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Abstract

In this paper we analyze the numerical oscillations affecting loosely coupled schemes
for hybrid-dimensional 0D-3D fluid-structure interaction (FSI) problems, which
arise e.g. in the field of cardiovascular modeling, and we propose a novel stabilized
scheme that cures this issue. We study several loosely coupled schemes, including
the Dirichlet-Neumann (DN) and Neumann—Dirichlet (ND) schemes. In the first one,
the OD fluid model prescribes the pressure to the 3D structural mechanics model and
receives the flow. In the second one, on the contrary, the fluid model receives the pres-
sure and prescribes the flow. The terms DN and ND, employed in the FSI literature,
are borrowed from domain decomposition methods, although here a single iteration
is performed before moving on to the next time step (that is, the coupling is treated
explicitly). Should the fluid be enclosed in a cavity, the DN scheme is affected by non-
physical oscillations whose origin lies in the balloon dilemma, for which we provide an
algebraic interpretation. Moreover, we show that also the ND scheme can be unstable
for arange of parameter choices. Surprisingly, increasing either the viscous dissipation
or the inertia of the structure favours the onset of oscillations and, for certain param-
eter choices, the ND is unconditionally unstable. In the presence of inertial terms, by
reducing the time step size below a certain threshold, the amplitude of the numerical
oscillations is even amplified. We provide an explanation for these facts and establish
sharp stability bounds on the time step size. Our analysis extends to Robin—Robin
schemes, based on linear combinations of the conditions of pressure continuity and
either volume or flux continuity. While appropriate choices of Robin coefficients can
achieve numerical stability, tuning these coefficients can be challenging in practice.
To address these issues, we propose a numerically consistent stabilization term for
the Neumann-Dirichlet scheme, inspired by physical insight on the onset of oscilla-
tions. We prove that our proposed stabilized scheme is absolutely stable for any choice
of time step size. Notably, the proposed scheme does not require parameter tuning.
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These results are verified by several numerical tests. Finally, we apply the proposed
stabilized scheme to an important problem in cardiac electromechanics, namely the
coupling between a 3D cardiac model and a closed-loop lumped-parameter model
of blood circulation. In this setting, our proposed scheme successfully removes the
non-physical oscillations that would otherwise affect the numerical solution.

Mathematics Subject Classification 65N

1 Introduction

The numerical solution of fluid—structure interaction (FSI) problems presents many
challenges [2, 17, 39, 56]. In this work, we focus on loosely coupled schemes, which
alternate the resolution of the fluid and solid subproblems with an explicit coupling,
that is by performing a single iteration before moving on to the subsequent time step.
Loosely coupled schemes offer a significantly lower computational cost with respect to
fully coupled schemes, that feature an implicit coupling between the two subproblems.
However, they are often accompanied by numerical instability issues [14, 19, 22, 31].
The numerical stability of loosely coupled schemes has been investigated in [11] and
in subsequent works [4, 16, 20, 35]. In these research works, however, either the flow
rate of the incoming fluid or its pressure is considered to be assigned. This framework
therefore does not include cases of practical interest, such as the interaction between a
cardiac chamber and blood. In this case, in fact, the blood flow entering and leaving the
chamber is not known a priori, but should be related to the blood pressure by means
of a suitable mathematical model describing the dynamics of the heart valves [30,
53] (see Fig. 1). This can lead to numerical instabilities when using loosely coupled
schemes. As a matter of fact, non-physical oscillations may occur even with simplified
fluid models, such as 0D models (lumped-parameter models) and by neglecting fluid
inertia [3, 30, 40, 53]. These issues are still not well understood, and, to the best of our
knowledge, to date there is no mathematical explanation for the onset of oscillations
and no estimates that can predict for which parameter values and time step sizes they
occur. Moreover, the only known cure to date is to use fully coupled schemes (that is,
adopting an implicit coupling) instead of loosely coupled ones.

In this paper we analyze and propose a cure for these numerical oscillations. To this
end, we consider the cardiac case as a model problem with a great applicative interest.
This test case comprises several features that are challenging from the numerical
standpoint. Indeed, when the heart valves are closed (during the so-called isovolumetric
phases of the heartbeat), the problem translates into that of an incompressible fluid
enclosed in a cavity. Instead, when the outflow valves open, we have a rapid flow
ejection. Furthermore, this problem presents some peculiarities, related to the fact that
the structure does not move in a purely passive way, but might present an active stress.
This, as we shall see, has implications for numerical stability, and can be a further
cause of non-physical oscillations. As for the fluid, we will limit ourselves to a 0D
description, which is typically adopted for simulations of cardiac electromechanics
[3, 30, 40, 53], and which in itself poses a wide range of numerical challenges.
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Fig. 1 Representation of two model problems that fall within the scope of this paper. The problem (a)
consists of a cardiac chamber, represented as an idealized spherical cavity (in red), interacting with blood
(in blue), whose state is characterized by the pressure p and the volume V. The dynamics of the chamber
accounts for stiffness (Epass), inertia (M), viscosity (C) and the presence of an active tension (7). The
chamber is connected to an external region of pressure pext through a valve, characterized by a blood flow
resistance R, which is very large when pext > p (closed valve), very small when pext < p (open valve).
As we will show, this problem can be formally reduced to the piston problem (b), in which a fluid exerts a
pressure p against a piston characterized by stiffness (£), inertia (M) and viscous damping (C). The fluid
flow is determined as Q = (pext — p)/ R, where R is the fluid flow resistance. More details will be provided
below (colour figure online)

At the continuous level, the 3D structure model and the OD fluid model are cou-
pled by imposing the continuity of fluxes and pressures [43, 53]. At the numerical
level, instead, several coupling schemes between the 3D and the OD sub-models are
possible. Monolithic fully coupled approaches consist in solving the two subproblems
simultaneously by means of a Newton or Quasi-Newton nonlinear solver [21, 30]. This
requires at each iteration the calculation of the Jacobian matrix (or an approximation of
it), which contains the derivatives of the residual with respect to the unknowns. How-
ever, assembling the blocks of the Jacobian matrix associated with the fluid model
might involve a significant implementation effort, especially for fluid models with a
large number of unknowns (see e.g. [1, 53]). Partitioned fully coupled schemes, instead,
envisage alternating between the solution of the structural and fluid subproblems until
convergence [35, 38]. These schemes, however, are characterized by a significant
computational cost, as the two subproblems need to be solved several times for each
time step. An attractive alternative to fully coupled schemes is represented by loosely
coupled schemes, that alternate the solution of the fluid model and of the structure
mechanics model, with a single iteration per time step. This allows for a much easier
implementation than monolithic fully coupled schemes and yields the possibility to
reuse pre-existing (even black-box) solvers for either the 3D structure model or the OD
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fluid model. Moreover, compared to partitioned fully coupled schemes, loosely cou-
pled schemes feature a significantly lower computational cost. However, as mentioned,
loosely coupled schemes may suffer from numerical instability, which is manifested
in non-physical oscillations in the solution.

In this paper we will first focus on two loosely coupled schemes. Within the first
one, the structural model provides the flows and receives the pressures from the fluid
model; within the second scheme, instead, the structural model provides the pressures
and receives the flows. These schemes are known in the literature, respectively, as
Dirichlet-Neumann and Neumann-Dirichlet scheme [4, 11, 31, 35]. These names are
borrowed, with a little abuse of notation, from the field of domain decomposition
methods (see e.g. [46, 58]). However, it is important to note that, while in domain
decomposition methods one iterates between the two models until convergence, with
loosely coupled schemes one advances to the next time step after a single iteration
between the two models. Although with a OD fluid there is no physical boundary, we
will use the terms Dirichlet—-Neumann and Neumann—Dirichlet by analogy to the 3D
case. Indeed, in the 0D case, the Dirichlet condition translates into imposing fluid flow,
while the Neumann condition into imposing pressure.

Although the Dirichlet-Neumann scheme requires a simpler implementation than
Neumann-Dirichlet’s (pressures are assigned as boundary conditions to the structure
mechanics model and fluxes are post-processed from the displacement), it is character-
ized by serious numerical instability issues when an incompressible fluid is enclosed in
a cavity (this is the case, e.g., of isovolumetric phases of the heartbeat [32]). This issue,
known as balloon dilemma, is explained by the impossibility to satisfy the incompress-
ibility constraint of the fluid contained in the cavity if the pressure is assigned [5, 27].
As a workaround, it is possible to iterate the resolution of the structure mechanics
problem, updating the pressure based on an estimate of the cavity compliance (i.e.
aV /dp, where p and V are the cavity pressure and volume, respectively), in order to
satisfy the volumetric constraint [23, 32]. However, a poorly accurate estimate of the
compliance could lead to a very slow convergence or even to failure of the solver.

To avoid the balloon dilemma, the pressures acting inside the cavities should not
be decoupled from the displacement. This requirement can be accommodated in the
framework of the Neumann-Dirichlet loosely coupled approach, in which the structure
mechanics model is solved under the constraint that the volume contained in the cavity
coincides with that predicted, at the previous iteration, by the fluid model. Then, the
obtained pressure is provided to the fluid model, to advance to the next time iteration.
The pressure in the cavity can be interpreted in this context as a Lagrange multiplier
that ensures that the volume constraint is satisfied [3, 43, 53].

The Neumann-Dirichlet scheme solves the balloon dilemma and prevents the spu-
rious oscillations that would otherwise occur for cavity problems when using the
Dirichlet-Neumann scheme. However, it is possible that in presence of a rapid fluid
flow (e.g. in cardiac case, when at least one valve is open) non-physical oscillations
still occur, even when using the Neumann-Dirichlet scheme. In Fig. 2 we display
an example of oscillations obtained when applying the Neumann-Dirichlet scheme
to a multiscale model of cardiac electromechanics of the left ventricle (the model is
described in detail in Sect. 5.2). As we will show, these oscillations may depend on
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Fig.2 Non-physical oscillations, obtained when employing the Neumann-Dirichlet scheme to numerically
approximate the left ventricle model of cardiac electromechanics described in Sect. 5.2. The graph shows the
simulation results in the pressure-volume phase plane. The onset of oscillations is shown in two enlargements
(left)

the time step used, on the model parameters (in particular the stiffness, viscosity and
inertia associated with the structure) and on the force generation model in use.

A more general approach for developing loosely coupled schemes in FSI prob-
lems involves taking linear combinations of the continuity conditions for flow and
stress, resulting in schemes based on Robin-type transmission conditions [4, 9-11,
18, 26]. The Dirichlet-Neumann and Neumann—Dirichlet schemes can in fact be seen
as particular cases of the Robin—Robin scheme, as well as other schemes obtained
by combining different types of transmission conditions. Among these, the Robin—
Neumann scheme is particularly popular for hemodynamic problems, even though its
stability and accuracy strongly depend on the value of the Robin coefficient, which can
be challenging to tune in practice [8, 25, 26]. In this paper, we extend the Robin—Robin
scheme, previously developed for 3D-3D problems, to hybrid-dimensional 0D-3D FSI
problems, and we investigate its stability within the context of the problems considered
in this work.

This paper has a twofold objective. On the one hand, it aims to provide a theoretical
basis that explains the occurrence of the above-mentioned oscillatory phenomena and
that can predict for which parameter values and for which time step range the numerical
scheme is stable. On the other hand, it proposes a stabilized scheme that cures these
non-physical oscillations, while retaining the advantages of loosely coupled schemes
and without requiring parameter tuning.

The paper is organized as follows. First, in Sect. 2, we introduce the mathematical
models and the numerical schemes considered in this paper. Then, in Sect. 3 we study
the numerical stability of the schemes introduced above, by focusing on a minimal
model of mechanics that, thanks to its simplicity, allows to shed light on the mech-
anisms underlying the onset of numerical oscillations. In Sect. 4 we propose a cure
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Fig.3 Representation of the
domain and boundary conditions
of problem (2) with four cavities
(N = 4), corresponding to the
two atria and the two ventricles

for the observed instability issues, by means of the introduction of a numerically con-
sistent stabilization term. The stabilized scheme is first introduced for the minimal
model, and later extended to the general case (including 3D mechanics models), and
the stability of the scheme is proved under very general hypotheses on the mechanics
model. Then, in Sect. 5, we present and discuss several numerical results obtained, on
the one hand, with a model FSI problem and, on the other hand, with a multiscale and
multiphysics model of cardiac electromechanics. Finally, we draw our conclusions
and final remarks in Sect. 6.

2 Mathematical models and numerical schemes

In this section we introduce a generic model of cardiac mechanics and blood dynamics,
encompassing many of the models available in the literature [3, 30, 40, 53] and the
associated numerical schemes that will be addressed in the sequel of this paper.

