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A B S T R A C T

A formulation of structural optimization that is based on the force density method is used to deal with the
elastic design of stiff gridshells and of structural components made of stretching-dominated lattices. While most
of the conventional approaches deal with plastic design, the complementary strain energy is used as objective
function, whereas geometric and volume constraints are dealt with. The set of force densities that corresponds
to the spatial geometry of minimum compliance is sought by using sequential convex programming. The
formulation can be endowed with a smooth eigenvalue buckling constraint that is implemented to enforce
a lower bound for the critical load. The implementation of the method is discussed, with special regard to
the evaluation of the linear stiffness matrix and the initial stress matrix. Numerical simulations are shown,
addressing reticulated shells subjected to gravity loads and a lightweight column-like element related to
applications in additive manufacturing. The sensitivity of the optimal shape to the buckling constraint is
assessed, depending on the required structural performance.
1. Introduction

Reticulated shells take their strength from their double curvature,
being constructed from members that mainly undergo axial forces,
i.e. stretching-dominated branches, see e.g. [1]. Among the approaches
that can be used for the definition of the spatial location of their nodes,
see e.g. [2–8], the ‘‘force density method’’ [9] can be resorted to when
statically admissible solutions are sought in the form-finding process.
This approach allows for defining the geometry of funicular networks
of the loads by solving a system of linear equations. Its coefficient
matrix depends on the prescription of suitable sets of force densities,
i.e. ratios force-to-length in the branches of the network. Generally,
when all force densities are identical, layouts are reasonably regular
and may be adopted for a preliminary material-independent design of
many funicular and anti-funicular structures. The idea was originally
developed for cable-nets, but it was likewise extended to deal with the
plastic design of gridshells, see e.g. [10], and, extensively, to investigate
the self-equilibrated configuration of tensegrity structures, see e.g.
[11–15]. The linear version of the force density method does not allow
for directly incorporating local constraints, such as enforcements on
length and tension limits of the elements. To this goal, constrained ver-
sions of the method may be used, resorting to iterative procedures that
manage the nonlinearity introduced by the additional requirements. As
pointed out e.g. in [16,17], no straightforward control of the coordi-
nates of the free nodes can be operated. Ad hoc strategies to enforce the
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location of certain nodes of the net were proposed, among the others,
in [16] searching for the optimal configurations of lightweight bridges
by means of multi-objective genetic algorithms, in [18] working with
the optimal design of geodesic tension trusses with uniform stress, and
in [19] investigating a design framework for cable stayed/suspension
bridges. Reference is also made to the natural force density method
in [20] concerning the design of membrane elements and providing an
insight of the concept of force density in relation to nonlinear finite
element analysis.

It must be remarked that the force density method is well-suited
for matrix-based implementation, and for coupling with gradient-based
algorithms of structural optimization. If the force densities are adopted
as optimization variables, the sensitivity of a few quantities of interest,
such as the length and the tension of each bar, are available in the
form of hessian matrices from the original work in [9]. In [21] it was
shown that, working with the design of networks with fixed plan pro-
jection, the parameters governing the form-finding procedure consist
of a reduced set of force densities. This approach, originally presented
in the framework of limit analysis of masonry vaults, was further
exploited to design reticulated shells of minimum load path [22].
Following [23], minimizing the total load path of a structure, which
consists of the sum over the elements of the absolute value of the force
times the length, corresponds directly to minimizing its weight in a
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Composite Structures 354 (2025) 118742 
fully stressed plastic design problem. An evolutionary algorithm and a
essian–based minimizer were adopted to retrieve optimal reticulated

shells with given fixed projection. A constrained force density method
as subsequently proposed in [24], combining the minimization of

the total load path with control of the member lengths and of the
spatial location of the unrestrained nodes, each one with three degrees
of freedom. The arising nonlinear programming problem, comprising
multiple constraints, was solved by means of an interior-point opti-
mization algorithm. With reference to the form-finding of gridshells
having prescribed horizontal projection, the work in [25] showed that,
in simple cases, thrusts (i.e. horizontal components of the reaction)
and coordinates of the nodes are linear in the force densities and
in their reciprocal values, respectively. This suggests the adoption of
methods of sequential convex programming that employ a different
type of approximation depending on the sign of the gradient, see
.g. [26] with special regard to the Method of Moving Asympthotes

(MMA) [27]. These solvers were especially conceived to deal with size
optimization of elastic structures and are widely adopted to deal with
multi-constrained problems of topology optimization at different scales,
see e.g. [28–30]. Likewise, they may be conveniently used to cope with
optimization problems whose state equation is the equilibrium in terms
of force densities. Formulations of plastic design for networks with
fixed plan projection were implemented in [25], for minimum thrust,
and in [31], addressing a min–max problem to control the utilization
f each element with respect to yielding and member buckling. The
doption of the so-called compliance as objective function, i.e. twice
he strain energy at equilibrium [32], was used in conjunction with
he force density method in [33], dealing with the design of plane and
patial trusses and resorting to sequential quadratic programming.

Instabilities are known to be a critical issue for reticulated shells,
ee in particular [34–36]. In addition to member buckling, local in-

stabilities, which involve one or few nodes, and global instabilities,
which affect the whole structure, may arise. Moreover, as discussed
in [8], optimal shapes found by searching for solutions of minimum
tress are prone to such type of collapse. Member buckling can be
ontrolled by means of element constraints that affect slenderness and
ompressive stress, see e.g.[37]. Further stability considerations have

been incorporated in the optimal design of gridshells following different
strategies. Among the others, reference is made to the adoption of
ominal forces in [36], using artificial loading cases to simulate the

effect of imperfections within a plastic design formulation, and to the
wo-step procedure in [5], implementing the global linear buckling
onstraint proposed in [38]. Indeed, linear buckling is generally seen as
 viable option to address the early stage design in truss geometry and
opology optimization, see e.g. [39,40]. Nonlinear geometry optimiza-

tion of domes is often related to the adoption of genetic algorithms, see
e.g. [41].

Within the above framework, an energy-based form-finding strategy
or reticulated shells is addressed in this contribution, stating structural
ptimization problems that resort to the force density method and
re solved via sequential convex programming. The adoption of the
orce density method allows for searching among statically admissi-
le layouts while taking advantage of the flexibility and quality of
pproximations peculiar to MMA. The complementary strain energy is
dopted as objective function. A volume constraint is used to control
he length of network, whose members have prescribed cross-section.
lternatively, local enforcements on subsets of the coordinates are
mployed as geometric constraints. The minimization unknowns consist
f the whole set of force densities, such that the spatial location of the
nrestrained nodes is affected only by a few prescriptions, if any. A
ew global constraint governing the value of the standard deviation
f the element lengths, that means their slenderness, is introduced to
egularize the problem without resorting to a more demanding set of
ocal length constraints, see e.g. [24]. The minimization of the strain

energy promotes recovering of the compatibility conditions, feature
2 
that is not shared by plastic design, where only statics is accounted
for, see in particular the discussion in [42].

To include stability considerations in the form-finding process, the
ormulation for minimum compliance can be endowed with an eigen-

value buckling constraint. This enforces a prescribed lower bound
for the critical load multiplier. Following [43], a smooth aggregation
function is used to approximate the critical load depending on a few
eigenvalues of the linear buckling problem. Dealing with topology
optimization, this approach was shown to provide smoothness also in
case of repeated eigenvalues and possible switching of the characteristic
roots. It is here implemented and applied in the context of form-finding.
The dependence of the stiffness matrix on the varying geometry of
the network is handled in terms of the minimization unknowns by
exploiting the formalism of the force density method, using results from
the literature on tensegrity structures. However, unlike the case of the
design of prestressed pin-jointed structures, the initial stress matrix
requires the derivation of the elastic stress in the gridshell. Due to
the implementation of the buckling constraint within a formulation
of minimum strain energy, the adoption of the current set of force
densities to approximate the stress regime is regarded as an option
when constructing the initial stress matrix.

Numerical simulations are presented, concerning reticulated shells
ubjected to vertical loads and a column-like latticed element. Optimal

shapes retrieved by the proposed energy-based form-finding methodol-
ogy are shown, commenting on the sensitivity of the achieved solutions
to the prescriptions of the eigenvalue buckling constraint. According to
the achieved results, approximating the elastic force densities by the
unknowns of the minimum strain energy problem may be an option for
controlling the critical load multiplier without directly solving the elas-
tic equilibrium, as generally required in alternative formulations [37].
This implies a reduction of the computational cost, including that
equired for the sensitivity computation.

It must be remarked that the proposed approach is conceived
for gridshells and latticed structures in which nonlinear effects may
be neglected provided that the critical load multiplier is reasonably
large [44]. Reference is made e.g. to [45] concerning energy-based ap-
proaches to address the mechanical response of (tensegrity) structures
for which different stable states exist.

