will not be
usable. The exclusion of these types of known probabilistic
information from system analysis and control design can lead
to additional conservativeness and limit the applicability of the
developed approaches, since the known information is replaced
with uncertainty to cover all the possible cases. Therefore,
it is crucial to develop new approaches that can effectively
utilize all the known information, which we aim to address.
Moreover, the ranges of the unknown TPs and the unknown
portion of STPMFs can be confirmed based on the known
probabilistic information. The use of appropriate approxima-
tions can enhance the utilization efficiency of probabilistic
information, offering potential to reduce the conservativeness
of the results for SMJSs and improve the applicability of the
theoretical findings. However, how to incorporate unknown
information into SMJS analysis and synthesis remains an open
problem. This gap will also be bridged in this research.

In this article, we establish new criteria on stochastic
stability and time-dependent control for discrete-time semi-

'In the remainder of this article, TPs refer to the TPs for the associated
embedded Markov chain in SMJSs unless otherwise specified.

Markov jump linear systems (SMJLSs). We offer three levels
of improvement in the utilization of probabilistic information:
i) the utilization of jointly known transition and sojourn
information; ii) the complete utilization of known probabilistic
information, and iii) the joint utilization of both known and
unknown probabilistic information. A polyhedral modeling
method is developed to approximate the unknown probabilistic
information. To derive the stability conditions for the cases in
ii) and iii), two forms of vertex-based Lyapunov functions are
proposed. The main contributions are fourfold. First, the es-
tablished stability analysis and control criteria for SMJLSs are
made less conservative by improving the utilization efficiency
of probabilistic information, leading to improved feasibility
and enhanced applicability of the established criteria. Second,
the proposed polyhedral modeling approach provides good
approximations of the unknown transition and sojourn infor-
mation, and enables the coupled known information accessible
for system analysis and synthesis. Third, with the dependence
on the polyhedrons of the approximation of the unknown infor-
mation, the proposed vertex-based Lyapunov functions further
reduce the conservativeness. Fourth, we reveal the relationship
between the utilization efficiency of probabilistic information
and the level of conservativeness in stability conditions, which
provides valuable research directions for the less conservative
analysis criteria for various other systems.

Notation: The superscript T denote the vector/matrix trans-
pose and (?) indicates unknown parameters. R and T symbolize
the sets of real numbers and integers, respectively. R>( de-
notes the set of non-negative real numbers. I> y, and Ijy, N,
signify the sets {n € I|n > Ny} and {n € [|[N; <n < Ny},
respectively. When Ny > Ny, Iy, n, is an empty set @. X\ Y
expresses the set subtraction of set Y from set X. R™ is the
n-dimensional Euclidean space, and REX,TTJLVQ] represents the
space defined on m x n real matrices with each entry taking
a value from the set Ry, n, 2 (neR|N; <n < Ny}
Il denotes the Euclidean vector norm. In a matrix, each
* simplifies an off-diagonal entry/block of the symmetric
matrix. diag{- - - } means a block-diagonal matrix. The symbol
X between two sets denotes the Cartesian product, and ®
is the operator of Kronecker product. E{-}|, denotes the
expectation conditioned on z. I, signifies the n-dimensional
identity matrix. 0 is a zero matrix. The expressions P >~ @,
P < @, and P < @ indicate that P — @) is positive defi-
nite, negative definite, and non-positive definite, respectively.
Given n x n matrices A(i), i € Iy, ny) Hi\le A() &
A(N2)A(Nz —1) -+ A(Ny), and we define [],\2y A(i) 2 I,
and Y12y A(i) £ 0 if Ny > Ny

II. PRELIMINARY KNOWLEDGE

We denote the index of a discrete-time semi-Markov chain
{r(k)}rer., at the nth jump by R, the time at the nth jump
with kg = 0 by k,,, and the sojourn time in mode R,, by S,,.
T is used to represent the value of .S, S knt1 — kn.

Consider a discrete-time homogeneous Markov renewal
chain (HMRC) {(R,,, k) }ner., satisfying the following prop-
erty: Ya,b € M (a # b), V7 € Is1, ¥n € Iso,
Prob(R,41 = b,5, = 7|R,, = a, kpn, Ry—1,kn—1, ..., Ro, ko)
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= Prob(R,41 =b,S, = 7|R, =a) = Prob(Ry = b,5) =
T|Ro = a). Associated with the HMRC {(R,,, k»)} the
definition of semi-Markov chain is given below.

Definition 1: [35] The stochastic process {r(k)},cy. is a
discrete-time semi-Markov chain (SMC) associated with the
discrete-time HMRC {(R,,, k) tners,, if VE € Isq, r(k) =
R, (k) Where Niax (k) £ max {n € I>qlk > ki, }.

Additional definitions and associated properties are intro-
duced before the problem is formulated.

Definition 2: [35] Given an HMRC {(R,,, kp) }nel.,, the
stochastic process { R, }ner., is referred to as the embedded
Markov chain (EMC) of the HMRC.

Definition 3: [35] Consider an SMC {r(k)}xer., taking
values in a finite set M 2 {1,2,..., M} associated with the
HMRC {(Rna kn)}nﬁ[zo'

i) The transition probabilities (TPs) for the EMC

{Rn}nel., are defined as mgqp £ Prob(R,41 = b|R,, =
a) and mo, £ 0, Va,b € M (a # b).

ii) The sojourn-time probability mass functions (STPMFs)
from the current mode a to the target mode b are defined
as fup(7) £ Prob(S, = 7|R,41 = b,R, = a) and
faa(T) £ 0, Va,b € M (a #b), Y7 € I1.

iii) The entries of the semi-Markov kernel (SMK) for the
SMC are defined as 0,(7) £ Prob(R,41 = b,5,, =
T|R, = a) and 0,4(7) £ 0, Ya,b € M (a # b), V7 €
I>;. The SMK is described as © (1) € Rf‘g T]M with the
ath row, bth column entry 0, (7).

The TPs 7, satisfy ZbeM bia Tap = 1 with 0 < 74y < 1,
Va,b € M. Also, as > >0, fa(7) = 1, Va,b € M (a 75
b), it holds that 3322, 37, ey sy Tabfan(7) = 1 with 0 <
Tabfap(T) < 1,Va,b e M (a #b), V7 € I>1. Due to myq =0
and foo(7) =0, Va € M, V7 € >4, we have } , .\ Tap = 1
and > 77 > Tabfan(T) = 1, Ya € M. The TPs 7, are
different from the TPs of the SMC {r(k)} kel,» Where the
latter TPs within the same mode can be nonzero

TLE]IZ()’

III. PROBLEM FORMULATION
A. System Description

Consider a semi-Markov jump linear system (SMJLS) on a
complete probability space:

z (k + 1) = Ar(k)x (k) + Br(k:)u (k) (1)

where (k) € R and u(k) € R™ represent the system state
and control input, respectively; r(k) denotes the switching
signal subject to an SMC that takes values from a finite set
£ {1,2,...,M}; both A,y and B, () are real-valued
parameter matrix functions of the switching signal r(k). Since
the sojourn time in practical systems or processes is generally
bounded, the sojourn time is truncated by an upper bound
Ta € I>1 for each mode a € M. We consider that not all
the STPMFs or the TPs are fully accessible. To be specific,
Ja,b € M (a # b), such that the TP 7 is unknown and/or
the STPMF f,;(7), 37 € I3 7, is unknown.
In terms of the TPs, the index set of system modes can be
categorized as M = M, UM,, Va € M, where

{ o 2 {b € M|y is known} ,

2
£ {b € M|myp, is unknown} . )

The elements in the set M, are listed as {ma ()€ € Iy az,}
subjectto 1 < M, (1) < Ma(2) < ... < Mme(M,) < M, where
mq (&) is the &th element in M, and is also the 1, (&)th
element in M; M, € 1, a7 is the number of the elements
contained in M,. Since 74, = 0, Va € M, we can readily
know a € M,.

For an STPMF f,,(7), Va,b € M, the values of sojourn
time are classified as H[l,?a] =Sau U gab, where

{ ab = {7 € Ij1 71| fan(7) is known}

Sab 2 {7 € I}t 7.1| fas(7) is unknown} . 3)

In (3), we describe S, = {54(0)|6 € Ij1,7,,1}> Where 345(9)
denotes the sojourn time for the known fu;(545(9)), Va,b €
M, V¢ € H[liab]; Tab represents the number of elements in Sub
satisfying 7op < 7. Since fou(7) =0, Va € M, V7 € I}y 7 ),
it holds that 7aq = Ta, Saa = [j1 7] Sea = @, Ya € M.
Specifically, we let 7,5 = 0 and 5,5,(0) = 0if 3b € M (b # a)
such that S,;, = @, Va € M. For an STPMF f,;(7), Va,b € M
(a # b), we introduce the following concepts:
Definition 4: Consider an STPMF f,;,(7), Va,b € M.

i) The STPMF is said to be entirely known if the values
of fap(7) are known for all 7 € Iy 7 ).
ii) The STPMF is said to be fragmentarily known if 37 €
Sap G Tj1,7,)» such that fu,(7) (a # b) is unknown.
iii) The STPMF is said to be entirely unknown if the values
of fap(7) (a # b) are unknown for all 7 € Iy - ).

Remark 1: From (2), we know Ma = M\M, and M, N
M, = @, Va € M. If M, = M and M, = &, then m,(¢) =
&,VE € H[l §z,) With M, = M. Also, from (3), there hold that
Sab = lea]\Sab and SabﬁSab =@, Va,be M. If 3b e M
such that Sq = 1y 7,, then Sap = Dy Tap = Ta, Va € M.