2.1 Mathematical models

We consider a computational domain €2¢, representing the region of space occupied by
the muscle tissue at rest (see Fig. 3). The domain 2 can represent a 4-chamber whole
heart, or a part of it, composed of N <4 chambers. To each point of ¢, we associate a
unit vector fy, denoting the local direction of cardiac fibers. Let us denote by d(x, #) the
displacement of the material point x at time 7 (we have d: ¢ x [0, +00) — R3). We
then introduce the variables pi(¢), p2(¢), ..., pn(t), which represent the (constant
in space) blood pressures contained in the N heart chambers. Similarly, we denote
by ando’l C 9Qq, fori = 1,..., N, the domain boundary associated with the i-th
chamber (endocardial cavity). Since the cardiac tissue is an active material, we denote
by T, (x, t) the local active tension that acts in the fiber direction. The active tension can
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be a priori imposed [3], or provided by means of a suitable cardiomyocyte model [36,
50, 55]. Finally, to model the passive mechanical behavior of the tissue, we consider
an hyperelastic model, associated with the strain energy density functional JV. Hence,
the Piola-Kirchhoff stress tensor reads

IW(F Ff f
W()+T o ®fo

IF NV 7r i

where the invariant 74y = Ffy - Ffy is a measure of the tissue stretch along the fiber
direction. We remark that the scaling factor \/ZTf guarantees that 7, corresponds to
the active force per unit area (in reference coordinates) along the fibers direction, thus
allowing to link microscale models of active force generation with the macroscale (see
e.g. [48, Sec. 7.2.2] and [44, 60]). In conclusion, the dynamics of the displacement
field d is described by the following equation, expressing the balance of momentum
for the continuum [42]:

P, T,) = €))

2
v V-P@,Ty) =0, inQp x (0, +00),
P(d, T)N = —p; JETTN on g™ x (0, +00), fori = 1,..., N, @
+ boundary conditions on thher x (0, +00),
ad
d = do, EZO’ in Qg x {0},

where N denotes the outer unit normal vector and where suitable boundary conditions
are assigned on the remaining portion of the boundary I = 9\ JLY, rg™e!.
Typically, spring-dashpot boundary conditions are considered, to account for the
presence of the pericardium (see e.g. [53, 60]).

For the sake of brevity, in what follows we will write Eq. (2) in the following
compact form, by denoting by p(t) = (p1(¢), p2(t), ..., pn(t)) the vector of the N
pressures:

Ld(r), d(r), d (), p(r), 1) =0 t>0,

. 3)
d(0) =do, d(0) =0,
In the structure mechanics model (3), henceforth called model S, by £ we denote
a differential operator that encodes both the PDE and the the associated boundary
conditions. Moreover, d and d denote the first and second time derivatives. These
terms are associated with viscosity and inertia, respectively. In particular, viscous
effects can be due either to the boundary conditions or to the material constitutive
model. Some authors neglect these terms, i.e. consider a quasi-static formulation,
which can be obtained as a special case of (3) [44]. In what follows we will investigate
the effects of neglecting inertia, viscosity or both in the structure mechanics model, in
terms of numerical stability of the discrete scheme.
To close the model S, we couple it with a lumped-parameter model of fluid dynamics
(denoted as model F), describing the vessels surrounding the heart, or even the whole
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circulatory system. We consider an ODE model in the form of

¢(r) = H , , 0,
¢(1) (c@®),p@),1) t> @
c(0) = ¢y,

where ¢(¢) is the state vector of the model F (including pressures, volume and fluxes
of the circulatory compartments represented within the model). For concrete examples
of (4), see [7, 30, 53].

To couple the models S and F, we consider the following pairing condition, that
enforces the correspondence of the cardiac chamber volumes represented within the
two models:

Vs(®)) = Vr(e() t>0, &)

where Vg = (Vé, V§, el Vév) and Vr = (V]l_-, VJZ_-, R V]’_-V) are two vectors col-
lecting the blood volumes associate with the N cardiac chambers, as predicted by the
S and F models respectively. Hence, the coupled FSI model F-S reads

L), d@),d@), p@t), 1) =0 >0,
¢(t) = H(e(®), p(t), 1) t>0,
Vs(d(#)) = Vr(e()) t>0,
d(0) = do, d(0) =0, ¢(0) = co.

(6

We remark that the blood pressures p(#) can be interpreted in this context as Lagrange
multipliers that enforce the volume compatibility between the models S and F at each
time ¢ > 0. At each time step, indeed, the structural model leads to a saddle-point
problem in the variables (d, p). Details on the numerical treatment of this problem are
reported in “Appendix D”.

2.2 Numerical schemes

We now deal with the numerical approximation of the FSI model F-&. Since our goal
is to investigate the numerical stability properties of the time discretization scheme,
we do not focus on any particular space discretization technique. For example, we
observe that Eq. (6) can be interpreted as a system of ODEs resulting from the semi-
discretization in space of the continuous model, using, e.g., the Finite Element Method
[13]. Furthermore, for simplicity, we consider a first-order finite difference scheme to
advance the individual models in time.

We consider a uniform sampling of the time interval with time step Az > 0. Specif-
ically, we define t; = k At, and we denote with superscript (k) the approximation of
a given variable at the k-th time iteration (e.g., we have d® =~ d()).
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Fully coupled scheme

One solution approach is to address at each time step the system:

)

dk+D) _o2g® 4 gk=1  qk+1) _ gtk
.c( + LD p®+D V=0 k=0.1,...

Ar? At
k+1) _ (k)
C C
T=H(c(*),p<"+1),zk+1) k=0,1,...
V@ Dy = v (kD) k=0,1,...

@)

with the following initial conditions (we shall henceforth consider these conditions to
be understood)

d?9 =da"P =dy, @ = ®)

Concerning the time advance of the two sub-models S and F, we consider a fully
implicit scheme for the former (due to its stiffness [24]), while for the latter we consider
either an implicit scheme (setting (x) = (k + 1)) or an explicit one (setting (x) = (k)).

ND scheme: Neumann (fluid)-Dirichlet (solid)

An alternative approach is to solve the two models in a loosely coupled way. A possible
instance is:

)

d&+D _oqk) 4 qk—=1) g+ _ qko
L‘,( + Ld%ED p&+D ) =0 k=0,1,...

N At
Vs@d* D) = v (e®) k=0,1,...
(k+1) _ (k)
¢ T ) ok+1) _
= - _H(c p ,zk+1) k=0,1,...

©)

At each time step we first update the variable d**1), under the volume constraint
Vs(@d*+D) = V£(c®). For this condition to be satisfied, the multiplier p**+1 must
necessarily be determined simultaneously with d**1. Successively, we update the
variable ¢**+1 by employing the pressure vector p*1) determined as above.

We denote the scheme as Neumann-Dirichlet (ND) scheme, as the fluid variable ¢
is updated by assigning the pressure (which, in this context, can be regarded as a stress
on the fluid), while the solid variable d is updated by assigning the volume (which
amounts to prescribe the displacement).
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DN scheme: Dirichlet (fluid)-Neumann (solid)

The dual of the ND scheme of Eq. (9) reads

(k+1) _ (k)
i H(c(*),p(k+l),tk+1> k=0,1,...

At
Vre*tDy = vg@a®) k=0,1,...
dk+D _oqtk)  gk=1)  g*k+1) _ qk)
{[:( Ar2 , N Ld%ED pk+D ) =0 k=0,1,...

(10)

Differently to the ND scheme, here the pressures p* ™! are determined simultaneously
with the variable ¢ D of model F, and are then passed to the model S. For this reason,
we call this scheme Dirichlet-Neumann (DN), since the fluid subproblem is solved
with assigned volume (that is by controlling the displacement), while the structural
subproblem is solved with assigned stress at the boundary.

RR schemes: Robin (fluid)-Robin (solid)

To introduce loosely coupled schemes based on Robin-type transmission conditions
in the current setting, distinct sets of variables must be employed to track the pressures
associated with the fluid and with the structure model, say p+ and ps. Then, by taking
alinear combination between the volume compatibility condition (5) and the condition
pr(t) = ps(t), we get the following loosely coupled Robin—Robin scheme:

kD) _ k)
o
arVrEef D)+ prpEt) =arVs@®) + rpd) k=0.1....

d&k+D _oqtk) 4 gqtk=1)  gq*k+D) _ qk)
£ ( N ’ At

=H<c(*),p(]]f-+l),tk+1> k=0,1,...

,d(kH),pg{H),thrl) =0 k=0,1,...

k+1 k+1
asVs@ D) 4+ gsps™ = agVr(e®tD) 4 gpEt! k=0,1,...
(11

where o r, Br, as and Bg are real parameters. For consistency with the continuous
problem of Eq. (6), the two conditions must be linearly independent, that is we require
arfBs # asfr. We notice that in (11) the update order can be reversed, solving the
S subproblem first and then the F subproblem, leading in practice simply to a shift of
one position of the indices (see “Appendix A”).

For simplicity, we characterize the scheme using the parameters yr = ar/Br
and ys = as/Bs, taking values in [—o0, 400]. The choice y, = 0 (with % =
F, S) corresponds to a Neumann transmission condition, while the choice y,, = o0
(regardless of sign) corresponds to a Dirichlet transmission condition. Indeed, both
the ND scheme (9) and the DN scheme (10) can be recovered as particular cases of the
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scheme (11), obtained by setting, respectively, (yr, ys) = (0, £00) and (yr, ys) =
(£00, 0) (please notice that, for the ND scheme, it is convenient to consider the version
of the V-RR scheme reported in (48)).

We also consider an alterative scheme, wherein the volume compatibility condition
(5) is replaced by a condition on the fluxes, namely on the time derivative of volumes,
discretized by means of finite differences:

W:H(c("),pggﬂ),lkﬂ) k=01,...
fvf(c<k+1>)m- Vre®) +ﬂfp5£+1)=ast(d(k)) —Aj's(d““”) +pm® k=01
’ (d(k-H) _22;1;) +d(k—1>’ d<k+1)At_ d(k)’d(k“),pg‘“),tkH) -0 k=0,1,...
s Vs(d<k+1>)m_ V@) + AsptH) —as Vf(c<k+1))m— VEe®) L Bsp&Y k=0t

(12)

As they are based on the continuity of volumes and of fluxes, respectively, we denote
Eq. (11) by V-RR scheme and Eq. (12) by Q-RR scheme. We remark that, by setting
(yr, ¥s) = (0, £o0) and (yr, ¥s) = (F00, 0), both the V-RR and the Q-RR reduce
to the ND and DN schemes. However, when non-degenerate Robin transmission con-
ditions are used — meaning that either y~ or ys is nonzero and finite — the two schemes
yield different results and, as we will later demonstrate, may exhibit different stability
and accuracy properties.

3 Stability analysis

In this section, we study the numerical stability of the schemes presented in Sect. 2.2.
With this goal, we introduce a minimal model, that is a simplified model of cardiac
mechanics that features a minimal degree of complexity, but sufficient to reproduce a
variety of behaviors exhibited by more comprehensive models. The aim of the minimal
model is to gain insight on the mechanisms behind the onset of oscillations, which
will be leveraged to design a stable scheme in Sect. 4. Nonetheless, it is important to
emphasize that the scope of this paper extends beyond the minimal model presented
here; in fact, in Sect. 4.3, the main results will be extended to the general case of the
model of Eq. (2).

3.1 A minimal model of cardiac mechanics

To define the minimal model F-S, we consider a zero-dimensional description of a
single cardiac chamber, depicted in Fig. 1a. More precisely, we consider the following
model of cardiac mechanics (model S), where Vg(¢) denotes the chamber volume and
represents the unique state variable
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{MVﬂ0+Cﬁﬂ0+pmMVﬂ0%+AEU)=p0) 1 >0, (13)

Vs(0) = Vo, Vs(0) = 0.

The model is obtained from the 3D model described in Sect. 2.1 by means of suitable
simplifying assumptions (see “Appendix B” for the detailed derivation). This model
accounts for both inertia and viscous damping, through the coefficients M > 0 and
C > 0,respectively. The coefficient A > 01is associated with the active force generated
by the muscle. Finally ppass(Vs) represents the steady-state pressure corresponding to
a given volume Vg when the chamber is fully relaxed (i.e. 7, = 0). It thus corresponds
to the end-diastolic (ED) pressure-volume relationship, also known as Klotz’s curve
[33]. The function pp,ss should be constitutively prescribed and it represents the 0D
fingerprint of the 3D hyperelastic constitutive law.

Concerning the model F, we connect the cardiac chamber to a valve and we con-
sider a prescribed external pressure pex((¢). Thus, the chamber volume V£ (¢) evolves
according to following simple fluid model (model F):

VE(E) = Quatve(Pext (1) — p(2)) >0,

(14)
VE(0) = W,
where Qyalve 18 given by either ‘V’gfve or ivfalﬂve:
A A
Rl-)’ if Ap <0, Rp’ if Ap <0,
Qggltve(Ap) = Amm > Qigllve(Ap) = Am;x
, ifAp >0, , ifAp >0,
max Rmin
(15)

where Rimax > 1 and Rpin < 1 represent the hemodynamic resistances corresponding

to a closed and open valve, respectively. The function Qgg‘fve (respectively, Q" )

valve
describes an outflow (respectively, inflow) valve. Indeed, the valve is open in case of

negative (respectively, positive) pressure gradient and vice versa.
Hence, the coupled minimal model F—S reads

MVs(t) + CVs(t) + ppass(Vs (1)) + A Ty(1) = p(t) >0,
VE®) = Quatve(Pext(t) — p(1)) >0,
Vs(t) = VE(1) >0,
Vs(0) = Vo, Vs(0) =0, V£(0) = Vo,

(16)

which represents a particular case of Eq. (6), provided we adopt the following identifi-
cation for the (one-dimensional) state variables d(r) = [Vs(#)] and c(?) = [VF(1)]. A
further abstraction of the cardiac mechanics minimal model (16) is the piston problem
in Fig. 1b. This is formally obtained from the model (16), by employing the linearly
elastic law ppuss(Vs) = E(Vs — Vp), where E > 0 is known as elastance and Vj is
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the resting volume, by neglecting active force and by assuming a constant fluid flow
resistance R.
The ND scheme applied to the minimal model (16) reads

(k+1) (k) (k—1) (k+1) (k)
v oy ® oy vt _y il
S S S +C S S +Ppass(vé+ ))+A Ta(fk+1):l?(k+l) k=0,1,...