The reminder of the paper is as follows. Section 2 presents the
roblem formulation, including a review of the force density method in
ase of partially and fully restrained nodes, fundamentals of the imple-
ented optimization problems, and remarks on the solution procedure.

ection 3 reports about numerical tests, whereas Section 4 concludes
he paper addressing limitations and ongoing developments.

2. Problem formulation

The proposed approach exploits the ‘‘force density method’’ (FDM)
[9] to retrieve networks that withstand the prescribed external loads
with axial forces only, see Section 2.1. The arising equilibrium equa-
tions are firstly embedded in an energy-based minimization proce-
dure, see Section 2.2. Then, the same formulation is endowed with an
eigenvalue buckling constraints, see Section 2.3. The adopted gradient-
based strategy is referred to in Section 2.4, whereas the sensitivity
computation is given in Appendix.

2.1. The force density method

Given a Cartesian reference system 𝑂 𝑥𝑦𝑧, a three-dimensional net-
work consisting of 𝑚 elements and 𝑛𝑠 nodes is considered. The coordi-
nates of the nodes are gathered in the arrays 𝐱𝑠, 𝐲𝑠, and 𝐳𝑠, for the 𝑥, 𝑦,
and 𝑧 axes, respectively. The vector 𝐱𝑓 collects the coordinates along
the 𝑥 axis of the nodes restrained in the same direction, whereas 𝐱 gath-
ers the 𝑥 coordinate of the remaining set of nodes. The same definitions
hold for the vectors 𝐲 and 𝐲, along with 𝐳 and 𝐳, considering the 𝑦
𝑓 𝑓
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Composite Structures 354 (2025) 118742 
axis and the 𝑧 axis, respectively. The topology of the spatial network is
described by the connectivity matrix 𝐂𝑠, whose entry are defined as:

𝐶𝑠 𝑗 𝑖 =
⎧

⎪

⎨

⎪

⎩

+1
−1
0

if 𝑖 is the first node of the 𝑗-th element,
if 𝑖 is the second node of the 𝑗-th element,

otherwise,
(1)

being 𝐂ℎ the subset which corresponds to the unrestrained nodes in the
ℎ direction, whereas 𝐂𝑓 ℎ refers to the restrained ones along the same
xis. The vectors 𝐮, 𝐯, 𝐰 store the difference in coordinates between the
nds of each element along the 𝑥, 𝑦, and 𝑧 axes, respectively:
𝐮 = 𝐂𝑠𝐱𝑠 = 𝐂𝑥𝐱 + 𝐂𝑓 𝑥𝐱𝑓 , 𝐯 = 𝐂𝑠𝐲𝑠 = 𝐂𝑦𝐲 + 𝐂𝑓 𝑦𝐲𝑓 ,
= 𝐂𝑠𝐳𝑠 = 𝐂𝑧𝐳 + 𝐂𝑓 𝑧𝐳𝑓 .

(2)

The vector 𝐥 gathers the length of the branches of the network, being

𝑗 =
(

𝑢2𝑗 + 𝑣2𝑗 +𝑤2
𝑗

)1∕2
the length of the 𝑗th branch. Upon introduction

f the diagonal matrices 𝐔 = diag(𝐮), 𝐕 = diag(𝐯), 𝐖 = diag(𝐰), and
= diag(𝐥), the equilibrium equations for the unrestrained nodes of the

network read:

𝐂𝑇
𝑥𝐔𝐋

−1𝐬 = 𝐩𝑥, 𝐂𝑇
𝑦 𝐕𝐋

−1𝐬 = 𝐩𝑦, 𝐂𝑇
𝑧 𝐖𝐋−1𝐬 = 𝐩𝑧, (3)

where 𝐬 gathers the forces in the branches, 𝐩𝑥, 𝐩𝑦, 𝐩𝑧 collect the com-
onents along the Cartesian axes of the point loads at the unrestrained
odes, and the following relations have been used:
𝜕𝐥𝑇
𝜕𝐱

= 𝐂𝑇
𝑥𝐔𝐋

−1, 𝜕𝐥𝑇
𝜕𝐲

= 𝐂𝑇
𝑦 𝐕𝐋

−1, 𝜕𝐥𝑇
𝜕𝐳

= 𝐂𝑇
𝑧 𝐖𝐋−1. (4)

The force density vector, i.e. the vector collecting the ratio force to
ength of the branches of the network is defined as 𝐪 = 𝐋−1𝐬, being
𝑗 = 𝑠𝑗∕𝑙𝑗 . Introducing 𝐐 = diag(𝐪), Eq. (3) becomes:
𝐂𝑇
𝑥𝐐𝐂𝑥𝐱 + 𝐂𝑇

𝑥𝐐𝐂𝑓 𝑥𝐱𝑓 = 𝐩𝑥, 𝐂𝑇
𝑦 𝐐𝐂𝑦𝐲 + 𝐂𝑇

𝑦 𝐐𝐂𝑓 𝑦𝐲𝑓 = 𝐩𝑦,
𝑇
𝑧 𝐐𝐂𝑧𝐳 + 𝐂𝑇

𝑧 𝐐𝐂𝑓 𝑧𝐳𝑓 = 𝐩𝑧.
(5)

For any given set of 𝐪 and 𝐱𝑓 , 𝐲𝑓 , 𝐳𝑓 , along with prescribed loads,
Eq. (5) allows for calculating the coordinates of the unrestrained nodes
f the funicular network. It is worth remarking that the above equa-
ions are linear and uncoupled for the determination of 𝐱, 𝐲, and
. Firstly adopted in the form-finding of funicular and anti-funicular
etworks, see also [46], they are extensively applied in the design

of prestressed pin-jointed structures comprising both compressive and
tensile elements, see e.g. [11,12].

2.2. Elastic design of reticulated shells

A few objective functions may be selected to optimize the location of
the nodes of a reticulated shell, given the equilibrium condition stated
in Eq. (5). They generally refer to plastic design, see in particular the
ase of the load–path function to find the lightest design for a given
tress in all the branches of the gridshell [22,24]. In this contribu-
ion, the elastic design is addressed considering the strain energy as
bjective function [32,33]. This objective function is commonly used
hen dealing with the design of lightweight structural components for

onstruction, see e.g. [47,48]. Dealing with a linear elastic material
with Young’s modulus 𝐸, it equals the complementary strain energy
𝑈𝑐 . Hence, for a reticulated shell where all the branches are made
of profiles with the same cross-section, and 𝐴 is the area, it may be
computed as:

𝑈𝑐 =
1
2

𝑚
∑

𝑗=1

( 𝑠𝑗
𝐴

𝑠𝑗
𝐸 𝐴𝐴𝑙𝑗

)

= 1
2𝐸 𝐴 𝐬𝑇𝐋𝐬 = 1

2𝐸 𝐴𝐪𝑇𝐋3𝐪. (6)

To mimic the classical volume-constrained minimum compliance
problem [32], a length-constrained minimum strain energy problem is
 o

3 
formulated adopting the force densities in 𝐪 as minimization unknowns.
It is stated as:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

min𝐪 𝑈𝑐 (a)
s.t. 𝐂𝑇

𝑥𝐐𝐂𝑥𝐱 + 𝐂𝑇
𝑥𝐐𝐂𝑓 𝑥𝐱𝑓 = 𝐩𝑥,

𝐂𝑇
𝑦 𝐐𝐂𝑦𝐲 + 𝐂𝑇

𝑦 𝐐𝐂𝑓 𝑦𝐲𝑓 = 𝐩𝑦, (b)
𝐂𝑇
𝑧 𝐐𝐂𝑧𝐳 + 𝐂𝑇

𝑧 𝐐𝐂𝑓 𝑧𝐳𝑓 = 𝐩𝑧,
∑𝑚

𝑗=1 𝑙𝑗 ≤ 𝑙𝑡,𝑚𝑎𝑥, (c)
1
𝑚 𝐥

𝑇 𝐥 −
(

∑𝑚
𝑗=1 𝑙𝑗

)2
≤ 𝑙2𝑠𝑑 ,𝑚𝑎𝑥, (d)

(7)

where 𝑙𝑡,𝑚𝑎𝑥 is the maximum allowed total length of the network and
𝑙𝑠𝑑 ,𝑚𝑎𝑥 is the maximum allowed standard deviation of the element
lengths. A reticulated shell that can withstand external loads with axial
forces only is prescribed by Eq. (7b). The global enforcement in Eq. (7c)
is used to govern the available amount of material, whereas that in Eq.
(7d) aims at limiting the variation of the length of the members about
the mean value. This allows to control, although in a weak sense, the
slenderness of the branches against member buckling, and to provide a
regularization of the optimization problem, see in particular [49,50].