B. Problem Statement

Since 0up(7) = mapfar(7), Ya,b € M, V7 € Iz,
from (2) and (3), we know that 6,,(7) is inaccessible when
b € M, (corresponding to unknown m,;,) or when b € M
(b # a), 7 € Sa (corresponding to the unknown f,;(7)).
In view of this, 0,,(7) is accessible only when a € M,
(b,7) € M, X Su. However, in most of the previous studies
invo]ving inaccessible probabilistic information, such as [40]-
[42], Sap = Iy 7,) is required for the accessibility of Gab( ),
Ya € M, V(b,7) € M, X Sgp. In these studies, if 37 € Sabs
then the entire STPMF f,;(7), Va,b € M (a # b) will not be
incorporated in the subsequent system analysis and synthesis.
The neglect of known probabilistic information can increase
the level of resulting conservativeness. This motivates us
to incorporate the disregarded fragmentarily known STPMFs
far(7), a € M, (b,7) € M, X S, when the corresponding
Sab # @, such that the utilization ratio of known proba-
bilistic information, which is mathematically represented as
the proportion of known probabilistic information effectively
incorporated into analysis and synthesis, can be improved.

In addition, when a € M, (b,7) € M, X Su, the
STPMF fu;(7) is known while the TP 7, is unknown, in
which case, 0,,(7) is inaccessible. Similarly, when a € M,
(b, T) € M, X Sup, the TP 7y, is known yet the STPMF £, (7 )
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is unknown, thus we still do not have access to the resulting
Oap(T). Therefore, resorting to explicit SMK entries 6,44 (7) in
the SMIJLS analysis and synthesis can result in the neglect
of a portion of the known probabilistic information, which
also introduces additional conservativeness to the analysis
and synthesis results, unless we approximate the TPs gy
corresponding to fup(7), a € M, (b,7) € M, X Sg or the
STPMFs fu,(7), a € M, (b,7) € My X Sqp. Therefore, it is
crucial to propose an effective approach to tackle the problem
that 7,5 and f,;(7) are not simultaneously known for the same
a,b € M (a # b), such that all the known probabilistic infor-
mation therein is utilizable in system analysis and synthesis.

To present our objectives formally, we invoke the notion of
stochastic stability in the framework of bounded sojourn time.

Definition 5: A jump system with bounded sojourn time is
stochastically stable if

E{lex(k)IQ}

holds, where the bounded sojourn time satisfying k., (x)+1—
k/\fmax(k) S ]I[LTr(k)}’ (k) € M.

In the sequel, we use k, to represent the time when the
latest jump occurs. To stabilize SMJLS (1), we employ the
following elapsed-time-dependent controller:

w (k) = K, (k — k) (k)

< o0
z(0)€R™z ,r(0)eM

“4)

®)

where K. (k — k) is the controller gain that is computed
offline and has dependence on both the current system mode
r(k) and the elapsed time k — k,, since the latest mode jump.
By substituting (5) into (1), the following closed-loop system
can be formed:

v (k+1) = Ay (k — kn)x (k)

where Ar(k)(k —ky) 24 r(k) + B (k)K (k‘ kn).
The main problems to be addressed 1nclude

(6)

i) To establish relaxed conditions for the stochastic sta-
bility of closed-loop SMJLS (6) by incorporating all
the simultaneously known TPs and their corresponding
STPMFs that are entirely or fragmentarily known; and to
design an elapsed-time-dependent controller as the form
in (5) to ensure the stochastic stability of the resulting
closed-loop SMIJLS in (6).

To develop an approach to approximate the unknown
TPs whose corresponding STPMFs are entirely or frag-
mentarily known and approximate the unknown portion
of the STPMFs corresponding to known TPs, such
that the utilization efficiency of the known probabilistic
information can reach 100%; and to derive stability
criteria for closed-loop SMILS (6) and implement the
elapsed-time-dependent control scheme based on the
approximated unknown TPs and STPMFs.

To propose an approximation approach for all the un-
known probabilistic information, such that all the known
and unknown probabilistic information can be jointly
incorporated, based on which the stochastic stability
analysis and elapsed-time-dependent control synthesis
for SMILS (1) are addressed.

ii)

iii)

Remark 2: 1f we set K,g)(k — kn) = Ky, Yk €
Dk, kpis—1]5 V1 € I>0, then the controller in (5) will reduce
to u(k) = K,)x(k). Therefore, our elapsed-time-dependent
controller can be viewed as a more general control paradig-
m compared to the conventional mode-dependent controller
independent of the elapsed time.

C. Preliminaries for Stochastic Stability Analysis

Before addressing the stability analysis for SMJLSs, we
invoke the notion of class ., functions.

Definition 6: [44] A continuous function K(-) € Rxo,
which is defined on R>, is a class K, function if it is strictly
increasing and satisfies C(0) = 0 and lim, o, K(z) — o0.

Additionally, a general criterion is provided below for the
stochastic stability analysis of SMJLSs.

Lemma 1: [41] Given z(k,) € R™ and r(k,) = R, € M|,
Vn € I, a discrete-time SMJLS of form (1) is stochastically
stable if there exists a Lyapunov function L, () x—g, (-) :
R" — R>o, Yk € Ik, k,y1—1]5 V1 € [>0, satisfying

Ki(llz(®) < Loy r—r, (2(k)) < Ka(llz(R)I)  (7)
such that Vn € I, the following inequality holds:
E{LRn+17 ( (kn-‘rl }|w )ER™z R, M
—Lg,o(@(kn)) < =Ks ([[z(k)]) (8

under the initial condition z(0) € R"=, r(0) € M, where
K1(+), Ko(-) and K3(-) are class Ko, functions of ||z(k)]||.

Remark 3: According to the linear characteristic of an
SMILS, the associated Lyapunov function cannot reach in-
finity during any bounded sojourn time. Hence, the stochastic
stability can be ensured if the expectation of the Lyapunov
function decreases with each jump, and we need not to account
for the Lyapunov function during the sojourn time.

IV. FULL UTILIZATION OF JOINTLY KNOWN TRANSITION
AND SOJOURN INFORMATION

A. Stochastic Stability Analysis

We construct a Lyapunov function as presented below (ref.
[29], [35], [41]-[43]), which has dependence on both the
current mode and the time elapsed in the current mode:

Lrry ki, (@(k)) £ 2T (k) Prgry (k = kn)z(k).  (9)

For the derivation of the subsequent results, we assign the val-
ues of the involved random variables: R, =a € M, R, =
beM (b 75 a), S, =T E€ ]1[1,7:0’], k—k, =¢¢€ H[O;r—l]-
Then, for r(k) = a € M, Yk € I, 5, .1, Vn € I>o,
the relation Ay ||z(k)||> < La.c (x(k)) < Ao ||lz(k)||* can be
satisfied, where \; 2 MilgeM, el ,, 1 {Amin (Pa(€))} and
Ay 2 maXseM,eelp ., 1) {Amax (Pa(€))}. Based on Lemma
1, the criterion on the stochastic stability of SMJLS (6) is
presented below, which incorporates all the simultaneously
known TPs and their corresponding STPMFs.

Theorem 1: SMILS (6) is stochastically stable if there exist
matrices P,(0) > 0, a € M, such that Va € M,

T T—1
Yy Telel) (HA ) 20 [ Acle) - Pu(0)
=0

bEM, TE€S4p
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<0 (7, > 0) (10)
and Va € M, ¥(b,7) € (My X Sap) U (M, X Ij1 7))
T—1 T T—1
<H Aa(€)> Py(0) [] Aale) = Pa(0) <0 (11)
e=0 e=0

where 7, = 37y cqr, 2, Tabfab(T).
Proof: See Appendix A. [ |
If all the fragmentarily known STPMFs, i.e., fou(7), a € M,
(b,7) € My X Sap (Sap ; Ij1,7,)), are not incorporated, as in
[29], [41]-[43], then Theorem 1 will reduce to Corollary 1,
disregarding a portion of the known probabilistic information.
Corollary 1: SMJILS (6) is stochastically stable if there
exist matrices P,(0) > 0, a € M, such that Va € M,

Z Z mbfab (H A ) . (0) 1:[ Au(e) - Pa(0)

beM, T=1

=<0 (7, >0) (12)
and Va e M, Vb € M\Ma, V7 € I 7,), (11) holds, where

a L2he M|b0th Tap and fop(7) are known, V7 € I}y 7 1},

ZbeM Z’T 17rabfab( )

IfM —{G}M M\{a}orlbe—Q Sb—]l[l'r,,]a
VYa,b € M (a # b), then no probabilistic information is
involved. In this case, the SMILS jumps arbitrarily within
TE ]I[L;a], and accordingly, (10) and (12) are excluded.

Remark 4: Corollary 1 is derived based on the technique in
[40], [42], which only 1ncorp0rates the TPs and entire STPMFs
that are jointly known. Since M, X I C M, X Sup, some
specific probabilistic information is disregarded in Corollary
1 in comparison to Theorem 1 that takes into account all
the jointly known transition and sojourn information. Con-
sequently, Corollary 1 represents more conservative findings
than Theorem 1. In addition, Corollary 1 can be inferred
from Theorem 1 by setting M, X Sap = M, X I 7, and
Ma X Sab = (Ma\Ma) X H[l).,—-a].