Ar? At
(k+1) _ (k) _
VS —V]_- k=0,1,...
(k+1) (k)
\% -V
{ % = Qvalve(pext(tk+]) - p(k_H)) k=0,1,...
(17)
with initial conditions
0 _ =D 0
Vo' =Vg "=V =W
Conversely, the DN scheme reads (with the same initial conditions as above)
(k1) _ 1 (k)
v _y '
th}- = Qvalvc(pcxl(tk+l) - p(k+l)) k=0,1,...
VD =y k=0,1,...
(k+1) ®) |, k=1 (k1) _ (k)
v _ov® 4y v vy
M= 4 O (VST + A Tt) = P k=001
(18)

The V-RR scheme is given by

(k+1) (k)
Ve —V§
At

k+1 k+1 k k
ar VD L pep®t) —arv® 4 prp® k=01,

= Qvalve(l’ext(”c-%—l) - p(]_k_+l)> k=0,1,...

(k+1) (k) (k—=1) (k+1) (k)

vith _av® 4y vith _y ol -

= v e OV + pass (VST + ATa (i) = p&TY k=0,1,...
asVE™ + sps™ =asvEY + gspEt? k=0.1,..

19)

with same initial condition as above, supplemented by an initial condition for the
pressure pfs()) = po. Similarly, the Q-RR scheme reads as follows (with the same
initial condition as the V-RR scheme):

y&+h _ @ "
% = Qvalve(pext(thrl)_P}: )) k=0,1,...
(k+1) (k) (k) (k—=1)
14 -V vy —v
F F (k+1) S S (k)
T E— = —_— k=0,1,...
% ~ +Brry % ~ +Brprs
(k+1) (k) (k—1) (k+1) (k)
Vv -2V’ +V Vv -V et el
M < A;Sz . +C = At S +ppass(vé+))+ATa(tk+l)=[7'(S+) k=0,1,...
(k+1) (k) (k+1) (k)
Vv -V v -V
ag S — S +ﬂsl7g+l)=°‘ FT}-*‘ﬂsP(f:ﬁ) k=0.1,..

(20)
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3.2 Definitions and lemmas

Before studying the numerical stability of the schemes (17)—(20), we recall the defini-
tion of zero-stability and absolute stability of a numerical scheme [45]. The definitions
refer to the following abstract problem, where 1//(") € R4 denotes the state variable at
time f:

v® = o* D 1, Ar) k=1,2,...
2D
v © =y,
We notice that both the ND an DN schemes are particular cases of Eq. (21), as we
show in Sect. 3.3. We then consider the perturbed problem:

v O = o D 1, A1) + At g® k=1,2,...
{vf ¢ 1o At " )

O = o+,

where 7 denotes a suitable perturbation. We consider the following definitions,
adapted from [45] to account for the second order nature of the problem at hand.

Definition 1 (zero-stability) Let us consider a finite time 7 > 0 and a uniform subdi-
vision of the time interval (0, T') into N subintervals, i.e. At = T /N. The numerical
scheme (21) is said zero-stable if

IAf>0,3C>0: sup [0 —y® <o)y sup %] VAre©, At
N k=0

..........

where ¢ ®) and J(k) are solutions to problems (21) and (22), respectively.

Definition 2 (absolute stability) Let us consider a given time step size At > 0. We
consider the solution of the numerical problem for #; — +o00. The numerical scheme
(21) is said absolutely stable in correspondence to At if

3C>0: lim [ ® — y®| < C sup|p®|,
k— 400 k>0

where 1//(1‘) and Iz(k) are solutions to problems (21) and (22), respectively. Moreover,
we say that the method is unconditionally absolutely stable if it is absolutely stable
for any Ar > 0.

The zero-stability property of a scheme guarantees that its solution does not blow
up on a finite time horizon when At — 0%, This is particular entails that the noise
introduced by round-off errors is not amplified. The absolute stability property deals
instead with the behavior of the solution for # — +o00. We remark that unconditional
absolute stability implies zero-stability [45].

The stability properties of a numerical scheme in the form (21) can be linked with
the spectral properties of the Jacobian matrix of the iteration function ®. Specifically,
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they are linked with its spectral radius (i.e. the modulus of the largest eigenvalue),
denoted by p(-). We recall the following result, proved in [52]:

Lemma 1 (Prop. 1 of [52]) Let us consider the numerical scheme (21) with ®: RY x
Rt x Rt — R? differentiable with respect to its first argument. If the condition

DY, 1, A1)

Aty >0, Ja e R: p( o

>§1+aAt vy eRY, 1t >0, At € (0, Atp]
(23)

holds true, then the scheme (21) is zero-stable. Moreover; if for a given At the condition

DY, 1, At)

dpo < 1: ,0( o

)Spo Vi eR?, 1 >0, (24)

holds true, then the scheme is absolutely stable in correspondence to At.
We have then the following result.
Lemma 2 Let us suppose that the iteration function ® in Eq. (21) is assigned implicitly
by
Hy®, p*D A =0 k=1,2,... (25)

where H: RxRI xRt xRt — R s continuously differentiable in its first argument
and differentiable with respect to the second one. We define, for Y2, Yy € R4, t > 0,
At > 0:

BH(I,”Z, I//]5 t5 AZ‘) c RdXd,
3y

BH(I//Q’ I//]5 t5 Al‘) c RdXd.
Y

AW, Y1, t, At) =
(26)

B, 1,1, At) :=
Then, if A(Y2, Y1, t, At) is non-singular, the Jacobian matrix of the iteration function
is given by

%{A’A” = —A" (W, 1. 1. ADB(, Y1, £, Al)

where Yo = ® (Y, t, At).
Proof This is a direct consequence of the implicit function theorem (see e.g. [34]). O

Thanks to Lemmas 1 and 2, both zero-stability and absolute stability of a numerical
scheme assigned in implicit form (such as the ND and DN schemes of Egs. (9) and
(10)) can be linked with the spectral properties of the Jacobian matrix —A~'B. In
particular, a spectral radius strictly lower than 1 entails absolute stability (and hence
zero-stability).
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Table 1 Reference parameters

of the minimal model of Parameter Measure unit Value

Eq. (13). The numerical values E HomL~! 0.09

are obtained by means of a 0D pass mmtem . ’

reduction of a realistic and Eact mmHg mL 36

anatomically detailed 3D cardiac ¢ mmHg mL~! ms 24

mechanics model. The procedure ~ — 1.2

is detailed in “Appendix B” M mmHg mL ™" ms 8.6
Rmax mmHg mL~1s 7.5-104
Rmin mmHg mL~!s 7.5.1073

3.3 Spectral analysis

We now study, on the basis of the results of Sect. 3.2, the numerical stability of the
ND, DN, V-RR and Q-RR schemes of Egs. (17)—(20). We observe that the ND and DN
schemes can be recast in the abstract form (21), provided that we define, for k > 0,
the state vector y® := (Vék), Vék_l), V](f ). p®)T  The matrices A and B, for the
ND and DN schemes, are respectively given by

M C M M C M
E+ M4+ & M o ~(&+&) & o o
_ 0 1 0 0 1. _ -1 0 0 0].
Anp = 0 0 Al r Bxp = o Al ol
1 0 0 0 0 -1 0
M C M M C M
E+M 4 & M o ~(L+S) & o o
0 1 0 0 -1 0 0 0
A = : B =
DN 0 0 A=l R DN 0 0 —Ar! o
0 0 1 0 —1 0 0 0
27
We have defined

E(Vs) = Epass(VS) = Pf)ass(Vs)

as the elastance of the cardiac chamber, while R denotes either Ry, or Rpax, depending
on whether the valve is open or closed. As E and R depend on the current state, also
A depends on the state. Nonetheless, we will leave this dependence as understood.

Similarly, to recast the V-RR and Q-RR schemes in the abstract form (21), we
introduce the state vector I/I(k) = (Vék) , Vék_l), V](f ), V](f _1), pg), pé_lf))r. The cor-
responding matrices are reported in “Appendix A”. In “Appendix A” we also show that,
as expected, the matrices associated with the ND and DN schemes can be recovered
from those associated with Robin—Robin schemes, by suitable choosing the Robin
coefficients.

We now numerically study the spectrum of the Jacobian matrix —A~'B, for dif-
ferent parameters values. As reference values, we consider those given in Tab. 1,
which correspond to realistic values for the mechanics of a human left ventricle (see
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—— ND scheme === DN scheme stability region
Fig. 4 Eigenvalues of the Jacobian matrix —A~ !B for the ND and DN schemes in the closed valve case

(R = Rmax, E = Epass). From left to right: quasi-static case, only viscosity enabled, only inertia enable,
both viscosity and inertia enabled

“Appendix B”). In particular, we investigate the effect of inertia (M  0) and viscous
damping (C # 0), compared to a quasi-static formulation of the structure mechanics
problem (M = C = 0). First, in Sect. 3.3.1, we consider the case of closed valve
(R = Rmax); then, in Sect. 3.3.2, that of open valve (R = Rp;p). We start by address-
ing the ND and DN scheme, and succesively extend our analysis to the more general
case of RR schemes.

3.3.1 Closed valve

Let us consider the case of a closed valve (which corresponds to R = Ryax). In Fig. 4
we show the dependence of the eigenvalues of —A~!B on the time step size A, in
the quasi-static case and when adding inertia and/or viscosity. We observe that in
all the cases, the ND scheme has all eigenvalues with modulus less than one and it
is therefore numerically stable. The DN scheme, instead, has a very large negative
eigenvalue (1 < —10°). Adding inertia and viscosity slightly lowers its magnitude,
which however is still very high.

The instability of the DN scheme when the valve is closed is due to the balloon
dilemma [5, 27], that is the impossibility of satisfying the incompressibility constraint
when the pressure is assigned. As a matter of fact, by considering for simplicity the
quasi-static case (C = M = 0), the eigenvalues of the Jacobian matrix —A~'B read

R 4E At
max [ [y 4

= —1
2EAt Rumax

T

When we approach the incompressible limit (i.e. for Rpax — +00), t+ — 17 and
u— — —oo. Hence, the more the valve resists blood flow, the greater the magnitude
of the numerical oscillations will be, because of the eigenvalue u_ — —oo. This
provides in fact an algebraic interpretation of the balloon dilemma.
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Fig.5 Eigenvalues of the Jacobian matrix —A~1B for the ND and DN schemes in the open valve case and
without inertia (R = Rpin, £ = Epass, M = 0), for increasing viscosity (see titles)

3.3.2 Open valve

Let us now consider the case of an open valve (corresponding to R = Rp;y). In the
case of quasi-static mechanics, as shown in the left-most plot of Fig. 5, the ND scheme
is absolutely stable for small Az, and unstable for large At, while the DN scheme has
opposite behavior. More precisely, there exists a critical At that acts as threshold of
absolute stability for the two schemes ND and DN (for the parameter values here
considered, it is approximately Ar = 0.1s). Moreover, as the zero-stability property
of a scheme deals with its behavior for At — 07 (see Def. 1), the ND scheme, unlike
the DN scheme, is zero-stable.

We now study the effect of inertia and viscosity. In Fig. 5 we consider the spectrum
in the case M = 0 and for increasing viscosity. Similarly, in Fig. 6, we set C = 0
and we consider increasing values of M (increasing inertia). The presence of either
viscosity or inertia is able to stabilize the DN scheme, whereas it worsens the stability
properties of the ND scheme. More precisely, both viscosity and inertia introduce in
the spectrum associated with the ND scheme an eigenvalue with negative real part,
which, for some values of At, has modulus greater than 1 thus making the ND scheme
unstable. Moreover, Fig. 5 shows that there is a critical viscosity value, above which
the ND scheme is never stable. Instead, inertia makes the ND scheme unstable for
low values of At (see Fig. 6). Therefore, when inertia is present, the scheme turns out
to be absolutely stable only in an interval of values of Az, which gets narrower and
narrower as M increases. We notice that, since for At — 07 inertia always yields an
eigenvalue of modulus greater than 1, the presence of inertia makes the ND scheme
to be non zero-stable.

Finally, in Fig. 7 we show the combined effects of viscosity and inertia. This is in
line with the results obtained above: the presence of viscosity and inertia improves the
stability of the DN scheme and worsens that of the ND scheme.

3.3.3 The effect of active stress

In the minimal model (13), the amount of active stress T, (¢) is prescribed. However,
very often in the literature, the active stress is computed by means of suitable models
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Fig.6 Eigenvalues of the Jacobian matrix —A~1B for the ND and DN schemes in the open valve case and
without viscosity (R = Rpjn, E = Epass, C = 0), for increasing inertia (see titles)
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Fig. 7 Eigenvalues of the Jacobian matrix —A~!B for the ND and DN schemes in the open valve case, in
presence of both viscosity and inertia (R = Rin, E = Epass, C = C, M = M)

describing the subcellular activity of cardiomyocytes [36, 50, 55]. These models are
typically characterized by a feedback from the myocardial mechanics model: when the
tissue rapidly contracts, the force generated decreases [49]. For this reason, we now
investigate the effect that this feedback may have on the stability analysis conducted
above.