In case of statically indeterminate structures, the set of force den-
ities 𝐪 that corresponds to the same overall geometry is not unique.

Based on the principle of minimum complementary energy, assuming
that no displacement occurs at the supports, Eq. (7) is expected to
retrieve the set of force densities that corresponds to the solution
of the linear elastic equilibrium 𝐪𝐿, provided that such a solution is
not jeopardized by the constraints in Eqs. (7c-d). Indeed, among all
possible stress states which satisfy the equilibrium of a given structure,
the state which fulfills the compatibility conditions will make the
complementary energy assume a minimum value. If the supports have
not moved, the work done by the applied loads during stress changes is
null and the complementary energy coincides with the complementary
strain energy of Eq. (6). This is known as Castigliano’s principle of least
works, see e.g. [51].

It is remarked that the formulation in Eq. (7) may be endowed with
local constraints to control the geometry of the network, governing
omponents of the vectors 𝐱, 𝐲, 𝐳 and 𝐥, and its stress regime, controlling
ntries of 𝐬, see in particular [31]. For instance, in one of the examples

of the numerical section, a modified version of the formulation in
Eq. (7) will be used, replacing (7c) with constraints of the type:

𝑧𝑖𝑐 ≥ 𝑧𝑚𝑖𝑛𝑖𝑐
for 𝑖𝑐 = 1...𝑛𝑐 𝑧. (8)

This is done with the aim of enforcing a minimum value 𝑧𝑚𝑖𝑛𝑖𝑐
for

the elevation of the 𝑖𝑐 -th of a limited number of nodes 𝑛𝑐 𝑧, while
disregarding the control on the employed amount of material.

2.3. Including an eigenvalue problem for global stability

A nonlinear finite element approach should be preferably adopted
to investigate structural stability for the vector load 𝐩 = [𝐩𝑥 𝐩𝑦 𝐩𝑧]𝑇 .
However, when only small displacements and deformations occur be-
fore an instability point is reached, the first load level for which a
structural system becomes unstable can be preliminary investigated
by performing a so-called linear buckling analysis, see e.g. [52]. An
eigenvalue problem is formulated as:

[𝐊𝐿 + 𝜆𝐊̂𝜎 ]Φ = 𝟎, (9)

where 𝐊𝐿 is the linear stiffness matrix and 𝐊̂𝜎 is the restriction of
he initial stress (or geometric) matrix 𝐊𝜎 to the linear part of the
isplacements 𝐝𝐿, i.e. 𝐊̂𝜎 = 𝐊𝜎 (𝐝𝐿) with 𝐊𝐿𝐝𝐿 = 𝐩. The smallest
igenvalue retrieved in the solution of Eq. (9) yields the critical load

factor 𝜆𝑐 , such that 𝜆𝑐𝐩 is the first load level for which the structural
system becomes unstable. The eigenvector Φ that is computed from
Eq. (9) for 𝜆𝑐 gives the shape of the relevant failure mode.

The literature of tensegrity structures provides the analytical forms
f 𝐊𝐿 and 𝐊𝜎 for spatial networks of bars exploiting the formalism
f the force density method. In [53], the second-order increment of
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the total potential energy due to small deformations is investigated to
erive the global tangent stiffness matrix of a (prestressed) pin-jointed
tructure. The linear part 𝐊𝐿 depends on geometry realization as well as

member axial stiffness, i.e. Young’s modulus of the material and cross-
ection area of the branches. The geometric matrix 𝐊𝜎 is dependent on
he connectivity of the branches and the stress regime.

By generalizing to the case of reticulated shells with nodes that
admit partial restraints, while specializing to the case of equal cross-
section and material for all the branches, the matrices in Eq. (9) can be
omputed as:

𝐊𝐿 = 𝐁𝐊̄𝐁𝑇 , where 𝐁 =
⎡

⎢

⎢

⎣

𝐂𝑇
𝑥𝐔𝐋

−1

𝐂𝑇
𝑦 𝐕𝐋

−1

𝐂𝑇
𝑧 𝐖𝐋−1

⎤

⎥

⎥

⎦

and 𝐊̄ = 𝐸 𝐴𝐋−1, (10)

and

𝐊̂𝜎 =
⎡

⎢

⎢

⎣

𝐂𝑇
𝑥𝐐𝐿𝐂𝑥 𝟎 𝟎
𝟎 𝐂𝑇

𝑦 𝐐𝐿𝐂𝑦 𝟎
𝟎 𝟎 𝐂𝑇

𝑧 𝐐𝐿𝐂𝑧

⎤

⎥

⎥

⎦

, where 𝐐𝐿 = diag(𝐪𝐿). (11)

Recalling that 𝐪𝐿 is the set of force densities that corresponds to the
olution of the linear elastic equilibrium 𝐊𝐿𝐝𝐿 = 𝐩, one has:

𝐪𝐿 = 𝐋−1𝐊̄𝐁𝑇
𝑥 𝐝𝐿. (12)

It is remarked that, for any network with prescribed connectivity of the
embers and given axial stiffness, 𝐊𝐿 in Eq. (10) depends on 𝐪 only,
hereas 𝐊̂𝜎 is written in Eq. (11) as a function of 𝐪𝐿.

Since 𝐊𝐿 is positive definite when kinematically determinate struc-
ures are dealt with, the problem in Eq. (9) is generally re-written
s [54]:

[𝐊̂𝜎 + 𝜇𝐊𝐿]Φ = 𝟎, (13)

where the first load level for which the structural system becomes un-
stable corresponds to the largest eigenvalue 𝜇1 = 1∕𝜆𝑐 . The Kreisselmeier
Steinhauser aggregation function [55] is used to construct a smooth
pproximation of 𝜇1 involving a certain number of eigenvalues. One
as:

𝐽𝐾 𝑆 (𝝁) = 𝜇1 +
1
𝜌
ln

𝑛𝑒
∑

𝑒=1
𝑒𝜌(𝜇𝑒−𝜇1), (14)

providing, when 𝜌 ≥ 1, an upper bound for 𝜇1 (i.e. a lower bound
or 𝜆𝑐 = 1∕𝜇1) over the largest 𝑛𝑒 eigenvalues arranged in the vector

= [𝜇1 𝜇2 … 𝜇𝑒 … 𝜇𝑛𝑒 ]
𝑇 . Eq. (14) has been recently employed in

opology optimization with linearized buckling criteria [43,56], prov-
ng effective in handling possible switching of the characteristic roots
nd in preserving smoothness of its derivative also in case of repeated
igenvalues [57].

Embedding the above stability considerations within the problem in
q. (7), one gets:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

min𝐪 𝑈𝑐 (a)
s.t. 𝐂𝑇

𝑥𝐐𝐂𝑥𝐱 + 𝐂𝑇
𝑥𝐐𝐂𝑓 𝑥𝐱𝑓 = 𝐩𝑥,

𝐂𝑇
𝑦 𝐐𝐂𝑦𝐲 + 𝐂𝑇

𝑦 𝐐𝐂𝑓 𝑦𝐲𝑓 = 𝐩𝑦, (b)
𝐂𝑇
𝑧 𝐐𝐂𝑧𝐳 + 𝐂𝑇

𝑧 𝐐𝐂𝑓 𝑧𝐳𝑓 = 𝐩𝑧,
𝐊𝐿𝐝𝐿 = 𝐩, (c)
[𝐊̂𝜎 + 𝜇𝐊𝐿]Φ = 𝟎, (d)
𝐽𝐾 𝑆 (𝝁) ≤ 1

𝜆𝑐 ,𝑚𝑖𝑛 , (e)
∑𝑚

𝑗=1 𝑙𝑗 ≤ 𝑙𝑡,𝑚𝑎𝑥, (f)
1
𝑚 𝐥

𝑇 𝐥 −
(

∑𝑚
𝑗=1 𝑙𝑗

)2
≤ 𝑙2𝑠𝑑 ,𝑚𝑎𝑥. (g)

(15)

In Eq. (15e), 𝜆𝑐 ,𝑚𝑖𝑛 is the target minimum critical load factor, whose
nverse is the enforced upper limit for 𝐽𝐾 𝑆 (𝝁). The evaluation of 𝐽𝐾 𝑆 (𝝁)
equires the solution of the eigenvalue problem in Eq. (15d) to compute

the largest 𝑛𝑒 eigenvalues. This in turn calls for the solution of the
elastic equilibrium in Eq. (15c) to assemble the initial stress matrix 𝐊̂ .
𝜎

4 
2.4. Numerical implementation

The minimization problems in Eqs. (7) and (15) include a limited
number of constraints, either global or aggregated, for an efficient
numerical treatment. They are solved by means of the Method of
Moving Asympthotes (MMA) [27], see the discussion in Section 1 and
previous applications in conjunction with the force density method
in [25,31,58]. A nested analysis and design approach is adopted, mean-
ing that, at each iteration, the equilibrium equations and the eigenvalue
roblem, if any, are solved for the current set of optimization vari-
bles. The evaluation of the objective function (o.f.), the inequality
onstraints and their gradients is performed accordingly. As shown in

Appendix, the required sensitivities may be computed elaborating on
the derivation of the Jacobian matrices originally presented in [9]. A
flowchart of the procedure outlined above is given in Fig. 1, referring
to the solution of the optimization problem in Eq. (15).