B. Stabilizing Control Synthesis

Based on Theorem 1, the criterion for the closed-loop
stabilization of SMJLS (6) is presented below, in which the
zero-filling method is proposed to tackle the unknown sojourn
information f,;(7), a € M, (b, 7) € M, X Sub-

Theorem 2: Closed-loop SMILS (6) is stochastically stable,
if there exist matrices G (0,¢) = 0, G4(2,7) = 0 and &,(7,)
=0,aeM, ez, 57 € Iz, matrices Y,(¢) and
X, a €M, e €ljgr, 1), and admissible controller gains for
(5) calculated as K,(¢) = Y,(e) X!, ae M, ¢ € 0,7, 175
such that Va € M, Vj € [y =, 1), there hold

—&,(7) *
(AuX + BaYa(9)) Fa(p+1)
—Gq,(0,0) <0 (14

0,
,7) € (Mg X Sap) U (M, X

<0 (13)

{éa(ﬁrl) ®

j=al

and Va € M, Vs € Tjo.,_y], ¥(
H[L‘T'a])’ there hold

[ —G4(0,9) *

-X-XT

AuX + BaYa(s) Ga(0,6+1) ] <0 (15)

Gb(0,0) — Gu(0,7) < 0

where ®4(7) £ 377 1 Ga(1,7), Fa 0+ 1) £ Ga (5 +1) —
Iy, 1@ X =1y, ®XT, O, ()+1) £ |:\/9ama(1) (9+ 1)/,
Vw4 D/ \famano+ D/ 1a6+1)]
(., > 0) with

G.(g+1) —dlag{G 1)(0,0), G, (2(0,0), ...,

Gma(Ma)(O 0),B4.(y+ 1)}
- S 7Tabfab(]+1)a ]+1€Saba bEM
9“"(”1)_{0, J+1€Sw, beM,

1, elgr _
1a(1+1>ﬁ{0 P

(16)

Proof: See Appendix B. [ ]

If we disregard all the fragmentarily known STPMFs
fab(T); ac Mv (baT) € I\_ﬂa Z< Sab (Sab ; H[l,?a])’ then Only
Tap and fop(7), a € M, b € M, 7 € I} -,) remain available.
If this is the case, Theorem 2 will reduce to the following
stabilization criterion.

Corollary 2: Closed-loop SMILS (6) is stochastically sta-
ble, if there exist matrices G, (0,5) > 0, G,(¢,7) > 0 and
B4(Ta) = 0, a € M, v € Ij417,], §,7 € Ijp,7,), matrices
Y,(e) and X, a e M, ¢ € Ijo,7,-1]» and admissible controller
gains for (5) calculated as K,(c) = Y,(e)X %, a € M,
e € [jp,7, 1), such that Va € M, Vj € Ijg 7, _1],

|: —B4(7) *
0.(0+1) ® (A, X + B, Y,(y)) Fa.(3+1)

and (14) hold, and Va € M, Vb € M\Ma7 Ve € T, r—
vVr € Ipnr,, (15) and (16) hold, where F
G.,(p+1) — Ig . ® X —

[\/ﬂ_aﬁLa(l)faﬁla(l) (.7 + 1)/7:7(1

<0

,_.

o0+ 1)
I 1 ® X7 0.0+1)
\/71—aﬁﬂ,,1 fama,(2)(j + 1)/7711

> 11>

= T =
Wama(j\ija)fm;,a(ﬁa)@'i‘1)/77a 1.(g + 1)] (Mg >
0) with Ga(j ) = dlag{Gma (0 0) Gma(g)(O,O)L...,
Gm (11, )(0, 0),8,(s+1)} and {ma( )y ma(2),. .., ﬁza(Ma)}

= M,.

Remark 5: To establish Theorem 2, we leverage the
zero-filling method to tackle a part of unknown probabilistic
information, i.e., fu(7), a € M, (b,7) € M, X Sub-
Owing to the zero-filling method, the relation between

Chett, res,, (TavSan(7) /1) (TI2=5 Aa2)) 0n(0,0) TS
Aa(2) and 372 (11725 Aa(9) " S, (Ban(7)/71,) 04(0,0)

H;& Ay (e) can be revealed, which facilitates a smoother
development of Theorem 2.

V. COMPLETE UTILIZATION OF KNOWN PROBABILISTIC
INFORMATION

In Section IV, 745, a € M, (b,7) € M, X Sap and Jab(7),
a €M, (b1) € (M, x Sab) are known yet not leveraged.
Aiming for 100% utilization ratio of the known probabilistic
information, this section is dedicated to developing a new
method that can also utilize the previously disregarded infor-
mation 7ap, a € M, (b,7) € M, X S, and fan(7), @ € M,
(b,7) € (Mg X Sap).
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A. Key Ildea

Let us denote the unknown TPs by 7T(?) and the unknown
part of STPMFs by féz) (7). 7r( ) and f( )(T) are bounded as

0<al) <1— Y 7a, YaeM, VoeM,

beM,
0< £ (1) <1= 3" fapl(7), Ya,b € M (a #b), Vr € Sqp
Tegab
due to Y, ol =1 =3 en A 19
ue to beM, Tab beM, Tqb ANl TESqp J ab (T)

fab = res,, Jan(T) = 1= 3 5, fan(7). where fo =
>-7e . fap(T) is unknown but satisfies Jab(T) < fap —
1, Ya,b € M (a #b).

Integrating all the unknown TPs, it forms the vectors below.

7E€Sup

7 4o | (7) (7) (?)
7"2) £ |:7Taﬁ1a(1) Tama@  Tame(M—i1a) | @€ M.
Since m(l?) is unknown, and its entries wi%a(l), 7"((;7)%(2)’ e

(?) . (7
T i (M—,) are all bi-boundary, 7,

by a convex combination of vertices as

can be characterized

M—M,
ﬂ-g-’) = Z agpa)ﬂ'épa) (17)
Pa=1
where a{f*) > 0, Z agp“) =1, Va € M. The vertices

7P p, e P, 2 {1,27 ..., M — M,} are formulated as

W) A | _(Pa) (Pa) (pa)
wlpa) & |:7raﬁ1n,(1) amq(2) T g (M —My,) (18)
where
(Pa) A 1- ZbeMa Taby; Pa = g
amq (&) O’ else
for 1 < & < M — M,. It can be seen that Vp, = £ € P,, the

¢th entry of 7r(p *) takes the value of 1 —

the other entries are 0, that is,

7 = [0 0 1-

ZbeMa T b, While

Yver, Tav 0 -+ 0].
1 the gth entry

In what follows, we present an example to illustrate the above
approximation approach.

Example 1: Consider an SMC with four modes, for which
the transition probability matrix of the associated EMC is

0 7r§?2) W(lg) 0.2
0.6 0 0.1 0.3
? ? ?
77531) Wéz) 0 775;4)

0.7 774(12) Wflg) 0

from which we can know wg?) = [Fgr;) 775;)]7 ﬂ-g") —
[ (?) 77:(:2) Wg?)] and 7, ¢ = [774(:2) Wg)] The vertices
of7r§>,7rg>and7r§1)are7r§” (0.8 0], =0 0g],
=0 o, x =0 1 0, <3> — 0 o 1],

=103 0] and #” = [0 0.3].
For the fragmentarily known STPMFs, Va,b € M (a # b),
we define the following vector:

1382 [0 Gan0) 19 Gan(@) -

?

£ Gap(Pa

- ?ab))]

6
which can be expressed in a convex polyhedral form:
Ta—Tab
Z B Qab fg%ab) (19)
Gab=1
where ﬂ(q“b) >0, Z;";Tl‘“’ (q“b) =1, Va,b € M (a #
s

b). Denote the index set of the Vertlces of f ?) by Qup
{1,2,...,7a

f(qab) N [f(qab)( (1)) f(qab (Gan(2))

—Tav}. The vertices of fab can be described by

f(Qab)( (Ta - Tab)) :| , Qab € Qab (20)
where
(s 5 = 1 - S a ) a :S
fa(th)a )(Sab(é)) = { 0, ZTeSab [ b(T) glsbe @1

for 1 <6 <7, — Tap. According to (20) and (21), we know
5
Fo =00 0 1= Ja(r) 0 - 0]

1 the Sth entry

in which the dth entry is 1 — > res,, Jab(T), and the other
entries are 0. The following example gives a more concrete
illustration of the approach used to approximate the unknown
parts of the fragmentarily known STPMFs.

Example 2: Let us consider an STPMF f,;,(7), Va,b € M
(a # b), where fup(1) = 0.2, fop(2) = 0.35, fap(4) = 0.05,
far(6) = 0.1 and 7, = 7. The values of f4,(3), fas(5) and
fab(7) are unknown. Then, we have

13 = 1D Gw) 1D Ga@) 1D Ga(3)]
=@ e 15
and the vertices of f,; (D) are presented below.

) =[0300], f2 =003 0], 2 =0 0 0.3].

Remark 6: The values of 7,, a € M should be chosen to
be sufficiently large to ensure f,; — 1, a,b € M (a # b). To
achieve this goal, an adequate number of samples is necessary
to guarantee sufficiently accurate statistical distributions of
sojourn time. By this means, appropriate upper bounds for
f;z)(T), V7 € Sap can be achieved. With the approximation
approach developed above, all the possible values of wg{';%
a €M, beM,and fO(7), a,b €M (a #b), 7 € Sp can
be confined within the corresponding bounds. In the case of
continuous-time S-MIJSs, the transition rates are time-varying
[13], [19], which can be tackled by referring to [26].