At the macroscopic level, the effect of the feedback acting from tissue mechanics to
force generation is known as force-velocity relationship and was first observed by the
Nobel laureate Archibald V. Hill in 1938 [29]. Its origin lies in fact at the microscopic
level. The active force is generated by a very large number (approximately 108 per
mm? of tissue) of crossbridges, that is bounded actin-myosin pairs. Each myosin
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protein, due to its elasticity, acts as a microscopic spring, thus producing the active
force observable at the macroscopic level. The presence of these actin-myosin bonds
not only generates a net force in the direction of the cardiac fibres, but also has the
effect of opposing rapid changes in fibre length (whence the force-velocity relationship
observed by A. V. Hill). Their action therefore results in an increased stiffness of the
tissue.

As amatter of fact, the active stiffness (that is the amount of stiffness associated with
attached crossbridges) can be computed from the active force generation at hand. Let
us consider a generic force generation model, in the following form (that encompasses
most of the models available in literature, see e.g. [36, 37, 41, 50, 54])

i(1) = h(r@), c(t), A1), A(1)), t>0,
Ty(t) =g (x(1)), 1 >0, (28)
r(0) = ro,

where r(t) is the state variables vector, c(¢) is the intracellular calcium concentration
(an input of the model, often denoted by [Ca>*];), while A = \/le — 1 represents the
tissue strain in the fiber direction. Finally, h and g are suitable functions. As shown in
[52], the active stiffness (henceforth denoted as K,) is given by

aT, oh
Ky= — =Vpg —. 29
a 9 r§ Y (29)

To study the effect of using a force generation model as in Eq. (28) on the stabil-
ity of the numerical schemes considered in this paper, we proceed as follows. First,
we consider the coupled model obtained by pairing the minimal model of Eq. (16)
with Eq. (28). Then, we study the spectrum of the Jacobian matrix —A~!'B associated
with the numerical discretization of this coupled model and we apply Lemma 1. In
“Appendix C” we report the detailed calculations in this regard and we here report only
the final result. We show that adding an active mechanics model has the equivalent
effect of increasing the passive elastance Ep,ss. More precisely, we obtain matrices
equivalent to Eq. (27), but where the passive elastance Epss is replaced by an aug-
mented elastance given by E = Epass + Eact. As a matter of fact, the active elastance
E i is proportional to the active stiffness K. This result is not surprising, but on the
contrary it is in line with the microscopic interpretation of the force-velocity rela-
tionship mentioned above, whereby the latter results from an increase in microscopic
stiffness due to attached crossbridges.

The above remarks also makes it possible to apply the results of Sect. 3.3 to the case
of using force generation models that take into account the force-velocity relationship,
provided that we consider a suitably augmented elastance. In fact, at the peak of
systole, active elastance Eqc is much larger than passive elastance Epass (up to 400
times greater, see “Appendix C”). This implies that using a force generation model
with force-velocity relationship, rather than using a prescribed force transient, might
substantially impact the numerical stability of the scheme in use.

In Fig. 8 we study the eigenvalues of the Jacobian matrix —A~'B for both the
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Fig. 8 Eigenvalues of the Jacobian matrix —A~1B for the ND and DN schemes in the open valve case
(R = Rpin), for increasing elastance (see titles)

ND and DN schemes for increasing values of the total elastance E. Specifically, we
move from the case when the tissue is fully deactivated (E = Fpass) to the case
of full activation (E = Fpass + Eqa0). Intermediate values correspond to a partial
activation of the tissue. The results show that the presence of an active stress betters
the stability properties of the DN scheme, while it worsen those of the ND scheme.
Let us consider for instance the quasi-static case (first row of Fig. 8). When the tissue
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Fig. 9 Schematic representation of the oscillations occurring with the ND scheme (top) and with the DN
scheme (bottom). The substeps associated with the solution of the structure mechanics problem (model S)
are shown in blue, while those related to the fluid problem (model F) are shown in red. The chamber is
represented as a balloon, with a volume V associated with it. The height of the bullet above the balloon
symbolizes the associated pressure, while the bullet on the left represents the external pressure. When the
latter is higher, there is a positive pressure gradient between the outer and inner regions of the chamber;
when it is lower, the pressure gradient is negative

if not activated, the ND scheme is absolutely stable if and only if A7 < At, where the
stability threshold is approximately Az ~ 2-10~! s. When the tissue is fully activated,
however, the stability threshold is much stricter (Ar ~ 5-10™%s).

3.4 Analysis of the non-physical oscillations in ND and DN schemes

The spectral analysis of Sect. 3.3 allowed us to identify the ranges of parameters and of
At for which the ND and DN schemes are either stable or unstable. We now analyze,
in light of the results of Sect. 3.3, the non-physical oscillations that can occur using the
two ND and DN schemes, when the stability conditions are not met. The occurrence
of these oscillations is represented schematically in Fig. 9.

Let us first consider the ND scheme (first row of Fig. 9). At the first step (ND-a),
since the external pressure (pext) is higher than the chamber pressure (p), the fluid
model predicts a blood flow Q towards the chamber and a consequent increase in
volume V. At the next step (ND-b), the structure mechanics model receives as an
input the volume calculated at step ND-a and generates, due to the increase in volume,
an increase in pressure. If the time step length At is sufficiently large, the pressure
increase is such that p is now greater than pey;, thus generating a backflow at the fluid
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substep ND-c, which leads to a decrease in volume. At step ND-d the pressure must
necessarily drop, thus returning to the state represented in step ND-a and the cycle
is repeated. The onset of oscillations is therefore related to the amplitude of pressure
jumps occurring in ND-b and ND-d. If these are large enough to reverse the sign of
the pressure gradient, nonphysical oscillations occur. It is clear that a large pressure
jump is favored by a large value of the elastance E. This is in line with the results in
Sect. 3.3. Moreover, when viscosity or inertia are included into the model, the cardiac
chamber opposes rapid changes in volume more strongly. Therefore, in ND-b and
ND-d, where a volume change is imposed, the larger the inertia or viscosity, the larger
the pressure jump with which the model responds. This is also in line with the findings
of Sect. 3.3, predicting that, when using the ND scheme, the presence of viscosity or
inertia makes it more likely that oscillations will occur.

Conversely, in the DN scheme (second row of Fig. 9), the pressure is determined by
the fluid model, which receives volume changes as input from the structure mechanics
model. In this case, therefore, large elastance (E), viscosity (C) or stiffness (M)
hamper the non-physical oscillations. In fact, each of these factors causes the structure
mechanics model to respond with smaller volume changes to a given pressure change,
thus preventing numerical instabilities from being generated. This is also consistent
with the results of the spectral analysis of Sect. 3.3, whereby the DN scheme enjoys
better stability properties when either E, C or M are large.

3.5 Robin-Robin schemes

We now extend our analysis to the V-RR and Q-RR schemes. For brevity, we directly
address the general case that includes both viscosity and inertia.

As is typical for Robin—Robin type schemes, numerical stability is highly sensitive
to the choice of the parameters y~ and ys [4, 8, 25]. To examine this, we leverage
the results from Sect. 3 to study the stability of the V-RR and Q-RR schemes as a
function of these parameters. Specifically, we plot in the (yr, ys) plane the maximum
spectral radius obtained for each scheme, considering the cases R = Ry, and R =
Rmax, allowing us to evaluate stability across different regimes (open and closed valve
conditions).

The results are summarized in Fig. 10. For each of the four cases considered, the
central graph displays a region of the (¥, ¥s) plane on a logarithmic scale, covering
the ranges [—103, —1073] and [1073, 10%] for both parameters. The boxes on the
sides show the spectral radius when either yr or ys takes values of 0o. Consistent
with previous observations, schemes with parameters set to either —oo or +00 are in
practice equivalent, resulting in identical spectral radii. It is important to note that the
cases where both y~ and y5 are £00, or where yr = Y5 (corresponding to the bisector
of the plane), are not physically meaningful because the transmission conditions are
not linearly independent, leading to a loss of consistency with the physical problem.
This representation also includes the ND scheme (centered in the horizontal outer
boxes, corresponding to yr = 0 and ys = F00) and the DN scheme (centered in
the vertical outer boxes, corresponding to Y = %00 and ys = 0). Additionally, the
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V-RR scheme, At = 1035 Q-RR scheme, At =10~ 3s

Pmax — 1
107  107°%  107* 1072 10° 10?

Fig. 10 Spectral radius analysis for the V-RR (left) and Q-RR schemes (right), with fixed At (top, At =
103 s) and variable Az (bottom, Afr € [10_5, 10_1] s). For each case, the spectral radii are computed for
R = Rpin and R = Rpax, and the maximum value (pmax) across different R and At (in the variable At
case) is considered. Finally, we display the quantity pmax — 1 on a logarithmic scale. In each of the four
cases, the central box shows the spectral radius as a function of (yg, ys) within the range of [— 103, 103J2.
The left and right outer boxes correspond to yr = —oo and yr = 400, respectively, while the top and
bottom outer boxes correspond to ys = F00. For the V-RR scheme, the coefficients y~ and yg are given
in mmHg mL~!, while for the Q-RR scheme they are expressed in mmHg mL~1s

Robin—-Neumann (RN) scheme corresponds to the horizontal axis ys = 0, while the
Neumann—Robin (NR) scheme corresponds to the vertical axis yr = 0.

In the upper left of Fig. 10, we analyze the V-RR scheme with a fixed time step size
(specifically, At = 1073s). As expected from previous analyses, both the ND and
DN schemes exhibit eigenvalues with a modulus greater than 1: for the ND scheme,
this occurs when the valve is open, and for the DN scheme, when the valve is closed.
However, there are parameter values for yr and ys where the maximum spectral
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radius does not substantially exceeds the critical threshold. Although round-off errors
may cause the computed spectral radius to slightly exceed one, this does not lead to
oscillatory or blow-up behavior in practice, as it will be confirmed by the numerical
tests in Sect. 5.1.2.

In the lower left of Fig. 10, instead of fixing the time step size At, we explore a
wide range of Af, and report the maximum spectral radius computed. This analysis
tests whether suitable choices of y~ and ys can yield an absolutely stable scheme.
However, the results show that, even for choices of Robin parameters for which the
scheme can be stable with a fixed Az, when At varies at least one eigenvalue exits the
unit disk in the complex plane, leading to numerical instabilities.

On the right side of Fig. 10, we repeat the analysis for the Q-RR scheme, considering
both fixed and variable Ar. In this case as well, although the ND and DN schemes
present a spectral radius strictly greater than one for some parameter choices, certain
choices of yr and ys ensure that the spectral radius does not substantially violate the
stability condition. Interestingly, when A varies, the instability region expands but
does not cover the entire plane, leaving some choices of yr and ys for which the
scheme remains free from numerical oscillations regardless of the choice of Ar.

Finally, it is important to note that this analysis focuses on stability alone and does
not consider the accuracy of the methods, which may also be affected by the choice
of yr and ys. We will address this aspect in Sect. 5.1.2.

4 Stabilized scheme

In this section, we propose a numerical scheme that cures the numerical instabilities
analyzed in Sect. 3. First, in Sect. 4.1, we present the rationale behind its derivation.
Then, we study its stability properties using the tools introduced in Sect. 3.2, by
considering the minimal model (Sect. 4.2). Finally, in Sect. 4.3, we generalize the
result for a generic structure model.

4.1 Derivation of the stabilized scheme (ND-stab)

The analysis of Sect. 3 revealed that the DN scheme might feature eigenvalues with
a very large modulus (this is related to the balloon dilemma, see Sect. 3.3.1). In
comparison, the worst case of the ND scheme has less severe instabilities issues. For
this reason, we focus on the latter scheme, and we aim to find a stabilization term that
cures the numerical oscillations that might occur.

Following the analysis of Sect. 3.4, the non-physical oscillations are related to the
structure mechanics substep, which updates the pressure while being unaware of the
effect the pressure update will have on the volume change within the next fluid substep.
A too large change in pressure might indeed reverse the flux through the valve. To
cure this issue, we propose to incorporate, within the structure mechanics substep,
a prediction of the volume variation due to the net blood flux that will be generated
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within the next fluid substep. Specifically, within (17), we replace the equation

k+1 k
vl =y (30)
by the equation
k+1 k
VI = v 4 A1 Quan(pEHY. 1ig). @1

having defined

Ostab (P, 1) = Ovalve (Pext () — p).

The additional term A¢ Qgap plays the role of a stabilization term. This term is numeri-
cally consistent: indeed, by replacing in (31), the exact solution of (16), the perturbation
with respect to the third line of (16) tends to zero when At — 07 (see e.g. [47, Chap
2]). The stabilized ND scheme (henceforth denoted by ND-stab scheme), then reads

(k+1) (k) (k—1) (k+1) *)
\% -2V +V \%4 -V " )
[M ° A;S? S—+c== At St ppas (VET) + ATu () = p*HY k=01,
k+1 k
VéJr ‘= V_;—‘) + A1 Quuan (P 141) k=0,1,...
(k+1) (k)
\% -V )
{ FTI}- = Qvalvc(pcxl(tk+l) - p(k+l)) k=0,1,...

(32)

We remark that the ND-stab scheme preserves the loosely coupled structure of the ND
scheme, as the newly introduced term does not involve the fluid state variable V;f ),

4.2 Stability analysis of the ND-stab scheme

We now study the numerical stability of the ND-stab scheme of Eq. (32), based on the
lemmas of Sect. 3.2. With reference to Lemma 2, the B matrix of the ND-stab scheme
coincides with that of the ND scheme (see Eq. (27)), while the A matrix changes as
follows

AND—stab = AnDp + BND-—stab = Bnp.- (33)

cocoo
cococo
cocoo
P o oo

We have the following result.