Since minimizing the strain energy goes in the direction of restoring
compatibility, see Section 2.2, an approximation will be investigated
in the numerical simulations when dealing with the formulation in
Eq. (15). Denoting by 𝐊̃𝜎 the geometric matrix of Eq. (11) evaluated
for 𝐪 instead of 𝐪𝐿, the eigenvalue problem in Eq. (15e) will be solved
replacing 𝐊̂𝜎 with 𝐊̃𝜎 . Using this approximation, one skips the solution
f the elastic equilibrium in Eq. (15c), as well as that of any additional

adjoint problem of the type in Eq. (A.6) to compute the sensitivity of
the eigenvalues, see Appendix.

Adopting the force density method instead of the finite element
ethod implies that form-finding is operated by searching among
etworks that fulfill equilibrium (while generally dropping the com-
atibility requirement). Indeed, when the force densities are used as
inimization unknowns, statically admissible networks are handled

t each iteration because of the system in Eq. (5), which is linear
and uncoupled in the nodal coordinates 𝐱, 𝐲, 𝐳. This would not be
he case, for instance, with a form-finding approach relying on the
lastic equilibrium and adopting the nodal coordinates as minimization
nknowns.

Eq. (15) combines the use of the force density method with the
nforcement of a linear buckling constraint, for which 𝐪𝐿 is required.

As outlined above, the minimum energy problem promotes recovery
of the compatibility requirement (working with statically admissible
networks). Replacing 𝐪𝐿 with 𝐪 in the evaluation of the initial stress
matrix is an approximation that avoids resorting e.g. to the finite
element method for the solution of the linear elastic equilibrium. The
validity of this approximation, aimed at reducing the computational
cost, will be discussed in Section 3, using a finite element code for
comparison.

3. Numerical examples

A few numerical examples are addressed to test the energy-based
formulation of Section 2.2 and that in Section 2.3 accounting for eigen-
value buckling. In structural design and optimization of steel structures,
see e.g. [59], first order analyses may be relied upon if deformations
caused by an increase of the internal forces or any other change of
structural behavior can be neglected. According to [44] this condition
may be assumed to be fulfilled in case 𝜆𝑐 ,𝑚𝑖𝑛 = 10 and 𝜆𝑐 ,𝑚𝑖𝑛 = 15,
for elastic and plastic analyses, respectively. Different prescriptions on
𝜆𝑐 ,𝑚𝑖𝑛 will be considered next to assess the sensitivity of the minimum
compliance design to the eigenvalue buckling constraint.

For all the examples investigated next the number of eigenvalues
considered in the aggregation function of Eq. (14) is 𝑛𝑒 = 6, imple-
menting 𝜌 = 1000. Following [43], a large value of the aggregation
parameter 𝜌 has been adopted to preserve accuracy in the approxi-
mation of the critical load multiplier, see also the discussion in [60]
concerning the stability of the implemented form of the aggregation
function. However, the use of too large values of the control param-
eter should be avoided, aiming at preventing numerical issues in the
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Fig. 1. Flowchart of the general approach for the solution of the optimization problem
in Eq. (15).

Fig. 2. Connectivity of the members of a Schwedler dome.
5 
derivation operation that would affect convergence of the optimization
algorithm.

The minimization of the strain energy aims at selecting the stiffest
design among statically admissible solutions for a given set of require-
ments. The layouts presented next are characterized by non-singular
stiffness matrices, meaning that all of them are completely restrained
structures. It must be remarked that the kinematic determinacy of the
retrieved solutions mainly depends on the connectivity of the selected
grids. Indeed, no direct enforcement has been implemented to this goal,
see in particular [53].

3.1. A dome

A dome spanning an area with 𝑟 = 6m is considered. The connec-
tivity of a so-called Schwedler dome is investigated, which consists in
the intersecting ribs, rings, and diagonal elements represented in Fig. 2,
see e.g. [61]. The vertical load per unit of plan projection is 3 kN/m2.
The 𝑧 axis is the vertical one. All the nodes along the perimeter are
estrained in the three Cartesian axes. The maximum allowed total
ength of the network is 𝑙𝑡,𝑚𝑎𝑥 = 1.075 ⋅ 𝑙𝑡,0 = 430m, being 𝑙𝑡,0 = 400m
he total length of the members in the plan grid represented in Fig. 2.

A profile of the type CHS 48.3/2.6 is assumed for all the branches
f the reticulated shell, considering Young’s modulus 𝐸 = 210 GPa.

The maximum allowed standard deviation of the element lengths is
𝑠𝑑 ,𝑚𝑎𝑥 = 0.4m.

It must be remarked that the system in Eq. (5) remains linear if the
oad vector is design-independent, meaning that the problem in Eqs. (7)

and (15) must be solved at constant load. A first run is performed
onsidering nodal forces that are computed according to the tributary
rea of the initial grid. The starting guess consists of a uniform distri-

bution of compressive force densities throughout the network. Then, an
iterative procedure is implemented, by updating the load vector after
each optimization run, while adopting the current optimal distribution
of force densities to initialize the subsequent step. The final solution
is characterized by a relative variation in the minimization variables
(with respect to the previous optimization run) that is less than 10−3.
In this contribution, gravity loads are dealt with. This means that the
ines of action of the nodal forces remain vertical throughout the set

of optimization runs, whereas the point of application of each nodal
force is updated at the end of each design step. The same procedure
ould be adopted to handle loading conditions for which an update in

the direction of the line of action of each force is required, see follower
loads. Regardless of the loading scenario, the constraints in Eqs. (7d)
and (15g) can be used to prevent the arising of abrupt design changes
between two subsequent optimization runs.

The length-constrained minimum compliance design found using
Eq. (7) is presented in Fig. 3. The value of the strain energy at converge
is 𝑈𝑐 = 122.31Nm. The plan projection of the optimal solution is
emarkably different from that shown in Fig. 2, exhibiting similarities

with Michell structures [62] and lamella domes, see also [63]. The
degree of statically indeterminacy is 13. This may be derived looking
at the difference between the number of unknowns and the rank of
he coefficient matrix for the linear system in Eq. (3), 352 and 339

respectively. In Fig. 3, a map of the forces in the branches of the
network is given, plotting the entries of 𝐬 = 𝐋𝐪, where the vector of the
minimization unknowns 𝐪 is that found at convergence and 𝐋 stores
the final lengths. As discussed in Section 2.2, a good match is expected
with the values found via an elastic solution. This has been checked
by using a commercial finite element analysis code [64], retrieving
the same range of forces in the branches of the anti-funicular network
(𝑠𝑚𝑖𝑛 = −12.96 kN, 𝑠𝑚𝑎𝑥 = −0.07 kN). The maximum utilization factor,
considering the Perry-Robertson failure criteria [65] for a material with
yielding stress 𝜎𝑦 = 235 GPa and lack of straightness of the 𝑗th bar
equal to 10−3 ⋅ 𝑙𝑗 , is 0.31 ≤ 1, whereas the slenderness of the bars ranges
between 30 and 125.
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Fig. 3. Minimum compliance design of a dome (𝑈𝑐 = 122.31Nm): optimal layout with map of the forces in the branches (in kN, 𝑠𝑚𝑖𝑛 = −12.96 kN, 𝑠𝑚𝑎𝑥 = −0.07 kN), in two views.
Fig. 4. Two eigenmodes associated to the critical load multiplier 𝜆𝑐 = 9.160 for the minimum compliance design of a dome. The color maps represent the amplitude of the buckling
shapes.
Even though the local utilization factor is far lower than the thresh-
old, the critical load multiplier is slightly below the level suggested
by technical codes to rely on first order analyses [44]. Performing a
linear buckling analysis of the achieved optimal structure, 𝜆𝑐 = 9.160 is
found, both working with 𝐊̂𝜎 and 𝐊̃𝜎 , see Section 2.4. Two eigenmodes
associated to the repeated multiplier 𝜆𝑐 = 𝜆1 = 𝜆2 are represented
in Fig. 4. They involve almost all the dome, except for the region at
the crown. In Table 1, the inverses of the largest 𝑛𝑒 eigenvalues of the
problem in Eq. (13) are shown and compared to the relevant values
found via the commercial FEA code. A very good agreement is found,
further assessing the implementation of the proposed energy-based
procedure.