B. Stochastic Stability Analysis

We shall analyze the closed-loop stability of SMILS (6)
based on the proposed modeling approach for the unknown
TPs 7t b), a €M, b € M, and the unknown part of STPMFs
fa ( ), a € M, (b,7) € (M, X Sy) as convex polyhedral
uncertainties. To achieve this, we develop a vertex-based
Lyapunov function in a polyhedral form that has dependence
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on both the polyhedrons of the approximated transition infor-
mation and sojourn information:

Ly ir, (@) £ 2" (k)R (k — k) (k) (22)
% (Pr(k)y)
where By x)(k — kn) £ Zpr(k)ePr(k) ZqT(k)e@/r(k) ar(k()k)

ﬁi?;()k))P(pr(k)vqr(lw)) (k .

g F) With @y 2 (@m0 1)

Q /r(k) £ Qr

Gr(k) iy (202 2 G () iy (M) ) e (1) X
(@) My
@T‘(k)ﬁbr(k)(?)x XQ (k)M (i) (M (1) and Br(k)k HE *

(qr(k)ﬁLT(k)(E))
By, ) _ T
relations are satisfied: a(p“) ,Bflqa) >0, Vp, € P,, Vg, € Q,
and Epae]? Zq e, & (pa)ﬂt(lqa) =1

According to the Lyapunov function in (22), the relation
As [lz(k)|1” < £, (2()) < X6 [[2(k)||” holds, where

As 2 min i (PP (0)) }
QEM»‘SGH[O.?u—l]-,paePa»qaeQ;l

A6 2 max - {)\max (P{gp“’QG)(e))} .
aeMvae]I[O,?afl],paE]P)avqa EQZ

By applying the proposed convex polyhedral approximation
for the unknown transition and sojourn information, and by
leveraging the Lyapunov function in (22), we present the
stochastic stability criterion of SMJLS (6), which contains all
the known information of TPs and STPMFs.

Theorem 3: SMILS (6) is stochastically stable if there exist
matrices Pép“"j“)(O) =0, a €M, (pa,q,) € Pa x Q. such
that Va € M, V(pa,q,) € Pa X Qa, Y(p1,q,) € P1 x Qf,
Y(p2,@s) € Po X Qby, ..., ¥(par, @pr) € Par X QY

T T—1
Z Z 7Tabfab (HA ) Pb(pbﬁb)(o)HAa(E)
e=0

. Assigning r(k) = a € M, the following

beEM, TE€Sqp
W(Z;a)fab(T) T—1 T )
2 2 (L A@) o HA
bEMa 7€8ab Ml e=0

(qa B T—1
+Z Z Wabfab (HA > P(Pb,'lb)(o) HAa(E)
bEM, T80 e=0

— PP3)(0) < 0 (7, > 0) (23)

and Va € M, V(b,7) € M, X S, V(pma(l)Lqma(l)) €
]P)~ a(1) X Q;n (1)° ( a(2)s (7771a(2)) a(2) X Ql a(2)r
VP (01— 31)> Ty (v —31,)) € Pringar—11,) X Qi sz,

T—1 T
(H Aa(5)> PP (0) H Ay (e)—PPe92)(0) < 0 (24)
e=0

(Pard,)

fan(T) +

>

where 7/, = min,, cp, g.eq {n(p‘“q“)} with 7

Dobeit, 2ored,, Tabfab(T) + Xperm, Dored,, T Ezb
Shett, Sred,, Tavlay ™ (7):
Proof: See Appendix C. ]
An alternative approach is to choose Lyapunov function
(9) for the development of stochastic stability conditions
for SMILS (6). Accordingly, P{***%)(0) and P"*%)(0) in
Theorem 3 are replaced by P,(0) and P,(0), respectively.

Remark 7: Theorem 3 involves larger numbers of matrix
variables and inequalities, and is more computationally ex-
pensive in comparison to the results based on Lyapunov
function (9). Meanwhile, Theorem 3 provides a greater degree
of freedom in choosing matrix variables, thus it can be less
conservative than the results based on Lyapunov function
(9). In addition, owing to the polyhedral approximation to
the unknown probabilistic information, the known transition
information 7., a € M, b € M, corresponding to 7 € Sab
and sojourn information fup(7), a € M, (b,7) € (Mg X Sap),
which is not exploited in Theorem 1, is incorporated into the
stability analysis in Theorem 3. In view of this, as compared
to Theorem 1, the utilization ratio of the known probabilistic
information for Theorem 3 has been improved.

C. Stabilizing Control Synthesis

To establish the closed-loop stabilization condition that
utilizes all the known probabilistic information for SMJLS (6),
we define, Va € M, V(pa, ¢ap) € Pa X Qaps

7T((1bf)ab( ) (b7 T) S (N:ﬂa X Sab)
~(Pa>qab) N Bo fab( )7 (b7 T) S (Ma X Sab)
S 2N w00, 0,7) € (1 x5) P
0, (b,7) € (Mg X Sap)

for which the zero-filling technique is employed to tackle the
simultaneously unknown 7., and fu(7), a € M, b € Ma,
T € Sap. Denoting the augmented vertex indices by p =
(pr,p2, - om) €EP, Q2 (@1, G2, -, qn) € Q7 and g, =
(ga1, a2 - - -+ qars) € Qp, where P’ EP; X Py X ... X Py,
Q" £ Q) xQyx...xQ); and Q) £ Qa1 X Qa2 X .. X Qanr,
the following criterion for the stabilization of SMJLS (6) can
be derived by extending Theorem 3.

Theorem 4: Closed-loop SMILS (6) is stochastically stable,
if there exist matrices Q%) (0,5) = 0, Qq (A, q”)(z,j) =0
and D(pqq“)(’ ) = 0,a €M 1€z, 67 € Loz,
(Pa,q,) € Po x Q, (p,q, q,) € P’x Q" x Q,, matrices
Y,(¢) and X, a € M, € € [}y 7,1, and admissible controller
gains for (5) calculated to be K,(c) = Y,(e) X!, a € M,
¢ € ljg,7,-1], such that Va € M, ¥y € Tjg 7, 1}, Y(Pa,q,) €
P, x Q., V(p,4,q,) € Px Q" x Q, there hold

A —QP () o
(__)((l/pa7qa,)(.]+1) ® (AaX+BaYa(])) L[(Lp’%q"')(]“rl)

(26)
QPa9.)(0) — QPe-9.)(0,0) < 0
(27)

and Ya € M, V¢ € Tjo,7—1) V(b T) € M % Sab, V(pas @,) €
P, x Q) ¥(p1, @) € Py X Q,, there hold

(Pard,)
—Q4 a O’ *

¢ ) (Pa.d.) | <0 28
A X+ B.Yo(s) Qo (0,6+1)—X—-X

Qépbﬁb)((), 0) — Q((zpmaa)(a 7) <0 (29)

where Qg”"_”qﬂ(ﬁ L ZZ]_H (p@qa)(

QA ) +1) -

1,7) and

LPaa) (5 1) 2 I ® (X +XT)
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dlag{Q(pl’ql (O 0) (P2 ‘b)(o O)
Qg\l/?IMHM) (O, 0)’ Q((Ipaqvqa (] + 1)}

O (5 +1) & { \/93’1“’%],)(”” \/92’;“’%2:)(%1)

QP ()4 1) 2

MNa MNa

T
a(Pasaqn) _
Oans 7;1 (y+1) 1a(.7 + 1):| (77:1 > 0).

Proof: See Appendix D. [ |

VI. JOINT UTILIZATION OF KNOWN AND UNKNOWN
PROBABILISTIC INFORMATION

With the proposed polyhedral approximation method for the
unknown transition and sojourn information, we address the
stability analysis and control problems for SMJLSs by taking
advantage of all the approximated probabilistic information.

A. Stochastic Stability Analysis

To further lower the conservativeness in the stability analy-
sis of SMJLS (6) by leveraging both the known probabilistic
information and the approximation of the unknown transition
and sojourn information, we propose a vertex-based Lyapunov
function that depends on both the uncertainties of the approx-
imated transition and sojourn information :

Yy kk, (@(R) £ 2T ()R (k — kn)z(k) (30)
(Pr(k))
Here 3, (k = kn) = Zpr<k)€Pr<k> qu<k>€(@’r<k> ar(k()k)

ﬁ(q”k))P(pr(k)’qT(k))(k ky) is in a polyhedral form, where

(k) T( )
( T T M a
Br?k()k) £ H{il /Bffzkg];))b) with Oa(z ) ,6((1‘1@) >0, Vp, € P,

Vg, € Quand 3o, p >, cQ, oz,(lp“)ﬂ(qa) =1,VaeM.
The Lyapunov fU.IlCthIl in (30) satisfies Ao ||z(k)|?
Ly (@(k) < Mo |z (k)|*, where

A .
Ag = min {)\min (Pép“’q@)(s))}
aeM,e€ljo,7,-1),Pa €Pa,q,€Q;

A as
Ao = max ) {)\max (Pép qa)(e))} .
a€M,e€ljo,7,—1),Pa €EPa,q,€Q,

Then, we present stochastic stability condition for SMIJLS (6).
Theorem 5: SMILS (6) is stochastically stable if there exist
matrices P(Ep“"’a)(o) =0,a €M, (p.,q,) € P, x Q,, such
that Va € M, VY(pa,q,) € Po X Q, V(p1,q;) € P1 X Qf,
V(p2,qz) € P2 X Q3 ..., V(pm, qn) € P X Q)

T—1 T—1
3ot [ > fanlr (H Aa(5)> P9 (0) TT Aale)
e=0 e=0

beM, 7€Sab
r—1 T r—1
Z (qab ) <H Aa(5)> Pépbﬂz;)(o) HAa(a)]
TGSab e=0 e=0

B [ o(Ife) s
21

T—1 T T—1
(Qab) (1) (H Aa(€)> Pb(pb7Qb)(0) H Aa(é‘)‘|
7€Sap e=0 e=0

— PP1.)(0) < 0 (31)

where 1, £ min,ee, q,eq, ("""} with gt 2

ammmzﬁwmu+zﬁg%W»+zmh

T (Srecs,, fab(r) + Zoes, fui™ (7).