Proposition 1 The ND-stab scheme of Eq. (32) is unconditionally absolutely stable
(and hence zero-stable) for any physically meaningful choice of parameters (that is
E > Eg forsome Ep >0, R >0,C >0, M >0,).

Proof The non-zero eigenvalues of the Jacobian matrix _Aﬁllj_stabBND—slab read (they
can be obtained through symbolic computations)
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_ 2M +(C+ R)At £ At\/(C + R)? —4EM
He= 2(M + (C + R)A7 + EAR)

_ 2M +CAt £ Aty C2 —4EM

2M + CAt + EAr?)

(34)

where we have defined C=C+R.We consider two scenarios, depending on the
sign of C? — 4EM. Let us first suppose that C> > 4EM. Then, we have

0<C+4/C2—4EM <2C,

which entails

M M+ CAt
0< <

=< = < put < = < 1.
M + CAt + EAf? M + CAt + EAf?

Consider now the case when C2 < 4E M. We have:

_2M +CAt£iAVAEM — C?

2M + CAt + EAr2)

H+

which entails

2 @M+ CAD? + APP(A4EM — C?)
4(M + CAt + EAr2)?
M? + MCAt + EMAf?

= = = —~ < 1.
M2 + C2At2 + E2At* +2MCAt + 2MEAt2 + 2CEAL3

[l

The eigenvalues of the Jacobian matrix —A;Hl)_ stabBND—stab are thus bounded in mod-
ulus by a constant strictly lower than 1. The thesis follows from Lemmas 1 and 2.
O

In order to numerically verify the result of Proposition 1, in Fig. 11 we show the
trend with respect to At of the spectrum of the Jacobian matrix —A~'B for the ND
and ND-stab scheme, under different conditions (quasi-static case, with viscosity, with
inertia and finally with both viscosity and inertia). The results show that, as expected,
the ND-stab scheme has eigenvalues all less than one in modulus.

4.3 ND-stab scheme for a generic structure model

The ND-stab scheme, despite being derived for the minimal model of Eq. (32), can
be generalized for a much wider class of models of FSI problems. We now show that
the stability result of Proposition 1 can be extended to the generic structure mechanics
model of Eq. (3), while still considering the minimal fluid model (14). Interestingly,
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c=C, M=M
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Fig. 11 Eigenvalues of the Jacobian matrix —A~!B for the ND and ND-stab schemes in the open valve
case (R = Rpmin)

in the proof we will formally reduce the generic model to the minimal one. Let us then
consider the following FSI problem

L), d(t), d(0), p(1),1) =0 >0,
V}—(t) = Ovalve (Pext(t) — p(1)) t >0, (35)
Vs(d(t)) = Vr(1) t>0,
d(0) = do. d(0) =0, V£(0) = Vj,
and the associated ND-stab scheme:
(k+1) _ »gqk) (k=1)  qk+1) _ qk)
C(d 2212 +d*D d - d ,d(k+1)’p(k+l)’tk+]>:0 k=0.1....
Vs@ D) = v+ At g (p*HD. 1gp) k=0.1,...
k+1) )
1% -V
{ ]:Ai[]: = Ovalve (Pext (tg+1) — P(k+1)) k=0,1,...
(36)

We remark that problem (35) might arise from the Finite Element space discretization
of virtually any nonlinear elastic or viscoelastic structure model. We then consider the
following physically motivated assumptions.
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(A1) Let us define the mass matrix .# and the damping matrix ¢ as follows

.. oL . oL
Ad,d,d, p,t)=—, Fddd,p,1):=—.
( p,t) ¥ ( p, 0 5a

We assume that both .# and % has real nonnegative eigenvalues, bounded from
above by A"7* < +o<? and by )\“%1.3" < +00, respectively, uniformly Wit.h respect
to the arguments. This assumption encompasses the case when inertia and/or
damping are not included in the model (.# = € = O, the zero tensor).

(A2) Let us define the stiffness matrix

s L
£d,d, d, p,1) = —. 37
( p.1) =y (37)

We assume that & has real eigenvalues, bounded from below by Agi“ > 0,
uniformly with respect to its arguments.
This assumption arises from thermodynamical requirements (ellipticity of the
stiffness operator).

(A3) For physical consistency, we need the following relationship to hold true for
any choice of d d, d, p, 1

oL  dVs

ap  od’
This requirement derives from the principle of momentum conservation (see
[51, 53]). In Proposition 2, we show that this holds true if, e.g., the boundary

conditions of Eq. (2) are employed.
(A4) Let us define

—1
9 Qvalve (Pext (1) — [7)) ) (38)

R(p,t) = — < op

We assume that 0 < R(p, 1) < Rmax for some Rpax < +00, uniformly with
respect to p and ¢. This amounts to say that the valve has finite resistance,
coherently with the valve model of Eq. (15).

The following proposition proves that Assumption (A3) holds true in case the boundary
conditions of (2) are employed.

Proposition 2 Suppose that the chamber volume is enclosed in the surface ando. Then,
both Problem (2) and its Finite Element discretization satisfy Assumption (A3).

Proof As in Problem (35), we consider N = 1 cavities. The weak formulation of
Problem (2) reads:

92d
/ p—-vdVo-i-/ P, T,): dev0+/ pJF TN .vdSy=0 WveV:=[H Q).
Qo dr? Q0 rend

endo
0

@ Springer



278 Francesco Regazzoni

Notice that additional terms could be present for other portions of the boundary, but
this would not affect the result. It follows that, for any v € V:

oL
<—, v> = / JF TN .vdsy,
8p ando

where (-, -) denotes the duality pairing between V and its dual V*.

Let us denote by Qg the volume enclosed into ando. Moreover, we denote by
rendo(d) the result of deforming the surface ando according to the displacement field
d, and by Qf(d) the enclosed volume. We denote by n the unit vector, normal to
the surface '*"4°(d) in the current configuration, directed from the solid to the fluid
domain. The fluid volume function then reads:

Vg(d)=/ 1dV; =/ JdVy.
Qf () Qf

0

By Reynolds transport theorem [28], the Gateaux derivative of the volume reads, for
anyveV

aVs -T
(==, v) = — v-ndS, = — JF TN vdSy,
E)d Fendo(d) l—w(e)ndo

where we have computed the pull-back in the reference configuration. This proves
Assumption (A3). To prove the discrete case, it is sufficient to take as v the elements
of the basis of the Finite Element space. O

We are now ready to prove the main result of this work, which concerns the
numerical stability of the ND-stab scheme for a generic (including 3D) structure
model.

Theorem 1 Let us consider the 0D-3D problem (35), with assumptions (Al)—(A2)-
(A3)—(A4).

The ND-stab scheme of Eq. (36) is unconditionally absolutely stable (and hence
zero-stable).

Proof The scheme (36) belongs to the abstract family (21), provided that we define the
state vector Y% = (d®, d*-D, V](f ). p®)T With reference to Lemmas 1 and 2,
we have

N (E+E) % 0 0
A 0) I 0 o0 B— —1 0 0 0
0or 0" At RTU[ o7 0" —Ar10
r’ o o0 % 07 0 -1 0
(39)
where we have defined r := %ﬁ and where the dependence on the arguments is

understood. We denote by I and O the identity and zero matrices, respectively. We
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consider the generalized eigenvalues problem uAy +By = 0, for ¢ # 0 and we look
for non-zero eigenvalues ;. # 0. By writing the eigenvector as ¥ = (d, d, V., p)7,
each eigenvalue-eigenvector pair solves

2 2
wo—2u+1 W=
WA €d+&d = 40

A2 + A7 + upr (40a2)
n—1 wp

Vg =——+ 40b
A F R (40b)
wr d=Vf—7Mp (40c)

We first consider the case when d = 0. From (40b) and (40c), it follows Vx = 0
and hence, by using again (40b), p = 0. Thus we get ¥ = 0 that is not a valid
eigenvector. Therefore, from now on we assume d # 0. From (40b) and (40c) it
follows Vr = ,u,er and hence p = %(1 — u)er. Replacing this into (40a), we
have:

2 2
ue—2pu+1 uo—u T
L Z_T(@+R &)d=0. 41
( N M+ AL (6 + Rrr') + ) 41)

We left multiply (41) by the Hermitian transpose of d, thus getting

2 2
we=2p+1 - T = s A
M C+E=0, 42
A + A + (42)
where we have defined
A d7 . 7d .~ df (& + Rrr)d . dP&d
= o @R
did dd did

Assumptions (A1) and (A4) entail 0 < M < A™* and 0 < € < A% + Ry [Ir|%.
Moreover, by assumption (A2) we have E < Agi“. From Eq. (42) it follows that two
eigenvalues are possible, according to

_2M + CAt £ Aty C2 —4EM

2M + CAt + EAr?)

I+

We have thus formally recovered the minimal model of Proposition 1 (see Eq. (34)).
Therefore, by proceeding as in the proof of Proposition 1, we have

M + CAt
M+ CAt + EAr?’

lntl < (43)
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if C2 > AEM ; otherwise, we have

el M? + MC At + EMAr? )
+]° == = = — — — .
M? + C2A12 + E2At* + 2MCAt + 2MEAt?2 + 2CE A3

In both cases, the eigenvalues have modulus strictly lower than one. This proves zero-
stability. To prove absolute stability, instead, we need to show that the eigenvalues
modulus is bounded by a constant strictly lower than 1, uniformly with respect to the
state . This is proved by the fact that both the right-hand sides of Egs. (43) and (44)
are non-increasing in £, which is bounded from below by Am‘“, and by the fact that

they are continuous in (M , C ), which belongs to the compact set [0, )\f‘/]/?x] x [0, )»%ax +
Rmax||r||2]- O

Finally, we show how the ND-stab scheme, that we proposed on the minimal model
(14), can be generalized to more complex fluid models. The vector collecting the net
blood fluxes associated with the N, as predicted by the fluid model, is given by

dVr(e))  9Vr(c@))
dt B dc

H(c(?), p(1), 1).

Therefore, we define the flux function

aV.r(c)

Qstab(pa C, t) = H(C, P, t)

The ND-stab scheme then reads

)

d&+D _oqk) 4 qk—1) g+ _ qk
L‘,< + Ld®ED p&ED =0 k=0.1,...

At? At
Ve@® D) =V (e®) + Ar Quap@® T, ¢® 1y 1) k=0.1,...
(k+1) _ (k)
¢ TTe ) Hk+D) _
{ - _H(c p ,tk_H) k=0,1,...

(45)

For this case we do not provide a theoretical result, but will show numerical evidence
of the effectiveness of the stabilization term in Sect. 5.

We notice that, unlike for the ND scheme of Eq. (9), for the ND-stab scheme
the pressures p* ™1 also account as unknowns in the second equation of the structure
mechanics substep of the ND-stab scheme of Eq. (45). The numerical resolution of the
structure mechanics substep can be efficiently performed through the Newton method.
In “Appendix D” we report an efficient algorithm, based on a Schur complement
reduction, for solving the linear system associated with each Newton iteration.
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5 Results

In this section, we present and discuss some numerical tests aimed at verifying the
theoretical results presented in this paper and the effectiveness of the proposed method.
First, in Sect. 5.1, we consider the minimal model introduced in Sect. 3.1. Then, in
Sect. 5.2, we consider the application of the ND-stab scheme to a multi-scale left
ventricular model of cardiac electromechanics.

5.1 Minimal model

We consider the minimal model of Eq. (16) (see also Fig. 1a). To demonstrate the
generality of the results of Sects. 3 and 4, that is valid for both linear and nonlinear
models, we consider a nonlinear law for the passive constitutive behavior of the cardiac
chamber. Specifically, we consider the Klotz’s law [33]:

V — V(;(IOIZ By
Ppass(V) = Ay W , (46)

with V% = 10mL, V3o = 170mL, A, = 28.2mmHgand B, = 2.79. We consider
the parameters reported in Tab. 1 with no active tension (7;(¢) = 0). Moreover,
we consider the case of an inflow cardiac valve (i.e. Qvalve = Qiglve). We run the
simulation until time 7" = 0.2s, starting with a volume Vp = 120mL and imposing
the following external pressure transient:

. Tt
Pext(f) = Pmin + (Pmax - pmin) sin (T) ,

with pmin = SmmHg and ppax = 20mmHg.

In this test case, the pressure inside the cardiac chamber at time t = 0 is p(0) =
10mmHg. The valve is therefore closed (negative pressure gradient: pexi (1) —p(t) < 0)
and the chamber volume is almost constant in time. Then, approximately at = 0.03s,
the external pressure pexi(#) exceeds the internal pressure p(z). Consequently, the
valve opens and blood begins to flow into the chamber, causing an increase in fluid
volume. Finally, the sign of the pressure gradient reverses again and the valve closes,
causing the volume to become constant in time.

In order to numerically verify the results of Sects. 3 and 4, we perform several
numerical simulations of the model described above, for different time step sizes
and by comparing the results obtained with the different schemes. In each test, we
superimpose the obtained numerical solutions with a reference solution, obtained by
means of a fully coupled scheme and with a very small time step size (Ar = 107%s).
We also report the values of relative errors, with respect to the reference solution,
associated with the different schemes, both for the pressure and the volume variables.
The errors are computed as follows, where y represents either the pressure or the
volume:
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2
k (k)
(y( ) — yref)

2
v —
(yr(ef - yref)

M=

~
Il
S

3

™M=

~
Il
=}

where the numerical solution y®) is interpolated on the same time discretization of
yr(ff) and where the time-average solution ¥, = (N + 1)~! Z;jc\;o yr(é? is subtracted
in the denominator, to prevent artificial underestimation of the error. This adjustment
is essential when the solution features a range of variability much smaller than its
average value, as in the case of the volume.