The formulation in Eq. (15) is used to investigate optimal layouts
with an improved performance in terms of critical load. The optimiza-
tion is initialized by adopting the previous solution as the starting
guess. The same values 𝑙𝑡,𝑚𝑎𝑥 and 𝑙𝑠𝑑 ,𝑚𝑎𝑥 are implemented. At first, the
optimization is run for 𝜆𝑐 ,𝑚𝑖𝑛 = 20. The achieved optimal design is
reported in Fig. 5(left). A map of the forces acting in the branches of
the network according to the entries of 𝐪 at convergence is given. The
eigenmode corresponding to the critical load 𝜆𝑐 = 20.491 is represented
in Fig. 5(right). One has 𝜆𝑐 ≥ 𝜆𝑐 ,𝑚𝑖𝑛 because of the peculiar behavior
of the adopted aggregation function. At the cost of a minor increase in
terms of objective function 𝑈𝑐 and intensity of the forces 𝑠𝑚𝑖𝑛 and 𝑠𝑚𝑎𝑥,
a fully-compressed network is retrieved having twice the critical load
of the solution in Fig. 3. Minor modifications in the shape of the dome
may be reported, see also Fig. 7.
6 
A further numerical investigation is performed implementing the
eigenvalue buckling constraint for 𝜆𝑐 ,𝑚𝑖𝑛 = 50. The optimal shape found
by the minimization algorithm is depicted in Fig. 6(left), providing
the force map retrieved from the values in 𝐪 at convergence. The
eigenmode corresponding to the critical load 𝜆𝑐 = 54.286 is represented
in Fig. 6(right). With respect to the design achieved for 𝜆𝑐 ,𝑚𝑖𝑛 = 20,
a more rounded shape is retrieved is this case. To preserve the overall
length, the elevation at the crown is lower, see Fig. 7. When the stricter
prescription on 𝜆𝑐 is adopted, half of the rings are tensile-stressed
(𝑠𝑚𝑎𝑥 = 4.51 kN), whereas 𝑠𝑚𝑖𝑛 does not remarkably change. Notwith-
standing a further increase in the value of the objective function at
convergence, the maximum vertical displacement under the effect of
the prescribed loads is less than 2 mm.

Both for 𝜆𝑐 ,𝑚𝑖𝑛 = 20 and for 𝜆𝑐 ,𝑚𝑖𝑛 = 50, the formulation in Eq. (15)
was run using 𝐊̃𝜎 to approximate 𝐊̂𝜎 . At convergence, the vector of the
minimization unknowns 𝐪 was found to match 𝐪𝐿 of Eq. (12), i.e. the
vector gathering the force densities after an elastic solution. A very
good agreement may be reported looking at Table 1, where the values
𝜆𝑒 = 1∕𝜇𝑒 from the results of the implemented procedure are reported
along with those found using the commercial FEA code. The difference
between pairs of values does not exceed 0.5%.

In Fig. 8, history plots of the objective function and of the feasibility
of the constraints are reported for the buckling-constrained optimiza-
tion problem enforcing 𝜆𝑐 ,𝑚𝑖𝑛 = 20. At each iteration, the latter quantity
accounts for the maximum value of the ratios left-hand-side to right-
and-side for the set of constraints in Eqs. (15e-g). The picture on the
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Table 1
Design of a dome for minimum compliance and different assumptions on the enforcement of 𝜆𝑐 ,𝑚𝑖𝑛: values
𝜆𝑒 = 1∕𝜇𝑒 for 𝑒 = 1...𝑛𝑒 computed using the proposed method vs. FEA via commercial code (in italic).
Design 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 𝜆6
min 𝑈𝑐 (Fig. 3) 9.160 9.160 10.448 10.448 10.571 10.571

9.166 9.166 10.455 10.455 10.580 10.580

min 𝑈𝑐 , 𝜆𝑐 ,𝑚𝑖𝑛 = 20 (Fig. 5) 20.491 20.491 20.692 20.693 21.781 22.503
20.532 20.532 20.732 20.732 21.837 22.548

min 𝑈𝑐 , 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (Fig. 6) 54.286 54.286 54.343 54.343 56.789 56.789
54.489 54.489 54.588 55.588 56.963 56.963
Fig. 5. Design of a dome for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 20 (𝑈𝑐 = 123.84Nm): optimal layout with map of the force in the branches (in kN, 𝑠𝑚𝑖𝑛 = −13.01 kN, 𝑠𝑚𝑎𝑥 = −0.78 kN,
left); relevant buckling mode at 𝜆𝑐 = 20.491 (right).
Fig. 6. Design of a dome for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (𝑈𝑐 = 146.46Nm): optimal layout with map of the force in the branches (in kN, 𝑠𝑚𝑖𝑛 = −13.41 kN, 𝑠𝑚𝑎𝑥 = 4.51 kN,
left); relevant buckling mode at 𝜆𝑐 = 54.286 (right).
left refers to the first run (which is initialized using the distribution of
force densities in Fig. 3), whereas that on the right concerns the second
run (which is performed after an update of the tributary area of each
node and is initialized using the previous solution). In both cases, the
algorithm starts from an unfeasible point, meaning that there exists at
least one constraint that is violated, see in particular Eq. (15e). In the
subsequent iterations, optimal values of the minimization unknowns
are derived. The second run is characterized by less iterations, along
with a reduced range of variation for the value of the feasibility of
the constraints recorded throughout the run. This trend also applies to
the subsequent steps, until convergence of the iterative optimization
procedure.

In Fig. 9, history plots are given for the buckling-constrained op-
timization problem enforcing 𝜆𝑐 ,𝑚𝑖𝑛 = 50. Again, the picture on the
left refers to the first run (which is initialized as in the previous case),
7 
whereas that on the right addresses the second run (after an update of
the tributary area of each node, using the solution of the first run as
the starting guess). The comments already given for the curves found
in the previous case apply.

It must be finally remarked that the proposed approach is limited
to linear modeling, including linear buckling. As already mentioned,
building codes consider the possibility of neglecting nonlinear effects
provided that the critical load multiplier is reasonably large. Indeed,
the adopted eigenvalue-based constraint is conceived to enforce such a
condition by operating on the input parameter 𝜆𝑐 ,𝑚𝑖𝑛. However, there
exist structural types for which geometric nonlinearities cannot be
disregarded, see e.g. the case of reticulated domes acted upon by lateral
forces. In this regard, the optimization problem should incorporate one
of the geometrically nonlinear stability constraints reviewed by [66]
in the context of topology optimization. A direct approach could be
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Fig. 7. Design of a dome for minimum compliance and different prescription on 𝜆𝑐 ,𝑚𝑖𝑛: side view of the optimal layout with no control of 𝜆𝑐 ,𝑚𝑖𝑛 (top), for 𝜆𝑐 ,𝑚𝑖𝑛 = 20 (bottom left)
and for 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (bottom right).
Fig. 8. Design of a dome for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 20: history plot of the objective function and of the feasibility of the constraints in the first run (left) and in the
second one (right) of the iterative optimization procedure.
implemented to compute the critical load factor. Alternatively, accurate
approximations could be found by performing eigenvalue analyses at
suitable values of the load factor. In any case, the structural response
of the optimal layouts retrieved by the proposed linear approach can
be assessed by performing a finite element analysis including geometric
nonlinearities. This allows for evaluating the bearing capacity, while
checking that the deformation before buckling is relatively small.

3.2. A gridshell

A reticulated shell spanning a rectangular area with size 14m×6
√

3m
is considered. The connectivity of the grid is that given in Fig. 10. The
vertical load per unit of plan projection is 2.5 kN/m2. All the nodes
along the perimeter are restrained in the three Cartesian axes.

The maximum allowed total length of the network is 𝑙𝑡,𝑚𝑎𝑥 = 1.15 ⋅
𝑙𝑡,0 = 563.5m, being 𝑙𝑡,0 = 490m the total length of the members in the
plane grid represented in Fig. 10. A profile of the type CHS 48.3/2.6
is assumed for all the branches of the reticulated shell, considering
Young’s modulus 𝐸 = 210 GPa. The maximum allowed standard
deviation of the element lengths is 𝑙𝑠𝑑 ,𝑚𝑎𝑥 = 0.10m.