Proof: See Appendix E. [ |

If we choose Lyapunov function (9) to develop the s-
tochastic stability conditions for SMJLS (6) instead of (30),
PP*94)(0) and P{"'%)(0) in Theorem 5 will become P, (0)
and P,(0), respectively.

Remark 8: Theorem 5 and Theorem 3 are equivalent only
if Sy = @, Vb € M, Va € M, in which 7, and fu(7)
are not simultaneously unknown. In addition, since z(k,,) is
arbitrarily given, according to the proof of Theorem 5, one
has Ty Ybertpra oret 0ab(T)Dab(7) /1, — Ba(0) < 0
If the sojourn time of each mode obeys geometric distri-
bution satisfying fu,(7) = ¢,(1 — ¢,)"" % 0 < ¢, < 1,
Va,b € M, then the SMJLS under study will become an
uncertain Markov jump linear system (MJLS). Accordingly,
the TPs of {r(k)}kel.,. denoted by 3z,, will be memoryless.
Letting 7, — oo and K4(e) = 0, Ya € M, Ve € Ijp -, _1),
and leveraging the same method as Remark 5 in [35], we
can know that I'; < 0 is equivalent to T, < 0, where
T, 2 AI ZbeM,b;éa %abmb(O)Aa+%aaAIma(o)Aa —PBa(0).
In general, the STPMFs f,,(7) should be entirely known
in MJLSs, otherwise, we cannot confirm that the sojourn
time obeys geometric distribution for all the modes. In view
of this, Q. = @. For the known TPs wab and 44,
we define mq 2 Tr((fl’)“) and ., 2 2% Va € M,
Vb € M,, Vpo, € P,. Accordlng to %ab = ¢,ma and
¢, and defining %) £ ¢ 7 ), Va,b € M

Koo = 1 —

(a # b), Ypa € Pq, one has e = 3, p. af )%éz;a) and
Hoa = ZpaélP a((lpa)%aa , Ya,b € M (a 7& b) Vpe €
P,. In addition, we have P,(0) = S v, al? )p(pa)( 0),

Va € M. Therefore, Y, < 0 is equivalent to

A, 2 bem (Zpa P, O‘t(lpa)%z(zga)) ZprIP’y, az()pl))Pbpb)(())Aa -
D peck, @ alpe) pire) (0) < 0, which is Proposition 1 in [27].

B. Stabilizing Control Synthesis

To establish the closed-loop stabilization condition that
incorporates all the known probabilistic information and the
approximation of the unknown information for SMIJLS (6), we
denote that Va € M, V(pa, gap) € Py X Qup,

7Tz(zb]§ab( ) (b, T) < (Ma X Sab)

pa Q

(Pasqab) S fab( )7 (baT) € (M XSab)

P I w0, 7)€ axBa) P
<pa> (1), (b,7) € (Mo X Sap).

Denoting the augmented vertex indices by q, ie., q =
(q1,92,---,qy) € Q" where Q" £ Q) X Q4 x ... x Q),,
the following criterion for the stabilization of SMIJLS (6) can
be derived based on Theorem 5.

Theorem 6: Closed-loop SMILS (6) is stochastically stable,
if there exist matrices U7 (0,6) = 0, L{ép’q’q“)(z,j) -0
and Y% (7,) = 0, a € M, 1 € Iyyy7.), 6,7 € Toruis
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(Payq,) € Po x Q, (p,q,q,) € P'X Q" x Q,, matrices
Ya(e) and X, a € M, € € Ijo 7, _1), and admissible controller
gains for (5) calculated to be K,(g) = Ya(e)X !, a € M,
€ € ljo,7,—1]> such that Ya € M, Vjy € Ijo 7,1}, V(Pa;q,) €
P, x Q, V(p,a,q,) € Px Q" x Q., there hold

_ugnquu)(‘]) « Zo
(Parqa) (P.9,9,)
Oa " (1+ 1)@ (Ae X +BoYa(3)) Va (+1)
(33)

YPada) () — UPa92)(0,0) < 0 (34)
Z:;j+1
VPO (141) £ UL+ 1)~ Ly @ (X+XT)
ngVq’qa)(]‘i' 1) L diag{Ul(phql)(O, O)7 U2(P2742)(0’ 0)7 .

U](\f;l\/lvq]\l) (0, 0),11((117,%%)(] + 1)}

@(gpa,qa)(]+1) Y |:\/0¢<£a'qal)(ﬁ+1) \/0&2‘1’4“2)(J+1)
g,

g,
T
(1+1) 1a(]+ 1):| .

where ugp-,q,qa)(j) S ép,q,qa)(z’ 7) and

0 "M
A
Proof: See Appendix F. ]

Remark 9: Intuitively, we have more freedom in determin-
ing the controller gains depending on both the system mode
and elapsed time, compared with the control scheme that
only considers the system mode. This way, the elapsed-time-
dependent controller in (5) can provide more flexibility in solv-
ing control synthesis problems and contribute to reducing the
conservativeness of control design for SMJLSs. All our pro-
posed criteria will remain applicable if we employ a controller
independent of the elapsed time, ie., u(k) = K.uz(k).
Then, K,(¢) = K,, Yo(¢) = Y,, Au(e) = Aq + B.K,,
Ve € ljo,7,—1], @ € M. From this perspective, these criteria
are more general than their counterparts based on the controller
independent of the elapsed time.

Remark 10: The theorems in Sections IV through VI ex-
hibit a gradual improvement in the utilization efficiency of
probabilistic information. Since directly quantifying the uti-
lized probabilistic information can be challenging, we resort
to comparing the utilization ratios between two approaches,
where one approach fully encompasses the probabilistic infor-
mation utilized in the other. While all the utilization ratios of
known probabilistic information in Theorems 3—6 reach 100%,
Theorems 5 and 6 additionally include all the approximation of
unknown probabilistic information; this way, their utilization
ratios of unknown probabilistic information are improved in
comparison to Theorems 3 and 4. Therefore, Theorems 5 and
6 are less conservative than Theorems 3 and 4, respectively.
Meanwhile, Theorems 5 and 6 introduce additional approx-
imated probabilistic information in the convex polyhedral
form, which leads to potentially higher computational costs
compared to Theorems 3 and 4, respectively.

VII. SIMULATION STUDIES

We provide a numerical example and a simulated continuous
stirred tank reactor (CSTR) to testify our theoretical results.

Feasible region for Approach [l v Feasible region for Theorem 1
Feasible region for Approach I+ Feasible region for Corollary 1

Ko
2 088 Yo 8 g
A v¥ G ¥ & N
RI Y g9 Vi & 0.95
084 “Ev A J 0.93

Fig. 1. Feasible regions of (¢1,92,13) computed by the stability criteria
with different levels of utilization efficiency of probabilistic information.

Example 3: Consider an SMJLS in the form of (6), where

1 ﬁ(k_kn)
Ay (K =kn) = Vr) | nhk) | uhlke—ta) | G
Vir(k) Vr(k)

with i(k — k) = 0.1 + 0.01(k — kn); Op)> > wWr(r) and
Vpk) in (35) are positive system parameters, among which,
Ur(k)y Wr(k) and v,y are governed by a three-mode SMC
{r(k)}rer.,- The known TPs are assigned to be 1o
0.7, 713 = 0.3, o1 = 0.4, 23 = 0.6 and Taa = O7
a € H[l)g], while 737 and 732 are unknown TPs; the upper
bounds for the sojourn time are (71,72,73) = (8,6,5); the
entirely known STPMFs are fi3(7) = 0.27710.8, fa3(7) =
0.77710.35=75!/[(6 — 7)!(r—1)1], fs1(7) = 0.6~D° —0.67
and foq(7) =0, a € Ij 3. Both f12 (7) and fa; (7) are frag-
mentarily known STPMFs. Specifically, we know f12(7)
47 exp(—4)/7!, 7 € Iy 47, f12(6) = 0.1 and foy(7) = 0.5° -
51/[(6 — m)!U(m — DY, 7 € {1,2}, for(7) = 0.57, 7 € {3,4},
however, we cannot know f12 (1), 7 € {5,7,8} and fo1 (7),
7 € {5,6}. f32(7) is an entirely unknown STPMEF. The
values of the system parameters are assigned to be u
019, (w1, w2, w3) = (0.4%,,,0.8¢,,9,,) and (v1,v2,v3) =
(1,,0.13),,,0.2),).

We evaluate the feasibility and conservativeness for the sta-
bility criteria with different levels of utilization efficiencies of
probabilistic information. To exclude the factor of the adopted
Lyapunov functions, we name the stability criterion reduced
from Theorem 3 by Lyapunov function (9) as Approach I, and
the criterion reduced from Theorem 5 by Lyapunov function
(9) as Approach II. By assign ¢, = ¢, = ¢, = 1, Fig.
1 presents the feasible regions of (1, 92,93) computed by
Corollary 1, Theorem 1, Approach I and Approach II, where
¥ € {0.85,0.87,...,0.95}, ¥, € {0.8,0.82,...,1} and
93 € {0.9,0.95,...,1.2}. We use the symbols Rcoi1, RThm1,
Raprenr and Raprentr to represent the feasible regions for
Corollary 1, Theorem 1, Approach I and Approach II, respec-
tively, and we can see from Fig. 1 that Rcot & Rornmi &
Raprent g Raprentr- This result illustrates that increasing
the utilization efficiency of probabilistic information can help
improve the feasibility and reduce the conservativeness for the
stability conditions of SMJLS, which verifies the advantage of
our proposed stability criteria.
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Feasible region for Approach I
O  Feasible region for Theorem 3

(a)

O Feasible region for Approach II
*  Feasible region for Theorem 5

(b)

Fig. 2. Comparisons between the feasible regions of (v w v, %, ) based on different Lyapunov functions. (a) Lyapunov functions (9) and (22). (b) Lyapunov

functions (9) and (30).