In Sect. 5.1.1, we compare the ND scheme, commonly used in the context of
cardiac electromechanical 0D-3D simulations [3, 43, 53], with the proposed ND-stab
scheme. Then, in Sect. 5.1.2, we consider the more general framework of RR schemes,

in comparison with the ND-stab scheme.

5.1.1 Numerical simulations (ND versus ND-stab scheme)

First, we consider the case when viscosity is present (C # 0), while inertia is neglected
(M = 0). The analysis of Sect. 3 predicts that the ND scheme is never absolutely stable
for C = C (see Fi g.5). This is verified by our numerical results. In fact, the solution of
the ND scheme exhibits nonphysical pressure oscillations throughout the duration of
the open valve phase (see first two columns of Fig. 12). Moreover, as expected, when
the valve is closed the oscillations are not present. Coherently with the predictions,
these oscillations are not cured even by decreasing the time step size. Instead, the
amplitude of the oscillations remains constant (this is due to the fact that the negative
eigenvalue has a horizontal asymptote for At — 07, see Fig. 5). On the other hand,
by decreasing the viscosity coefficient (in particular for C = 0.1 C) the ND scheme
becomes absolutely stable for any choice of At (see Fig. 5). Our results also confirm
this prediction (see e.g. the third column of Fig. 12 for the case Az = 5-1073s). On
the other hand, in all the considered cases, our proposed ND-stab scheme does not
present numerical oscillations and the solution is close to the reference one.

The predictions of Sect. 3 are also verified in the case with inertia and without
viscosity (M # 0, C = 0), as shown in Fig. 13. Indeed, according to the stability
analysis considered in Fig. 6, for Az = 5.1073s the ND scheme is absolutely stable.
On the other hand, when At — 0T numerical oscillations show up, with increasing
amplitude (the eigenvalue responsible for the oscillations indeed blows up when At —
07T). Also in this case, the ND-stab successfully cures the nonphysical oscillations.

Finally, in Fig. 14 we consider the case when both viscosity and inertia are included
in the model. Also in this case, the ND scheme exhibits the nonphysical oscillations
predicted by the spectral analysis considered in Fig. 7, while the ND-stab scheme
yields a stable solution, that is close to the reference one.
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At = 0.0005s, C =C At =0.005s, C =C At = 0.005s, C =0.1C
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120 = V (ND-stab)
0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15
time [s] time [s] time [s]
Relative errors
| At =0.00055,C =C At=0.0055,C=C At=0.005s,C =0.1C
ressure ND 1.404 1.533 3.052 - 1072
p ND-stab 5.839-107* 7.979-1073 2.800 - 1072
lume ND 8.244 - 107! 8.782- 107! 1.680 - 1072
Vo ND-stab 3.747- 1073 3.766 - 102 3.286 - 102

Fig. 12 Results of numerical simulations of the model of Sect. 5.1, in the case when viscosity is present
(C # 0), while inertia is neglected (M = 0). The values of C and At are reported in the titles. We compare
the results obtained with the ND scheme, the ND-stab scheme and the reference solution. In the table
we report the relative errors, with respect to the reference solution, associated with the ND and ND-stab
schemes

5.1.2 Numerical simulations (RR schemes versus ND-stab scheme)

We now consider schemes based on Robin—Robin transmission conditions. Since for
these schemes, the variables describing volume and pressure for the two models, F
and S, can exhibit significantly different values during the simulations, we report both
pr and pg, as well as Vr and Vg, in the figures of this section, both in the graphs
and in the error calculations.

We first consider the V-RR scheme with a fixed time step size (At = 1073 s). From
the analysis of Sect. 3.5, we expect that the scheme will be unstable for some choices
of yr and yg, while for other choices it will be free from numerical oscillations. The
numerical simulations conducted with the model described at the beginning of Sect. 5.1
confirm these expectations. For brevity, we only present the results obtained for the
case yr = 0 and ys € {1, 10, 100} mmHg mL~!, corresponding to a Neumann—
Robin scheme (V-NR). This choice, particularly the intermediate case, has been chosen
through trial-and-error by varying both Robin coefficients and identifying those that
yield the most accurate results.

As shown in Fig. 15, the V-NR scheme produces accurate results without numerical

@ Springer



284 Francesco Regazzoni

At =0.001s At =0.002s At = 0.005s
30 T T T T T
25
2
g 20r R =g = <
Ll N
g
7 10 - - . === Pext
é // ,’, ,/' —— p (reference)
5F — p (ND)
p (ND-stab)
0 s
160 —— V (reference)
— V (ND)
= 150 ) _ V (ND-stab)
E e
:‘E’ 140 ///
E /
$ 130 /
120 f—— — —
0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15

time [s] time [s] time [s]
Relative errors
| At=0.001s At=0.002s At=0.005s

4417 1.843-107!  3.034-1072
ND stab | 7.453-107%  1.460-1072  3.553-1072

2,490 5.968-10"2 3.149-1072
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Fig. 13 Results of numerical simulations of the model of Sect. 5.1, in the case when inertia is present
(M = M), while viscosity is neglected (C = 0). The values of At are reported in the titles. We compare the
results obtained with the ND scheme, the ND-stab scheme and the reference solution. In the table we report
the relative errors, with respect to the reference solution, associated with the ND and ND-stab schemes

instabilities for ys = 10mmHg mL~!, while for s = 100mmHg mL~! the scheme
becomes unstable, consistently with the spectral analysis in Fig. 10. Lowering ys
to ImmHgmL ™!, though it does not result in severe instabilities as in the ys =
100mmHg mL ! case, yields a less accurate solution. In fact, even with a fixed At,
the V-RR scheme requires careful selection of yr and ys because, even in regions
where the spectral radius does not significantly exceed 1, the numerical solution may
still be inaccurate. The ND-stab scheme, as predicted by theory, shows no numerical
instabilities in any of the cases considered. Quantitatively, as shown in the table in
Fig. 15, it is also more accurate than the V-NR scheme in all cases considered.

‘We now examine the behavior of the V-RR scheme as At — 0. We focus on the case
with y7 = 0 and ys = 10mmHgmL~" (V-RN scheme), which produced the most
accurate results among those considered earlier. As illustrated in Fig. 16, halving At
results in a proportional reduction in errors for both the V-RN and ND-stab schemes.
However, upon further reducing A¢, while the ND-stab scheme continues to improve
in accuracy, the V-RN scheme becomes unstable, leading to a diverging solution. This
behavior aligns with the analysis in Sect. 3.5, which indicates that the V-RR scheme
lacks unconditional stability.
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Fig. 14 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and
viscosity are present (C = C, M = M). The values of At are reported in the titles. We compare the results
obtained with the ND scheme, the ND-stab scheme and the reference solution. In the table we report the
relative errors, with respect to the reference solution, associated with the ND and ND-stab schemes

Let us now focus on the Q-RR scheme. Based on the analysis in Sect. 3.5, we expect
that with appropriate choices of yr and ys, the scheme should remain numerically
stable as At — 0, leading to a convergent behavior. Numerical simulations confirm
this expectation. For brevity, we report here results for a single value of Az, examining
how the solution depends on different selections of y~ and ys. Specifically, we evaluate
three cases: Q-RN, Q-NR, and Q-RR with both y= # 0 and ys # 0, shownin Figs. 17,
18, and 19, respectively. The findings align with the spectral analysis in Fig. 10: none
of the cases exhibit numerical oscillations, except for the scenario where yr = 0
and ys = 0.05mmHg mL ™! s. This particular choice indeed corresponds to a spectral
radius of the Jacobian matrix that is significantly greater than 1.

The results also underscore that, even within the stability region, certain choices
of yr and ys can produce inaccurate solutions. This is noticeable both in the error
tables and even visually in the graphs. Notably, when y~ and ys converge toward
each other, the two transmission conditions tend toward the situation where they are
linearly dependent (y£ = ys), which leads to a significant loss of accuracy. More-
over, although not shown here for brevity, we observe that the other two regions of
the (yr, ys) plane identified as stable in Fig. 10, that is when yr and ys are both
large in magnitude with y# negative, also result in inaccurate solutions. This is not
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Relative errors
\ s =1 s =10  7s=100
V-RN (pg) | 6.405-10"2 1.164-10"2 8.915-10~!
pressure  V-RN (ps) | 6.728-1072 2.689-10"2 8.959-107!
ND-stab 3.324-107% 3.324-107% 3.324-1073
V-RN (Vg) | 2.740-10"2 2.060-10"2 3.871-107!
volume  V-RN (Vs) | 2.111-1072 2.004-10"2 3.871-107!
ND-stab 6.778-107%  6.778-1073 6.778-1073

Fig. 15 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and
viscosity are present (C = C, M = M), with Ar = 0.001s. We compare the results obtained with the
V-RN scheme (y£ = 0, ys reported in the titles), the ND-stab scheme and the reference solution. The
coefficients yg are expressed in mmHg mL~1. In the table we report the relative errors, with respect to the
reference solution

surprising, as this configuration approaches a Dirichlet-Dirichlet scheme, which fails
to ensure pressure continuity. In summary, as highlighted in Fig. 10, achieving higher
accuracy requires operating near the boundary of the numerical instability region,
making the selection of yr and ys particularly delicate. This poses a challenge in
practical applications, where the detailed analysis conducted here may not be feasible.
This underscores an advantage of the ND-stab scheme, which eliminates the need for
parameter tuning.

As a matter of fact, in all the cases here considered, the ND-stab scheme yields a
stable solution, with an accuracy that is larger or comparable with that of the Q-RR
scheme.

5.1.3 Convergence test

The ND-stab scheme introduces, in the ND scheme, a numerically consistent stabi-
lization term of first order (see Sect. 4.1), O(At), when At — 0%. Since the numerical
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V-RN (pr) | 1.164-10"2  9.341-1073 1.724
pressure  V-RN (ps) | 2.689-1072 1.525-1072 1.785
ND-stab 3.324-1073 1.680-1073  7.208-10~*

V-RN (V#) | 2.060-1072  1.029-1072  6.992-102
volume  V-RN (Vs) | 2.004-10"2  1.001-10"2  6.765-1072
ND-stab 6.778-1073  3.384.107%  1.350-103

Fig. 16 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and
viscosity are present (C = C, M = M). We compare the results obtained with the V-RN scheme (y£ = 0,
ys = 10mmHg mL 1), the ND-stab scheme and the reference solution. The values of At are reported in
the titles. In the table we report the relative errors, with respect to the reference solution

scheme of time advancement is also of first order, we expect the ND-stab scheme to
be convergent of order 1 with respect to Ar (see e.g. [47]).

To numerically verify what said above, we solve the model of Sect. 5.1 by the
ND-stab scheme, progressively halving the time step size Af, from 275 s to 2714
We then plot the trend of the errors obtained against a reference solution, achieved via
a fully coupled scheme for Ar = 27205 ~ 10~ s. For simplicity, we only consider
the case with both viscosity and inertia. In Fig. 20 we show that both the L2(0, T') and
the L*°(0, T') errors follow the expected first order trend with respect to At, both for
the pressure and for the volume solution.

5.2 Multiscale cardiac electromechanics
We now apply the ND-stab scheme to a multiscale simulation of cardiac electrome-

chanics. We employ the cardiac model proposed in [53], that we briefly recall in
Sects. 5.2.1 and 5.2.2. Still, we remark that the ND-stab scheme proposed in this
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pressure  Q-RN (ps) | 1.358 1072 2.548-10"2  1.789-107!
ND-stab 6.548 1073 6.548-1073  6.548-1073
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volume  Q-RN (Vs) | 1.709- 1072 1.464-10"2  9.166-1072
ND-stab 1.349-1072 1.349-1072  1.349-1072

Fig. 17 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and
viscosity are present (C = C, M = M), with Ar = 0.002s. We compare the results obtained with the
Q-RN scheme (y reported in the titles, y5 = 0), the ND-stab scheme and the reference solution. The
coefficients yz are expressed in mmHg mL~1s. In the table we report the relative errors, with respect to
the reference solution

paper can be applied to any coupled mechanics-hemodynamics model in the form of
Eq. (6).