At first, the formulation in Eq. (7) is used to search for the length-
constrained minimum compliance design. The same approach described
in Section 3.1 to deal with the design-dependent load is adopted,
8 
again starting from a uniform distribution of compressive stresses. The
optimal layout found at the end of the multi-step procedure is that
represented in Fig. 11 (𝑈𝑐 = 72.38Nm), where maps of the forces at
convergence are given. The degree of statically indeterminacy is 49,
meaning that a large variety of statically admissible force distributions
may be found for the geometry represented in the picture. The one
retrieved from the adopted energy-based procedure coincides with that
computed from the elastic solution under vertical loads. According
to the plan view in Fig. 11(right), the optimal location of the nodes
is different from that pertaining to a uniform distribution, as the
hexagonal arrangement of Fig. 10. The achieved network of bars is an
anti-funicular solution, with forces ranging between 𝑠𝑚𝑖𝑛 = −7.55 kN
and 𝑠𝑚𝑎𝑥 = −0.33 kN. The latter value is found in the branches that are
almost parallel to the 𝑥 axis, next to the perimeter of the bay; the former
characterizes a few diagrid elements connecting the aforementioned
longitudinal branches to the ground. The slenderness of the bars ranges
between 40 and 85; the maximum utilization factor, considering the
Perry-Robertson failure criteria with the same parameters of the pre-
vious example, is 0.12. When a linear buckling analysis is performed,
a localized mode is found for the repeated eigenvalue 𝜆𝑐 = 𝜆1 =
𝜆2 = 1.779, which mainly involves the highly compressed diagrid
members above mentioned, see Fig. 12. A very good agreement is found
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Fig. 9. Design of a dome for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 50: history plot of the objective function and of the feasibility of the constraints in the first run (left) and in the
second one (right) of the iterative optimization procedure.
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Fig. 10. Connectivity of the members of a gridshell.

looking at the eigenvalues retrieved by the proposed procedure and
hose computed via the commercial FEA software, see Table 2.

Then, the formulation in Eq. (15) is implemented, enforcing 𝜆𝑐 ,𝑚𝑖𝑛 =
15 and using the previous solution as the starting guess. The optimal
layout found at the end of the procedure to accommodate the design-
dependent load is represented in Fig. 13 (𝑈𝑐 = 92.41Nm). A color map
is given for the forces in the branches, as computed from the values
of the minimization unknowns at convergence. The achieved network
comprises both bars in compression, with 𝑠𝑚𝑖𝑛 = −11.97 kN and bars
in tension 𝑠𝑚𝑎𝑥 = 3.48 kN. The magnitude of 𝑠𝑚𝑖𝑛 is 50% larger than in
the previous design. However, the maximum utilization factor related
to the Perry-Robertson failure criteria is less than 0.17. The maximum
tensile force 𝑠𝑚𝑎𝑥 arises along the longitudinal branches, next to the
perimeter of the bay, thus improving the stiffness of the region nearby.
Overall, the geometry of this gridshell is different from that of the retic-
ulated shell represented Fig. 11. The corner zones are characterized by
 peculiar design, as well as the aforementioned longitudinal branches

whose curvature is more pronounced than in the previous case, see in
particular Fig. 15. The critical load is approximately 8 times larger, and
he relevant failure mode involves larger portions of the structure, see

Fig. 14.
As already done for the dome in Section 3.1, the formulation

endowed with the eigenvalue buckling constraint has been run using
𝐊̃𝜎 to approximate 𝐊̂𝜎 . Unlike the previous case, a difference has been
found between the entries of 𝐪 at convergence and the force densities in
𝐪𝐿, which are computed as per Eq. (12) after a linear elastic solution. In
the block of Table 2 that concerns the current example, the eigenvalues
omputed when implementing 𝐊̃ are given in the first row, within
𝜎
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brackets, whereas those evaluated using the correct initial stress matrix
are provided in the second. Values computed using 𝐊̂𝜎 are in very
good agreement with those retrieved via FEA by the commercial code.
The bias in terms of critical load when using 𝐊̃𝜎 to approximate 𝐊̂𝜎
is around 3%, see also discussions in [36,42] about the stress field in
structures designed with elastic and plastic optimization approaches.

As expected, when the formulation in Eq. (15) is run implementing
𝐊̂𝜎 , a solution characterized by a final value of the strain energy that
s slightly larger than that of the previous solution is retrieved (𝑈𝑐 =
92.78Nm). The critical load multiplier is 𝜆𝑐 = 15.382. However, the
achieved layout, the distribution of the elastic forces under the applied
load, and the critical eigenmode look the same as those commented
bove.

In Fig. 16, history plots of the objective function and of the feasibil-
ity of the constraints are reported concerning the optimal solution in
Fig. 13. Analogously to Section 3.1, the picture on the left refers to the
first run of the iterative optimization procedure handling the design-
ependent load vector, whereas that on the right relates to the second
un. The former is initialized using the distribution of force densities in

Fig. 11, whereas the latter is launched after an update of the tributary
area of each node, starting from the previous solution. With respect to
Figs. 8 and 9, a similar trend is found. However, the optimization of
the gridshell is more demanding in terms of number of iterations.

3.3. A latticed column

A latticed column is addressed, inspired by the investigations pre-
sented in [67,68] in the field of Wire-and-Arc Additive Manufacturing
(WAAM), see also [69,70]. Using the dot-by-dot deposition technique
with a 304L stainless steel wire, bars with a diameter of 6 mm can be
abricated, having Young’s modulus 𝐸 = 100 GPa. A diagrid column
ith radius 𝑟 = 0.9∕𝜋 m is herein investigated, considering a 996-bar

tructure, whose connectivity is represented in Fig. 17. The vertical load
is applied at the top twelve nodes of the column, with a resultant of
10 kN. These top nodes are restrained along the 𝑥 and 𝑦 axes, whereas
the twelve bottom nodes are restrained in the three Cartesian axes.

Throughout Section 3.3, the minimization of the strain energy is
addressed implementing Eq. (8) instead of Eqs. (7c) and (15f), that
means enforcing constraints on the minimum height of the top nodes
of the column (for which 𝑧𝑚𝑖𝑛𝑖𝑐

= 2.5m is enforced), while disregarding
the requirement on the maximum total length of the network. Unlike
he previous examples, no ad hoc procedure to account for design-

dependent loading is needed. Indeed, the loaded nodes are allowed to
change their location only along the line of action of the applied force,
with no effect on the equilibrium.

At first, the sensitivity of the minimum compliance layout with
respect to the enforced maximum allowed standard deviation of the
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Table 2
Design of a gridshell for minimum compliance and different assumptions on the enforcement of 𝜆𝑐 ,𝑚𝑖𝑛: values
𝜆𝑒 = 1∕𝜇𝑒 for 𝑒 = 1...𝑛𝑒 computed using the proposed method vs. FEA via commercial code (in italic).
Design 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 𝜆6
min 𝑈𝑐 (Fig. 11) 1.779 1.779 3.738 3.738 5.232 5.236

1.779 1.779 3.739 3.739 5.234 5.238

min 𝑈𝑐 , 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (Fig. 13) (15.207) (15.207) (15.631) (15.692) (15.781) (15.788)
14.848 14.848 15.354 15.507 15.818 15.868
14.851 14.851 15.364 15.517 15.834 15.891
Fig. 11. Minimum compliance design of a gridshell (𝑈𝑐 = 72.38Nm): optimal layout with map of the forces in the branches (in kN, 𝑠𝑚𝑖𝑛 = −7.55 kN, 𝑠𝑚𝑎𝑥 = −0.33 kN), in two views.
Fig. 12. Minimum compliance design of a gridshell: buckling mode at 𝜆𝑐 = 1.779.

element lengths is investigated. The optimization procedure in Eq. (7)
is run for different values of 𝑙𝑠𝑑 ,𝑚𝑎𝑥, i.e. 0.005m, 0.015m, and 0.035m.
The algorithm is initialized by prescribing a homogeneous distribution
of tensile force densities in the rings, and of compressive forces in all
the remaining elements. The achieved optimal layouts are represented
in Fig. 18, providing maps of the element forces due to the external
loads. The degree of statically indeterminacy of the spatial networks is
13. At convergence, it has been checked that 𝐪 = 𝐪𝐿.

The latticed elements share the height of the top nodes, but are
characterized by different shapes, thus affecting the structural response.
The larger the value 𝑙𝑠𝑑 ,𝑚𝑎𝑥, the smaller the strain energy at conver-
gence, moving in the direction of a less constrained problem. Increasing
𝑙𝑠𝑑 ,𝑚𝑎𝑥 also implies a reduction of the peak forces, both in tension and
in compression. However, allowing for larger variations in the element
length, the slenderness of the bars remarkably grows at the ends of
the column. Looking at the layout in Fig. 18(right), the complementary
strain energy at convergence reads 𝑈𝑐 = 2.77Nm, which corresponds to
a vertical displacement of the top nodes that is less than 0.6 mm. The
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slenderness of the elements ranges between 50 and 160. The maximum
utilization factor, considering the Perry-Robertson failure criteria for a
material with yielding stress 𝜎𝑦 = 210 GPa and lack of straightness of
the 𝑗th bar equal to 3 ⋅ 10−3 ⋅ 𝑙𝑗 , see [31], is 0.45.