Now, we set 97 = 99 = 3 = 1. To demonstrate the
superiority of our proposed vertex-based Lyapunov functions
(22) and (30), we present the feasible regions of (¥, %,,,v,)
computed by Theorem 3 and Approach I in the region
{0.9,1,...,1.3} x {3.5,3.7,...,5.5} x {2,6,...,18} in Fig.
2(a), and the feasible regions of (¢,,%,,v,) by Theo-
rem 5 and Approach II in the region {3.5,3.6,...,4} X
{0.84,0.86,...,0.96} x {2,2.05,...,2.3} in Fig. 2(b). Here,
we symbolize the feasible regions for Approach I and Ap-
proach 1T by R’y and R, 45, respectively, and the
feasible regions for Theorem 3 and Theorem 5 by Rrhms
and Rrhms, respectively. The results Rgpmhl g Rrums and

Aprenil = RThms manifest the improved feasibility and
reduced conservativeness owing to Lyapunov function (22) and
Lyapunov function (30), respectively.

Example 4 (Control of a CSTR): Consider a continuous C-
STR that operates under non-isothermal and well-mixed con-
ditions with a constant liquid volume. The reactor contains an
exothermic and irreversible reaction. The reactant is premixed
with a solvent and converted into product at a rate that is pro-
portional to the concentration of the reactant, with negligible
shaft work. Under the regulation of a selector valve, the reactor
is fed by a single inlet stream among three different source
streams at one time. The reactant concentrations, the flow rates
and the temperature are different for the three source streams.
Accordingly, the reactor exhibits three operating modes, and a
supervisory mechanism regulate the switching among these
operating modes in a stochastic manner. We present the
dynamic model of the CSTR for the ath mode below (ref.
[45]), which is established based on mass and energy balances:

L Fa E
¢= 3#(cra — ) — erexp (7 ng> c
F.

T =T (Tha )~ eexp (~ L)
+ vos (Teer —T), a €{1,2,3}

(36)

where ¢ and T denote the reactant concentration and the
reactor temperature, respectively, both of which are the vari-
ables to be controlled; c;,, F, and Tt , denote the con-
centrations of the reactants, the feed flow rates and the
temperature in the feed stream provided by the ath stream

TABLE I
NOMENCLATURE OF THE CONSTANT PARAMETERS OF THE CSTR SYSTEM
AND THEIR VALUES.

Notation Physical meaning Value

Ch Heat capacity of the fluid 0.239 J/(g - K)

E Activation energy 72.7475 kJ/mol
\%4 Volume of the reactor 100 L

AH Enthalpy of the reaction —5 x 10* J/mol

€g Gas constant 8.314 J/(mol - K)
€nt Heat transfer constant 50 kJ/(min - K)

€rr Reaction rate constant 7.2 x 1019 min—1!
p Density of the fluid 1000 g/L

source, respectively, and their values are (Cf71,Cf727Cf,3) =
(1.5,1,0.75) mol/L, (Fi, F5,F3) = (50,100,200) L/min,
(Tt 1, T2, Tr3) = (300,350,400) K; the other parameters
and their values involved in (36) are given in Table L.

By treating the state variables as 1 = c—c(®), 2o £ T—T(®)
and the control input variable as u LT, — Tc(ter), the CSTR
in (36) can be transformed into

iy =2 (cra — ) — 1)

iy =4 (Tt — T — 23) 37)
AH e E
— merr (Il + c( )) exp ( - eg(rz_,_T(e)))
€ht (e) €ht
VphCh (Tctr - T(e) - $2) + VphChu
where ¢(® = 0.5 mol/L, T = 350 K and T} = 300

K constitute an unstable equilibrium. After performing Taylor
series expansion on nonlinear CSTR model (37) around the
point (c(®), 7€), T(ffg ), and discretizing the obtained linearized
model via a sampling period of 0.04 min, a discrete-time
CSTR as the form in (1) can be obtained. We employ an
SMC {r(k)}rer.,. which has been successfully applied to the
operation of CSTRs in [32], [33], to characterize the stochastic
switching behavior in the discrete-time CSTR model. The
upper bounds for the sojourn time and the knowledge of
probabilistic information are the same as Example 3.
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Responses for Theorem 2
Responses for Theorem 4
Responses for Theorem 6
1 } T
=)
> ‘
£ 05
6
O Il Il Il Il Il
0 1 3 5 6
Time (min)
370
g 350
&~
330 \ \ \ \ \
0 1 2 3 4 5 6
Time (min)
Fig. 3. State responses of closed-loop CSTR process based on Theorems 2,

4 and 6 subject to 10 randomly generated jumping sequences.

The linearized discrete-time CSTR model is unstable with-
out closed-loop control. We aim to design controllers in
the form of (5) based on the proposed control methods.
To realize the simulation, the values of unknown TPs 73
and 732 are randomly assigned in Ry}, and the values
of unknown sojourn information are randomly taken satisfy-
ing fi2(5), f12(7), f12 (8) € Ryg,0.2805), f21(5), fa1 (6) €
R[0,0.6250] and ng(T) € R[0,1]7 V1 € ]I[173]. We choose
the initial reactant concentration ¢(0) randomly between 0.5
mol/L and 1 mol/L, the initial reactor temperature 7'(0)
randomly between 330 K and 350 K, and the initial operating
mode 7(0) randomly in Ij; 3 for each realization. Fig. 3
depicts 10 realizations of the state responses of the CSTR
regulated by the controllers designed via Theorems 2, 4 and
6, respectively. Since all the state responses in Fig. 3 converge
to the equilibrium asymptotically, the effectiveness of our
proposed control method is validated in tackling the scenario
of incomplete knowledge of probabilistic information.

VIII. CONCLUSION

In this article, we presented the conditions on the stochastic
stability and the existence of time-dependent stabilizing con-
trollers for the SMIJLSs for three different levels of improved
utilization efficiency of incomplete probabilistic information.
By proposing a polyhedral modeling method to approximate
the unknown probabilistic information, the known probabilistic
information coupled with the unknown information became
available for utilization. The improvement in the utilization
efficiency of probabilistic information can help reduce the
conservativeness for the conditions of the stochastic stability
of SMJLSs. We constructed two vertex-based Lyapunov func-
tions depending on the approximated unknown information
respectively for the full usage of all the known probabilistic
information and the joint usage of both known and unknown
probabilistic information, which can further lower the con-
servativeness. A numerical example and a simulated CSTR
process are adopted as case studies to showcase the benefits
of our established methodology of improving the information

utilization efficiency and the effectiveness of our proposed
control scheme.

APPENDIX

A. Proof of Theorem 1

Considering the Lyapunov function (9) and defining the
normalization factor n, = Y, 1> 7% map fap(T) that is
unknown but tends to 1, together with 8,, (1) = 0, Va € M,
V1 € ]I[l,;a], it can be deduced that

E{Lb,0(x(kn+1)) (k). Rn=a—Lao0(x(kn))

|5, £ (f ) o

X HAQ@)] x(k
77a 2Tk (Z Z 7Tabfab

beMa TES@[}
ab
+ Z > & (k) Cap () (k)
beEM, T€8,p
i eab(T) T
+Y > 2" (k) Cap (T) (k)
. T=1 Ma
beM,

where Cop(7) 2 (11720 Aa(2)) "Po(0) TI7Z0 Aule) —
Further, one can derive from (10) and (11) that

E{Lo.0(2(kn+1))}Ha(kn), Rn=a — La0(@(kn ))

P,(0).

g[—xg—(z S 00+ S S bl ) ]

bEM, 7S, beM, T=1
(k)12

< =g [z (ka)|1?

where )\3 e mlnaeM {)\mln<77a ()

Tanfan(T) (T1720 Aa(€)) " Py(0) TT7Zg Aale

min{)\4,17A4,2} in Wthh A471 é min

ZbeM ZTGgab
)} and Ny 2

a€M, (b,7)EM,, XSab
and /\4 2 S

{Amin (—=Cas(7))} minaeM beMa,reH[l ral
{Amin(—Cap(7))}. Thus, (8) can be ensured by assigning
the class Ko, function Ks(-) = As(-)”, which implies the

stochastic stability of SMJLS (6) according to Lemma 1.