5.2.1 The electromechanical model

We consider a realistic left-ventricular geometry, processed from the Zygote 3D heart
model [61] by exploiting the semi-automatic meshing tool proposed in [15] (see
Fig. 21b). The geometry is further processed through the algorithm proposed in [53]
to recover the unloaded reference configuration. To generate the cardiac fibers, we
adopt the Bayer-Blake-Plank-Trayanova algorithm [6]. Cardiac muscle contraction
is driven by an electrical signal that propagates throughout the myocardium, thereby
causing muscle tissue to contract. To model these processes, we adopt the monodomain
equation [12], the fen Tusscher-Panfilov ionic model [57] and the RDQ20-MF model
[50] of microscale force generation. Tissue mechanics is described through Eq. (2),
where for the hyperelastic energy functional W we adopt the quasi-incompressible
exponential constitutive law of [59]. To model the interaction of the ventricle with
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| 7s=005 45=001 ~s=0002

Q-NR (pg) | 5.812-1071 4.975-10"2 2.113-107!
pressure  Q-NR (ps) | 5.965-10"1 1.714-1072 1.617-107!
ND-stab 6.548 1073 6.548-107% 6.548 1073
Q-NR (VF) | 3.212-107% 1.727-107! 7.473.107!
volume  Q-NR (Vs) | 2.849-10"1 1.861-102 7.175-1072
ND-stab 1.349-1072 1.349-1072 1.349-1072

Fig. 18 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and
viscosity are present (C = C, M = M), with Ar = 0.002s. We compare the results obtained with the
Q-NR scheme (yr = 0, ys reported in the titles), the ND-stab scheme and the reference solution. The
coefficients yg are expressed in mmHg mL~!s. In the table we report the relative errors, with respect to
the reference solution

the pericardium, we employ spring-damper boundary conditions, while to model the
interaction with the part of the myocardium above the artificial ventricular base, we
adopt energy-consistent boundary conditions [51]. More precisely, we complement
Eq. (2) with the following boundary conditions

P@ T)N = [KPNeN) + KFd-NaN)|d
e NeN + A -NeN) | T o x .1,
o o JF-TNdTI e
Pd,7,)N=p|JF'N , r 0,7),
( a) p| | fF8335|]F7TN|dFO on 0 X ( )
where the constants Kipi, K ﬁpi, Cj_pi, C ‘Tpi e Rt are associated with the stiffness

and the viscosity of the tissue surrounding the epicardium in the normal or tangential
directions, respectively, and where we denote by p the left ventricle blood pressure.
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Fig. 19 Results of numerical simulations of the model of Sect. 5.1, in the case when both inertia and viscosity
are present (C = C, M= M), with Ar = 0.002s. We compare the results obtained with the Q-RR scheme
(yF and ys reported in the titles), the ND-stab scheme and the reference solution. The coefficients y and
vs are expressed in mmHg mL~1s. In the table we report the relative errors, with respect to the reference
solution

To model blood circulation (model F), we adopt the closed-loop lumped-parameter
model of [53]. This model is based on a compartmental description of the systemic
and pulmonary, arterial and venous circulatory networks (modeled as resistance-
inductance-capacitance circuits), the four cardiac chambers (modeled by means of
time-varying elastance models) and the four valves (modeled as diodes, as in Eq. 15).
The coupled 0D-3D FSI model is represented in Fig. 21a, while in Fig. 21¢, the numer-
ically obtained tissue displacement is displayed at selected time instants. More details
on the employed mathematical models and their coupling can be found in [53].

5.2.2 Numerical approximation

For the numerical approximation of the multiscale left ventricular model (model S),
we employ bilinear Finite Elements defined on two nested hexahedral meshes (a finer
one for the electrophysiological variables and a coarser one for the structure mechanics
variables). For the time integration of this multiphysics model we employ the staggered
approach proposed in [53], that envisages — at each time step — a sequential update of
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Fig. 20 Error trend on the numerical solution obtained by means of the ND-stab scheme for the model of
Sect. 5.1
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Fig. 21 The multiscale coupled mechanics-hemodynamics model of Sect. 5.2 (a); computational mesh
and boundary tags (b); snapshots of the numerical solution at selected time instants showing the tissue
displacement (c)

the ionic variables, the electrical potential, the activation variables and finally the tissue
displacement. We adopt a time step size of 5-10~%s. To update the electrophysiological
variables, we employ a 5 times finer time step size. For the time integration of the
circulation model (model ), we employ a Forward Euler scheme.

Concerning the coupling between the model S and the model F, we compare the
ND scheme with the ND-stab scheme (see Egs. (9) and (45), respectively).
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Fig.22 Numerical solution of pressures, volume and blood fluxes of the multiscale 0D-3D model of cardiac
electromechanics of Sect. 5.2: comparison between ND and ND-stab schemes. Top: pressure volume loop.
Bottom left: pressure transients associated with the left ventricle (ppy), the left atrium (ppa) and the
systemic arterial circulation (piYRS). Bottom right: blood fluxes across the aortic valve (Qay) and the

mitral valve (Omv)

5.2.3 Comparison of ND and ND-stab schemes

In Fig. 22 we show the transients of pressures, volumes, and blood fluxes obtained
using the ND and ND-stab schemes for the numerical approximation of the multiscale
model of cardiac electromechanics and hemodynamics described in Sect. 5.2.1.

On the one hand, we notice that the solution obtained using the ND scheme presents
numerical oscillations in two phases of the heartbeat. Both of these episodes occur
when at least one valve is open (in one case the aortic valve, in the other case the
mitral valve). This is in line with the results of Sect. 3, which show that the ND
scheme features instability issues mainly when the resistance between the chamber
and the external circulation is low, i.e. when one valve is open.

On the other hand, the stabilization term introduced by the ND-stab scheme pro-
posed in this paper is able to successfully remove the non-physical oscillations that
would otherwise affect the volume and pressure transients, as well as the tissue
displacement and the computed stress.
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6 Conclusions

In this paper we investigated the numerical stability of loosely coupled schemes for
0D-3D FSI problems. We focused on a problem of great applicative interest, that is
the interaction between 3D models of cardiac mechanics and 0D models of blood
dynamics. We considered several schemes. First, we focused on two schemes com-
monly used for 0D-3D FSi problems, namely the Dirichlet-Neumann (DN) scheme,
in which pressures are updated simultaneously with the variables of the fluid model,
and the Neumann-Dirichlet (ND) scheme, in which pressures are determined simulta-
neously with the displacement of the structure mechanics model. Then, we extended
out analysis to schemes based on Robin-type boundary conditions, relying on linear
combinations of the pressure continuity conditions, on one hand, and of either volume
(V-RR scheme) or flux (Q-RR scheme) continuity, on the other hand. Notably, both
the V-RR and the Q-RR schemes, for suitable choices of the Robin coefficients, reduce
to the DN and the ND schemes.

We provided analytical results on the numerical stability of the considered schemes.
We showed that the DN scheme suffers from severe instability issues in case of an
incompressible fluid enclosed in a cavity (e.g., during isovolumetric phases of an
heartbeat). This is related to the so-called balloon dilemma [5, 27], for which we
provided an algebraic interpretation in terms of an eigenvalue of the Jacobian matrix
that tends to —oo when the closed valve resistance increases, thus approaching the
incompressible limit. The ND scheme, instead, is numerically stable when the valves
are closed but might exhibit nonphysical oscillations when at least one valve is open
(that is, with a non negligible fluid flow). The onset of these numerical oscillations is
associated with the following features of the model at hand.

e Stiffness of the structure. A stiff tissue (equivalently, a large elastance) promotes
the onset of oscillations. For parameters values typical of cardiac models, however,
stiffness per se imposes very mild limits on Az (nearly Az < 107 !s).

e Viscosity. When the structure mechanics model features a large energy dissipation
(either due to viscous boundary conditions or to a visco-elastic structure mechanics
model), the ND scheme is numerically unstable. In this case, reducing At does
not cure the numerical instabilities.

e [nertia. Similarly to viscosity, a large inertia makes the ND scheme unstable.
Moreover, when inertial effects are included in the structure mechanics model, for
small enough At the ND scheme features an eigenvalue lower than —1 and the
scheme is numerically unstable. In conclusion, the ND scheme is never zero-stable
when inertia is present and consequently is never convergent.

e Active stress model with velocity dependence. When dealing with active materials,
and specifically when using a cardiac force generation model that accounts for
fiber shortening velocity feedback on active force, the ND scheme may suffer from
numerical instabilities. In particular, when the tissue is highly activated (typically
in systole), crossbridge stiffness at the microscopic level has the effect, at the
macroscopic level, of an increase in the effective stiffness (the increase can be up
to 400-fold). This brings us back to the first point in this list, but with much more
severe limitations on Af.
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The analysis revealed that, while the V-RR scheme can achieve stability with appro-
priate choices of the Robin coefficients, it ultimately becomes unstable as At — 0 for
realistic physical parameter values. This means that the V-RR scheme is not zero-stable
and therefore not convergent. The Q-RR scheme, instead, with suitable selections of the
Robin coefficients, features zero-stability and convergence. However, in both schemes,
selecting the correct Robin coefficients is a delicate task. Even when the scheme is
stable, in fact, accuracy may be limited. Furthermore, the parameter values that ensure
good accuracy are often close to the stability threshold, making the practical selection
of parameters particularly challenging, as is commonly observed in the literature [4, 8].

We then introduced a numerically consistent stabilization term that is able to pre-
vent the onset of numerical oscillations in the ND scheme. We have shown that the
stabilized ND scheme (ND-stab scheme) is absolutely stable for any choice of At and
of model parameters. Remarkably, unlike RR schemes, the proposed scheme is free
from parameters that need to be tuned, a significant advantage in practical contexts.
From the implementation point of view, this stabilization term requires only a small
modification with respect to the ND scheme. In addition, we proposed an effective
algorithm, based on a Schur complement reduction, for solving the linear system that
emerges at each Newton iteration when advancing the structure mechanics model.
Our scheme requires solving N + 1 linear systems (N being the number of cavities
considered in the model), where the matrix is the Jacobian of the standalone structure
mechanics model, thus allowing reusing pre-existing solvers and preconditioners.

Our numerical simulations confirmed the theoretical results mentioned above.
Specifically, we showed simulations obtained with a minimal FSI model, performing
numerical tests under different conditions and verifying the expected order of conver-
gence with respect to At. Then, we showed a simulation obtained with a multiscale
model of cardiac electromechanics in a left ventricle, coupled with a lumped-parameter
closed-loop model of the circulatory system. All the cases described above confirm that
the stabilization term proposed in this paper is successful in removing the nonphysical
oscillations, for any choice of parameters and for any value of Az.

Appendix A Additional details on Robin-Robin schemes

In this appendix, we report additional details regarding the V-RR and the Q-RR
schemes. First, for the reader convenience, we report here the versions of the V-RR
scheme with reversed update order with respect to Eq. (11), consisting in solving, at
each step, the S model prior to the 7 model:

’ (d(k-H) —2d%®) £ gk=1) qGk+D) _ qk)

)

,d<k+”,pg‘+‘),tk+l> —0 k=0,1,...

At? At
k+1 k
asVs@ D)+ gsps™ = agVre®) + pspy k=0,1,...
k+1) _ (k)
¢ ¢ *) (k+1) .
— _H<c P ,tk+1) k=0,1,...

k+1 k+1
(X}‘Vf(c(k+l)) +ﬂ]—‘P(}-+ ) _ a]__VS(d(k+l)) + ﬂfpfg+ ) k=0,1,...
(48)
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Similarly, the Q-RR scheme with reversed order with respect to Eq. (12) reads:

(d(k+1) —2d® 4 gqk=D g*k+D _ gk
L s

k+1
e o ,d“*“,pg“,zm) =0 k=01,...

Vs@* D) — vg@®) N Vr(e®) — VpekD)

k+1 X
as ﬁspfg+>=0ts +ﬂsp(f) k=0,1,...

At At
®+1) _ o0
c ¢ %) (k1)
7=H(c(), kD ) k=0,1,...
AL Pr k+1
Vre®D) - Vee®) k1 Vs@ ) - vs@®) k41
aF A7 +l3fp<f+)=af ~ +prpet) k=0.1,...

Then, complementing Sect. 3.1 we report the matrices Ay_rr and By_rg, associ-
ated with the V-RR scheme of Eq. (19), as well as the matrices Ag_grr and Bg_grg,
associated with the Q-RR scheme of Eq. (20).

C M
R R
A _ 0 0 Art'0o 0 R
V-RR 0 o o0 10 o |
as 0 —-as0Bs —Bs
0 0 ar 00 Br
—(M+£)£ 0 0 0 0
At? At At?
1 0 0 0 0 0
-1
By_gg — 0 0 -Aar~'o 0 0],
0 0 -1 0 0 0
0 0 0 0 0 0
—or 0 0 0-B£0
(50)
M C M
B GO S
A _ 0 0 At 0 0 R!
Q-RR 0 o o 1 0 o |
= - —a"ﬁ Og:ffﬁs—ﬁs
0 XN & 0 Br
M C M
~(L+£)% o0 000
1 0 0 0 0 0
-1
Bo_rg = 0 0 —Ar='0 0 0
0 0 -1 0 0 0
0 0 0 0 0 0
—or 90 00
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It is interesting to show that, by condensing suitable variables, we can recover the
matrices of Eq. (27), associated with the ND and DN schemes, from the matrices of
Eq. (50). Let us first consider the scheme of Eq. (19). The variable ps can be eliminated
together with the last line, by exploiting the relationship

(k) (k) (k) (k)
Ps =Pr +,33(VF - Vg )

In this way, we can recast the scheme in the abstract form (21), by considering state
vector w(“ = (Vék), Vék_l), V}q( ), p(}]f))T, thus obtaining the matrices:

C o M o
P4t G i g
Apy = 0 1 0 o |
0 0 A 'RT)
0 0 ar Br
(51)
M C M
_<At2+A_t>F 0 0
—1 0 0 0
B =
DN 0 0 —Ar~! 0
e 0 g

It is now apparent that, by setting (a¢r, Br) = (1,0) and (as, Bs) = (0, 1), we
recover the matrices Apy and Bpy.