The critical load multiplier of this layout is extremely low. The
eigenmode at 𝜆𝑐 = 0.203 is shown in Fig. 19, along with those
corresponding to load multipliers that are close to the critical one. All
of them involve limited portions of the lattice at the ends of the column,
where the bars of largest slenderness are located.

The formulation in Eq. (15) is used to look for improved versions
of the diagrid column in Fig. 18(right), i.e. that designed for 𝑙𝑠𝑑 ,𝑚𝑎𝑥 =
0.015m. The eigenvalue buckling constraint is implemented, working,
first with 𝜆𝑐 ,𝑚𝑖𝑛 = 15, and then with 𝜆𝑐 ,𝑚𝑖𝑛 = 50. In both cases, the
force densities that correspond to the design of Fig. 18(right) are used
to initialize the algorithm. The optimal design found for 𝜆𝑐 ,𝑚𝑖𝑛 = 15 is
represented in Fig. 20, providing a map of the forces retrieved from the
entries of 𝐪 at convergence (coinciding with the values found via elastic
equilibrium) and the critical eigenmode at 𝜆𝑐 ,𝑚𝑖𝑛 = 15.365. This involves
the entire latticed element. The achieved design is remarkably different
with respect to that reported in Fig. 18(right). The diagrid size is graded
more homogeneously along the length of the column, including the
end regions, see also Fig. 22. This implies a reduction in the maximum
value of the slenderness of the bar, ranging between 70 and 90. The
diameter of the horizontal rings is larger than in the previous case. In
this layout, it takes the minimum value at mid height of the column.
The improved performance in terms of stability implies a 30% rise of
complementary strain energy. A slight increase in the value of 𝑠𝑚𝑖𝑛
and 𝑠𝑚𝑎𝑥 is reported, too. However, due to the decrease in slenderness,
the maximum utilization factor related to the Perry-Robertson failure
criteria drops to 0.18.

The optimal layout found for 𝜆𝑐 ,𝑚𝑖𝑛 = 50 is addressed in Fig. 21.
The map of the forces computed using the entries of 𝐪 at conver-
gence matches the linear elastic solution, see Fig. 21(left). The critical
eigenmode at 𝜆𝑐 ,𝑚𝑖𝑛 = 53.626 involves the entire latticed element, see
Fig. 21(right). The radius of the horizontal rings takes the maximum
value at mid height, whereas the minimum is that prescribed at the
ends of the column, see also Fig. 22. Indeed, the second moment of
area of the circular hollow cross-section is remarkably large, see in
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Fig. 13. Design of a gridshell for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (𝑈𝑐 = 92.41Nm): optimal layout with map of the forces in the branches (in kN, 𝑠𝑚𝑖𝑛 = −11.97 kN,
𝑠𝑚𝑎𝑥 = 3.48 kN), in two views.
Table 3
Design of a latticed column for minimum compliance and different assumptions on the enforcement of 𝜆𝑐 ,𝑚𝑖𝑛:
values 𝜆𝑒 = 1∕𝜇𝑒 for 𝑒 = 1...𝑛𝑒 computed using the proposed method vs. FEA via commercial code (in italic).
Design 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 𝜆6
min 𝑈𝑐 (Fig. 18) 0.203 0.203 0.392 0.392 0.583 0.583

0.203 0.203 0.392 0.392 0.583 0.583

min 𝑈𝑐 , 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (Fig. 20) 15.365 15.365 15.413 15.413 15.417 15.417
15.398 15.398 15.448 15.448 15.453 15.453

min 𝑈𝑐 , 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (Fig. 21) 53.626 53.626 53.635 53.778 54.021 54.206
53.849 53.849 53.877 54.049 54.214 54.390
Fig. 14. Design of a gridshell for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 15: buckling mode
at 𝜆𝑐 = 15.207.

particular [71] dealing with the optimal design of concrete columns
for additive manufacturing. The achievement on 𝜆𝑐 comes at the cost
of a remarkable rise in terms of complementary strain energy, that, at
convergence, is more than twice that of the design in Fig. 20. A further
increase in the value of 𝑠𝑚𝑖𝑛 and 𝑠𝑚𝑎𝑥 is observed, mainly concerning
the tensile forces in the rings. The largest value of bar slenderness
raises to 150, whereas the maximum utilization factor related to the
Perry-Robertson failure criteria is less than 0.25.

Both for 𝜆𝑐 ,𝑚𝑖𝑛 = 15 and for 𝜆𝑐 ,𝑚𝑖𝑛 = 50, the formulation in Eq. (15)
has been run using 𝐊̃𝜎 to approximate 𝐊̂𝜎 . As already mentioned, at the
end of each run, entries in 𝐪 have been found to match the components
of 𝐪𝐿 in Eq. (12). A very good agreement may be reported looking also
at Table 3, where the values 𝜆𝑒 = 1∕𝜇𝑒 provided by the implemented
procedure are given along with those found using the commercial FEA
code. The difference between pairs of values is less than 0.5%, similarly
to what pointed out in Section 3.1.
11 
In Fig. 23, history plots of the objective function and of the feasibil-
ity of the constraints are reported concerning the optimal solution in
Fig. 20, on the left, and that in Fig. 21, on the right. It is recalled that,
in both cases, a single optimization procedure is run, being the load
vector design-independent. Also, the same starting guess is used, i.e. the
set of force densities corresponding to the layout in Fig. 18(right). The
curves are similar to those already presented in the previous sections.
Notwithstanding the enforcement of a remarkable increase of 𝜆𝑐 ,𝑚𝑖𝑛
with respect to the starting guess, a limited number of iterations is
reported.

4. Conclusions and ongoing research

A form-finding approach that is based on the force density method
has been presented in this contribution to address the elastic design of
reticulated shells. While most of the conventional approaches deal with
plastic design, the complementary strain energy has been adopted in
this contribution as objective function, formulating problems with con-
straints on the total length of the network or the location of a prescribed
set of nodes. A global enforcement governing the standard deviation of
the element lengths has been introduced to regularize the geometry of
the network, thus preventing, although in a weak sense, uneven layouts
in terms of bar slenderness. An eigenvalue buckling constraint has been
embedded in the formulation to include stability considerations. In this
regard, the approach presented in [43] dealing with topology optimiza-
tion by distribution of isotropic material has been implemented herein
in the context of form-finding. More in detail, a smooth aggregation
function has been used to handle a few eigenvalues of the linear
buckling problem with the aim of effectively controlling the critical
load also in case of repeated or switching eigenvalues. The formalism of
the force density method has been extensively used not only to manage
the equilibrium equations, but also to assemble the stiffness matrix and
the initial stress matrix. Since the minimization of the complementary
energy goes in the direction of restoring compatibility, the adoption of
the current set of force densities to approximate the stress regime has
been tested as an option when constructing the latter matrix.
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Fig. 15. Design of a gridshell for minimum compliance and different prescription on 𝜆𝑐 ,𝑚𝑖𝑛: side view of the optimal layout with no control of 𝜆𝑐 ,𝑚𝑖𝑛 (left) and for 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (right).
Fig. 16. Design of a gridshell for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 15: history plot of the objective function and of the feasibility of the constraints in the first run (left) and in
the second one (right) of the iterative optimization procedure.
Fig. 17. Connectivity of the members for a diagrid column.

Numerical simulations have been addressed concerning the shape
optimization of gridshells and stretching-dominated lattices. Given the
grid connectivity, the bar cross-section, and the elastic modulus of the
material, stiff spatial arrangements that fully satisfy the enforced con-
straints have been found. When disregarding stability considerations,
12 
optimal layouts are retrieved that may be prone to buckling issues.
Critical eigenmodes have been found to affect either limited portions of
the reticulated shell (see Sections 3.2 and 3.3), or more extended ones
(see Section 3.1). The adoption of the eigenvalue buckling constraint
has proved effective in raising the critical load multiplier at the cost of
an increase in the objective function. This may be used e.g. to enforce
the eigenvalue-based condition given by technical codes to rely on first
order analyses in structural design. In general, the achieved optimal
layouts take advantage of tensile-stressed elements. With respect to the
design achieved while disregarding the eigenvalue buckling constraint,
the largest magnitude of the compressive forces has been found to
increase without remarkably affecting member buckling. A remarkable
sensitivity of the optimal shape to the value of the enforced critical load
multiplier has been reported.

Linear elastic and linear buckling analyses have been additionally
performed by means of a commercial finite element code to provide
a preliminary assessment of the achieved results. Overall, a very good
agreement has been found. Minor differences have been reported for
the example in Section 3.2, when adopting the approximated version of
the initial stress matrix to deal with the eigenvalue buckling constraint.