B. Proof of Theorem 2

Since G,(0,5) = 0 and &,(3) = O hold for all a €
M, ¢, j € Ijo,7,], the following inequalities hold: (G(0,0) —
X)G 1(0,0)(Gy(0, 0) X)T =0, (8,00+1) - X)6, 15+
D(&,(7+1)—X)T = 0and (G,(0,¢+1) — X)G;1(0,5 +

1)(Ga(0,s +1) — X)T = 0, Ya € M, Vb € M,, Vy,5 €
Ijo,7,—1]- Then, we can obtain the inequalities: G(0,0) — X —
XT = -XG,'0,00XT,6,(+1)-X-XT = —X&; 19+
X7 and G 0,6+1)— X - XT = —XG;1(0,s+ 1)XT.
Meanwhile, by defining O,(0,5) = X~ TG,(0,6)X~! and
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D.()) £ X T6,())X ™, aeM, 7€z, it yields the
following inequalities:
—0;1(0,0) < G4(0,0) — X — X T
-0, 0+1) =B+ 1) - X - X"

—0;710,64+1) < Ga(0,6+1)— X — X", (38)

From (13)—(16), and (38), by replacing Y, (¢) with K, ()X,
a € M € € H[()T —1]» one has Va € M Vj S ]IO [0,7a—1]>

R 39)
[@au o L) (
XT9,(0)X — XTO <0 (40)
and Va € M, Vs € Ijg,_q], V(b T) € (M X Sab) U (M, X
H[l,‘T'a])a
—XT0,(0,0)X %
{ AOX 070+ <0 6D
XT04(0,0)X — X T04(0,7)X <0 (42)
where O,(y + 1) = diag{Oma(l)(0,0),Oma(z) (0,0),...,
Oma(Ma)(Oa 0)7 Da(] =+ 1)}
Now, we define O,(y + 1,7 + 1) = ZbeM 0us(y +

1)04(0,0)/7,, and then perform congruence transformatlons
to (39) by diag {X I, +1)yn, } and to (40) by X ~1. After
that, by applying Schur complement, it yields that Va € M,
vy € o7, -1
As (1)0a(3+ 1,5+ 1) Au(y)
+ 10+ DA ()Da() +1)Auly)
Da(o) -

where D4(7) £ 327 1 O0a(1,9), 5 € Tjo,7,—1). Similarly, it
can be derived from (41) and (42) that Va € M, V¢ € Ijp 13,

—9D.() <0
0,(0,0) <0

(43)
(44)

V(b,7) € My X Sap) U (Mg X Iy 7,1),
Al ()04(0,6 + 1AL (s) — 0q(0,5) < 0 (45)
0,(0,0) — 04(0,7) < 0. (46)

Due to ZTG 9+1 (AT( )0a(2,7 + 1) Au(g) — Oa(Z»J)) =

Az (10604 1,5+ D A) +1a(1+ 1) A] (9)Da(7+ 1) Au(2)
—94(9), one can derive from (43) that
Ta T—1 T T—1 Ta
Z <H Aa(E)) Oul(7,7) H Aule) — Ou(7,0)
7=1 \e=0 =0 T=1
Ta—l Ta 7 T 7
= l (H Aa(5)> Ou(t, 5+ 1) [ [ Aale)
=0 1=7+1 e=0 e=0
J—1 T J—1
- <]:[ Aa(€)> Oa (27]) Aa (5)‘|
Ta—1 /3—1 Ezqr -
-5 (1)
=0 e=0

X [ zu: (AI(J)Oa(%J+ 1)Aa(g) — Oa("v]))] 1:[ Aa(e)

=7+1
=< 0.

which implies

3 (Ta0)

< 0.

O (T)
25

beM, ¢

04(0,0) ]:[ Au(e) = 94(0)
e=0
(47)

Since the following equalities

T T—1
Z Z Wabfab (HA ) Ob(0,0) H-Aa(f)
e=0

a

beM, TESqp
) T—1 T T—1
= (H Aa(6)> 0(0,0) T T Aale)
beM, T€Sap e=0 e=0
T 71
(HA ) 05(0,0) T Aa(e)
beMa 7€Sap e=0
Ta T7—1 T é
= (HAa(s)> > 0 5(0,0) HA
=1 \e=0 beM,, a

hold, it can be obtained from (44) and (47) that

Ty ﬂ'abfab (HA ) ob(o,o)ﬂAa(s)

beM, TE€Sup e=0
- Oa( ’ ) =< 0. (48)
In addition, according to (45), it can be derived that
7—1 T T7—1
(H Aa(5)> 04(0,7) H Aq(e) = 04(0,0)
e=0 e=0
—1 /¢—1 T
-3 (M40
¢=0 \e=0
¢—1
x (Ag (€)04(0,5 + 1) Aa(s) = 04(0,5)) ] Aale)
e=0
=< 0. 49)
Moreover, by pre- and post-multiplying (46) with

(H;& .Aa(s))T and [[7_, Aa(e), respectively, the following
inequality holds:

T—1 T T—1
(H Aa(5)> 04(0,0) [ Aale)
e=0

e=0

T—1 T T—1
- <H Aa(6)> 0a(0,7) [] Aale) < 0. (50)
e=0 e=0

Taking the sum of (49) and (50) yields

T—1 T T—1
(H Aa(5)> 05(0,0) [ Aale) = 0a(0,0) < 0. (51)
e=0 e=0

Assigning 0,(0,0) £ P,(0), 04(0,0) £ P,(0), a,b € M,
(48) and (51) are transformed into (10) and (11), respectively.
The remainder of the proof follows the proof of Theorem 1.
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C. Proof of Theorem 3
According to (22), we have

E{El (z(kn+1))}|ac(kn

lzzab

beM,b#a T=1 Na
T—1

X H Aa(a)] x
e=0

For brevity, we define Dgy () (1172, Aa(s))T‘f}bi(O)

[ Au), a.b € M7 € Ty Sinee ey Y00,
eab( ) ( ) ZbEM ZTegab 71-u,bfu,b(7—)7)11‘57(7—) + z_:bEMa
ZTESabﬂ-abfab( 7)Das (T )+ bty 2areSay ‘(l.b)fab(T)Dab(T)

0,0(x(kn))
-
(HA >‘13b 0)

kn) - xT(kn)@a (O)JC(kn)

Ryp=a

2 ?

+ e, Sores,, Tt Ja (T)Dan(r) with mi) = 3, p
?

P e 0y > o 5 (ae0) p(dev) () together

with P, (0) = > pocr. Yoa. et O a)I@(qa pa,qa)(()), we
can deduce

E{L} 0(x(knt1)) Hakn), Ru=a—Lao(x(kn))

Ta 9a _ _
—oTk) [ 2 2 5,0~ (0) | ath)
beM,b#a T=1 Mla
_ Z Z a(pa)ﬂ q,) Z Z 7Tabfab(7-)15(117(7-)
"la Pa€Pa g, Q) beM, TE€S,p
+ Z Z Tanf (Qab) Z Z 7T(pa)fab
bEM, T€S,s beM, TE€Sap
N+ Y S 7D Da(r) — naP;pm‘m(m]
bGMn, Tegab
x (k). (52)

In terms of the normalization factor, it yields that n, =
Svett, Dresu Torfor(T) + Liem, Trcsa, Tabfg (7) +
Zbel\?ﬂa E-reg b a.b fan(T) + ZbeMa Eregab Toy fap (T) 7:

o) 2(@,) [=(Pards) i :
Zpaeﬂna Eq €Q, O‘Z(lp )ﬁfzq )[nap 1) 4 EbeMa ZTGSab 7T¢(J,b)

? 7)o (?
féb) (n)] =7, + D bell, 2oreh., wgb)féb) (7). Then, one has
the following inequality:

Z Z 7Tabfab(T) + Z Z Trabfaqab ( )
bEM, TES4p beM, €S,
2 (7
+Z Zﬂ(pa)fab _|_Z Z () () (7_)
beEM, TESab bEM, TESap
— n, PP+d.)(0)
j Z Z 7T-abfcab('r)jj +Z Z 7Tab qab (7—)
bEM, TESqp bEM, 7€S,4s
+ Y3 w8 () Danlr) — P40
beM, TESqs
+ 303 A ( w(r) = PP3)(0)) . (53)
beEM, TE€Sqp

Moreover, as Dy (7) can also be expressed as ZPbE]Pb que@’
oy By DE ) (r), where D™ (r) £ (T[22 Ad(e))

13

PP (0) [[7Zs Aa(e), combining (52) and (53), we obtain
E{L, L0 (ky ))

o0(@(knt1)) Ha(kn), Ru=a —

:MZ Yy

la p1€P1 g, €Q) pmM€PM q,,€Q),

< | STST manfan(r) DG (1)

beM, TESqp

20 D mada (D™ (7)
beEM, €S,

+ Z Z W(pa)fa D(;Dzuqb)( ) ﬁ;Pépanqa)(O)
beM, TESqp

22 D o) (D ™) = PP 220) [ (k).
bGM TGSab

From (23) and (24), it can be ensured that

E{ﬁb olz(k n+1))}|z(kn),Rn:a - Efl,o(x(kn))
1 2 A 2
<|==x= | 32 XAV @ ) S el
@ beM, TE€Sqp
2
< A7 [lz(kn) |
where /\7 2 minaEM,p1€P1,~~~,pM€PMﬁle@’lw‘ﬁME‘@ﬁu

{)\mm (nap(pmqa ( ZbGMa ZTGSQ Wabfab(T)D((fl))bﬁb) (T)

ZbeMa ZTGSab Wabf(qab)( )Dfﬁb’% (1) - ZbeMa ZTESab
(pa)fab( )Diprb)(T))} and

A8

(1>

min
a€EM,bEM 4, TESab,Pa €Pa, 0L EPY,G, €QY, , G, Q)

{Auin (PP=92(0) = D@ (7)) |

The inequality in (8) can be guaranteed and the stochastic
stability has thus been proved.