On the other hand, to recover the matrices associated with the ND scheme, it is
convenient to consider the version of the V-RR scheme with switched order between
the S and F updates, which reads:

k+1 k—1 k+1 k
[MV‘(SH §$x+w )+c%ﬁ;;%?+pwm§“5+Aan>fﬂ“” k=0.1,..
asVE 4 Bspdt) = asv¥ + psply k=0.1,...
(k+1) (k)
IVFAIV = Quave (Pext (tis1) — P+ ) k=0.1,...
ar VI 4 rpst) = apvETY 4 pepdtY k=01,

(52)
Now, we eliminate the variable p z through the relationship

W _ @ ® _
PP =p@+ 22 (v - viP).
F S Br

thus getting the following matrices, associated with the state vector y® =
k k—1 ok
(V( )7V‘é‘ ),V( )’pfs))T:
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M C M
E+ 7+ % —a2 0 —1
Anrs — 0 1 0 0
ND = R12E 0 Ar!'—RIleE Rl
F F
os 0 0 Bs
(53)
M C M
(Alz + E) F O O
Bxp = -1 0 0 0 .
0 0o A=t 0 |’
_ﬁﬁif 0 /3.201]-' as —Bs

As expected, by setting (¢s, Bs) = (1,0) and (xr, Br) = (0, 1), we obtain the
matrices Axp and Bnp.

Appendix B Derivation of the minimal model

In this appendix, we present the derivation of the minimal model of left ventricle
mechanics of Eq. (13), starting from the 3D model of Eqs. (2) and (47). More precisely,
the derivation of the minimal model is based on the energy balance stemming from the
3D model. As demonstrated in [51, 53] — by multiplying the first equation of Eq. (2)
by %, integrating over €29 and accounting for the boundary conditions — we have:

i i __ ryact diss press
dth(z)+dt5(t)_H (1) + I () + TIP™ (1), (54)

that is a balance between the rate of change of the total kinetic (k) and potential (£)
energy and the power associated with active forces (IT*), viscous dissipation (IT4i5%)
and blood pressure (ITP™%%), defined as

| . .
E(t) = »wnw+-/ {ﬁm¢NV+&?W—N®N”ﬂd”’
Q 2 Jrg?
1 ad 12 Ffy ® £ od
K(t) = _/ pl=| ax, mH=-[ T,— —: v <_> .
2 Jq, |0t Qo \/ITf ot
. lod |2 : ad|?
pdiss ) = — cP = .N CPlI-N®N)— dTy,
() /ngi[l o N O A= NeN 0

P (1) = p(1) 4 V(@A)

where p and V represent the pressure and volume of the blood contained in the left
ventricle.

To derive a lumped-parameter model for the left ventricle dynamics, we consider
the volume V as a state variable, and we express the terms of Eq. (54) as functions of
V and its time derivatives, making suitable approximations where needed.
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First, by assuming that the potential energy is function of the state variable V, we
have £(1) = E(V (1)) for some function £. We accordingly define the steady-state
pressure corresponding to a non activated tissue as ppass(V) := & (V).

Then, we assume that the inertial and damping effects are mainly associated with
the tissue motion in radial direction. We then consider a displacement of the form of
d(x, 1) = (r(t) — ro)e,(x), where e, is the radial unit vector, having set without loss
of generality the origin in the barycenter of €. It follows:

K1) ~ % [/Q ,odx:| P (1) = %MLV P20, 0@ = P 2a) (55)
0

where Mpy denotes the left ventricle mass, |F8p1| is the epicardial surface area and
where we assumed that N >~ e, on the epicardium. By dimensional analysis, we
assume that the ventricle volume and radius are linked by a relationship of the type
of Viy(t) = ar3(t), for some constant «. For a half-spherical cavity, e.g., we have
o= %7‘[. It follows

P2(1) = éa—%v—%mvzm
% (»Zo)) = ga—%v—%m [V‘(r) - %v—lmvzm] 40! (56)
2 2. 4 . .
~ Sa VROV OV )

where we have neglected the term V2(z), under the hypothesis of small velocities.
Concerning the active force power term I12°! we notice that, thanks to the identity
(see [52])

Ffy ® £, _ A

JIay  OF

and assuming an homogeneous active tension and fibers elongation, we have

() = —/Q Ty hdx >~ —|Qo| Ta(t) (1), (57)
0

where |2¢| denotes the volume of the reference domain. Finally, we need to link the
fibers elongation A to the state variable V. We thus assume that A = ¥ (V), for some
increasing function .

By replacing Egs. (55)-(57) into Eq. (54), we get

1 Lo . .
oMy IV TIOVOV) + Ppass(V () V(1) + Q0| Ta(t) ¥' (V) V (1)

1 ; ; . .
+5 TN eSOV = p0V () =0,

@ Springer



Stabilization of loosely coupled schemes for 0D-3D... 299

which entails
M)V (1) + C(V)V () + ppass(V (1) + A(V)To(t) = p(0),

having defined
1 _2 4 1 _epi epi, —2.,_4 ,
M(V)=§MLV(1 3V, C(V)=§CJ_ Ty la™3V73(@), A(V) =I[Qol¥ (V)

as the equivalent mass, viscosity and active stress factor. Finally, for simplicity we
assume ile factors M, C and A as constants by setting M = M(V), C = C(V) and
A = A(V), for a reference volume V. The minimal model thus reads:

MV )+ C V(1) + ppass(V(®) + ATo(t) = p(2). (58)

To provide realistic values of the coefficients entering in Eq. (58), we consider
the 3D electromechanical model, based on the Z_ygote heart [61], described in
Sect. 5.2.1. Specifically, we set || = 100mL, |I"'| = 140cm?, My = 0.1kg and
Cj_pi =2.10%*pasm™!. To link the chamber radius and its volume, we assume a half-
sphere approximation (o = %71). From simulation data, we estimate the derivative
of ¥ as ¥’ = 3.5-107>mL~!. To define Dpass» We fit the end-diastolic pressure-
volume relationship th@ugh the Klotz’s curve [33] of Eq. (46). Finally, to compute
the coefficients we set V = 120mL. The resulting coefficients are reported in Tab. 1.

Appendix C The effect of active stress on numerical stability

We here provide details on the discussion of Sect. 3.3.3, regarding the role played by
active stress in the stability analysis of Sect. 3. As a minimal model of active force
generation, we consider the generalized Huxley model of [49], that reads

Ka(t) = —r Ku(t) + ug P(2), t>0,
To(t) = —r Ty(t) + ur P(t) + A1) Ka(t), >0, (59)
Ka(o) = Ka,Ov Ta(O) = Ta,09

where r, g and pr are suitable constants and P (¢) represents the fraction of permis-
sive regulatory units at time ¢. The so-called permissivity P(¢) is in fact the chemical
input of the model. Specifically, we have P(¢#) = 0 when the tissue is relaxed, P(¢) > 0
when activated. As shown in [49], model (59) exhibits the main experimental features
of force generation in sarcomeres and can be regarded as a linearization of more com-
plex models. To link the microscopic to the macroscopic level, coherently with the
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derivation “Appendix B”, we set A(t) = ¥ (V (¢)). Let us consider the ND scheme,
that reads

k+1) k (k—1) (+1) _ (K
M Vfg‘*’ — 22/}92) + Vg iC V3+ At_ VS) . ppasg(vék+l>) ‘A Ta<k+l) _ p(k+1) k=0.1....
(k1) _ k)
% =—r KD 4 g Py, k=0,1,...
k+1) (k) (k+1)y *)
% =—r T;“1)+urp(rk+.)+WQHU, k=0,1,...
Vék+1>:V](_1_c) k=0,1,...
plHD _ o
{ T = Quane(penlier) = p) k=01,
(60)
The updated active stress then reads
1 k+1 k
T = T A [Ta(k) + KD (W(Vé Dy~ w(Vé ))> + At,uTP(tkH)] :
(61)
Thus, for At — 0t
k+1 k
Ta(k+1) ~ Ta(k) + K§k+]) (w(v‘é + )) _ w(v‘é ))) (62)
which entails (since K. g(lk) varies slowly) that
= k+1
Ta(k+1) ~ Ta + Kg(lk+l)w(v‘é + ))’ (63)
Replacing Eq. (63) into Eq. (60), we get:
(k+1) (k) (k—1) (k+1) (k)
Vv -2V '+ V Vv -V tt1
M S A}SZ ] +C S AL S + ppass(vg' * ))
FAKF DY (vED) 4 AT, = pktD (64)

Therefore, we formally recover the case of prescribed active stress (see Eq. (17)),
provided that we replace the purely passive pressure function ppass(Vs) with

Ppass+act(VS) = Ppass(Vs) + A Ky (V). (65)

The first term of Eq. (65) accounts for the passive elastance, while the second one
accounts for the active elastance, due to microscale crossbridge links. In conclusion,
for At — 07, the stability analysis of Sect. 3.3 is still valid, provided that we redefine
the elastance as E = Epass + Eact, where

Epass(VS) = P{,ass(Vs); E\t(Vs) = A Kal/f,(VS)- (66)
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By using the parameters of the original model (see [49]), we get E,x =
36mmHgmL ™!,

We now check whether the two additional eigenvalues associated with the dynamics
of K, and T, can introduce instabilities in the numerical solution or not. From the
second equation, it follows

|
Ko+ — & [K(k) Atpg Pt ] 67
0 = [KO 4 At PG (©7)

Thus, the active stiffness dynamics is associated with the eigenvalue
w=0+rAan"! <1, (68)

that cannot be responsible of numerical instabilities, being strictly lower than one.
To study the eigenvalue associated with the dynamics of 7,, instead, we consider
the following approximate equation, obtained by neglecting high-order effects in the
mechanics equilibrium and by subtracting the equation for two consecutive time steps:
k+1 k
p(k+1) - p<k) ~ (Ppass(vé - )) - Ppass(vé ))) +A <Ta(k+1) - T;k))
k+1 k+1 k
~ Epass(vé' + )) (Vé‘ +1) _ V‘é‘ )) + A <Ta(k+1) _ Ta(k))
k+1
B (VD)
k+1
YvED)

(69)

(W(Vékﬂ)) - !ﬁ(V‘ék))) A (Ta(k+1) _ Ta(k)) '

Therefore, replacing (69) into Eq. (60), we have

(1 +rAn TED = 70 4 g k4D (wvé"“b - w(vék))) + Atpr P(tisr)

K§k+l)lﬁ’(V§k+l))
Epass(V§) (70)

% ((p(k+1> _ p<k>) _A (Ta(k+1) _ Ta(k))>

+ Atpr P(trs1),

~ T +

which entails that the eigenvalue associated with the dynamics of 7, is approximated
by

Eqac
] act
+ Epass

p= (71)
1+ rAt +
pass

which cannot lead to numerical instabilities either.

To validate the results of the asymptotic analysis of the current appendix, we numer-
ically compute the eigenvalues of the Jacobian matrix —A~'B associated with the ND
scheme when the model F-S is coupled with the activation model (59) (that is scheme
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Fig.23 Eigenvalues of the Jacobian matrix —A~!B for the ND scheme in the open valve case: comparison
of the exact eigenvalues and their approximation obtained through the asymptotic analysis of “Appendix C”

(60)) under different conditions (quasi-static case, with viscosity, inertia or both) and
for different values of Ar. Then, we compare the results with the eigenvalues obtained
when the ND scheme is applied to the F—S alone (that is scheme (17)), with an
increased elastance (E = Epass + Eact). To the latter set eigenvalues, we also append
the estimated eigenvalues of Eqs. (68) and (71). The results, shown in Fig. 23, show
that, as expected, for small values of At the approximation is very accurate. Moreover,
the eigenvalues obtained through the asymptotic approximation provide an accurate
estimate of the stability thresholds.

Appendix D Algorithm for the resolution of the structure mechanics
substep of the ND-stab scheme

We present an algorithm for the numerical resolution of the nonlinear system of equa-
tions arising from the structure mechanics substep of the ND-stab scheme of Eq. (45).
To ease the notation, we write the nonlinear system at hand as

k
r((] )(d<k+1), p(k+1)) =0,

r® @k phtny — g, (72)

having defined the residuals

D _2g®) 4 qi=D  gk+D _ gl
At? ’ At

k
r((l )(d(k+1), p(k+1)) =7 < , d(k_H), p(k-%—l)’ tk+1> ,
rP@**h p*t) = ve@* ) — Vr(e®) — At Quan(p*. ™ 1i4).
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We solve the nonlinear system (72) by means the Newton method. Specifically, to
update the state variables (d(k), p(k)) from iteration k to k + 1, we set d® = d®, p0 =
p% and then we iteratively update accordingtod’™! = d/ + Ad/, p/t! = p/ + Ad/,
where the increments Ad/ and Ad/ are solution of the linear system

Jj Jj Ap/ )~ & d/,pH/)’
pd Jpp P P

Finally, we set d®*D = d/, p*+1) = p/ where j is the Newton iteration after a
suitable convergence criterion is attained.

Concerning the numerical solution of the linear system (73), we adopt a Schur
complement reduction, as proposed in [48, 53]. We notice that, denoting by N the
number of cavities in the mechanical model, we can split the matrices and vectors as

. | | (A
Jip= a1 . dav |, AP/ =] |,
| | Apn
_ - J{d - rp
T B R
_.]17\}(1 — ry

At each Newton iteration we first solve the following N + 1 linear system associated
with the Jacobian matrix of the structure mechanics problem:

Jédw=rfik)(dj,pj), Jédwizjd,- fori=1,...,N.

Then, we recover the pressure increments by solving the N x N linear system (we
recall that N < 4):

-T .
. — Ja — | | r—Jia-w
Jop — : Wi ...Wy Ap’ = :

— e — | | IN —JNd - W.
Finally, the displacement increment is computed as:

N
Ad) = —w — ZW,‘AP,'.
i=2
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