Imperfections and possible interaction of buckling modes may re-
markably affect the structural behavior of reticulated shells, see e.g. [8,
34]. The ongoing research is mainly concerned with an extension of
the proposed procedure to account for defects and introduce eigenvalue
separation, see in particular [72], considering applications at different
scales, see also [73].

Experimental tests should be performed to assess the structural
behavior of the optimal layouts designed by means of the proposed
approach. Scaled models could be conveniently used for the reticu-
lated shells in Sections 3.1 and 3.2, whereas full scale fabrication of
the latticed columns in Section 3.3 using WAAM is currently under
investigation, see [70].
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Fig. 18. Optimal layout and forces in the branches (in kN) for the minimum compliance design of a latticed column using different values of 𝑙𝑠𝑑 ,𝑚𝑎𝑥: 0.005m (𝑈𝑐 = 3.36Nm,
𝑠𝑚𝑖𝑛 = −0.56 kN, 𝑠𝑚𝑎𝑥 = 0.26 kN, left) 0.015m (𝑈𝑐 = 3.01Nm, 𝑠𝑚𝑖𝑛 = −0.50 kN, 𝑠𝑚𝑎𝑥 = 0.24 kN, center), 0.035m (𝑈𝑐 = 2.77Nm, 𝑠𝑚𝑖𝑛 = −0.48 kN, 𝑠𝑚𝑎𝑥 = 0.23 kN, right).
Fig. 19. Eigenmodes associated to the load multipliers 𝜆𝑐 = 𝜆1 = 0.203 (left), 𝜆3 = 0.392 (center), and 𝜆5 = 0.583 (right) for the minimum compliance design of a latticed column
using 𝑙𝑠𝑑 ,𝑚𝑎𝑥 = 0.035m. The color maps represent the amplitude of the eigenmodes.
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Appendix. Sensitivity computation

In [9], the sensitivity computation with respect to the vector of
the minimization variables 𝐪 was originally provided for the vectors
gathering the coordinates of the nodes, 𝐱, 𝐲, 𝐳, and the length of the
bars, 𝐥. Addressing Eq. (3) as 𝐂𝑇

𝑥𝐔𝐪 = 𝐩𝑥, 𝐂𝑇
𝑦 𝐕𝐪 = 𝐩𝑦, 𝐂𝑇

𝑧 𝐖𝐪 = 𝐩𝑧, and
enforcing that any changes 𝑑𝐪, 𝑑𝐱, 𝑑𝐲, and 𝑑𝐳 do not affect the state of
equilibrium, one has:
𝜕𝐱
𝜕𝐪

= −(𝐂𝑇
𝑥𝐐𝐂𝑥)−1𝐂𝑇

𝑥𝐔,
𝜕𝐲
𝜕𝐪

= −(𝐂𝑇
𝑦 𝐐𝐂𝑦)−1𝐂𝑇

𝑦 𝐕,

𝜕𝐳
𝜕𝐪

= −(𝐂𝑇
𝑧 𝐐𝐂𝑧)−1𝐂𝑇

𝑧 𝐖,
(A.1)

where 𝜕𝐮∕𝜕𝐱 = 𝐂𝑥, 𝜕𝐯∕𝜕𝐲 = 𝐂𝑦, 𝜕𝐰∕𝜕𝐳 = 𝐂𝑧 were used, see Eq. (2). The
assumption of design-independent loads holds. Hence:

𝜕𝐥
𝜕𝐪

= 𝜕𝐥
𝜕𝐱

𝜕𝐱
𝜕𝐪

+ 𝜕𝐥
𝜕𝐲

𝜕𝐲
𝜕𝐪

+ 𝜕𝐥
𝜕𝐳

𝜕𝐳
𝜕𝐪

= 𝐋−1𝐔𝐂𝑥
𝜕𝐱
𝜕𝐪

+ 𝐋−1𝐕𝐂𝑦
𝜕𝐲
𝜕𝐪

+ 𝐋−1𝐖𝐂𝑧
𝜕𝐳
𝜕𝐪

.

(A.2)



M. Bruggi and C. Guerini Composite Structures 354 (2025) 118742 
Fig. 20. Design of a latticed column for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (𝑈𝑐 = 3.62Nm): optimal layout with map of the force in the branches (in kN, 𝑠𝑚𝑖𝑛 = −0.55 kN,
𝑠𝑚𝑎𝑥 = 0.27 kN, left); relevant buckling mode at 𝜆𝑐 = 15.365 (right).
Fig. 21. Design of a latticed column for minimum compliance and 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (𝑈𝑐 = 8.91Nm): optimal layout with map of the force in the branches (in kN, 𝑠𝑚𝑖𝑛 = −0.65 kN,
𝑠𝑚𝑎𝑥 = 0.51 kN, left); relevant buckling mode at 𝜆𝑐 = 53.626 (right).
The derivatives of the complementary strain energy can be found
analogously. By applying the product rule to the last member of Eq. (6)
and accounting for 𝐋3𝐪 = 𝐐𝐥3, one gets:
𝜕 𝑈𝑐
𝜕𝐪

= 1
2𝐸 𝐴

(

2𝐋3𝐪 + 3𝐋2 𝜕𝐥
𝜕𝐪

𝐪
)

. (A.3)

Concerning the constraint in Eqs. (7c) and (15f), the vector of the
sensitivity of the total length with respect to 𝐪 can be computed by
summing the components of the Jacobian matrix in Eq. (A.2) along the
columns. To address the constraint in Eqs. (7d) and (15g), one has to
account that 𝜕(𝐥𝑇 𝐥)∕𝜕𝐪 = 2𝐥𝑇 𝜕𝐥∕𝜕𝐪.

Dealing with critical loads, the derivative of Eq. (14) with respect
to the 𝑘th minimization unknown may be computed as [43]:

𝜕 𝐽𝐾 𝑆 (𝝁) =
∑𝑛𝑒

𝑒=1 𝑒
𝜌(𝜇𝑒−𝜇1) 𝜕 𝜇𝑒𝜕 𝑞𝑘

. (A.4)

𝜕 𝑞𝑘 ∑𝑛𝑒

𝑒=1 𝑒
𝜌(𝜇𝑒−𝜇1)
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In the above equation, the derivative of the 𝑒-the eigenvalue with
respect to 𝑞𝑘 is found as [54]:
𝜕 𝜇𝑒
𝜕 𝑞𝑘

= −
[

Φ𝑇
𝑒
𝜕𝐊̂𝜎
𝜕 𝑞𝑘

Φ𝑒 + 𝜇𝑒Φ
𝑇
𝑒
𝜕𝐊𝐿
𝜕 𝑞𝑘

Φ𝑒

]

+ 𝐝̄𝑇𝐿,𝑒
𝜕𝐊𝐿
𝜕 𝑞𝑘

𝐝𝐿, (A.5)

where 𝐝̄𝐿,𝑒 is the solution of the adjoint problem:

𝐊𝐿𝐝̄𝐿,𝑒 =
𝜕𝐊̂𝜎
𝜕𝐝𝐿

Φ𝑒. (A.6)

The solution of 𝑛𝑒 additional problems of the type in Eq. (A.6) is
needed to account for the dependence of the initial stress matrix on
𝐝𝐿. The sensitivity of 𝐊𝐿 with respect to 𝑞𝑘 may be computed by
differentiation of Eq. (10). The derivatives of 𝐊̂𝜎 with respect to 𝑞𝑘 and
𝐝𝐿 are evaluated considering both Eqs. (11) and (12).

When 𝐊̃𝜎 is used as an approximation of 𝐊̂𝜎 , see Section 2.4,
Eq. (A.5) takes a form similar to that used for natural frequencies. Such
a problem involves the stiffness matrix and the mass matrix, the latter
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Fig. 22. Design of a latticed column for minimum compliance and different prescription on 𝜆𝑐 ,𝑚𝑖𝑛: side view of the optimal layout with no control of 𝜆𝑐 ,𝑚𝑖𝑛 (left), for 𝜆𝑐 ,𝑚𝑖𝑛 = 15
(center) and for 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (right).
Fig. 23. Design of a latticed column for minimum compliance and different prescription on 𝜆𝑐 ,𝑚𝑖𝑛: history plot of the objective function and of the feasibility of the constraints
for 𝜆𝑐 ,𝑚𝑖𝑛 = 15 (left) and for 𝜆𝑐 ,𝑚𝑖𝑛 = 50 (right).
depending solely on the minimization unknowns, see e.g. [72]. Hence,
in Eq. (A.5) only the term in bracket is computed, meaning that no
additional adjoint problem has to be solved. Moreover, the derivative
of 𝐊̃𝜎 with respect to 𝑞𝑘 is evaluated considering 𝐪𝐿 = 𝐪 in Eq. (11).

Data availability

No unreferenced data are required. To facilitate replication of re-
sults, the manuscript discusses the formulations in detail and provides
the input parameters used to run the numerical examples.
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