D. Proof of Theorem 4

Due to QP*%)(0,¢) = 0 and Q%) () = 0, a €
M S, J€ I[[O Tals (Pa;@,) € Py XQav (p,a,q,) €' xQ" X
', by defining Jp‘“q“)(() ) = X T Q(p‘“q“ (0,6) X1
and 3(pqq“)(j) 2 x-TQPa9) () X1 it can be deduced
that Va,b € M, V3,¢ € Ijor,—1), V(Pa,@,) € Pa X Q,

V(p,d,q.) € P'x Q" x Q,,
_(']ngb,qb)(()?()))_l < Ql(jpbyqb)(o’o) - X - XT
_(Jépmt?a)(o,g_|_ 1))_1 = Ql(lpa,,l?a)(o’g+ N-X-x"
_(3((1177617%)(]_,_ 1))—1 < QPA (11— X — XT. (54)

From (26)-(29), (54) and replacing Y, (¢) with K, ()X,
a € M, ¢ € [jpr,1), the following holds: Va € M, V) €

Ljo,7o—1), ¥(Pa> 4a) € Pa X Q,, ¥(p,q,q,) € P'x Q" X Q,
_XTJ((IPJ_LQ@) (j)X *
A(Pa.d,) A (NX) — JPaq.) mt =<0 (55)
01 (1+1) @ (Au(2)X) —(Jd (+1)
XT3Pa9)(0)X — X TJP9)(0,0)X <0 (56)
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and VYa € M|, Vs € Ijg -1}, V(b,7) € M, X Sap, ¥(pa,d,) €
]P) X Q(m V(pb,qb) S Pb X Qb’

— XTI (0,6)X
Au(0)X 0 )
XTJ(mﬁb)(O 0)X — X "J{Parda)(0,7)X < 0 (58)

<0 (57)

where JP 39 (5 4 1) 2 diag{J{"T)(0,0), J5"*%)(0,0),
J(pM’qM)(O 0) ~(qua)( +1)}

Perform congruence transformations to (55) by
diag { X', I\pr41)n, } and to (56) by X' After that,
we denote ja(p’q’qa)(J +10+1) 2 Yy égz);wqab)(J +1)
Jlgp »9)(0,0)/7, and apply Schur complement, and we
have that Va € M, V) € ljo -, 1}, ¥(pa,@,) € Pa X Q.
V(p.9,q,) €P'x Q" x Q.

AL ()TPE9) (5 41,5+ 1) Aa(g) + La(y + 1)
)

X Ag (DI (54 1) Ag(g) = IPH9)(5) <0 (59)
3Paa.) (0) — JPe-da)(0,0) <0 (60)
where ”Sf’qqa)(g) = Z%EJH (p’q’q“)( 7 7 € Loz, -1

Similarly, from (57) and (58), we can infer that Va € M,
Vs € Ijr—q), V(b_ T) € M, X Sab, V(pa,a,) € Py x Q,
v(pbvqb) € IP)b X an
AT () I (0,6 + 1) Ag(s) — JPT2)(0,6) <0 (61)
TP (0,0) — JPod)(0,7) < 0. (62)

Since the equality Zl 1 (Al () a(p"q’q“)(ld +1)Aa())

— g2, ) = AT()TPYE (G + 1,5 + 1) Aa) +

Lo(7 + DATGILT (G + 1) Aa(s) — 354" (5) holds,
by considering JP¥9)(0) £ 27 | 7{P%9) (7 (), one can
derive from (59) that

Ta

-

Z(HA ) JPaa) (7 7 HA — 3Paa.)(g)
Ta—1 Tq J T

_EZZKH& )P“%mﬂﬂ&@

-1 T J—1

Aa(€)> JPaaa) (4, 9) [] Aa (E)]

0 2=3+1

e=0 e=0
Ta—1 /3—1 T Ta
= (H Aa(é)) [ (AI () TP H) (1, 54+ 1) Aa(9)
7=0 \e=0 1=7+1
7—1
~g P, ) ] [T 4
e=0
< 0. (63)

Combining (60) and (63), and setting
J#32)(0,0) 2 PF-92)(0), J{ P (0,0) 2 PP (0) (64)

for all a,b € M (a # b), (pa,d,) € Pa X @, (ps,q;) €
Py, x @y, it is further derived that

Ta (pa7Qab)

ZZ ab 7/

beM 7=1

(T )D(Pb qb)( ) — P(Spaﬁa)(()) < 0. (65

Since Giﬁa’qab)(ﬂ = 0 holds for all a € M, (b,7) €

M X Sab7 (pcmqg,b) S IP)a X Qabs we have ZbEMa ZTegab

(93;”7%17)(T)/ﬁ:l)D((;Z”"jb)(T) = 0. Accordingly, the following
equality can be satisfied:
"(paleab)( ) "(pa7Qab)(7_)
I AU DD D
bEM, TE€Sap beM, TESqp
PaaQub)(T) ~

« D Pb’qb Z Z ab 7/ é};h,qb)(T)

bEM, 7S,
7o 5(Pasdab)
-y ) (T)D(ibvqb)(T)
7! a :
beM T=1 Ma

~(Pasqab)

According to the definition of 6,
ity in (65) can be converted into (23).
Moreover, it can be deduced from (61) that

T—1 T

(H Aa(5)> J{Parda) (0,7 HA — J{Pa32)(0,0)
e=0
T—1 /¢—1 T

=> (H Aa(€)> (AT()J32)(0,5 + 1) Au()
¢=0 \e=0

(1) in (25), the inequal-

c—1

=7 %(0,6)) [ Aa(e)
e=0
< 0. (66)
By pre- and post-multiplying (62) by (7, .Aa(zs))T and

1‘[;;3 A, (g), respectively, the following inequality holds:

T—1

T—1 T
(H Aa(5)> TP 90,0 T Aale)
e=0

e=0
T—1

4 T
- (H Aa(e)> TP (0,7) [T Aale) < 0.

e=0

(67)

Adding (66) and (67) yields

T—1 T
(HAa(s)> T (0,0) HA
e=0

e=0

— J{P=32)(0,0) < 0

(68)
Consequently, one can obtain (24) from (68) by considering
(64). The remainder of this proof can be completed following
the proof of Theorem 3.

E. Proof of Theorem 5
Define Dos(7) 2 (1255 Aa(e)) Fo(0) [T

a,b € M, 7 € Iy 7, Since D,y ST Oan(T

ZbEMa Tab(ZTegab fab( )D ( )+ZT€Sab o(L

?
+ e, oo (Sres,, Jar(T)Pab(AE e, fur (1) Dan(7)
holds, based on Lyapunov function (30), together with (17),

(19) and the definition of 9, (0), it can be derived that

E{Ly o (@(knt1)) ok, Ru=a = Lao(2(kn))
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) 'Dab(T)x(kn) —xz'(k

beMb;&aT 1
Z Z Oé(pa)/@(q“ Z Z Wabfab(T)Dab(T)
== beMa 7€Sap
+ Z Z Tapf! (‘Zab) (1)D Z Z W(pa)fab
beEM, 7€8,p beM, TE€Sap
x Dap(r) + Y 3wl (i) (1) Doy ()
bEMa TGSab

— 0o PP*9)(0) | 2 (ky ). (69)

Due to 1, = >, cp, ane@' (pa)ﬁ(q“) (Pa9a) > n!, and

Dap(7) Zpbeﬂ”b que(@-{z (pb)ﬁ(% D(Pb:%)(
) T—1 R

D(Pb a;) (7_) L (Hg:O AQ(E)) Pb(Pb q) ( )HEZO

obtaln from (69) that

O(x(kn+1))}|x(kn) Ru=a—Lyo(x(kn))

s sy y (e

Mla p1€P1 q, €Q) pmEPMq,, €Q,, \b=1

X Z Tab Z fab Z faqab

Vi 7€Sap 7€Sap

beM,
% D((J/Z;IJ’QI; (7)) + Z 7T(pa) Z Fan(T

T7ESab

7), where

«(€), we can

E{ﬁé’

D(vaqb)

vaqb)( )

i Z fa(lq)ab)(T)DEfgbv(Ib)(T) _n;pépa,qa)(o)

TESap

Then, E{Ly,(2(knt1) Ha(k) Ro=a — Luol@(kn)) <
—(1/n,) M1 ||3r:(k:n)||2 < =M ||x(k;n)|| is ensured by

A .
(31), where A1 = mingemM p,ePy,....pn €Pr a1 €Q),....a 0 €QY,

(s (1P 1 (0) = Sy, ot Eres Jor (1) Dai ™ ()
+ZTESab (qab)( )D(,’Db,qb)( )) _ZbeMu o )(Zfegab Fan(™)
Dc(lib’q}))( T+ ek, S (qab)(T)D(gb’qb)(T)))}. This confirms

a
the satisfaction of (8), and completes the proof.

F. Proof of Theorem 6

Define the matrix variables W\ “’q“)((),g) =
—TU(pa,,qu)(O X1, mgnq,qa)(]) A —Tugp7q7qa)(])
X! and Qﬁ(pqqﬂ)(ra) = _Til((f’q’q“)(?a)X_l, where
P 2 37 L WP (0,5), 0 € M, < € Tz,

J S H[O,‘T'aflb (pa; qa) S P X Qav (pa q, qa) S HD/ X QN X Qf},
As an analog of the proof of Theorem 4, one obtains from
(33) that Ya € M, V(p,q,q,) € P'x Q" x Q.,

Ta [7T—1 T T—1
Z H‘Aa(g) W{gp,q,qa)(T’T) HAa(E)
e=0 e=0

T=1

= > WPaaa)(r,0) < 0

T=1

(70)

15
and from (34), one has
> WPadd(r, 0) — WP (0,0) < 0. (71)

T=1

Now, we set Wép“’q“)(O 0) £ (p“’q“)(()) for all a,b € M
(a #b), (Pasq,) € Pa X Q, and combine (70) and (71). The
following inequality can be satisfied:

(Pasda
Zzep ! b( )Dgl?)bv‘Jb)(T)

—ab — PPad4)(0) < 0
beM =1 "Ta

which is equivalent to (31) according to the definition of
6%%) (1) in (32).
The rest of this proof follows the proof of Theorem 5.
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